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We employed our recent version of the Schwinger multichannel method, implemented with a model potential
[F. F. Frighetto, A. S. Barbosa, and S. d’A. Sanchez, Phys. Rev. A 108, 012818 (2023)] to calculate cross
sections for elastic positron scattering by a set of hydrocarbons. Initially, by comparing the model potential
calculations for methane, ethylene, and acetylene with our best possible ab initio calculations to date, we obtained
the cutoff parameter for the carbon atom. Our results show that this parameter depends on the hybridization of the
carbon atom for each molecule. We then applied the same cutoff parameter for the model potential to calculate
the cross sections for other saturated and unsaturated hydrocarbons with encouraging results. We also discuss the
positron binding to these hydrocarbons and compare the present results with available data from the literature.

DOI: 10.1103/PhysRevA.110.022805

I. INTRODUCTION

Understanding positron interactions with matter is of
significant importance for many applications spanning in-
terstellar physics [1,2], condensed-matter physics [3–6], and
medical imaging, as in positron emission tomography [7,8].
Therefore, there is an urgent need to study the interaction of
positrons with molecules, from the smaller and simpler ones
(such as hydrogen, nitrogen, and methane) to the bigger and
more complex systems (for example, hexane, benzene, and
even DNA basis).

Despite the evident importance of positron-molecule stud-
ies, there are many difficulties for both theoretical and
experimental groups to fully understand low-energy (typically
below 10 eV) positron scattering. In experiments, limita-
tions in the angular resolution of the experimental apparatus
seem to be the main cause for the discrepancy among mea-
surements from different groups. In theoretical studies with
ab initio methods, such as Schwinger multichannel (SMC)
method [9,10], R matrix [11–13], convergent close cou-
pling (CCC) [14], and many-body theory (MBT) [15,16],
the difficulties arise from accurately accounting for positron-
molecule correlation-polarization interactions, even for small
molecules.

Usually, what is observed in the comparison of the cal-
culated elastic-scattering data with experiments is that the
former significantly underestimates the experimental results
even when the positronium (Ps) formation channel is closed
[13,17–21]. Some hypotheses raised on why this happens are
(i) lower than expected intensity of the calculated differential
cross sections (CSs) in smaller angles (θ < 30◦) [13], (ii) poor
description of the correlation polarization of the target’s elec-
trons due to the incoming positron [13,17–21], and (iii) the
difficulty in obtaining the experimentally observed positron-
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molecule bound states for nonpolar molecules [15,21–25],
sometimes even identified as virtual states [18–20]. It is also
worth mentioning recent calculations for H2 from Zammit
et al. [14] with CCC, and H2, N2, and CH4 from Rawlins
et al. [16], with MBT that have in fact provided a much better
agreement with the experimental data when compared to other
calculations. Nonetheless, some of the issues still persist, as
the differential cross sections (DCSs) of Zammit et al. [14]
for H2 still do not capture perfectly the low angle region
(<30◦) from the experimental DCS of Machacek et al. [26].
Furthermore, even though the MBT results of Rawlins et al.
[16] have an excellent agreement with experiments, their data
are limited to ICS and to impact energies below 2.0 eV for N2

and CH4, due to computational costs.
On top of all these issues, the expensive cost associated

with performing ab initio calculations for large molecules
makes the study of these types of systems either flawed, due
to the lack of an accurate description of the positron-molecule
correlation-polarization interactions, or unfeasible at the cur-
rent time. In this context, the use of a model potential for
cross-section calculations is very interesting, especially if the
model potential is able to reproduce earlier successful ab initio
results for the cross sections of small molecules and is able to
predict cross sections for larger systems.

Recently, we have implemented the model potential pro-
posed by Swann and Gribakin [27], for positron binding
calculations, in our Schwinger multichannel method codes for
positron scattering calculations [28]. In particular, we have
shown that the model potential was able to reproduce the
fully ab initio results for the diatomic molecules H2 and N2,
and found the cutoff radius (a free parameter of this model
potential) that better fitted the ab initio results. Following this
study, we now raise our attention to obtain calculated cross
sections for saturated and unsaturated hydrocarbon molecules.
Initially, we aim to show that the calculations in the static plus
model potential approximation (S + VCP) reproduce our high-
level static plus polarization (SP) results, recently obtained for

2469-9926/2024/110(2)/022805(13) 022805-1 ©2024 American Physical Society

https://orcid.org/0000-0003-1691-7131
https://orcid.org/0000-0001-6961-384X
https://orcid.org/0000-0001-7989-1878
https://ror.org/05syd6y78
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.110.022805&domain=pdf&date_stamp=2024-08-08
https://doi.org/10.1103/PhysRevA.108.012818
https://doi.org/10.1103/PhysRevA.110.022805


FRIGHETTO, SANCHEZ, AND BARBOSA PHYSICAL REVIEW A 110, 022805 (2024)

FIG. 1. Geometrical structure of the molecules studied in this
paper: (a) methane, (b) ethylene, (c) acetylene, (d) ethane, (e) cy-
clopropane, (f) propane, (g) propene, (h) allene, (i) n-pentane, (j)
n-hexane, (k) cyclohexane, and (l) benzene.

methane, ethylene, and acetylene [29]. Then, to ensure the
ability to predict results within the S + VCP approximation,
we present calculated cross sections for the bigger alkane
and cycloalkane molecules ethane, propane, cyclopropane,
n-pentane, hexane, and cyclohexane, and for the alkenes and
alkynes molecules allene, propyne, propene, and benzene. The
geometrical representation of all molecules studied here is
shown in Fig. 1.

The main reasons for choosing these systems for this
test are due to the availability of experimental data for
all molecules [30]. Besides that, previous calculations for
some of the molecules [19–21,31] were unable to accurately
describe the existing experimental data for some of these
systems, providing an opportunity to improve the calculated
theoretical results. It is also worth mentioning that only with
this methodology it was possible to calculate reliable cross
sections for bigger molecules like pentane, cyclohexane, and
hexane.

This paper will be organized as follows: in Sec. II we will
briefly describe the SMC method, in Sec. III we present the
calculated results for the integral cross section (ICS), DCSs,
and virtual or bound-state energy for positron elastic scatter-
ing from the systems of interest, and in Sec. IV we give some
concluding remarks about the results.

II. THEORY

A. Schwinger multichannel method

The Schwinger multichannel method [9,10] has already
been described in detail in other works, in such a way that we
will only review the most important aspects of the method.
The resulting scattering amplitude from the Schwinger mul-
tichannel method for positron scattering from molecules or
atoms has the following form:

fSMC(�k f , �ki ) = − 1

2π

∑
μ,ν

〈
S�k f

∣∣V |χμ〉(d−1)μν〈χν |V
∣∣S�ki

〉
(1)

where

dμν = 〈χμ|QĤQ + PV P − V G(+)
p V |χν〉. (2)

In the above expressions, P is the projection operator onto
energetically open electronic states of the target (in the present
calculations, only the elastic channel is open and, therefore,
P = |�0〉〈�0|); Q is the projection operator onto energetically
closed electronic states of the target; Ĥ is the collision energy
minus the full scattering Hamiltonian; G(+)

P is the free-particle
Green’s function projected on the P space; |S�ki( f )

〉 is a solution
of the unperturbed Hamiltonian H0 and is given by the product
of a target state and a plane wave with momentum �ki( f );
V is the interaction potential between the incident positrons
and the electrons and nuclei of the target. Finally, |χμ〉 is an
(N + 1)-particles (N electrons and one positron) variational
trial basis. Within the Schwinger multichannel method, the
positron-molecule interactions can be treated in the static (S),
SP, and S + VCP approximations. In this paper, we will focus
our calculations on the S + VCP approximation.

In the S + VCP approximation [28], instead of using virtual
excitations to include the correlation-polarization interactions
between the incident positron and the electrons of the target
molecule, these interactions are explicitly included through
the model potential, VCP, proposed by Swann and Gribakin
[23,27,32], resulting in the following expression for the scat-
tering amplitude:

fSMC-CP(�k f , �ki ) = − 1

2π

∑
μ,ν

〈S�k f
|(V + VCP)|χμ〉(d−1)μν

× 〈χν |(V + VCP)|S�ki
〉, (3)

where

dμν = 〈χμ|QĤQ + P(V + VCP)P

− (V + VCP)G(+)
p (V + VCP)|χν〉. (4)

The explicit form of the model potential is given by

VCP(�r) =
∑

A

V (A)
CP (�r)

= −
∑

A

αA

2|�r − �rA|4
[

1 − exp

(
−|�r − �rA|6

ρA
6

)]
, (5)

where A is the index representing the atoms of the molecule,
αA are the hybrid polarizabilities of atom A according to the
work of Miller [33], and ρA is the empirical parameters of the
model potential for atom A.

Since polarization effects are taken into account through
the model potential VCP, we kept the molecular orbitals frozen
through, just as in the S approximation.. The fact that we
describe the target as in the S approximation makes it possible
for the use of all configuration state functions (CSFs) associ-
ated with the ground state of the molecule in the calculations
within the S + VCP approximation. It is also worth mentioning
that any inelastic processes are not included in the present
calculations.

B. Computational details

In the calculations carried out for methane, acetylene, ethy-
lene, ethane, propene, cyclopropane, and benzene molecules,
we have employed the molecular geometries from the previ-
ous SMC-SP calculations [20,21,29]. For propyne, propane,
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FIG. 2. ICS for positron scattering from methane (left), ethylene (center), and acetylene (right). Our previous SP calculations [29] (solid
black line) are compared with present S + VCP calculations (dashed orange line), in order to determine the optimal ρC for each carbon atom
hybridization. See text for discussion.

n-pentane, cyclohexane, and hexane, which are studied
theoretically here, we have employed the experimental
geometries [34]. Despite the fact that the chain alkanes n-
pentane and n-hexane present more than one stable conformer
[35], here we present results only for the most stable confor-
mation of both molecules. We have exploited the molecular
symmetry in the scattering calculations for all molecules. In
some cases, when the molecule belongs to a non-Abelian
symmetry group, the calculation was carried out in an Abelian
subgroup (e.g., methane belongs to the non-Abelian Td group
but the scattering calculations were carried out in the C2v

Abelian group). The T ZV + +(3d, 3p) basis set was em-
ployed in the atomic centers of most molecules studied here,
except for n-pentane, hexane, and cyclohexane where the
T ZV + +(2d, p) basis set was employed.

As will be discussed in the next section, in the S + VCP

approximation calculations done in this paper, we have em-
ployed different cutoff parameters ρ for each atom and
hybridization. For the hydrogen atoms, we have used ρH =
1.90 a.u., obtained from our previous work [28]. For the
carbon atoms, we have found the cutting distances ρ = 2.70
a.u. for the sp3 hybridization, ρ = 2.45 a.u. for the sp2 hy-
bridization, and ρ = 2.10 a.u. for the sp hybridization, since
these best fitted our very-low-energy ab initio results for the
methane, acetylene, and ethylene molecules [29].

III. RESULTS AND DISCUSSIONS

Our calculated ICS and DCSs or folded differential cross
sections are presented here. Initially, we will present the
results for methane, acetylene, and ethylene, in order to
find the optimal cutoff radius for the carbon atom in each
hybridization. This will be done by comparing our model
potential calculations with our previous high-level SP cal-
culations for those systems. Then we will exploit the model
potential calculations to bigger hydrocarbons, by employing
the cutoff radius found previously. Finally, we will close this
section with a discussion on the s-wave eigenphases, scatter-
ing lengths (SLs), and virtual or bound-state energies obtained
from the calculations with the SMC method in the S + VCP

approximation.

A. Finding the optimal ρ

In order to successfully apply the model potential in
calculating cross sections for positron scattering for bigger
hydrocarbons, we first need to determine the cutoff parameter
of the potential for every atom. As mentioned earlier, the
hybrid polarizations αA from Eq. (5) were taken from [33].
For the cutoff parameter ρA, the best approach is to determine
the value that fits our high-level SP calculations for small
systems and, then, use the same value in calculations for
bigger molecules. It is worth mentioning that this parameter
is different for each atom and can also be different depending
on the atom’s hybridization.

In Fig. 2 we compare our most recent elastic ICS, ob-
tained in the static plus polarization approximation [29], with
the present S + VCP results that best fitted our SP data, for
methane, ethylene, and acetylene. For the hydrogen atom,
we have employed ρH = 1.90 a.u., as found recently [28],
whereas for carbon atoms we have observed that different
values of ρC are required for different C hybridization. In
particular, we have focused on determining the optimal ρ

value in order to fit our SP results for impact energies up
to 1.0 eV. For methane, the simplest alkane molecule, we
have found the cutoff parameter for the C atom of 2.70 a.u.,
whereas for ethylene and acetylene, the simplest alkene and
alkyne, respectively, the optimal ρC was 2.45 and 2.10 a.u.,
respectively. In Table I, we summarize the values for ρ

and αA for each atom and hybridization employed in these
calculations.

As discussed in our previous work [28], the smaller
(bigger) the cutoff parameter ρ the more (less) attractive the

TABLE I. Parameters of the model potential employed in the
scattering calculations

Atom αA (a.u.) [33] ρ (a.u.)

H 2.612 1.90 [28]
C (sp3) 7.160 2.70
C (sp2) 9.124 2.45
C (sp) 8.658 2.10
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FIG. 3. ICS for elastic positron scattering from ethane. Our S +
VCP (orange dashed line) results are compared with the experimental
data and SMC-SP calculations of Chiari et al. [19] (magenta circles),
the early calculations of Occhigrossi and Gianturco [36] (dotted blue
line), and more recent SMC-SP calculations of Frighetto et al. [29]
(solid black line). The downwards arrow corresponds to the energy
at which the positronium channel opens (EPs = 4.8 eV [19])

model potential VCP. For example, from Table I it is noted that
VCP is more attractive for the carbon atom in the sp2 hybridiza-
tion and less intense for the sp3 hybridization. This result
corroborates previous theoretical and experimental works that
argue that the binding energy increases when the molecular
target presents π bonds [15,24]. The π orbitals are more
localized in the atoms, screening the repulsive potential of
the nuclei experienced by the positron. This would make the
electrons more accessible for the incident positron, resulting
in a more intense interaction between the positron and the
electrons of the molecule [15,24].

B. Applications

After determining the cutoff parameter for the hydrogen
atom [28], and for each hybridization of the carbon atom, it
becomes imperative to assess the accuracy of S + VCP approx-
imation in calculations for larger molecules, employing these
cutoff parameters. In order to organize this analysis, we have
grouped the molecules according to the number of carbon
atoms in its structure: C2Hn (ethane), C3Hn (allene, propyne,
cyclopropane, propene, and propane), C5Hn (n-pentane), and
C6Hn (benzene, cyclohexane, and hexane).

1. Ethane (C2H6)

A great test case for our model potential calculations is the
ethane molecule: it is the second molecule of the alkane fam-
ily and, due to its relative simplicity, there are also previous
SP calculations available [29]. Thus, in Fig. 3, we present our
calculated ICS for positron elastic scattering from ethane, in
the S + VCP approximation, compared with the earlier exper-
imental TCSs and elastic ICS (SMC-SP) of Chiari et al. [19],
the early calculations of Occhigrossi and Gianturco [36], and
our more recent SP calculations [29].

FIG. 4. Present s-wave cross section (top panel) and eigenphase
(bottom) for positron scattering by ethane, compared with our previ-
ous SP calculations [29].

As seen in Fig. 3, our S + VCP calculation has a higher
magnitude in almost all energy ranges considered. In par-
ticular, as the impact energy goes toward zero, the elastic
ICS in the present S + VCP is more than twice our previous
SP calculations, and closer to the experimental data of [19]
for impact energies above 0.3 eV. At lower energies, both
sets of SMC results overestimate the experimental TCSs, a
behavior somewhat expected since the experimental data are
underestimated due to the angular resolution of the apparatus
[30]. Thus, even though we pushed to the limit of our compu-
tational capabilities in the SP calculations in [29], our current
S + VCP results, with the cutoff parameters obtained from
hydrogen and methane molecules, seem to better describe the
low-energy positron scattering by ethane.

In order to better understand the underlying physics in this
low-energy range, in Fig. 4 we compare the s-wave cross
sections and respective eigenphase between our previous SP
and current S + VCP calculations. These results are important
to characterize the possible virtual or bound state for this
molecule. Also, by analyzing the Ramsauer-Townsend min-
imum in the s-wave CS, we can assess how attractive is the
resulting potential felt by the incoming positron.

As it is seen in Fig. 4, as the impact energy goes to zero, the
s-wave CS is higher for the S + VCP than the SP calculations.
Also, the respective eigenphase indicates that this rise in the
CS is due to a virtual state [37] (this will be further dis-
cussed in Sec. III C) and the Ramsauer-Townsend minimum
is higher in energy for the S + VCP when compared to the SP
calculations. These are strong indications of a more attractive
potential in the S + VCP approximation.
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FIG. 5. DCSs for elastic positron scattering from ethane. Our S + VCP (orange dashed line) results are compared with results from the
earlier SMC-SP calculations of Frighetto et al. [29] (solid black line).

In Fig. 5 we compare our calculated results for the DCSs
with the calculated results of Frighetto et al. [29]. Our S +
VCP approximation calculation seems to adequately describe
the DCSs, providing the same oscillatory patterns as the SP
approximation calculation. It is also noted that at 0.1 and
0.5 eV our S + VCP calculation seems to provide more intense
DCSs consistent with what is observed for the ICS. At 5.0
and 10.0 eV, our S + VCP DCSs present lower magnitudes at
lower scattering angles. The main reason for this difference
is the fact that the SP calculations were carried out including
additional functions in extra centers, which are important in
coupling higher partial waves and key to describing low scat-
tering angles.

2. Allene (C3H4), cyclopropane (c-C3H6), propene (C3H6),
and propane (C3H8)

In this section, we shall discuss positron scattering by hy-
drocarbon molecules presenting three C atoms. In particular,
we will present and discuss our results for allene (C3H4),
two isomers of C3H6, cyclopropane and propene, and propane
(C3H8). The choice for these molecules is mainly due to the
availability of measurements and/or calculations in the litera-
ture. Moreover, these molecules form an interesting set since
they present C atoms in different hybridizations. In allene, two
of the carbon atoms are in sp2 hybridization and one carbon
atom is in sp hybridization. In cyclopropane and propane, all
carbons are in sp3 hybridization, but whereas the former is
a closed chain the latter is an open chain. Finally, propene

presents two carbon atoms in sp2 and one carbon atom in sp3

hybridization.
In Fig. 6 we present our calculated S + VCP integral cross

sections for allene, propane, cyclopropane, and propene and
compare with available calculations obtained in the SP ap-
proximation with the Schwinger multichannel method [20,31]
and experimental total cross sections [38–40]. From this fig-
ure, it is readily seen that our S + VCP calculations present
very good agreement with the previous calculations for allene.
It is worth mentioning that the previous SP calculation for al-
lene employed several additional functions in extra chargeless
centers and was the higher-level fully ab initio calculation
by the time. This result for allene corroborates the accuracy
of this model potential calculation, even though the compu-
tational cost was abruptly reduced. In the comparison with
the C3H6 isomers, our results present the same tendency but
are higher in magnitude in all energy ranges when compared
to the previous SP calculations. Both theoretical calculations
differ considerably from the experimental data at low im-
pact energies, which is due to the poor angular resolution of
the experimental apparatus [30]. The difference between the
theoretical results can be associated with a more attractive
potential described in the scattering process by the S + VCP

approximation.
In Fig. 7 we compare our calculated DCSs for cyclo-

propane with previous SMC-SP calculations from Nunes et al.
[20]. Our S + VCP approximation calculation provides the
same oscillatory patterns as the previous SP calculation but
with a much more intense DCS at the lower impact angles
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FIG. 6. ICSs for elastic positron scattering from allene, propane, cyclopropane, and propene. Our S + VCP (orange solid line) results are
compared with previously calculated ICSs, when available, and measured TCSs. In each panel, the vertical arrow indicates the opening of the
positronium channel at EPs = 2.89 eV [39] for allene, EPs = 3.06 eV [38] for cyclopropane, EPs = 2.93 eV [38] for propene, and EPs = 4.30 eV
[41] for propane. See text for discussion

(<30◦), which is indicative of a better description of the po-
larization effects in the positron-molecule dynamics. Despite
not being shown here, similar results were obtained for the
propene molecule.

FIG. 7. DCSs for elastic positron scattering from cyclopropane.
Our S + VCP (orange line) results are compared with the earlier SMC-
SP results of Nunes el al. [20] (thin black dot-dashed line).

3. n-pentane (C5H12)

N-pentane, C5H12, and its isomers isopentane and neopen-
tane have been the subject of some theoretical and experi-
mental studies on positron scattering, most of them aiming
to identify the isomer effect among these targets [42,43]. Re-
cently, in a joint theoretical and experimental work, we have
studied positron-isopentane scattering, presenting calculated
ICS and DCSs for elastic scattering, and measured total Ps
formation and elastic differential cross sections [44]. Here, we
present results for the n-pentane isomer of C5H12, which has
all of its carbon atoms in the sp3 hybridization.

In Fig. 8, we show the ICS for the elastic scattering of
positron by n-pentane, in the S + VCP approximation. In the
top panel we compare our calculated elastic ICS with previous
calculations obtained with the independent atom model with
screening corrected additivity rule (IAM-SCAR) [42] and
the modified spherical complex optical potential (mSCOP)
method [43] and measured TCS, from Trento University [42]
for n-pentane. In the bottom panel, we compare our S + VCP

results for n-pentane with our previous calculations and mea-
sured TCS, from the ANU group, for its isomer, isopentane
[44]. From this figure, one can note that whereas our SMC-
S + VCP calculations for n-pentane lie almost together with
our previous calculations for isopentane there is a reasonable
difference when comparing with previous calculations from
Sinha and Antony, and Chiari et al., in particular at lower
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FIG. 8. Calculated ICS for elastic positron scattering by n-
pentane. Top: our S + VCP (orange solid line) results for n-pentane
are compared with the earlier calculations for the same target ob-
tained with the IAM-SCAR [42] (green dashed line) and mSCOP
[43] (black dotted line) methods, and measured TCS, from Chiari
et al. [42] (magenta squares). Bottom: our S + VCP calculations for
n-pentane compared with previous calculations (red dot-dashed line)
and measurements (black circles), from Frighetto et al. [44] for
isopentane. The vertical arrow corresponds to the energy at which
the positronium channel opens (EPs = 3.55 eV [42])

impact energies. Also at these energies, our S + VCP calcula-
tions present better agreement with the more recent TCSs for
isopentane. As the impact energy increases, our S + VCP data
rapidly decrease, being lower than the data of Chiari et al.
As was observed in [28], this can be attributed to the poor
description of higher partial waves of the S + VCP data since
the cutoff parameter was determined to better describe the
very-low-energy regime. Also, since the Ps formation channel
opens at 3.55 eV, we do not expect a good agreement between
our CS and the experimental data, since our calculations do
not include explicitly this channel and it can account for up to
50% of the TCS [45].

In Fig. 9 we compare elastic DCSs for n-pentane with
previous calculations for isopentane, employing the same
S + VCP approximation, results obtained with the IAM-SCAR
method [42], and the mSCOP formalism [43]. It is seen that
our results present quite different oscillatory patterns than
those of the IAM-SCAR and mSCOP formalisms, which
could be associated with the limitations of these methods in
this low-energy range. Regarding the comparison between
both C5H12 isomers, it is noted that the minima in the isopen-
tane DCSs are more pronounced than those for n-pentane,

FIG. 9. DCSs for positron scattering from n-pentane. Our S +
VCP (orange solid line) results are compared with the earlier theoreti-
cal results of Chiari et al. obtained with the IAM-SCAR method [42]
(red dashed line) and of Sinha and Antony obtained with the mSCOP
formalism [43] (black dotted line). Our previous S + VCP calculations
for isopentane [44] are also shown.

mainly at 1.0 and 2.0 eV, which could be a signature of the
isomer effect.

4. Hexane (C6H14), cyclohexane (C6H12), and benzene (C6H6)

Finally, we now present the results for elastic positron scat-
tering by the six carbon molecules hexane, cyclohexane, and
benzene. Whereas hexane and cyclohexane are alkanes, and
thus the calculations were carried out employing the optimal
ρ value for the sp3 hybridization of the C atom, benzene
is an aromatic molecule, where all C atoms are in the sp2

hybridization.
In Fig. 10 we present our S + VCP calculations for cy-

clohexane and hexane and compare them with the available
results for both molecules. For hexane, the only available data
are measured total cross sections from Sueoka et al. [46].
The discrepancy between experiment and theory as the impact
energy goes to zero is the same as previously observed for
allene, propene, cyclopropane, and propane, and it is related
to the poor angular resolution of the measurements [30]. In
the same work, the authors also reported TCSs for positron-
cyclohexane scattering, which are also shown in Fig. 10.
For cyclohexane, there are also the R-matrix calculations of
Karbowski et al. [47], and the measurements from the Trento
experimental group [48,49], which in general present a better
description of the low-energy scattering due to a better angular
resolution of the experimental apparatus. There is a noticeable
good agreement of the data from Karbowski et al. [47] and
from the Trento group with our calculations for cyclohex-
ane particularly for low scattering energies. Once again, for
higher energies, the opening of the Ps formation channel (not
included in our calculations) as well as the poor description
of higher partial waves in the S + VCP calculations can be
responsible for the poorer agreement.
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FIG. 10. Calculated ICS for elastic positron scattering by cyclohexane (left) and hexane (right). Our S + VCP results are compared with the
earlier theoretical result of Karbowski et al. [47], and with the experimental data of Sueoka et al. [46], Karwasz et al. [48], and Zecca et al.
[49]. The vertical arrows indicate the opening of the positronium channel at EPs =3.06 eV for cyclohexane and EPs =3.33 eV for hexane [49].

In Fig. 11, we present our elastic ICS for positron-benzene
scattering compared with the previously measured TCSs of
Sueoka [50], Makochekanwa et al. [51], Karwasz et al. [48],
and Zecca et al. [49]. We also compare our calculations with
the earlier calculations of Occhigrossi and Gianturco [36]
and of Barbosa et al. [21], with the SMC method and with
the independent atom model with the screening corrected
additivity rule method. Our S + VCP calculation has a larger
ICS magnitude when compared to the earlier calculations up

FIG. 11. ICS for positron scattering from benzene. Our S + VCP

(solid orange line) results are compared with the earlier theoretical
results of Occhigrossi and Gianturco [36] and Barbosa et al. [21],
obtained with the SMC method and with the IAM-SCAR method,
and with the experimental data of Sueoka [50], Makochekanwa et al.
[51], Karwasz et al. [48], and Zecca et al. [49]. The vertical arrow
indicates the threshold for the positronium formation channel (EPs =
2.3 eV [49]).

until the Ps channel opens, presenting a better agreement with
almost all experimental data except those from [51], due to the
same reasons previously mentioned. It is worth mentioning
the great improvement in our calculations when compared to
the previous ab initio SP results, showing that this potential
can provide reliable estimates.

In Fig. 12 we compare our s-wave cross section and re-
spective eigenphase with previous SMC-SP calculations from
Barbosa et al. [21]. At lower impact energies, typically below
0.2 eV, our S + VCP s-wave cross sections present a smaller
magnitude when compared with the SP results. This behav-
ior is associated with the existence of a more stable bound
state in the S + VCP calculation. This can be corroborated
by the analysis of the SL. As the energy goes towards zero,
the magnitude of the s-wave cross section goes with the square
of the SL, whereas the binding energy can be calculated as
εB ≈ 1

2(SL)2 [37].
In Fig. 13 we compare our calculated elastic DCSs, in

the S + VCP approximation, with the previous calculations
of Barbosa et al. [21], with the SMC method, and with the
IAM-SCAR method. Our S + VCP results present the same
oscillatory patterns as the previous SP calculations but with
a much more intense DCS at the low angle region (<30◦).
There is a clear difference between the oscillatory pattern of
the DCSs calculated with the IAM-SCAR and those calcu-
lated with the SMC method, which could be associated with
the limitations of the IAM-SCAR method in this low-energy
range [21].

C. Virtual and bound states

When studying positron interactions with molecules, an-
other important feature to be investigated is the possibility
of a bound (or virtual) state formation, in particular, due to
its relevance in the understanding of positron annihilation in
the positron-molecule interaction. Usually, this phenomenon
is identified in the behavior of the s-wave CS (hence the ICS)
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FIG. 12. s-wave cross section (top) and eigenphase (bottom) for
elastic positron-benzene scattering compared with previous SMC-SP
calculations of Barbosa et al. [21].

and eigenphase as the impact energy goes toward zero. For
example, in Figs. 4 and 12 we have shown the s-wave cross
sections and eigenphase for ethane and benzene, respectively.
In both cases, the cross sections increase as the impact energy
goes toward zero, but the assignment of this rising is given by
the analysis of the s-wave eigenphase. When a bound state is
expected, the s-wave eigenphase has a negative slope, whereas
when a virtual state is expected, at very-low impact energies
the s-wave eigenphase has a positive slope.

From the ICS presented in the previous sections, the great
rise in magnitude as the impact energy goes to zero is clear.

Thus, in Fig. 14 we present the corresponding s-wave eigen-
phase for each molecule of this paper, obtained in the S + VCP

approximation. It is seen that for all unsaturated and bigger
saturated hydrocarbons, the s-wave eigenphase seems to go
to π and present a negative slope. This is indicative that a
bound state takes place. For the smaller alkanes, in particular,
methane and ethane, the positive slope of the eigenphase at
lower energies is clear, indicating a virtual state.

Quantitatively one can assign whether a bound or virtual
state is found by calculating the scattering length, which is
defined as [52]

SL = lim
k→0

tan[δ0(k)]

k
(6)

where k is the positron momentum and δ0(k) is the cor-
responding s-wave eigenphase [37]. If the SL is positive
(negative) then a bound (virtual) state takes place.

Then, as mentioned earlier, we can obtain the bound or
virtual state energy as ε ≈ 1

2(SL)2 [37]. In Table II we present
the positron virtual or bound-state energies with the hydrocar-
bons studied in this paper, and compare with previous results
from scattering ab initio calculations with the SMC method
[20,21,29], with binding energy calculations of Swann and
Gribakin [23], and with experimental measurements from
Surko’s group [22–25].

Initially, let us call attention to the bound (virtual) state
energies calculated in the S + VCP and SP [29] for methane,
ethylene, and acetylene. Since we found the cutoff param-
eter for the C atom that better fitted our SP calculations in
the lower energies, we expected that the low-energy positron
physics described in both calculations should be the same.
And this is exactly what is seen here. For the other molecules,
as can be seen in Table II, our calculations with the S + VCP

approximation are able to predict bound states for most of
the systems of interest, although for ethane and cyclopropane
it still predicts the existence of a virtual state. For the other
systems, the predicted bound-state energies are lower than the
expected experimental value. Nonetheless, we can see quite
an improvement concerning earlier SP approximation calcu-
lations in ethane, cyclopropane, and benzene. It is important
to remark on the distinct difference in the calculated virtual

TABLE II. Positron (virtual) bound-state energies for the set of hydrocarbons studied in this paper. All energies are presented in units of
meV. The positive (negative) values indicate a bound (virtual) state, and N.O. means not observed.

Molecule S + VCP approximation SP approximation Swann and Gribakin [23] Experimental

Methane −151.330 −149.875 [29] −3.021 N.O.
Ethylene 0.016 0.008 [29] 4.802 20 ± 8 [24]
Acetylene 0.763 0.689 [29] −0.8408 �0 [23]
Ethane −5.231 −23.260 [29] −1.395 3 ± 3 [25]
Allene 21.275 2.785 (SP6) [31]
Cyclopropane −0.010 −26.638 [20] 16 ± 6 [25]
Propene 17.433
Propane 4.419 14.33 16 ± 3 [25]
n-pentane 33.139 67 ± 4 [25]
Benzene 74.110 7.4 [21] 133 ± 5 [24]
Cyclohexane 37.383 82 ± 4 [25]
Hexane 42.910 85.85 94 ± 3 [23]
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FIG. 13. DCSs for positron scattering from benzene. Our S + VCP (orange line) results are compared with the earlier theoretical results of
Barbosa et al. [21] obtained with the SMC method (thin black dot-dashed line) and IAM-SCAR (thin blue dashed line).

or bound-state energies between our current calculations and
those of Swann and Gribakin [23]. Although the same struc-
ture for the model potential is used, our current calculations
use a different method to calculate virtual or bound-state
energies, different basis sets, and different empirical param-
eters than those of Swann and Gribakin [23]. For instance,

their data were calculated by obtaining the cutoff parameter
(equal for C and H) in order to obtain the experimental value
of the bound state for larger molecules (such as propane and
hexane) and then applying the same cutoff parameter for the
rest. This is totally different from what we have performed,
focusing on the atoms separately and in the ab initio s-wave

FIG. 14. s-wave eigenphase for elastic positron scattering from the molecules presented in this paper, obtained in the S + VCP approxi-
mation. Saturated hydrocarbons are presented in the left panel, whereas the unsaturated ones are presented in the right panel. See text for
discussion.
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TABLE III. Number of most CSFs per symmetry used in the SP approximation and number of CSFs used in the S + VCP approximation.

Molecule Number of most CSFs per symmetry used Number of CSFs used
in the SP approximation in the S + VCP approximation

Methane 23 384 [29] 85
Acetylene 17 013 [29] 92
Ethylene 16 983 [29] 118
Ethane 30 384 [29] 144
Allene 14 954 [31] 151
Cyclopropane 12 011 [20] 177
Propene 12 339 [20] 177
Benzene 15 425 [21] 276

scattering eigenphases. Hence, it is expected that their data
would be closer to the experiment.

IV. SUMMARY

In this paper, we have presented calculations for elas-
tic positron-molecule scattering employing the SMC method
implemented with a correlation-polarization model poten-
tial. Initially, we have successfully determined the cutoff
parameter for the carbon atom in different hybridizations by
comparing with our previous ab initio SP calculations for the
smaller alkane, alkene, and alkyne systems. Then, we have
applied the same cutoff parameter to different hydrocarbons
and obtained good and reliable cross sections. Besides that, we
have also shown that our calculations support the existence of
bound states for most hydrocarbons studied here, in agreement
with experimental findings. This is a good indication that this
cutoff parameter is only related to the atom and its hybridiza-
tion and seems independent of the size of the hydrocarbon.
Therefore, it can be used to generate reliable CSs for even
bigger systems if desired.

It is also important to remark that the computational costs
of the S + VCP approximation calculations are much cheaper
than those of the SP approximation calculation; as an example
we show in Table III the number of CSFs involved in each of
the approximations. As can be seen, S + VCP approximation
calculations require many fewer CSFs than SP approximation

calculations, which in turn greatly decrease the size of the
matrices involved in the calculation of the scattering am-
plitude in Eq. (3). This is quite significant as, for instance,
the lower-upper decomposition used for the inversion of the
denominator matrix dμν in Eq. (1) [28] has a complexity of
O(N3) [53], where N is the number of CSFs involved in the
calculation.

However, as mentioned in [54], better results could be
achieved if one cutoff parameter per angular momentum is
used. Our main focus in future works with the SMC method
in the S + VCP approximation will be solving this issue and
observing if the same cutoff parameter for one atom can be
applied despite the size of the molecule it belongs to. In this
sense, this tool can become extremely relevant to guide further
experiments and investigations in positron interaction with
molecules of considerable size.
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