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Quantum error cancellation in photonic systems: Undoing photon losses
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Real photonic devices are subject to photon losses that can decohere quantum information encoded in the
system. In the absence of full fault tolerance, quantum error mitigation techniques have been introduced to help
manage errors in noisy quantum devices. In this paper, we introduce an error mitigation protocol inspired by
probabilistic error cancellation (a popular error mitigation technique in discrete variable systems) for continuous
variable systems. We show that our quantum error cancellation protocol can undo photon losses in expectation
value estimation tasks. To do this, we analytically derive the (nonphysical) inverse photon loss channel and
decompose it into a sum over physically realizable channels with potentially negative coefficients. The bias
of our ideal expectation value estimator can be made arbitrarily small at the cost of increasing the sampling
overhead. The protocol requires a noiseless amplification followed by a series of photon subtractions. While
these operations can be implemented probabilistically, for certain classes of initial state one can avoid the burden
of carrying out the amplification and photon subtractions by leveraging Monte Carlo methods to give an unbiased
estimate of the ideal expectation value. We validate our proposed mitigation protocol by simulating the scheme
on squeezed vacuum states, cat states, and entangled coherent states.
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I. INTRODUCTION

Determining whether quantum advantage—defined as the
ability of a quantum computer to solve a useful problem sig-
nificantly faster than any classical method—can be achieved
in the near term constitutes a major open problem. The frag-
ile nature of quantum systems makes them susceptible to
errors that could corrupt the computation. Long term, we ex-
pect that quantum error correction will allow useful quantum
algorithms with a proven speedup over their classical coun-
terparts to be implemented reliably [1-5]. However, the large
hardware overhead and small error threshold requirements
[6,7] necessary for quantum error correction to be feasible
mean that fault-tolerant universal computation has yet to be
achieved.

Currently available quantum devices are characterized by
noisy operations and limited number of qubits. [8—11]. Con-
sequently, these noisy devices are suitable to execute limited
classes of quantum algorithms, including variational quantum
algorithms [12-14] and quantum simulations [15-17]. In the
absence of full fault tolerance, reducing the impact of noise is
an essential ingredient in achieving quantum advantage in the
near term. Quantum error mitigation (QEM) is one potential
route to tackling this challenge [10,18,19].
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The key insight underlying QEM protocols is that a noise-
free expectation value can be extracted from a noisy device by
sampling from multiple circuits with suitable postprocessing
of the noisy measurement data [20,21]. Removing unavoid-
able noise from quantum expectation values is clearly a task
with a domain of interest that also extends beyond quantum
computing. Therefore, while all these QEM strategies were
initially tailored towards the quantum computing community,
the techniques may be useful more generally.

QEM techniques have been shown to improve the compu-
tational capabilities of noisy devices [17,22-25], with notable
examples including zero-noise extrapolation [26,27] and vir-
tual distillation [28,29]. Another promising QEM protocol is
probabilistic error cancellation (PEC) [24-26,30-32]. Within
this framework, one decomposes the ideal system dynam-
ics into a sum of quantum channels (corresponding to noisy
evolutions) with potentially negative coefficients. One then re-
peatedly probabilistically selects one of these noisy channels,
runs the experiment, and records the measurement outcomes.
These are then appropriately linearly combined to obtain an
unbiased estimator of the ideal expectation value. The wide
range of applicability and lack of qubit overhead in PEC, com-
bined with the fact it provides an unbiased estimator, make
it one of the most promising QEM protocols for potentially
achieving quantum advantage in the near term.

The effectiveness of PEC under a sparse Pauli-Lindblad
noise model was demonstrated in Ref. [25], where a sparse
learning protocol was proposed that allowed the necessary
noise parameters to be accurately estimated. While a signifi-
cant improvement over unmitigated results was demonstrated,
the sampling overhead for this noise model scaled expo-
nentially in qubit number, noise strength, and circuit depth.
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Building on this work, PEC has recently been extended
to circuits that include measurement-based operations such
as midcircuit projective measurements and potential Pauli
feedforward operations dependent on those measurement out-
comes [33].

So far, most QEM literature has focused on discrete vari-
able (DV) quantum systems. The continuous variable (CV)
QEM literature [34,35] has mostly been targeted towards
Gaussian boson sampling, a nonuniversal form of quantum
computation in which one is interested in sampling from
the output photon number distribution obtained by sending
squeezed light into a multimode passive linear optical inter-
ferometer, a task that is believed to be classically intractable
under standard complexity theoretic conjectures [36-38]. The
authors of Ref. [34] proposed a PEC-inspired protocol to
mitigate against the effects of losses in a Gaussian boson
sampler. In particular, their “loss cancellation” scheme does
not require changes to the circuit and involves only classical
postprocessing of the noisy sampling probabilities to infer
their ideal counterparts. However, the protocol is limited to
photon number detection and its convergence to the noiseless
photon sampling distribution is, in general, difficult to assess
and only guaranteed in the small-to-intermediate loss regime.
Similarly, the authors of Ref. [39] recently introduced a family
of strategies for mitigating against losses in DV linear optical
quantum computers based around “recycled probabilities.”
While their approach outperforms postselection in the large
loss regime, postselection appears to achieve better results for
small-to-intermediate losses. It is also limited to DV input
states and again to photon number measurements.

In this paper, we develop a PEC-inspired scheme to mit-
igate against photon losses in (either DV or CV) photonic
systems in expectation value estimation tasks. To achieve this,
we first derive the inverse of the photon loss map. While such
a map is not completely positive (CP) [5], we show that it can
be expressed as a linear combination of physically realizable
(i.e., CP) noisy quantum operations. We then suggest how
these operations can be (probabilistically) implemented ex-
perimentally. These operations include both an amplification
and, counterintuitively, a series of photon subtractions. Sam-
pling from these circuits and applying simple postprocessing
weights to the measurement outcomes results in an improved
estimate of the noise-free ideal expectation value over running
the unmitigated circuit. The bias of such an estimate can
be made arbitrarily small, at the cost of an increasing the
sampling overhead. We also present a Monte Carlo based ap-
proach that involves sampling from different initial states and
linearly combining the measurement outcomes with suitable
weights to obtain an unbiased estimator. This approach scales
better to many modes than the first approach and can often
be implemented deterministically, but only works for specific
classes of input state. We highlight both these methods with
clear examples. Our main contribution is an analytic form of
the inverse photon loss channel, as well as possible methods
to implement this channel on average, which can thus be used
as a quantum error mitigation technique which we refer to as
quantum error cancellation.

This paper is structured as follows. In Sec. II, we intro-
duce the basics of quantum error mitigation and outline the
probabilistic error cancellation framework. We also describe

the noise model for photon losses used throughout this paper
and argue that, while not universally applicable, it is relevant
and accurate for a variety of important experimental setups.
In Sec. III B, we present our main results by introducing a
quantum error cancellation scheme based around a quasiprob-
ability decomposition of the inverse photon loss map. We
discuss its implementation, the classical postprocessing cost,
and sampling overhead, and provide theoretical guarantees
of accuracy. In Sec. IIIE we numerically investigate the
performance of our protocol via paradigmatic examples in-
volving single mode squeezed vacuum states and cat states.
This section considers just a single mode in order to high-
light the key ideas behind the proposed mitigation strategy.
In Sec. IV, we extend the scheme to the multimode setting
where we again discuss implementation, postprocessing costs,
and sampling overhead and provide a thorough error anal-
ysis. In Sec. IVE, we provide numerical simulations of our
scheme being applied to multimode entangled states, namely
two mode squeezed vacua (TMSVs) and entangled coherent
states. Finally, we offer concluding remarks in Sec. V.

II. PRELIMINARIES

A. Quantum error mitigation

In this paper, we are concerned with weak quantum er-
ror mitigation [21]. Given an initial state pj, and a generic
ideal unitary evolution Ugea, the aim of weak quantum er-
ror mitigation is to estimate the expectation value (O)igeas =
Tr[O Uigeal[ po]] for a generic observable O. Any attempt to
perfectly implement the unitary dynamics ultimately fails
due to unavoidable interactions between the system and the
environment. As a result, one is only able to implement a
noisy evolution, which we denote with Uyisy. Consequently,
the noisy dynamics leads to a measured expectation value
that reads (O)noisy = Tr[O Unoisy[00]1]. QEM protocols sample
from collections of noisy circuits and combine their measure-
ment outcomes with classical postprocessing to give a better
estimate of (O)igea1, With respect to the unmitigated scenario.

The quality of an estimator O of (O);4eal can be assessed by
the mean square error (MSE), which is given by

MSE[0] = E[(0 — (O)idea)’] (D
= (Bias[0])* + Var[O], )

where Bias[O] = |[E[O] — (O)igea] and Var[O] = E[0?] —
E[O]%. For example, consider taking N measurements of O
on the noisy state Unoisy[00]. The N measurement outcomes,
O OO 0W°™), may be averaged over to give
the noisy estimator Opeisy = zlv Zi\;l Of-nms”. The variance of
that estimator (often called shot noise) reads Var[O_noisy] =
%Var[Om,isy], where Var[Opisy] = (02)“01Sy — (O)ﬁoiSy is the
single shot variance of O with respect to the noisy output state
Uhoisy[po]. Therefore, in the large N limit, the dominant source
of error is the bias, [(O)noisy — (O)ideal|-

QEM protocols aim to provide an estimator of (O)igeal,
denoted with Oy, with a smaller bias than Opisy. However,
this comes at the cost of an increased variance and hence
to obtain a mitigated estimator with the same shot noise as
the unmitigated estimator will require more data samples to
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be taken. This sampling overhead approximately amounts to
Var[ O]/ Var[Ooisy] [18]. While the exact details of the bias-
sampling overhead tradeoff relation depend on the particular
mitigation scheme, the sampling overhead typically scales
exponentially with noise strength, circuit depth, and number
of qubits [20,21,40,41].

Probabilistic error cancellation

In Ref. [26], Temme ef al. demonstrated that, given a
quasiprobability decomposition of the ideal dynamics {igeal
in terms of some arbitrary physically realizable (CP) noisy
quantum operations {F;} [42],

Uigens = »_ w; Fj, 3)
J

it is possible to produce an unbiased estimate of (O)iqgea. Here,
{w;} is a set of real coefficients that, in order for Ufige, to
be trace preserving, satisfy ) jwj=1. We refer to w; as a
quasiprobability distribution and to Eq. (3) as a quasiproba-
bility representation of Ujge,.

In practice, given a noise completely positive trace-
preserving map, one computes the mathematical inverse of
such a map (assuming such an inverse exists). This is typi-
cally a non-CP map and hence cannot be physically realized.
However, the inverse map always admits a quasiprobabil-
ity representation in terms of physically realizable quantum
operations. This can then be combined with the full circuit
dynamics to write the ideal circuit dynamics in the quasiprob-
ability representation over noisy CP channels. We refer to
Ref. [25] for a detailed demonstration of how one can ob-
tain a quasiprobability decomposition of the ideal dynamics,
starting from the noise model. Note that by doing this, one is
implicitly assuming that the noise channel and ideal dynamics
can be separated (see, e.g., Ref. [43] for a detailed discussion
on this point).

We then use the quasiprobability distribution {w;} to define
a new set of coefficients g; := |w;|/S, where § = Z lw;].
These coefficients satisfy 0 < ¢g; < 1 and Z qj = 1 and
hence form a valid probablhty distribution. The quasiproba-
bility representation of Ujge, can then be rewritten as

Uigea = S Z 0 oo 7. “)

Via linearity, it is clear that

(Oidea =S ) _ qj52n(@;)(0) 7, ©)

J

where (O) 7, = Tr[O F;[po]]. Using a Monte Carlo approach,
the ideal expectation value can be estimated by sampling from
the channels {F;} according to the probability distribution
{g;}, and performing a single shot measurement of O—this
probabilistic choice of F; is where probabilistic error cancel-
lation gets its name. We thus obtain a list of measurement
outcomes (O(f“) O;F’Z), . O(I’N)) where the superscript
(F;,) tells us which channel was implemented in the £th run
of the experiment. These N samples may then be linearly

combined to obtain an unbiased mitigated estimator, namely

Omit = — Z sgn(w; )0} 6)

Under the assumption that Var[O 7,1/ Var[Opoisy ] = ~ O(1) for
all j, the sampling overhead Var[Op; ]/ VaI[Onmy] can easily
be shown to scale with S2.

B. Noise model

In photonic platforms, the two dominant sources of noise
are photon losses and dephasing errors, while thermal noise
is negligible for systems at visible or infrared frequencies
near room temperature. In this paper, we focus on the photon
loss channel because it is the most significant issue impacting
photonic platforms. In Appendix D, we both discuss a strategy
for mitigating against dephasing errors and also show that the
introduction of a dephasing error channel has no impact on
our photon loss mitigation procedure.

Let A, denote the single mode pure Markovian photon
loss channel with noise parameter y € [0, 1]. We model these
losses via a beam splitter acting on a single mode input state
p and an ancillary vacuum state, before tracing over the envi-
ronmental degrees of freedom, namely [44]

Ay[p] = TrenlUss y (p ® 10)(O) Uy 1. (7)

Here, Ugs,, = e¥ec/1-7 )k a—a"aa) denotes the beam split-
ter unitary, and 1 — y its transmissivity, while a and Geny
are the bosonic operators of the system and environment,
respectively. For future convenience, we exploit the state’s
Glauber-Sudarshan P representation [45]

p=[cd2aPp<a>|a><a|, (8)

where |o) is a single mode coherent state and P, is the P
function of p. Hence, we may express Eq. (7) as

Ay[p]=[Cd2aPp(a>|\/1—ya)(x/l—yod. ©)

One can also use Eq. (7) to obtain a Kraus representation of
the loss map, namely

=Y K pKj(»), (10)

j=0

Aylp]

where the Kraus operators read

j i 1 ;- 2
K= Lo -p)tal = ,/.—,<L> a1 =)t
J! JI\1—vy
an

We prove the above identity in Appendix A. As the channel
is trace preserving, the Kraus operators satisfy » ; K;K =1,
where I denotes the identity operator on the Hilbert space.
Equivalently, it can be seen that Eq. (7) is a solution to the
Lindblad master equation

%P(t) = kDlal(p(1)), 12)

022622-3



TAYLOR, BRESSANINI, KWON, AND KIM

PHYSICAL REVIEW A 110, 022622 (2024)

Z/{ideal unoisy [P]

~

0)

FIG. 1. Graphical representation of the decomposition of the
noisy dynamics into a pure loss map followed by an ideal unitary
evolution for a single mode, i.e., Unoisy = Uigeas © A,. The loss map
is modeled via a beam splitter interaction between the system and an
environmental mode initialized in the vacuum state, followed by a
trace over the environmental degrees of freedom. The beam splitter
has a transmissivity of 1 — y, where y € [0, 1) is the loss parameter.

where D[al(p) = apa’ — %{&T&, p} is the dissipation super-
operator and « > 0 is the dissipation rate, if we make the
identification y = 1 — ™'

Crucially, we further assume that the noisy dynamics Unoisy
can be decomposed into a pure loss map taking place be-
fore the system undergoes an ideal evolution, i.e., we write
Uhnoisy = Uigeat © A, as depicted in Fig. 1. A more precise
modeling of the noisy dynamics would necessitate solving
the full Lindblad master equation in Eq. (12) with an ad-
ditional term on the right-hand side corresponding to the
ideal dynamics. Nonetheless, while the assumption above is
not universally applicable, we point out that it is generally
justified in a number of relevant cases, particularly in the
multimode setting, which we discuss below.

We now extend the above noise model to multiple modes,
under the assumption that each mode is subject to inde-
pendent single mode Markovian photon losses parametrized
by some learnable loss parameters. For M modes, let y =
1, 2, - - - Yu) denote these loss parameters in each mode.
The full M-mode loss channel, A;,M )| can then be written as
a tensor product over the single mode loss channels, i.e.,

M
AN = ®Am (13)
i=1

where A, ; only acts nontrivially on the ith mode. In the P
representation, an M-mode state can be written as

p=/ dMaPy(@lar, ... ap)ar, .. aml,  (14)
CcM

where o = (a1, 02, ..., o) and |og, ..., oy) = ®£1 la;).
Photon losses then take the familiar form

A%Nm::AwdmawMJL—mmx¢1—ymn

® ... ® V1 —yman)(y/1— yuanl.  (15)

It can be seen that uniform losses commute with linear optical
elements [46]. In this case, losses occurring at any point in

the dynamics (including uniform detector inefficiencies) can
be “shifted” to the front of the circuit. Therefore, a noisy
passive linear optical network in which each path is subject
to approximately the same level of loss is well modeled by
unoisy = Uigeal © A;;M)'

In Ref. [47], Clements et al. provided an optimal decom-
position of any M-mode unitary U € SU(2M) using only
passive linear optical components. Their decomposition is
balanced because each path within the interferometer passes
through the same number of beam splitters. This in turn im-
plies that photon loses are well modeled as being uniform,
thus matching our noise model.

Nonuniform (i.e., path-dependent) losses cannot be per-
fectly separated from the ideal passive linear optical dynam-
ics. However, the authors of Ref. [48] showed that some
losses can still be shifted to the front of the circuit, leaving
behind a new noisy passive linear optical network (described
by L{r’misy) with less noise, namely Unoisy = L{r’misy o A In
principle, one could then use our protocol to partially mitigate
the effect of losses, i.e., those coming from Aiy ), However,
we point out that determining the individual loss parameters
(1, 2, - - -» yu) and the exact form of the new Z/l[’misy may be
challenging.

In realistic settings, one would expect the loss parameter to
fluctuate slightly between shots. This can be modeled by se-
lecting y from a Gaussian distribution centered on y := E[y]
with standard deviation o,. Over longer time periods, the
average loss parameter y could vary and hence one should pe-
riodically remeasure the loss parameter. In practice however,
the high shot rate associated with photonic platforms means
we do not expect p to appreciably vary over the timescale of
a single experimental run.

While our discussion is focused on photonic platforms, our
results are applicable to generic bosonic systems described by
the canonical commutation relations [da;, &;] = §;;II. Conse-
quently, our mitigation protocol can be applied in a diverse
range of bosonic architectures.

Learning the loss parameter

The average loss parameter can be estimated by in-
putting a multimode coherent state |o) = |ay, a2, ..., )
and measuring the output intensity, under the assumption of
uniform losses, noisy dynamics that can be decomposed as
in Fig. 1, and passive ideal dynamics. The input intensity
is proportional to the expected number of input photons,
(NYin = Zfil la;|?, where N = Zf\il #;. The multimode pho-

. A
ton loss channel transforms these coherent states into |et) =%

V1T —vay, /T—yaz, ..., /1 —yay). Via energy con-
servation, the expected output number of photons will
therefore be given by (N)ou = Tr[N Uigea 0 Aylla) (e]]] =

Z?il VT = yail®> = (1 — ¥)(N)in. Denoting our estimate of
y as 7, we have

N I
S PR 6
(N>in I

where [iyon 1S the average total intensity summed across all
modes going in and out of the circuit. Due to the fact that
coherent states are well approximated by laser fields, which
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are among the most stable states one can prepare in quantum
optical experiments, this reduces the impact of state prepara-
tion errors on our estimate of y. State preparation errors can
be further alleviated by varying across a variety of different
choices |a) and taking the average estimated loss parameter.
Inefficient detectors in quantum optics are modeled as a pho-
ton loss occurring immediately before detection, and can there
be incorporated into our estimate of y (and hence mitigated
against by our error cancellation protocol).

If Ugea is a passive linear optical network, then the
output state will be the multimode coherent state |f8) =
|B1, B2, ..., Bu). When estimating the output intensity by
making Ny, measurements, the variance of  will be

1 Lo 1 (N Yout
Var|l — — | = Var| —
Nshots Iin Nshots <N>in
(1—y)?
Nshots Z,’ |(¥i|2

1 M
= ———Var Z(n,-)out = (17)
i=1

N, shots (N ) i2n

One can reduce this variance by increasing the number of
shots or increasing the total intensity of the initial coher-
ent state |a). This also provides guarantees about the level
of accuracy via Chebyshev’s inequality; for example, to
have a >99% probability of estimating y to within an ac-
curacy <(0.01 when Zi‘il |oc,<|2 = M requires only Nghots >
(1x10%)/M. Given that coherent states can be easily pro-
duced, this number of shots can be achieved in less than 1 s
for many optical platforms.

Alternatively, for passive linear optical networks one could
incorporate learning the losses with learning the exact ideal
unitary being implemented by using one of the methods pro-
posed in Refs. [49,50]. This has the advantage of also giving
information about exactly what U4, is, but is a more involved
process.

III. QUANTUM ERROR CANCELLATION

In this section, our proposed quantum error cancellation
scheme is presented for a single mode.

A. Inverse loss map

In this section, we construct the inverse A;l to the pure
loss map. In particular, Eq. (9) implies that the inverse photon
loss map, expressed using the P representation, must read

Aol = /C PaP@lga) el (8)

where go=1/4/1 —y > 1. This immediately leads to
Ay A [Pl = A;I[Ay[p]] = p. In other words, A;l ef-
fectively implements a noiseless amplification on every
constituent coherent state in the P representation [51] without
changing their relative weights.

An operator-sum representation of this inverse loss map is
given by

[ee]

_ =y i,
Al =) Y

J=0

gh@y. (19)

The equivalence between Egs. (18) and (19) is shown in
Appendix B. It can be easily seen that A;l is Hermitian
preserving and trace preserving, but not completely positive
[as evident by the (—y )/ term], and hence is nonphysical.
Nevertheless, Eq. (19) may be expressed as a linear combi-
nation of CP maps {£;}, namely

Aol =) wi(p)Elpl, (20)
j=0
where
1 o . .
Eilpl = N (p)afgng’a@)a (1)
with
Ni(p) = Tr[a/ g p g(@" Y1, (22)
and the (possibly negative) coefficients are given by
VAV
wj(p) = (]%)Nj(p). (23)

Note that while these maps are not trace preserving, we will
use a slight abuse of notation and refer to them as channels.

These channels can be, at least probabilistically, physically
realized. Subject to the noise model assumptions discussed
in the previous section, we conclude that any ideal system
evolution may be decomposed into a weighted sum of noisy,
physically realizable channels, i.e.,

Z/{ideal[p] = ij(p)(unoisy o gj)[p] (24)
J

By making the identification F; = (Unoisy © £;), it can be seen
that this is a quasiprobability representation of the ideal dy-
namics Eq. (3).

We point out that for certain states Eq. (19) can be rewritten
to contain only a finite number of terms. For example, for
states containing at most K — 1 photons, it is clear that only
the first K terms of the operator-sum representation of A;l
act nontrivially. Similarly, if p = [¥)(¥| and g"|) is an
eigenstate of ¥, then Eq. (19) can be rewritten such that it
contains only K terms.

Intuition behind the inverse photon loss map

We now aim to briefly provide some physical intuition
behind the—somewhat unexpected—presence of photon-
subtracting terms &/ in the inverse of the loss map Eq. (19).
For simplicity, let us consider the photon loss map and its
inverse acting on the Fock state |m)(m|, i.e.,

5 L1y N =Y
(o min = 323255 (25) (725)
x &t |m) (m|@" . 25)
We can see that the noiseless amplification term g" appearing
in A} ! cancels out with the g~ term present in the loss map

expansion, leaving behind a series of photon subtraction terms
only. Using the fact that at most m photons may be subtracted
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from |m)(m|, one can show that Eq. (25) can be expressed as

Tl = (m—n m y \""
& [Een ) T o

n=0 [ j=0

For n < m, the alternating sign causes the coefficient inside
the square brackets to vanish. We remind the reader that the
alternating sign originates from the operator-sum representa-
tion of the inverse loss map. On the other hand, for n = m,
said coefficient is equal to 1 and hence (A, o A;' M|m)(m|] =
|m) (m| as expected.

Physically, we can understand these cancellations in terms
of quantum trajectories. If we consider just the photon loss
map, then there is clearly only one trajectory in which the in-
put Fock state loses k photons (i.e., via the action of the Kraus
operator K;). On the other hand, we can see from Eq. (25) that
the presence of the inverse loss maps allows the existence of
multiple trajectories in which the system loses k > 0 photons,
namely every i and j in Eq. (25) such that i 4+ j = k. The
alternating sign in Eq. (19) leads to the cancellation of these
trajectories. Conversely, there is only one trajectory in which
the system does not lose any photons (i.e., i + j = 0), hence
in this case the cancellation cannot take place and the original
noise-free state is returned.

B. Quantum error cancellation protocol

Our mitigation scheme places all interventions before the
state undergoes its noisy dynamics Ufigea © A, .

To realize the channels {£;}, one needs to implement an
amplification operation, g", and a j-photon subtraction, &/.
The operator g" is said to implement a (noiseless) amplifica-
tion operation because, up to normalization, it has the effect of
amplifying a coherent state’s amplitude by a factor of g > 1.
The standard implementation of photon subtraction requires
sending the input state through a beam splitter which further
attenuates the state [52]. However, we can compensate for this
spurious effect in the amplification step by considering a gain
factor g, > go that depends on the beam splitter transmissiv-
ity. In the following sections we discuss these aspects in detail.

1. Amplification

Currently available protocols for noiseless amplification
are notoriously challenging to implement [51,53-55]. This is
primarily due to their inherent probabilistic nature and to their
demanding resources requirements, such as multiple single-
photon Fock states, that limits scalability to many modes.

One approach by Zavatta et al. [53] achieves noise-
less amplification in the Hilbert subspace spanned by the
Fock states {|0), |1)} by using a nonlinear optical element
to probabilistically implement the operator I + cii. Loop-
ing this scheme N times with different constants c¢; leads
to the implementation of the operator H?’ZI(H + ciit). By
carefully tuning the parameters c;, one can implement ex-
act noiseless amplification within the subspace spanned by
{10y, 1), ..., |N)}. Alternatively, if the amplification factor
gy 1s close to 1, one could use this same approach to im-
plement the truncated Taylor series, g’l’t A Z?[:o In(g, )'a'/il.
Similarly, the teleamplification scheme by Guanzon et al. [55]

is a generalized quantum scissor operation that transforms
a infinite-dimensional state |[¢) = ) >~ b, |n) into a finite-
dimensional state [y) — Zﬁlvzo g"by, |n) in the Hilbert space
spanned by {|0), |1), ..., |[N)}. While this technique does not
require nonlinear optical elements and has a larger success
probability than Zavatta et al.’s scheme (and in fact asymptoti-
cally saturates the maximal possible success probability when
amplifying in the two-dimensional subspace, see Ref. [56]), it
requires a resource state of many single-photon Fock states.

If the amplification operation takes place within the circuit,
it could then be advantageous to first do the photon subtraction
as the latter operation could force a larger fraction of the state
po into the subspace spanned by {|0), ..., |N)} which would
lead to the amplification being applied with a better fidelity.
One can easily account for this new ordering of the operations
with the commutation relation in Eq. (A1).

We remark that the probabilistic nature of any noiseless
amplification protocol would dramatically increase the sam-
pling overhead of our scheme. One way around this involves
conducting the amplification offline and storing the success-
fully amplified state until it is required.

Alternatively, for many experimentally relevant classes of
states, one can avoid the burden of actually implementing the
amplification step, provided that the protocol’s input state is
the following amplified version of py, namely

1 . )
amp — — , 27
Pamp = o) 08 (7)

where Nymp(p0) = Tr[g’;’i 20 g’;‘t] is a normalizing factor. In par-
ticular, if the amplified state p,m, belongs to the same class of
states as pg, then noiseless amplification simply corresponds
to tuning the parameter that characterizes such class. For
example, if pg is a cat state of magnitude a, then puny, is a cat
state of magnitude aamp = g, 00 > ap. Similarly, noiselessly
amplifying a squeezed vacuum state is equivalent to increas-
ing its squeezing parameter.

In this setting, we may also change perspective and, instead
of using pg to define Pamp ~ g’;L pog", we start from the ampli-
fied state p,mp and use it to determine py ~ g;ﬁpampg;;’, ie.,
the state whose noise-free expectation value we are estimat-
ing. This approach is particularly helpful when experimental
limitations constrain the range of easily accessible states, as
illustrated in the following example. Suppose that the most
energetic coherent state we have experimental access to is
|otmax ). It follows that, using Pamp = |0tmax) (max| @s an initial
state, we can estimate noise-free expectation values associated
with the state |max/gp.)-

2. Photon subtraction

Photon subtraction can be probabilistically implemented
using a beam splitter and photon number resolving detector
[52]. Consider a beam splitter of transmissivity 1 — w, its
unitary operation defined by Uss , = earCC"S(M)(a:\a’&']ﬁ/‘),
where the A subscript denotes the ancillary mode. If payp is
sent through the beam splitter together with a vacuum state in
the second input port, then a measurement of j photons in the
output port of the ancillary mode will herald the state (details
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Q J photons

Z/[noisy O

Pamp

O-=-===3

0)

FIG. 2. Schematic diagram depicting the full circuit used in
the single mode mitigation scheme as described in Sec. III B. If
one wants to estimate the noise-free expectation value (O)iges =
Tr[O Uigea [ po]], one first prepares the amplified state pgmp ~ g’;’tpog'zb.
This state is sent through the depicted beam splitter with a vacuum in
the ancilla input port. A measurement of j photons from the ancilla
output port will herald the state £;[py]—this is as if we physically
started with py and implemented the CP channel £;. Which channel
is implemented in each individual shot is determined by the number
of detected photons j. Following this, the noisy dynamics Uyeisy are
run and a measurement of O is made. This circuit is run many times
to obtain estimates of (O) ; noisy = Tr[O (Unoisy © £;)[po]] for different
values of j. These results are then linearly combined with the relevant
coefficients w;(pp) to give the mitigated estimator Onmi. All interven-
tions take place before the state undergoes its noisy dynamics and
S0 it is not necessary to reconfigure or change the circuit between
experimental shots.

can be found in Appendix C)

1
Pamp — _Kj(/J«)pampK;(M)» (28)
Pj '

where K;(u) are the Kraus operators defined in Eq. (11),
and p; = Tr[K j(M)pampK;(M)] is the probability of having
measured j photons. Finally, comparing Eq. (28) with Eq. (21)
reveals that, for the heralded state to be equal to &;[po], the
amplification factor must be setto g, = 1//(1 —y)(1 — ).
Hence, assuming that we start our protocol with the amplified
state amp, the probabilistic nature of the photon subtraction
operation naturally allows us to sample from the set of states
{€;lpol} according to the probability distribution {p;}. This is
depicted graphically in Fig. 2.

3. Postprocessing

Since the implementation of the maps {£;} is inherently
probabilistic, Monte Carlo methods cannot be straightfor-
wardly used to estimate (O);igeq1. Nevertheless, the linearity of
the expectation value lets us write

(Oidea = Y_ @;(00)(0) j noisy (29)
j=0

where (O) j noisy = Tr[O Unoisy © €j)[po]] is the noisy expec-
tation value of O given that the jth channel was implemented.
In other words, a suitable linear combination of the noisy
expectation values {{O) j roisy} allows us to estimate the noise-
free expectation value (O)igeai- In N rtuns of the circuit
depicted in Fig. 2, we collect N measurement outcomes

{02” )}Q’ZI, where the superscript j, denotes how many pho-
tons were measured by the photon number resolving detector
(i.e., which particular channel £;, was implemented) on the
£th run. The noisy expectation value (O) noisy 1S estimated via
the sample average

_ 1 .

Ok,noisy = ﬁk Z Oéﬂ)s (30)

Llje=k

where N, is the number of times &£, was implemented. Notice
that the probability of subtracting j + 1 photons (if possible)
is typically a factor of O(m) smaller than subtracting
J photons. We will therefore assume to have a set of noisy
expectation values of increasing j up to some maximum cut-
off, Jmax, i.€., we have {O j noisy }j‘;‘a. We then linearly combine
these expectations values to obtain the mitigated estimator of

(O)ideal, namely

Jimax

Omit = Y, ®;(90)0; noisy 31
j=0
which has an expected value of

Jmax

E[Omitl = Y @;(00)(O) noisy- (32)
j=0

We may formally express the previous equation as E[Opi] =
Tr[O pmit], where

Jimax

pumit = Y @;(00) Unoisy © E;)po] (33)
j=0

is a pseudostate, as it may not be a valid density matrix.
Nevertheless, the fidelity between pp; and Uigear[po] quanti-
fies the ability of our error mitigation protocol to recover the
noise-free expectation value for generic observables [57].

C. Error analysis

The bias and variance of the mitigated estimator Eq. (31)
for a particular choice of Jy,x are respectively given by

[e¢]

Bias[Omii: Joax] = | D @;(p0){(0)jnoisy|» (34
J=Tmax+1
O o (o)

Var{ Ouit: Jmax] = 3 22 Var[Ojnoisg . (35)
=0 y

where  Bias[Onit; Jmax] := E[Omits,.. ] — (O)ideall and
Var[Oj,noisy] = <02)j,noisy - (0>§,noisy'

We point out that both the bias and variance fundamen-
tally arise from the finite number of samples considered and
therefore vanish in the infinite sampling limit. For a fixed
(and suitably large) choice of N, the value of Jy.x can be
increased by increasing . As Jmax increases, the bias tends
to decrease while the variance (and hence sampling overhead)
monotonically increases—this accuracy-overhead tradeoff is
characteristic of many QEM schemes.

In practice, Jyax 1S implicitly defined as the smallest in-
teger J that satisfies Bias[Opii; J] < Dpias, Where Dy is the
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chosen acceptable level of bias that we want to achieve. As
the channel &; _ is implemented with probability p; ., it
follows that the number of samples required to achieve Upiy
scales as O(p ™ -1 ) Once Jy,x 1s fixed, any measurement result
corresponding to the kth channel for k > Jimax should be dis-
carded because these results will unnecessarily increase the
shot noise.

It is clear that in experimental settings Eq. (34) cannot be
used to estimate the bias, since its expression explicitly de-
pends on unknown noisy expectation values. Nonetheless, for
nonzero (O)igeql the fractional bias (or equivalently percentage
bias), Bias[Op; J1/(O)igeat, may still be approximately esti-
mated if we can assume that (O) j noisy/{O)ideal & O(1). With
this simplification, the fractional bias reads

BlaS[ mltv]] i
— w;(po)|, (36)
<0>1dedl =1

and we can therefore estimate the Jy,,x necessary to achieve
a target bias using the coefficients {w;(pp)} only. Finally,
assuming N; ~ p;N, the sampling overhead reads

Jmax

sampling overhead ~ Z
w0 Pi

|wj (;00)|2 Var[oj,noisy]

Var[onoisy] ’

(37

This can also be estimated using only {w;} and {p;} under the
assumption that Var[O; noisy ]/ Var[Opoisy] & O(1).

D. Monte Carlo approach

For specific classes of input states o it may be possible to
efficiently prepare each state £;[pg] appearing in the inverse
noise channel decomposition Eq. (20), without having to di-
rectly implement the amplification and the photon subtraction
(probabilistic) operations. In this scenario, our protocol can
be implemented using the standard Monte Carlo technique.
Explicitly, in each experimental shot one selects an initial state
from the ensemble {€;[pp]} with probability {g; = |w;|/S]}
where § = Z o lwj]. The measurement outcome in each
shot is then multiplied Ssgn(w;) before being averaged over.
This provides an unbiased estimate of (O)iqea1 because there
is no finite cutoff acting on the operator-sum representation
of the inverse loss channel in Eq. (20). This Monte Carlo
approach can then be easily generalized to the multimode
setting (see Sec. IV D for details).

In Sec. III E 2, we provide a detailed example of the Monte
Carlo approach for the two-component cat state—for these
states, Eq. (20) can be rewritten in such a way that it contains
only two terms and hence we just have to sample from two
different initial states, {Ey[ 0], E1[00]}-

Another notable example is given by the single-photon
Fock state pg = |1)(1]. In this case, one easily shows that
A;l[,oo] = ﬁ|1)(1| — %|O)(O|. Hence, one can imple-
ment error cancellation by sending into the noisy circuit |1)
(10)) with probability 1/(1 — y) [y /(1 — y)] and applying a
postprocessing weight of S = }f—)’: (—=S) to the measurement
outcome.

E. Examples

In this section, we provide explicit examples of our error
cancellation protocol to showcase its capabilities and assess
its performance. In particular, we will consider the following
classes of input states: single mode squeezed vacuum states
and two-component cat states.

1. Squeezed states

We first consider the input state to be a single mode
squeezed vacuum state, i.e., po = |S(r9))(S(r9)|, defined as

1S(r0)) = S(ro) |0)

tanh(r)) «/(Zn) 2. (38)

mz(

Here, o > 0 is the squeezing parameter and S(rg) =
e?@=4") ig the single mode squeezing operator. As previ-
ously mentioned, noiselessly amplifying |S(rg)) by a factor
of g > 1 produces a new squeezed vacuum state |S(7amp)) X
§'S(r0) |0), where tanh(ramp) = g* tanh(rg). Notice that rymp
is not well defined when g2 tanh(ry) > 1. If this is the case
then it is not physically meaningful to exactly amplify |S(rg))
by a factor g [58]. Therefore, in order to exactly amplify by
increasing the squeezing of the initial state, one has to either
decrease p or redefine g to ry — 7y < rg, both of which come
with potential consequences. Alternatively, one could amplify
by g within some subspace, as discussed in Sec. III B 1. For
example, in Ref. [55], the authors show that their noiseless
linear teleamplification scheme is able to approximately am-
plify single mode squeezed vacua beyond this g tanh(ry) < 1
limit.

To assess the performance of our mitigation protocol, we
consider the scenario where the ideal unitary evolution Ujgea
is the identity and the measured observable corresponds to a
projector onto the (pure) noiseless reference state, po, i.e., we
consider the observable O = py. Clearly, the expectation value
of pp with respect to an arbitrary state o corresponds to their
quantum fidelity, namely Tr[pgo] = F (09, o) [5,57]. Hence,
in this scenario, the mitigated expectation value corresponds
to the fidelity F (oo, pmit) between the target state py and the
pseudostate pp;; defined in Eq. (33). Intuitively, we expect that
if the state o has a large fidelity with pg, then Tr[A o] provides
a good estimate of Tr[A pp] for most observables A. A value of
F(po, pmit) close to 1 then implies that (for most choices of A
and generic unitary dynamics U) Tr[A U[ pmi:]] will be a good
estimator of Tr[A U[pg]]. We therefore can use F'(0g, Omit) as
a metric of the mitigation scheme’s performance, independent
of any particular dynamics or observables.

In Fig. 3, we plot the exact percentage bias of Op; with
0O = |S(r9))(S(ro)| as a function of J,.x, for different values
of loss, y, and squeezing, ry. We see significant improvements
with respect to the unmitigated results (horizontal lines), in-
dicating that the pseudostate pn; has a higher fidelity with
po than A, [po]. For example, to ensure Upias < 1073 (corre-
sponding to a percentage bias smaller than 0.1%) with y =
0.1 and ry = 1.0 only requires Jyax = 3. Even when Ji.x = 0,
which corresponds to performing a zero photon subtraction
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FIG. 3. Percentage bias as a function of Jy,, for different val-
ues of ry and y, for the estimation of the fidelity with respect to
the noiseless target state. The dashed horizontal lines represent the
percentage bias of the unmitigated estimators. In (a), we vary y at
fixed rp = 1. On the other hand, in (b) we fix y = 0.1 and consider
different values of ry. The unmitigated percentage biases for ry = 1
and 1.33 lie outside the graph, but are respectively given by 18.0
and 20.6%. In all displayed cases, we see an improvement over the
unmitigated result, even for modest values of J.

[59] on the amplified state, we see an improvement in the bias
for all plotted cases.

In Fig. 4, we plot the sampling overhead and 7,y as a
function of u for different values of ry and fixed y. We choose
the acceptable level of bias, U5, to be 1%. For suitably
small u, we observe that increasing p tends to decrease the
sampling overhead. This is because it increases the probability
that j # O photons are subtracted which in turn will tend to
decrease the shot noise in O i£0,noisy- Lhis comes at the cost of
increasing the necessary level of squeezing, r,yp. Finding the
optimal value of p in the tradeoff between sampling overhead
and rymp will depend on experimental considerations such as

20 J 3.0 T
" Y Y T 79=0.75
-% i 0
@ 1 2 5 10 !
. :
=15 \ -/ 11
O ‘\
% \\ 5‘2'0 —r— . 1.2
1 7’
éo 0 \\ /I pr /”,/
) N B s
0 tes 10 .........................
I s

0.00 0.02 0.04 0.06 0.08 0.10 0.00 0.02 0.04 0.06 0.08 0.10

FIG. 4. Sampling overhead and ry,, as a function of u for
varied ry with fixed y =0.1. For ry = (0.75,1.0, 1.1, 1.2), we
choose Jnax = (1,2, 3,3) which gives the percentage biases as
(0.72%, 0.21%, 0.23%, 0.65%) < 1%. The corresponding unmiti-
gated biases are (5.86%, 11.0%, 13.58%, 16.46%). We observe a
tradeoff between minimizing the sampling overhead and minimizing
the required amount of squeezing. The optimal choice of p will
depend on the individual experimental details such as the difficulty in
preparing highly squeezed states and circuit shot rate. We point out
that we did not include the effect of discarding detection outcomes
corresponding to J > Ji,.x in the computation of the sampling over-
head and hence we are slightly underestimating its true value. Fixing
ro and varying y produces analogous looking behavior.

the difficulty of increasing the squeezing parameter and the
circuit shot rate.

Finally, we investigate the stability of our error cancellation
protocol in the presence of imperfect noise strength parameter
estimation. In particular, we imagine that the experimenter has
incorrectly estimated the loss parameter to be 7 and then study
the effects that implementing the mitigation scheme using loss
parameter 7 # y has on the bias. In Fig. 5, we plot E[Opi] =
F(po, pmit) as a function of # with rp =1, y =0.1 and
Jmax = 3—for this choice of parameters, when y =y the
percentage bias is <0.1%.

We see that the percentage bias then grows approximately
linearly as # moves away from the true loss parameter, and
that the gradient of this curve is favorable—for example, a
25% error in estimation of the noise parameter leads to only a
4% bias in the expected value of the mitigated estimator. In or-
der for the mitigated bias to match the noisy expectation value
bias (which for these parameters is around 11%), one would
have to estimate = 0 or 0.16. Therefore, for these parame-
ters as long as the experimental error in y estimation is below
60%, the bias of the mitigated estimator outperforms the noisy
results. Notably, for all # < y our mitigation scheme outper-
forms the noisy result and therefore even partially undoing the
losses is always better (from a bias perspective) than running
the noisy dynamics.

This slow growth of the bias with respect to |y — 7|/y
constitutes a strong indication that our mitigation scheme is
robust against imperfect characterization of the noise strength.
This is because the impact of estimating 7 ## y presents itself
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FIG. 5. E[Oni] = F(po, pmit) as a function of 7, with y = 0.1,
ro = 1, and Jp,x = 3. These parameters gives a mitigated percentage
bias of 0.1% when we have perfect knowledge of the loss parameter,
ie., 7 = y. We observe that our mitigation scheme is stable under
imperfect knowledge of y: for example, ¥ = 0.075 (a 25% error on
the noise parameter characterization) only leads to a modest 4% bias
of the mitigated estimator.

as a moderate bias in the end result, but this bias is relatively
small for reasonable estimates of y, such as within 10%.

2. Cat states

In this section, we provide an example of the Monte Carlo
approach previously outlined in Sec. I[II D. We do so by con-
sidering two-component cat states pg () = |Cg(a))(Cy ()]
as input states for our mitigation scheme. These are de-
fined as [Cyp()) = (Ja) + € |—a))/ Ay (), where Ag(a) =
V2(1 + cos(¢)e—22") denotes the normalization coefficient.
Since the two-component cat states are eigenstates of a2, it
follows that we only need the channels & and &; to fully
describe the action of the inverse noise channel A, !. One can
easily show that

Eolpg(a)] jeven
Ejlpg(a)] = . (39
Eilpg(@)]  jodd
which further implies that we can write

[;0¢> ()] = cveanﬁ (goax) + WOdde)-‘rn (o), (40)

where the weights are given by

A 2
CVen—szj—elVC h()/|Ol| )‘M ,

Ay ()
Za) —eT stmh(ym|2 Ap1r (o) 2
odd = 2j+1 = 1— A¢(O[)

(41)

We remind the reader that go = 1/4/1 — y and point out that
Woaq 1s negative. If one is able to directly prepare the states
ICs(goa)) and |Cy1r (gocx)), then the mitigation scheme may
be implemented simply by sending these two states through
the circuit with probabilities respectively given by geyen =

[Wevenl/S and goga = [Woaal/S, where

2y 2 2 2
et + cos(¢)e =l

S = |Weven| + [Woad| = 42
| | + [Woddl T+ cos(@)e—24P (42)

The mitigated estimator is then given by
Omit = S(Oeven - O_odd)- (43)

The latter is unbiased because we did not include a cutoff
in the operator-sum representation of A;l. The associated
sampling overhead reads

Var[Ocyen|

li head ~ § | [Weven| =———
sampling overhea (' eve |Var[0noisy]

Var[Oogq]
W] —t0dd] ) (44
+ [Woadl Var Onory ) (44)

When Var[Ocyen] & Var[Ooaq] & Var[Opgisy], the sampling
overhead is approximately S2, exactly as in the DV PEC case.
This scaling arises because the task has been reduced to a
Monte Carlo estimation task. Notice that the leading term in
Eq. (42) is exponential in y |a|?/(1 — y). In Fig. 6 we plot S>
(i.e., the approximate sampling overhead) as a function of «
and y.

IV. EXTENSION TO MULTIPLE MODES

In this section, we extend our error cancellation protocol
to M modes. Conceptually, the multimode protocol is exactly
analogous to the single mode case. In order to highlight this
similarity, we introduce two new operators corresponding to a
multimode photon subtraction and a multimode amplification
or attenuation:

M
AW = ®

Here, j = (j1, ..., ju) is a vector of photon subtractions and
g=1(g1,...,gu) is avector of the amplification factors g; in
the ith mode.

M
. 0= gl (45)

A. Inverse loss map

Our proposed mitigation scheme extends naturally from a
single mode to multiple modes when the photon losses are of
the form presented in Eq. (13). By comparison with the single
mode case, one can see from the P representation of A;M ) in
Eq. (15) that the multimode inverse loss map is given by a
tensor product of M single mode inverse loss maps with loss

parameters y = (y1, 2, - - -, Ym):
S100) @ AL (46)

Once again, this map is Hermitian preserving and trace pre-
serving but not completely positive and hence nonphysical.
Nevertheless, these operators can be expressed as a sum over
physically realizable operations with potentially ne%atwe co-
efficients. We consider the following set of maps {5 M )}
&"lpl = 0 )A;M>Q<M> pOIDAMT @)
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FIG. 6. $? ~ sampling overhead as a function of (a) ¥ and
(b) |er|. When Var[Ocyen] A Var[Ooqa] &~ Var[Opisy ], we can approx-
imate the sampling overhead with S2, which is plotted. Despite the
exponential growth with respect to |«| and y, there is a large and rel-
evant parameter space in which the sampling overhead is sufficiently
modest to be experimentally reasonable.

} denotes how many photons are sub-
tracted from mode i, go = (g0.0, 801> - - - » o.m) With go; =
1/JT=vi, and Nj(p) = Ti[ AL GM p GO AN s the
normalization. We again refer to these maps as channels
for simplicity. If the initial state p can be written as a
tensor product, Oprod = ®f‘i | ki, then the normalization re-
duces t0 Nj(0prod) = ]_[?il N (p;) where Nj,(p;) is defined
in Eq. (22).

The M mode inverse loss map can then be decomposed
into physically realizable channels with potentially negative
coefficients via

y e Z Zsz(p)f:““ (48)

Jj1=0 Ju=0

where j; € {0, 1,2, ...

Once again, Q2 = (]_[?i] V’)“ )Nj(p) is a quasiprobability

distribution and hence satlsﬁes > iw=0Rj=1L1If pisa

product state then the coefficients reduce to a product of those
defined in Eq. (23), i.e., Qj(pproa) = [1oe; @, (0)).

B. Quantum error cancellation protocol

In order to physically implement the set of channels {€ ;M) },
we need to have access to (noiseless) amplification and
multiphoton subtractions. Photon subtractions are routinely
implemented via a beam splitter interaction that further at-
tenuates the state. In order to compensate for this unwanted
effect, we need to amplify each mode by a factor g,,.; > go.;,
where i denotes the mode and g, ; is a new parameter that
depends on the transmissivity of the beam splitter in the ith
mode. We then redefine the vector of amplification factors as

W= (815 81,25 - - - » 8u,m). For an ideal initial state pp, the
amplified initial state, pump, is given by
Pamp = <—GM poGIMP. (49)
Namp ¥

where Nymp = Tr[ggf ) ,OogAg(T )] is the normalization. As in the
single mode case, we recommend (where possible) placing
this amplification in the state preparation stage—the dis-
cussion of this amplification within the single mode setting
in Sec. IIIB 1 is still highly relevant, particularly for prod-
uct states. For entangled initial states, there are still many
experimentally relevant states that maintain their functional
form under amplification. For example, amplifying a two
mode squeezed vacuum state of squeezing parameter ry pro-
duces a two mode squeezed vacuum of squeezing parameter
Famp > Fo. Similarly, amplification of two mode entan-
gled coherent state ~ |op) |Bo) + |—ao) |—Bo) implements
the transformations og — tamp > 9 and By — Bamp > Po-
The photon subtraction term can be implemented with M
beam splitters and photon number resolving detectors. In
each mode, a beam splitter of transmissivity 1 — u; for i €
{1,2,..., M} is used with a vacuum in the second entry
port. The photon number resolving detectors then measure
the output of the second exit port. A measurement of j =
(j1» j2s - --» ju) photons with the photon number resolving
detectors will implement a tensor product of Kraus operators,

on Pamp, Where Kj,(u;) are defined in Eq. (10). This action
heralds the state

Kj (1) @ Kjp(n2) ® - - - ®

N i KO,

(M)t
J J.m amP’C'.,u

Pamp = &M 1pol, (51)

where p; = Tr[/C(M),OampIC(M)’] is the probability that j pho-
tons were subtracted The equahty in E (5 1) is easily
be seen by expanding both p,n, and IC . We therefore

have a way of sampling from {S;M)[po]} W1th corresponding
probabilities {p;}.

We can now consider measuring a generic M-mode ob-
servable O. It can be seen that the ideal expectation value,
(O)igeal = Tr[O Uigearl pol], can be decomposed into

O)ideal = Z Q2;(00){0)
J

J,noisys (52)
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where (0) noisy = Tr[O Unoisy © 5;.M>)[po]] is the noisy ex-
pectation value of O given that the channel &£ was im-
plemented and Zj symbolically represents a sum over all
possible j = (i, jay -+ -, jum)-

Now imagine running the circuit N times. The channel
that was implemented in each shot is stochastically deter-
mined by the number and distribution of detected photons
in the photon subtraction stage. We bin the results based on
Jj—the set of different channels implemented is denoted J.
For each element of j € J, the associated noisy expectation
value (O);j noisy i estimated by the arithmetic mean of the
O measurement outcomes in which the channel S;M) was

implemented—we denote this O i noisy- Lhe mitigated estima-
tor of {O)jdeal 18 then

Omit = Y 2(00)0; noisy - (53)
jeJ

C. Error analysis

The bias and variance of the mitigated estimator O, are
given by

Bias[Omii; J1 = | D 2j(00)(0);.noisy (54)
J¢l
and
- Q; 2
Varl O 11 = 3 2PN 10, ), (59)
jer
where Var[O; noisy] = (0%) noisy — (O)7 iy 18 the single shot

variance of O given the channel 5;M> was implemented and
Nj is the number of measurement outcomes associated with
E;M ). Once again, the fractional bias can be estimated if one
assumes (O); noisy/ (O)ideal & O(1). Given an acceptable bias
Dpias, @ suitable set J can be chosen—this choice can have a
significant impact on bias. The variance grows monotonically
with |J| which leads to an accuracy-overhead tradeoff that one
has to optimize. There also exists an amplification-overhead
tradeoff governed by p. Under the approximation N; = p;N,
the sampling overhead of the estimated observable O is ap-
proximately given by

|Qj(p0)|2 Var[oj,noisy]
ﬁj Var[onoisy]

sampling overhead[O] ~ Z , (56)

jel

where Var[Oyoisy] = (02),“,1Sy — (O)ﬁoisy is the single shot
variance of O given that only the noisy dynamics, Upisy, Were
run. If one is measuring a collection of local observables si-
multaneously, suchas O; ;=01 L ® -+ - @Iy, O =1 ®
0, ® -+ @Iy, then the sampling overhead is given by the

largest individual sampling overhead,

sampling overhead ~ max [sampling overhead[O;]]. (57)

D. Monte Carlo approach

As in the single mode case, if each state in the operator-
sum representation of A;“M ), namely E;M )[po], can be
efficiently prepared, then our scheme can be reduced to Monte

Carlo estimation. By sampling from {E;M)[,oo]} with proba-
bilities {|€2|/S} where S = Zj |€2;], an unbiased estimator
of (O)igeal can be obtained by multiplying the measurement
outcomes associated with j by S sgn[€2;(00)]—this is exactly
analogous to the single mode Monte Carlo approach discussed
in Sec. III D.

We provide an explicit example of this approach for two
modes in Sec. IV E. This approach is also particularly useful
for systems in the dual-rail representation [60], where logical
qubits are encoded by a single photon shared between two
modes via

[0}, :=10) [1), 1) == [1)]0). (58)

If one wanted to implement our error cancellation scheme
using the Monte Carlo approach for an initial state |0)?N =
(|0Y [1))®Y then, under the assumption of uniform losses, S

can be shown to be
1 N
S = (ﬂ) ) (59)
-y
Intriguingly, this means one can undo the photon losses by

stochastically sending fewer single photons into the circuit.
We provide some intuition for why this is in Sec. IIT A.

E. Examples

In this section we look at two classes of entangled ini-
tial states, namely two mode squeezed vacua and entangled
coherent states. As for the single mode squeezed vacuum
case, we again use the observable O = py; for the pure initial
states considered here, this expectation value estimation task
corresponds to estimating the fidelity between ppoisy and pmit
with respect to pg. Furthermore, as argued in Sec. IIIE 1,
this provides an observable and unitary-dynamics independent
benchmark for our mitigation scheme. We also consider the
covariance matrix as an observable for the two mode squeezed
vacua example.

We allow the loss parameter to fluctuate between shots in
Figs. 8 and 9 in order to create a more realistic noise model,
as discussed in Sec. II B. Recovery of the ideal expectation
value in both of these simulations is strong evidence that
our mitigation scheme is robust against a fluctuating loss pa-
rameter, and hence demonstrates the applicability of quantum
error cancellation realistic scenarios. In Fig. 10, we plot an
archetypal histogram of different loss parameters used in a
1x 10° shot experiment with average losses exceeding 50%.

1. Two mode squeezed vacua

Consider the TMSV states given by

1S2(r)) = e" @) |00)

= cosh[—1](r) Y _ tanh[n](r) [an).  (60)

n=0

Let po = |S2(r0))(S2(r0)|. Amplifying [S>(ro)) by G/,

gives |S2(¥amp)) up to normalization, where tanh(rymp) =

gi1g2tanh(rg) and the amplification normalization is

cosh[2](ramp) . .
Nampby g = Wz]zm‘; As in the single mode squeezed
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FIG. 7. On the left, we plot the bias of E[Oni] = F (00, Omit)
as a function of Jy,y for the set J1V(J...). Each curve is labeled
by (7o, v1, ¥2). The dashed lines give the noisy expectation values,
(O)noisy = F (po, Aylpol). With the exception of the red curve, we see
arapid convergence to the ideal expectation value as Jy,x grows, and
even the zero-photon subtraction channel yields a drastic improve-
ment over the unmitigated results. Subtracting just up to one photon
from each mode is sufficient to achieve O(1%) bias and in the small
loss regime this is improved to @(0.1%). The red curve diverges
because £2; increases as j; and j, increase in the regime where j
photon losses are non-negligible—this behavior can be calculated
a priori and hence can be avoided by redefining ry. On the right,
we plot the approximate sampling overhead, Zje 7 IQ;1*/p; as a
function of Jy,,, under the same choice of parameters. We see a clear
exponential growth with respect to Jy.x With a gradient that has a
larger dependence on the strength of noise than the initial squeez-
ing parameter. For each (7, ), the beam splitter parameters p =
(m, ;) (beam splitter parameters are chosen to the nearest 0.005)
minimize sampling overhead when J,,x = 1. The squeezing param-
eters associated with ng[po] and QAgu [o] for each curve (orange,
green, ..., purple, red) are given by (1.245, 1.746), (1.310, 1.734),
(1.452,1.924), (1.420, 1.794), (1.365, 1.552), and (1.856, 2.335).
These are all accessible with current devices. One can decrease the
necessary amplification g, by accepting a larger sampling overhead.

vacuum case, we require g;g»tanh(rp) <1 for the
amplification to converge and be physically meaningful.

One can show that the quasiprobability distribution £2; is
given by

(=Y (=) > (n) <n>
Q:(]S S =
H(1S20r0)) (S2(ro)) = 0o > UG

n=max[ji, ja

( tanh[2](rp) >” 61)

(I—=y)(1 =)
Again, this converges when tanh(ry)/+/(1 — y1)(1 — y») < 1.

For fixed choices of ry and p, if increasing j; and/or j, leads
to 2; increasing, then the quasiprobability weight is pushed
towards the channels S;M) that cannot be implemented. This
leads to mitigated expectation values that can look divergent
in ji, j» and places further constraints on what values ry
and y can take. An example of this is seen in the red curve
of Fig. 7. This has parameters (r, y1, ¥2) = (1,0.2,0.2)
and starts rapidly diverging away from the ideal result—in
principle, we know that (O)igeas = Y i 2;(0); but in practice,
any numerical cutoff we tested led to divergent behavior.

—~
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FIG. 8. Two histograms illustrating the distribution of results
from 100 simulated experiments in which (a) oy and (b) oy, were
measured. The initial state, |S,(0.75)), was subject to losses stochas-
tically chosen from a discretized Gaussian distribution centered on
y = (0.15,0.15) with standard deviation ¢, = 0.1p in each shot.
We measured 1x10° shots in each experiment to give an estimate
of the dimensionless o}, and the photon subtraction beam splitters
were parametrized by g = (0.105, 0.105). The red bars show the
unmitigated results, the blue bars show the mitigated results, and the
labeled vertical dashed lines give the ideal, noisy, and mitigated ex-
pectation values. The percentage bias decreases from (8.6%, 15.0%)
to (0.19%, 0.19%) while the sampling overhead is a modest ~4.4
and hence our mitigation scheme gives a vast improvement over the
unmitigated results, as clearly demonstrated by the histograms.

Numerically, we found that keeping tanh(ry)/
JA =y =) <09 tends to ensure that, for the j
we are interested in, the expectation value converges to the
ideal result. This limit can be increased slightly if y; # »»
and y; < 1.

Interestingly, €2; can initially decrease with j for “small”
values of j; and j, before beginning to increase with j for
“large” values of j; and j, in such a way that these higher
photon subtraction terms dominate the quasiprobability. For-
tunately, this effect is negated by the fact that within the Kraus
representation of A,[po], the terms corresponding to high
photon subtraction terms are themselves vanishingly small
and therefore the net effect is no appreciable impact on the
expectation value.

In Fig. 7, we plot the expected percentage bias of the miti-
gated estimator, F'(pg, pmit), as well as the sampling overhead
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FIG. 9. Simulation of (py) = F(po, Pmit) against « for the entan-
gled coherent states o |o, o) — |—o, —or) subject to losses using our
mitigation scheme. In each shot, the loss parameter was stochasti-
cally selected from a discretized Gaussian distribution centered on y
with width o, = 0.1p. In (a), the average losses are y = (0.2,0.2)
while in (b) the average losses are y = (0.5, 0.6). For each value of
«, we conduct ten experiments with 1x 10° shots per experiment—
each experiment is marked by a tick on the graph and the blue curve
is the average over the ten experiments. We see a clear recovery of the
ideal expectation value for ¢ < 2.25in (a) and @ < 1 in (b). Beyond
these points, the large sampling requirements make individual ex-
periments unreliable and can give fidelities that drastically exceed 1.
The graphs on the right plot S? ~ sampling overhead and A, which is
defined as the difference between the maximum and minimum values
of Op for each a. We see a clear relationship between the two which
indicates that the sampling overhead is accurately characterizing the
shot noise.

for various choices of (ro, ¥, p). We choose the set J = J@°ca)
which is defined in terms of a parameter Ji,,x by

J(local)(Jmax) = {(jlv ]2) | jl < Jmaxs j2 < Jmax}- (62)

In other words, Jiax labels the maximum number of photons
subtracted locally in each mode. We note in passing that the
choice of J can have a large impact on the bias—for example,
the setJ = J(gl()bal)(-]max) = {(jl, ]2)']1 + j2 < Jmax} is often
outperformed by J1°®_even in cases where J (]Ocal)(JmaX,l ) C
J(glOba])(Jmax,Z)-

The results show a fast convergence to the ideal ex-
pectation value for all the results except the red curve,
where (rg, y1, 2) = (1,0.2,0.2). This red diverging curve
is explained by the fact that €; increases with j—
the factor tanh(ry)/+/(1 — y1)(1 —y2) = 0.952 > 0.9. De-
creasing y; from = 0.2 to 0.15 changes the factor
to tanh(rg)/+/(1 — y1)(1 — y») = 0.896 < 0.9 which does

200000
175000
150000
125000
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75000
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25000
0!
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mode?2

shots

03 04 05 06 07 08 09

FIG. 10. A histogram representative of the y values sampled in
Fig. 9(b) for a particular experiment with 1x10° shots. The dis-
cretized Gaussian distribution depicted here has mean y = (0.5, 0.6)
and standard deviation o3 = 0.1p. Despite the relatively large spread
in possible loss parameters in a particular shot (ranging all the way
from 30 to 90% in mode 2), the fidelity recovery seen in Fig. 9
demonstrates that our mitigation scheme is robust against fluctuating
losses and hence can be applied successfully in real experiments. In
each mode, the Gaussian distribution was linearly discretized into
21 possible values. The range of possible y values was truncated at
the tails such that the probability of y lying outside the discretized
distribution was ~1077.

converge correctly as discussed above. The sampling over-
head is also plotted. We see that it grows exponentially with
Jmax and the gradient is most significantly impacted by the
level of noise y.

We will now briefly discuss the covariance matrix before
using it as the observable in simulations plotted in Fig. 8. For
further details on the covariance matrix, refer to Refs. [61,62].

Two mode continuous variable systems can be described
by the dimensionless quadrature operators X; = %(&i + &j')

and p; = %(&i — &j) for i € {1, 2}. These can be collected

into single four-component vector # = (X1, py, X2, p2)T. The
covariance matrix o has matrix elements [61]

ore = ({Fi, Fe}) — 2(7) (o) (63)

where {A, B} := AB + BA is the anticommutator. States that
admit a Gaussian Wigner function are called Gaussian states
and they can be fully characterized by (#) and o [61]. TMSV
states and TMSV states that have been subject to loss are both
examples of Gaussian states with (#) = 0 and are hence fully
characterized by their respective covariance matrices—by
measuring o, we are essentially carrying out state tomography
on [$2(r)) (S2(r)| and AP[1S2(r) (S2(r)]].

For both of these states, of the 16 matrix elements in o, it
can be shown that (up to a sign) there are only two unique

nonzero terms:
cosh(2r)l  sinh(2r)Z
) (64)

sinh(2r)Z

o (1S2(N)(S2(r))) = ( cosh(2r)I

where I is the 2x 2 identity matrix and Z is the Z-Pauli matrix.
Hence if one measures oq and oy, one has fully characterized
the state.
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In Fig. 8, we simulate measuring ogy and oq, from a TMSV
state with parameter ry = 0.75 subject to losses centered on
y = (0.15, 0.15). In each shot, the true photon loss parameter
is stochastically taken from a discretized Gaussian distribution
of standard deviation 0.1jp. To carry out the photon subtrac-
tions, two beam splitters of reflectivities u = (0.105, 0.105)
were chosen [63]. This gave an amplified squeezing param-
eter of Famp by g 1.2041 (compare this with the minimum
necessary squeezing for mitigation, rampyg, ~ 0.9666). We
simulated 100 experiments with 1x10° shots per experiment
and chose J = J1o¢(3),

Our error cancellation protocol successfully recovers the
noise-free results to within a good approximation, and vastly
outperforms the noisy results. The ideal expectation value re-
covery takes place in spite of a fluctuating y which is evidence
that our scheme is robust in realistic settings.

Because ogg and oy, are sufficient to fully characterize
|S2(rp)), the recovery of the ideal expectation value means
we are able to conduct tomography on a Gaussian state that
has passed through an unwanted photon loss channel. One
can generalize this to tomography of an arbitrary state that
has undergone unwanted losses by measuring, for example,
the Wigner function as an expectation value [64].

2. Entangled coherent states

Consider now the two mode entangled coherent states
given by

1

Y+ (o, B)) Bi(oc,,B)('a) 1B) £ |—a) [=B)),  (65)
where  Bi(a, B) = 2{1 £exp[—2(le|> + |B1P)]}  is
the necessary normalization. We define pi(a, )=
Vi (o, B))(V+(a, B)|. If the system is subject to losses
Y = (1, »), then it can be shown that the operator-sum
representation of the inverse map acting on p_(«, @) can be
rewritten using only two terms, i.e.,

A, Mo (t, )] = Weven p— (@1, &) + Woda p1 (@1, @2).
(66)

Here, & = a/+/1 —y; and the coefficients Weven/odd are
given by
2

Weven = e”! a1 +ys @)

B_(a,, &)
B_(x,a)

x [cosh(y;|@;|*) cosh(ya|@,|*)
+ sinh(y1]@*) sinh(p2|@ )], (67)

2

Woad = — e}’llﬁflIer)/zlﬁfz\2 B (@1, 62)

B_(a,a)

x [cosh(y|@&;|*) sinh(ya|&@2|)
+ sinh(y|@ ) cosh(ya|@|®)].  (68)

Notice the key negative sign on Woyq. If one can produce the
entangled coherent states |4 (&, &>)), then the Monte Carlo
approach from Sec. IVD can be used to give an unbiased
estimator of (O)igea1- The sampling overhead is approximately
given by §2, where S = |Weyen| + |Woud|-

In Fig. 9, we plot simulated experiments in which the
fidelity between py and ppi; was measured as an expecta-
tion value. As there is no cutoff in the inverse channel [i.e.,
Eq. (48)] with this implementation, this provides an unbiased
estimate for all values of «, B, and y. On the right, we plot
§? ~ sampling overhead, and the difference between the max-
imum and minimum values of Oy for a given «, labeled A. In
both (a) and (b), the sampling overhead grows exponentially
with o, which leads to a drastic increase in the shot noise.
Beyond some critical coherent state magnitude, o, the shot
noise dominates and makes individual experiments unreliable.
Nonetheless, there is a large and interesting parameter regime
in which losses can be mitigated, with just a modest number of
shots—for example, the ideal result is consistently recovered
for an entangled coherent state of magnitude < 1 even when
total losses exceed 50%.

In each shot of the simulation, we stochastically select
the specific loss parameter y from a discretized Gaussian
distribution centered on y with standard deviation o5 = 0.1.
The recovery of the fidelity then indicates that our scheme
is robust against a randomly fluctuating loss parameter. In
particular, the results in Figs. 9(b) and 10 demonstrate that
recovery is robust even when the loss parameters are sampled
from surprisingly wide distributions. In fact, when comparing
these results with results in which the loss parameter was
equal to p for all shots, the authors could not distinguish a
noticeable difference.

V. DISCUSSION

In this paper, we have proposed a quantum error mitigation
protocol applicable to discrete or continuous variable photonic
systems subject to excitation losses, inspired by DV proba-
bilistic error cancellation. We have analytically inverted the
photon loss channel and expressed it using a quasiprobability
distribution over physically realizable CP channels. These CP
channels involve both a noiseless amplification and multipho-
ton subtractions and we have proposed viable experimental
protocols for implementing both these operations. Following
this, we have then shown how the noisy dynamics can be
run and the measurement outcomes combined to construct an
estimator of (O)jges With a bias that can be made arbitrarily
small. Furthermore, we have presented a second approach
based on Monte Carlo estimation for certain classes of in-
put states—single photon states, cat states, and entangled
coherent states—and proven that this produces an unbiased
estimator of (O)jgear- In both cases, an unavoidable sampling
overhead is introduced. Similar to DV PEC, where the sam-
pling overhead scales exponentially with qubit number and
circuit depth, here it scales exponentially with the number of
modes and noise strength. A new behavior observed is the
exponential dependence on the energy of the system through
either the squeezing parameter for squeezed states, or the
coherent state magnitude for cat states and entangled coherent
states. Nevertheless, the high shot rate which is characteristic
of photonic platforms can ease the impact of this cost.

We have assessed the protocol’s performance via several
examples. The squeezed state example displays how the miti-
gation scheme will typically be employed, and shows that the
percentage bias can be made less than 1% within currently
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experimentally accessible parameter regimes. The protocol
was shown to be robust against imperfect characterization
of the loss parameter and a fluctuating loss parameter. On
the other hand, the cat state example illustrates a special
case where one can exploit the state’s property of being an
eigenstate of > to make the estimate’s bias vanish entirely.
This Monte Carlo approach has a better scaling to multiple
modes and can be implemented fairly straightforwardly for
single photon states, cat states, and entangled coherent states.

We hope this paper encourages new work on QEM in CV
systems, whether that be adapting existing DV techniques
to the CV setting or finding entirely new error mitigation
strategies. A pertinent research direction involves extending
this protocol to include dynamic circuits with midcomputation
projective measurements—this will be particularly relevant
due to the necessity of midcircuit measurements for univer-
sal linear optical quantum computing. This protocol would
also work particularly well with states that are naturally
robust against dephasing errors in noise-biased situations.
Finally, we hope this paper inspires experimental work in
this area.
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APPENDIX A: USEFUL COMMUTATION RELATION
In this section, we prove the following identity:
gal =galg. (A1)

We start by showing via induction that the commutation rela-
tion

a’, 7] = ja’ (A2)
holds for all j. The j = O case is trivial and the j = 1 case can

be seen by using the canonical commutation relation [&, a'l =
I. The induction step reads

(@'t 7] = aa’h — na'a
=o' —alha+ @, ala
=& h — o (an — a) + ja't!
= (j+ ha't!, (A3)
concluding our proof of Eq. (A2). Next, we prove that

&/, Ak = a’/[A* — (a — jT)¥] (A4)

for all j and k by induction. For k = O this trivially holds for
arbitrary j. For k = 1, the right-hand side reduces to ja/—we
have just proven that [&/, i] = ja/ for arbitrary j. Now, we
show that if Eq. (A4) holds for arbitrary j and a particular k,
then it must also hold for arbitrary j and k + 1:

@/, a1 = a/a* ! — ankal

jﬁk-&-l

= —a@a* —[a’, "))
It —had (n — T
—al (i — jIF!
(A — jD. (AS)

By induction, we have therefore shown that Eq. (A4) holds for
arbitrary non-negative integers j and k.

D>

IS )

— ajﬁkJrl

_ aJ[Ak-H

We now Taylor expand g" = Y oo %ﬁk and look at
gal:
o In In
dal = Z (g) AkAJ_aIZ (8) —]H)k—a’gn j
k=0
(A6)

Here, we have used the commutation relation in Eq. (A4) in
the second line. This proves the useful relation between g" and
&/ in Eq. (A1). This allows us to exchange the order in which
the attenuation or amplification and the photon subtractions
occur in the loss map or inverse loss map by simply introduc-
ing a ¢ number.

APPENDIX B: INVERSE PHOTON LOSS MAP PROOF

In this section, we prove that the P representation and
operator-sum representation of the inverse loss map are
equivalent. Let A, """ [p] be the operator-sum represen-
tation in Eq. (19). Via linearity, it is sufficient to show that
A;I’OP'SumHa) (a]] = |goa) (gor| because then every coherent
state in the integrand of Eq. (18) will be correctly amplified:

APy af) = 3¢ Jy) &gl erlgy@’y’

Jj=0

= VRS g (goul @)

Jj=0
o0 2\ J
— ety ] (—V|0‘| )
=e™ - |goar) (goc|
| _
N =y
= |goa) (gox|. (B1)

In the third line we used the fact that g — 1 =y /(1 — y).
Therefore, applying A;l in the operator-sum representation to
p in the P representation will return A;l in the P representa-
tion. This proves that these two representations are equivalent.

APPENDIX C: PHOTON SUBTRACTION

In this section, we prove that sending an arbitrary state p
through a beam splitter with a vacuum in the second entry port
and measuring j photons heralds a state conjugated by the jth
Kraus operators defined in Eq. (10).
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Let the input and output modes be described by
the annihilation operators 4; and b; respectively, where
i € {system, ancilla}. We let the input system state be pure
and given by |¥) =Y o2 culn) = oy c,,ji |0) while the
ancilla input state is a vacuum, |0). The order of the tensor
product is system-ancilla (e.g., [0) [0) = [0)¢ |0)4).

In the Heisenberg picture, a beam splitter of transmis-
sivity 1 — u, described by the unitary Ugs, defined in

Sec. I B2, will transform aj — /T — wb} — /i b}. This
acts on |¢) |0) to produce the state

= (VT—puh
Uss 91 10) =3 e, Es

n=0

=) D al/T=—w' " (=ym"

n=0 m=0

n\ 2
X n —
m

where (:1) = n!/(m!(n — m)!) is the binomial coefficient.

To calculate the state that is heralded by a measurement of
Jj photons in the ancilla output mode, we first apply (j|, to the
above state:

(J1a Us.u 1¥)510)4

= (-1y ( )ch(l—w(”.)zm—j)
= (- 1)/,/( )ch(l—m%
< (" %,/—(”_j)!aum
j n!
- (—1)-",/1<L)jaf§jc (1= w In)
P\1—=n =

| I i
= -1y 7(%) (1= ' [y)

bT n
Vi) 0)10),

m) |m) (CI)

= KW ), (C2)

where in the third line we used &’ |n < j) = 0, in the fourth

line (1)7,/@=2% — \[i and in the fifth Tine ¢ [n) = ¢ |n).

Using this, we can see that a projective measurement of j
photons from the ancilla output port will (up to normalization)
herald the state

W) (@] — Tl @ 1) (j)Uss.u (19) (|5 ® [0)(0)Ugs ]
= (jla Uss.u 1¥)51004 (15 (Ol4 Ugs , 1)a
= K; (W) (WK (). (C3)

This proves the statement for pure states. Via linearity, it
can easily be seen that for an arbitrary density operator p =
> i Ailvi) (Y], a measurement of j photons from the ancillary

output port will (up to normalization) herald the state

p = Ki()pKj (). (C4)

APPENDIX D: DEPHASING ERRORS

In this section, we briefly discuss bosonic dephasing errors,
and the impact they have on our loss mitigation scheme,
and give a new dephasing error mitigation scheme based
around the inverse dephasing error map. The single mode pure
bosonic dephasing channel, Ap ,,, is defined by

SO il pl m) .

n=0 m=0

Apy,lel = (D1)

where yp € [0, 00) is a parameter that determines the noise
strength. There is an exponential damping on the off-diagonal
terms that decoheres the state.
This can equivalently be seen to solve the Lindblad master
equation
d .
Ep(t) = kpD[allp@)], (D2)
where D[i](p) = ipin — %{ﬁ2 p} is the dephasing Lindbla-
dian and «xp > 0 is the dephasing rate, if we make the
identification yp = kpt.
The joint loss-dephasing channel, denoted A;p , ,, gives
the solution to the Lindblad master equation:

d
E’O(t) = [kDla] + kpDlalllp(1)]. (D3)

The fact that the two Lindbladians commute means that the
joint loss-dephasing channel can be decomposed into a pure
loss channel of strength y taking place before or after a
pure dephasing channel of strength yp; ie., Aip ., = A, ©
Ap,y, = Ap,y, o A,. This in turn means that if our system is
subject to a joint loss-dephasing channel of strength (y, yp),
then we can use our quantum error cancellation protocol to
mitigate against the losses, leaving behind an expectation
value that is equivalent if the system was just subject to the
pure dephasing channel of strength yp. In other words, our
error cancellation scheme for photon losses is robust against
the introduction of a dephasing error channel.

We now briefly introduce a scheme for mitigating against
the pure dephasing channel. A discrete Kraus representation
of the dephasing channel is given by

o0

)/j YD p2 YDp2 i
Z_Dﬁje_TDn pe_TDn ﬁ]
s

= I

Apylel = (D4)

where we have explicitly expanded out the Kraus operators

Di(yp) = yg/j! ple= 7, Using this, one can then easily
show that the inverse dephasing channel has an operator-sum
representation of

o0
— YD 52
Aplylp) = — PR pet il (DS)
j=0

This corresponds to simply changing the the sign of yp —
—yp in Eq. (D4). Similarly to the photon loss inverse map,
Eq. (D5) can be expressed as a weighted sum (with some
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negative coefficients) of CP maps. Consider the channels
defined by

_ 1 ﬁ] YD 22 VTDﬁ
Np,j(p)
where ./\/D,j(p) is a normalization coefficient. The inverse
can then be written as linear sum over these channels with
coefficients wp ;(p) = (—yD)jND,j(,o)/j!. Using this, if one
can realize the channels &p ; then one can mitigate against
the dephasing channel using similar ideas that have been dis-

cussed in this paper for mitigating against the loss channel.

Ep,jlp] “id, (D6)

Unfortunately, an experimental realization of the chan-
nels {&p ;j} seems particularly challenging. In fact, a re-
alization of A/ alone requires postselection that makes
scaling beyond a couple of modes unfeasible. Addition-
ally, unlike the noiseless amplification term present in the
inverse excitation loss map, the operator e may not
be easily incorporated in the state preparation stage. Un-
less a way around these difficulties is found, the error
cancellation protocol presented in this paper is unlikely
to be experimentally viable to mitigate against dephasing
errors.
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