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The twist-and-turn dynamics of spin squeezing results from the interplay of the one-axis-twisting (nonlinear
in the collective-spin operators) and the transverse-field turning (linear) term in the underlying Lipkin-Meshkov-
Glick-type Hamiltonian, both with constant (time-independent) prefactors. Using shortcuts to adiabaticity (STA)
and the recently developed enhanced version thereof (eSTA), we demonstrate here that dynamics of this type
can be utilized for a fast and robust preparation of spin-squeezed states in internal bosonic Josephson junctions,
i.e., condensates of cold bosonic atoms in two different internal (hyperfine) states (single-boson modes) coupled
through Rabi rotations. Assuming that the initial state of this system is its ground state for a given initial value
of the (time-dependent) linear coupling strength and that the nonlinear coupling strength remains constant, we
set out to determine the time dependence of the linear (Rabi) coupling strength that allows for the generation of
spin-squeezed states using the STA- and eSTA-based approaches. We then characterize the modified twist-and-
turn dynamics of this system by evaluating the coherent spin-squeezing and number-squeezing parameters, as
well as the fidelity of the target spin-squeezed states. In this way, we show that the eSTA approach allows for
a particularly robust realization of strongly spin-squeezed states in this system, consistently outperforming its
adiabatic and STA-based counterparts, even for systems with several hundred particles. Our method could also
be employed for the generation of metrologically-useful non-Gaussian states.
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I. INTRODUCTION

Recent years have witnessed tantalizing progress in the
realm of quantum-state engineering [1–20]. Being highly
interwoven with the constant improvement of methods for
manipulation and control of quantum systems, this steady
progress remains of pivotal importance for further develop-
ment of quantum-enhanced technologies in various physical
platforms [21]. In particular, prompted by the anticipated
quantum-technology applications of highly entangled multi-
qubit states, a large variety of schemes for fast (compared
to the relevant coherence time of the underlying physical
system) and robust (against various system-specific sources
of decoherence and noise) generation of such states have been
proposed in recent years, especially for W [1–7], Greenberger-
Horne-Zeilinger (GHZ) [8–13], and Dicke [17–19] states.
Another important example of highly entangled quantum
many-body states of interest for quantum-enhanced metrology
is furnished by spin-squeezed states [22].

Proposed in the seminal work of Kitagawa and Ueda [22],
the concept of spin squeezing, i.e., redistributing the spin fluc-
tuations between two orthogonal directions, was demonstrated
to allow an enhancement in the precision of atom interferom-
eters [23,24]. Much like their photonic counterparts in optical
interferometry [25], spin-squeezed states provide phase sen-
sitivities beyond the standard quantum limit (SQL) for phase
uncertainty ��SQL = 1/

√
N , the latter being characteristic of

probes involving a finite number N of uncorrelated (or clas-
sically correlated) particles [26]. Owing to the fact that they
allow one to overcome this non-universal classical bound,

spin-squeezed states established themselves as a valuable
resource for quantum metrology [27]. Subsequently, the im-
portant link between spin squeezing and entanglement [28],
i.e., the ingredient that spin-squeezed states share with other
types of states defying the SQL (for instance, GHZ states
[19,29]), was also established [30,31].

In their original work, Kitagawa and Ueda investigated the
preparation of spin-squeezed states based on one-axis twisting
(OAT) and two-axis-countertwisting (2ACT) Hamiltonians,
where “twisting” refers to terms that are quadratic in the
collective-spin operators [22]. While both of these Hamiltoni-
ans permit the generation of spin-squeezed states, they show
qualitatively different behavior. The OAT Hamiltonian does
not saturate the fundamental quantum-metrological bound of
sensitivity and leads to the maximal squeezing at a time that
scales as J1/μ, where J is the size of the collective spin and
μ > 0. In contrast to its OAT counterpart, the 2ACT Hamilto-
nian does saturate the fundamental quantum-mechanical limit
on sensitivity and permits the generation of maximal spin
squeezing in a time that is logarithmic in the collective-spin
size. Subsequently, a model that in addition to the (nonlin-
ear) OAT term involves a linear term describing a transverse
field was also investigated by Micheli et al. [32]. For this
type of spin-squeezing Hamiltonian, which gives rise to what
became known as twist-and-turn (TNT) dynamics [33,34],
they demonstrated that it allows the preparation of highly
entangled metrologically relevant states (catlike states) [35] at
times that are, similar to the 2ACT case, logarithmic in the size
of the collective spin [32]. Finally, in a study complementary
to that of Ref. [32], it was demonstrated that this type of
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dynamics is optimal as far as the generation of spin squeezing
is concerned [36], at least in the absence of decoherence and
losses.

The most natural physical setting in which to demonstrate
the TNT dynamics of spin squeezing and harness the latter
for generating strongly spin-squeezed states is provided by
Bose-Einstein condensates (BECs) of cold neutral atoms. In-
deed, the generation of spin-squeezed states was demonstrated
more than a decade ago in proof-of-principle experiments
with interacting cold 87Rb atoms in bosonic Josephson junc-
tions (BJJs) [37–42]; these systems, where bosons within a
condensate can be restricted to occupy only two single-atom
states (modes), come in two varieties: internal BJJs [where
the two relevant modes correspond to two different internal
(hyperfine) atomic states, with a linear Rabi-type coupling
between them] and external ones (in which the two modes
correspond to bosons trapped in two spatially separated wells
of an external double-well potential) [43]. The TNT-type dy-
namics was experimentally investigated in an internal BJJ,
assuming a constant linear coupling strength and an abrupt
change (i.e., a quench) of a nonlinear coupling strength from
zero to a finite value [44]. Finally, an alternative approach for
generating spin squeezing in internal BJJs has quite recently
been theoretically proposed [45], which makes use of the
methods of shortcuts to adiabaticity (STA) [46–51] and their
recently proposed enhanced version [52–54].

Shortcuts to adiabaticity are a family of analytical control
techniques that mimic adiabatic evolutions, but are typi-
cally much faster than their adiabatic counterparts [47–51].
Generally speaking, analytical control approaches are highly
desirable because they are usually rather simple, in addition to
providing greater physical insight and allowing for a superior
stability under various experimental imperfections [55,56].
STA have heretofore been utilized in many different contexts
[57–61], including that of engineering spin-squeezed states
in BJJs [62,63]; in addition, their use was also proposed for
engineering other types of entangled states (e.g., NOON states
[64,65]). They proved to yield results comparable to those
obtained using optimal-control methods [36,66,67].

One typical limitation of STA methods is that they often
require nontrivial physical implementation (e.g., counterdia-
batic driving [49]); likewise, some STA techniques can only
be straightforwardly applied to small or highly symmetric
systems (e.g., methods based on Lewis-Riesenfeld invariants)
[49]. This served as the primary motivation behind the devel-
opment of enhanced shortcuts to adiabaticity (eSTA) [52–54],
an approach that allows one to perturbatively improve STA
solutions in an analytical fashion and, even more importantly,
design efficient control protocols for systems in which STA
are not directly applicable. The eSTA method was shown
to outperform its STA counterparts in nontrivial quantum-
control problems related to coherent atom transport in optical
lattices [52,68,69] and anharmonic trap expansion [54]. In ad-
dition, it was demonstrated that eSTA-based control schemes
are more robust against various types of imperfections than
those based on STA methods [53].

In this paper we revisit the problem of efficiently preparing
spin-squeezed states in internal BJJs by modifying the under-
lying TNT-type dynamics of spin squeezing in this system. We
also assume that the nonlinear coupling strength in this system

remains constant (i.e., time independent) and subsequently
determine the time dependence of the linear coupling strength
that allows the preparation of spin-squeezed states using the
STA and eSTA methods; we also compare the performance of
the latter methods with their adiabatic counterpart, a simple
linear sweep of the linear coupling strength from a large
initial, to a small final value. We then quantify the state-
preparation process for the desired spin-squeezed states in
this system by computing the values of the coherent spin-
squeezing and number-squeezing parameters, as well as the
target-state fidelity. In this way, we show that our proposed
eSTA-based control scheme allows for a particularly robust
realization of strongly spin-squeezed states in internal BJJs.
Importantly, we demonstrate that this approach consistently
outperforms its STA-based and adiabatic counterparts, even
for particle numbers that are in the range of several hundreds.

The remainder of this paper is organized in the following
manner. In Sec. II we set the stage for further discussion
by briefly reviewing the essential physics of internal BJJs
and introducing their underlying Lipkin-Meshkov-Glick-type
Hamiltonian; we also introduce the relevant figures of merit
for characterizing spin squeezing. Section III is dedicated to
the description of three different control schemes that we em-
ploy for the generation of spin-squeezed states in the present
work: an established STA-based scheme, its improved ver-
sion, and an eSTA-based scheme. In Sec. IV we present the
results for the target-state fidelities and spin-squeezing param-
eters obtained within the proposed eSTA-based scheme; we
also compare the obtained results with those corresponding to
the conventional and improved STA approaches, as well as
the simplistic adiabatic-sweep approach. In this section we
also demonstrate the superior robustness of our proposed
eSTA state-preparation scheme to the STA-based one. Finally,
we also compare the modified TNT-type dynamics of spin
squeezing inherent to our approach with the well-established
OAT dynamics. The paper is summarized, with some conclud-
ing remarks and an outlook, in Sec. V. Some mathematical
details, pertaining to the derivation of eigenfunctions of STA
invariants in momentum space and their Fourier transforms,
are relegated to the Appendix.

II. SYSTEM AND SPIN-SQUEEZED STATES

To set the stage for further discussion, in what follows
we first provide a short introduction to the system under
consideration, i.e., internal BJJs, and briefly review the es-
sential concepts pertaining to spin squeezing (Sec. II A). We
then concisely introduce two of the most relevant figures of
merit of spin squeezing, i.e., the coherent spin-squeezing
and number-squeezing parameters, and summarize their basic
properties (Sec. II B).

A. Internal BJJs and the twist-and-turn Hamiltonian

An internal BJJ is created with a trapped BEC that con-
sists of cold atoms in two different internal (hyperfine) states
[70] (for a pictorial illustration, see Fig. 1 below). A typical
example of such a system is a condensate of 87Rb atoms,
where the role of the two relevant internal states can, for exam-
ple, be played by the |F = 1, mF = 1〉 and |F = 2, mF = −1〉
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FIG. 1. Pictorial illustration of an internal BJJ, i.e., a conden-
sate of bosons in two different hyperfine states (modes) |ψ1〉 and
|ψ2〉. An external electromagnetic field coherently transfers atoms
between these two modes (Rabi rotations); the corresponding linear
(Rabi-type) coupling strength h̄� is assumed to depend on time.
The intraspecies interaction strengths U11 and U22, as well as their
interspecies counterpart U12, are assumed to be time independent.
The value of U12 can be suppressed by means of an external magnetic
field in the presence of a Feshbach resonance, leading to an increase
in the nonlinear coupling strength χ = (U11 + U22 − 2U12 )/h̄.

hyperfine sublevels of the electronic ground state of rubidium.
Assuming that the external atomic motion in such a system
is not affected by internal dynamics, it is pertinent to use
a single-mode approximation for atoms in each of the two
hyperfine states; these two single-boson modes will in the
following be denoted by |ψ1〉 and |ψ2〉. An internal BJJ is
typically prepared by trapping the atoms in the two internal
states within the wells of a deep one-dimensional optical
lattice; the depth of such a lattice ought to be sufficiently large
that coherent tunneling of atoms between different wells is
suppressed [40].

The linear Rabi-type coupling of atoms in the two relevant
internal states of an internal BJJ is enabled by an electromag-
netic field that coherently transfers atoms between those states
by means of Rabi rotations [71]. At the same time, atoms
interact through s-wave two-body interactions (nonlinear cou-
pling), both atoms in the same internal state (intraspecies
interaction) and those in different states (interspecies interac-
tion). As a result, an internal BJJ is described by a two-state
Bose-Hubbard model [72,73]. Using the Schwinger-boson
formalism (see, e.g., [27]), the corresponding Hamiltonian can
be written in the form

HIBJJ(t ) = h̄χJ2
z − h̄�(t )Jx, (1)

which represents a special case of the Lipkin-Meshkov-Glick
family of Hamiltonians [74]. Here h̄� is the strength of Rabi-
type coupling; in the problem at hand, this linear coupling
strength is assumed to depend on time, i.e., � = �(t ). The
nonlinear coupling strength χ is assumed to be constant and
positive (corresponding to repulsive two-body interactions
between atoms) in the following. Further, J ≡ {Jx, Jy, Jz} are
pseudoangular momentum operators describing the collec-
tive spin of bosons, which is defined as J = (h̄/2)

∑
k σ (k),

with σ (k) ≡ {σ (k)
x , σ (k)

y , σ (k)
z } the Pauli operators represent-

ing the pseudospin degree of freedom of the kth atom (k =
1, 2, . . . , N). These pseudoangular momentum operators,
which satisfy the standard commutation relation [Jα, Jβ ] =
ih̄

∑
γ εαβγ Jγ of the su(2) algebra (where α, β, γ = x, y, z

and εαβγ is the Levi-Cività symbol), are given by

Jx = 1

2
(J+ + J−), Jy = 1

2i
(J+ − J−), Jz = 1

2
(n1 − n2).

(2)

In terms of the creation and annihilation operators a†
i and

ai (i = 1, 2), respectively, corresponding to the two relevant
single-boson modes, the ladder operators J± are expressed as
J+ = a†

2a1 and J− = a†
1a2, while n1 = a†

1a1 and n2 = a†
2a2 are

the particle-number operators.
It is important to point out that in the ground state of a

system described by the Hamiltonian with J2
z and Jx terms

[cf. Eq. (1)], the mean collective spin points in the direction
of Jx and the direction of minimal variance is that of Jz [cf.
Eq. (2)]. While the maximal length of the mean collective
spin – achieved in the complete absence of nonlinear cou-
pling – is N/2, in the following we will be discussing cases
with finite nonlinear-coupling strength, including those in
which the mean collective-spin length is significantly reduced
compared to this maximal value.

The linear coupling strength in the Hamiltonian HIBJJ(t )
[cf. Eq. (1)] is given by [27]

� = �R

∫
d3r ψ∗

1 (r)ψ2(r), (3)

where �R stands for the Rabi frequency and ψi(r) ≡ 〈r|ψi〉
(i = 1, 2) are the two internal states in the coordinate repre-
sentation (i.e., the mode functions of those states). The time
dependence of the linear coupling strength � = �(t ) can
be manipulated with a high degree of control; for instance,
this can be accomplished experimentally by controlling the
magnitude of the electromagnetic field used. Importantly,
the existing experimental capabilities allow for making rapid
changes (on nanosecond timescales) in both the amplitude and
the phase of �(t ) [44].

The nonlinear coupling strength χ is given by [27,73]

h̄χ = U11 + U22 − 2U12, (4)

where Ui j (i, j = 1, 2) are the (two-body) s-wave intraspecies
(i = j) and interspecies (i �= j) interaction strengths (cf.
Fig. 1). The latter can be expressed as

Ui j = 2π h̄2a(i, j)
s

M

∫
d3r|ψi(r)|2|ψ j (r)|2, (5)

where a(i, j)
s (i, j = 1, 2) are the corresponding s-wave scatter-

ing lengths and M is the mass of a single atom. It is important
to stress that the interspecies s-wave scattering length a(1,2)

s
for 87Rb atoms can be tuned using an external magnetic
field owing to the presence of Feshbach resonance [42]; this
mechanism can be utilized to reduce the interspecies s-wave
scattering length, given that for 87Rb atoms there is a nearly
perfect compensation of intraspecies and interspecies inter-
actions. Another approach for tuning the nonlinear coupling
strength U relies on controlling the wave-function overlap be-
tween the two internal states in a state-dependent microwave
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potential [41]. The main advantage of the latter approach
is that it also works in magnetic traps and in the absence
of a convenient Feshbach resonance for the relevant pair of
internal atomic states.

The Hamiltonian of the system under consideration [cf.
Eq. (1)] is given by the sum of the nonlinear OAT term h̄χJ2

z
and the Rabi-coupling (turning) term −h̄�(t )Jx; the latter
describes a time-dependent rotation around the Jx axis, with
the rotation rate �(t ). Therefore, this Hamiltonian describes
a modified [due to the presence of time-dependent �(t )]
TNT-type dynamics of spin squeezing in internal BJJs. The
dimensionless parameter 
 ≡ Nχ/� is conventionally used
to quantify the relative importance of the nonlinear and Rabi
couplings in an internal BJJ [75]. Because in the problem at
hand we assume that Rabi coupling is time dependent [i.e.,
� = �(t )], the parameter 
 will also have a nontrivial time
dependence in what follows.

Generally speaking, we can distinguish three different
regimes for a system described by the Hamiltonian in Eq. (1).
The Rabi regime corresponds to the noninteracting limit
(
 � 1) of such a system, where its ground state is a coherent
spin state (CSS) with maximal mean collective-spin length
〈Jx〉 = N/2 and equal spin fluctuations in the orthogonal di-
rections (i.e., variances �J2

y = �J2
z = N/4). The latter is a

special case of more general CSSs |θ, φ〉 ≡ e−iφJz e−iθJy |J, J〉,
where 0 � θ < π is the angle between the z axis and the
vector of collective spin (i.e. spherical polar angle), while
0 � φ < 2π is the angle between the x axis and the vertical
plane that contains the collective-spin vector (azimuthal an-
gle) and |J, J〉 is the joint eigenstate of J2 and Jz with the
highest possible value (equal to J = N/2) of Jz. This state
corresponds to all N atoms being in the same single-particle
state, namely, an equal linear combination of the two modes
|ψ1〉 and |ψ2〉, and is characterized by the complete absence
of quantum correlations between particles; it is given by

|θ = π/2, φ = 0〉 = 1√
2N N!

(a†
1 + a†

2)N |vac〉, (6)

where |vac〉 is the vacuum state.
In the presence of increased interactions (1 < 
 < N),

fluctuations in the relative atom number in the two modes
(which translates to fluctuations in Jz) become energetically
unfavorable. This is the Josephson regime, where the ground
state is a coherent spin-squeezed state, in which the spin
fluctuations in the Jz direction are reduced at the expense of
increased fluctuations in the Jy direction and reduced mean
collective-spin length. Finally, in the strongly interacting case
(Fock regime), i.e., for 
 	 N , the ground state of the sys-
tem is a strongly spin-squeezed state with vanishing mean
collective-spin length.

It is pertinent to note that the Hamiltonian of the sys-
tem under consideration [cf. Eq. (1)] is invariant under the
exchange of the single-boson modes |ψ1〉 and |ψ2〉,namely,
under the transformation a1 � a2, we have that Jx → Jx and
Jz → −Jz, and thus the Hamiltonian in Eq. (1) remains un-
changed. Therefore, the system under consideration possesses
a parity symmetry, which in turn guarantees the symmetry-
protected adiabatic evolution [76]. Indeed, in the χ > 0 case

discussed here one possible route towards generating spin-
squeezed states is the adiabatic evolution.

In the following, we set out to determine the time depen-
dence �(t ) of the linear coupling strength [or, equivalently,
that of the parameter 
(t )], which leads to the evolution of
the system at hand from an initial state to a final state with
a larger corresponding spin squeezing. More precisely, our
choice of the initial parameters of the system will correspond
to the Josephson regime (i.e., 1 < 
0 < N), thus the relevant
ground state – the initial state of our control scheme – will
already be a spin-squeezed state. However, the objective of
our scheme is to steer the system towards a final state charac-
terized by a much larger spin squeezing. In what follows, this
goal will be achieved using the STA and eSTA approaches
(see Sec. III below).

B. Figures of merit for spin squeezing

Because in the present work we are concerned with the
preparation of spin-squeezed states, it is pertinent to introduce
the figures of merit that can be used to quantify spin squeezing
in the system at hand. Two important figures of merit that
can be used for this purpose are the number-squeezing and
coherent spin-squeezing parameters.

The number-squeezing parameter, also known as the
Kitagawa-Ueda spin-squeezing parameter, is defined as [23]

ξ 2
N (t ) = �J2

z(
�J2

z

)
bin

= �J2
z

N/4
, (7)

with �J2
z ≡ 〈J2

z 〉 − 〈Jz〉2 the variance of the operator Jz, i.e.,
we are considering the squeezing in the spin z direction, where
a smaller value of ξ 2

N (t ) corresponds to larger squeezing.
The time argument on the left-hand side of Eq. (7) reflects
the fact that in the time-dependent state-preparation problem
under consideration the parameter ξ 2

N also depends on time.
In Eq. (7), (�J2

z )bin = J/2 = N/4 (the shot-noise limit) corre-
sponds to the reference CSS.

The coherent spin-squeezing parameter, which is often re-
ferred to as the Wineland parameter and in the problem at hand
is time dependent, is given by [30]

ξ 2
S (t ) = N�J2

z

〈Jx〉2
= ξ 2

N (t )

ζ 2(t )
, (8)

where ζ (t ) ≡ 〈�(t )|2Jx/N |�(t )〉 quantifies the phase coher-
ence of the many-body state |�(t )〉. The parameter ξS serves to
characterize the interplay between an improvement in number
squeezing and loss of coherence; it can be used to quantify
precision gain in interferometry, given that for spin-squeezed
states the interferometric precision is increased to �� =
ξS/

√
N [75]. Furthermore, whenever a many-body state sat-

isfies the inequality ξ 2
S < 1, the state in question is entangled

[30].

III. IMPROVED STA SCHEME AND APPLICATION
OF THE ENHANCED STA FORMALISM

In this section we present three different approaches to ob-
tain the control function �(t ), i.e., the time dependence of the
linear coupling strength, with the goal of steering the system
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under consideration from the initial ground state at t = 0 for
a given �0 ≡ �(t = 0) to the previously specified, strongly
spin-squeezed target state at t = t f , i.e., the ground state of
the total Hamiltonian of the system for � f ≡ �(t = t f ).

Before providing the essential details of the three afore-
mentioned control schemes for engineering spin-squeezed
states in the system at hand, we first briefly review their
common ingredient: the well-known mapping of the system
described by Eq. (1) to the continuum (see Sec. III A be-
low). We then briefly review the well-established STA-based
control scheme of Ref. [63]; the corresponding time depen-
dence of the linear coupling strength will be denoted by �1(t )
(Sec. III B). We follow this up with the presentation of an
improved STA control scheme; the latter results in the con-
trol function �2(t ) (Sec. III C). Finally, we describe how the
eSTA formalism, proposed and developed by Whitty et al. in
Ref. [52], can be employed in the quantum-state engineering
problem at hand; this last approach leads to the time depen-
dence �e(t ) of the linear coupling strength (Sec. III D).

A. Mapping to the continuum

It is well known that the two-site (or two-state) Bose-
Hubbard model of a BJJ can be mapped to a Schrödinger
equation in the continuum with approximately a harmonic
potential [77,78]. We will briefly review the main details of
this mapping, which will be used frequently in the remainder
of this paper.

With {|m〉} (m = −N/2, . . . , N/2) being the eigenvalues of
the operator Jz, the general state |�〉 of a BJJ can be written
as

|�〉 =
N/2∑

m=−N/2

cm |m〉 . (9)

The coefficients cm in this expansion ought to satisfy the
coupled equations

ih̄
d

dt
cm(t ) = − h̄�(t )

2
[βmcm+1(t ) + βm−1cm−1(t )]

+ h̄χm2cm(t ), (10)

where βm =
√

( N
2 + m + 1)( N

2 − m). We define now h = 1
N/2

and zm = m
N/2 (the relative population difference between the

two relevant hyperfine states). We also switch to the contin-
uum version for the relative population difference (zm → z),
introducing at the same time a dimensionless time τ such that
t = τ/χ . In this manner, we can recast Eq. (10) as

ih
∂

∂τ
ψ (τ, z) = −�(t )

χ
[bh(z − h)ψ (τ, z − h)

+ bh(z)ψ (τ, z + h)] + N

2
z2ψ (τ, z)

= HSψ (τ, z), (11)

with

bh(z) = 1
2

√
(1 + z + h)(1 − z) (12)

and

HS = −�(t )

χ
[e−ih∂z bh(z) + bh(z)eih∂z] + N

2
z2. (13)

We set at this point bh(z) = 0 for all z � −1 − h and z � 1, as
well as ψ (t, z) = 0 for z � −1 − h and z � 1 + h. It is worth
noting that if this equation is satisfied for z ∈ [−1 − h, 1 + h]
(note that it is trivially satisfied outside this interval) then it is
evidently also satisfied for all zm (m = −N/2, . . . , N/2) in the
previously employed discrete description.

It is interesting to note that if one rewrites the above equa-
tion with a different dimensionless time τ̄ = Nτ , then the
above equation using τ̄ would only depend on the dimension-
less quantity 1/
(t ) = �(t )

Nχ
. We will return to this fact at a

later point in the discussion.
We now proceed to derive an approximated version of

Eq. (11). For small h and by assuming that z is small (i.e.,
the population difference between the two states is small
compared to the total particle number N) and neglecting a
constant energy shift, we obtain a Schrödinger equation with
an approximated Hamiltonian of a harmonic oscillator

H1 = −h2 �(t )

2χ

∂2

∂z2
+

(
N

2
+ �(t )

2χ

)
z2. (14)

We can make an additional approximation by assuming that
N
2 	 �(t )

2χ
, which leads to

H0 = −h2 �(t )

2χ

∂2

∂z2
+ N

2
z2. (15)

Note that this last Hamiltonian was the point of departure for
deriving the STA scheme in Ref. [64].

B. STA scheme for harmonic approximation H0

The STA formalism for the case of internal BJJs is outlined
in Ref. [63]. By employing Lewis-Riesenfeld invariants, we
can design a solution of the time-dependent Schrödinger equa-
tion for the harmonic-oscillator Hamiltonian H0. By making
use of the Fourier transform and Lewis-Riesenfeld invariants
(for details see Ref. [63] and the Appendix), we find that the
wave function

χn(τ, z) =
√

b(τ )

π1/4
√

2nn!

in
√

k0√
1 − iβ

(
1 + iβ

1 − iβ

)n/2

× exp

(
iϕ(τ ) − z2b(τ )2

2

k2
0

1 − iβ

)

×Hn

(
zb(τ )k0√

1 + β2

)
(16)

satisfies the time-dependent Schrödinger equation for the
harmonic-oscillator Hamiltonian H0 [cf. Eq. (15)]. Here k0 =

N
2
√

C
and β = 1

2C bḃ, where C =
√

�0N
4χ

= N
2
√


0
and the auxil-

iary function b(τ ) must be a solution of the Ermakov equation

b′′(τ ) − N2


0b(τ )3
+ b(τ )

�(τ )

�0

N2


0
= 0. (17)

In Eq. (16) ϕ(t ) stands for ϕ(t ) = − ∫ t
0 ds(1 + 2n) C

b(s)2 . We
now employ inverse engineering to first fix a function b(τ ) that
satisfies the boundary conditions b(0) = 1, b(τ f ) = 4

√
�0/� f ,

and b′(0) = b′(τ f ) = b′′(0) = b′′(τ f ) = 0. We choose here a
polynomial of degree 6 that satisfies these conditions. By
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inverting the above equation, we obtain an explicit expression
for the sought-after physical control function �(τ ),

�(τ ) = �0

(
1

b(τ )4
− 
0

N2

1

b(τ )

∂2b

∂τ 2

)
, (18)

where 
0 ≡ χN/�0. We call this the first STA scheme in
the remainder of this paper and we denote the corresponding
control function by �1.

C. Improved STA scheme for harmonic approximation H0

We now proceed to introduce an improved STA scheme.
The idea is that while the above approximation is still used
for the time evolution, we consider the exact initial and final
states without this approximation for designing the boundary
conditions for the auxiliary function b(τ ) (cf. Sec. III B). To
be more specific, we calculate the exact ground state of the
Hamiltonian (14) at initial and final times. For the ground state
at initial time τ = 0, we obtain a function of the form of (16)
with

b(τ ) = 4
√

1 + 1/
0, b′(0) = 0. (19)

For the ground state at final time τ = τ f , we get the function
of the form of (16) with

b(τ f ) =
[

�0

� f

(
1 + � f

�0
0

)]1/4

b′(τ f ) = 0. (20)

We choose now a polynomial satisfying the boundary condi-
tions (19) and (20). In addition, we demand that (18) is also
satisfied at the initial and final times with these new boundary
conditions. This leads to two additional boundary conditions

b′′(0) = −N2


2
0

1

(1 + 1/
0)3/4
,

b′′(τ f ) = −N2


2
0

� f /�0

(�0/� f + 1/
0)3/4
. (21)

We choose here again a polynomial of degree 6 that satisfies
the fixed conditions (19)–(21). We will then use (18) with
this polynomial to calculate the control function. We call this
the improved STA scheme in the following and denote the
corresponding control function by �2.

D. eSTA-corrected control function

We now derive an eSTA correction to the improved STA
scheme from the preceding section. The principal idea behind
the eSTA formalism is to modify the STA control function
by taking into account that the approximated Hamiltonian
H0 is different from the exact system Hamiltonian HS [cf.
Eq. (15)]. Let �H = HS − H0 be the difference between
these two Hamiltonians and λ = (λ1, λ2). We consider now
the modified control function �e(τ ) = �2(τ ) + Pλ(τ ), where
Pλ(τ ) is a polynomial of degree 4 that fulfills the following
conditions:

Pλ(0) = Pλ(τ f ) = 0, Pλ(τ f /3) = λ1, Pλ(2τ f /3) = λ2. (22)

These corrections λ to the control function are calculated by
making use of the eSTA formalism [52,54].

To begin with, we define the auxiliary functions Gn, Kn,
and H that will be used to evaluate λ. In terms of the STA in-
variant eigenfunctions |χn〉 of the approximated Hamiltonian
[cf. Eq. (16)], the scalar auxiliary function Gn is given by [52]

Gn =
∫ t f

0
dt〈χn|�H |χ0〉. (23)

The corresponding expression for the vector auxiliary func-
tion Kn reads [52]

Kn =
∫ t f

0
dt〈χn|∇HS|χ0〉, (24)

with ∇HS being the gradient of the Hamiltonian HS with
respect to the control parameter λ. Finally, the matrix elements
of H are given by [52]

Hl,k =
N∑

n=1

[Gn(Wn)l,k + (K∗
n )k (Kn)l ], (25)

where (Wn)l,k = 〈χn|∂λl ∂λk HS|χ0〉 stands for a matrix of sec-
ond derivatives with respect to the control parameter and N
is the number of STA invariant eigenfunctions that are taken
into account.

Having defined the relevant auxiliary functions, we could
compute the correction parameters λ using Gn and Kn, as-
suming that a unit fidelity can be achieved for the exact
Hamiltonian [52]. The same correction parameters can be
obtained in an alternate fashion, namely, by employing the
above expressions for Gn, Kn, and Hl,k [54]. By making use
of the latter procedure, the correction parameters λ are given
by

λ = − ‖v‖2

vTHv
v, (26)

where

v =
N∑

n=1

Re(G∗
nKn). (27)

Here we have now HS given by Eq. (13) and H0 given by
Eq. (15). Therefore, the resulting expression for �H reads

�H = −�(t )

χ

(
e−ih∂z bh(z) + bh(z)eih∂z + h2

2

∂2

∂z2

)
. (28)

Note that �s(τ ) with the above-defined Pλ is only linear
in λ and therefore HS is only linear in λ such that it follows
Wn = 0. In this approach, the correction parameters λ are thus
given by Eq. (26). In what follows, we set N = 2 and denote
the resulting control function by �e(t ).

IV. RESULTS AND DISCUSSION

In the following, we discuss and compare the results for
the spin-squeezing parameters and the target-state fidelity ob-
tained using the original STA-based scheme, the improved
STA scheme, and the newly proposed eSTA-based scheme
(cf. Sec. III); the corresponding time-dependent linear cou-
pling strengths (control functions) in these three control
schemes are denoted by �1(t ), �2(t ), and �e(t ), respec-
tively. For the sake of completeness, we also compare the
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obtained results with those resulting from a simple lin-
ear adiabatic sweep, characterized by the time dependence
�ad(t ) = �0 + (� f − �0)t/t f (cf. Sec. II A) of the control
function.

For better comparison with existing experiments, in the fol-
lowing we also switch back from the dimensionless variables
used in this section to the general dimensional quantities. In
addition, we use 1/χ as the characteristic timescale; note that

(t ) = Nχ/�(t ). In what follows, we always use the ratio
� f /�0 = 1/10 as well as 
 f /
0 = 10.

We start the discussion of the obtained results by pre-
senting results for the target-state fidelity and spin-squeezing
parameters (Sec. IV A), followed by a short discussion of the
robustness of STA- and eSTA-based schemes (Sec. IV B), and
finally compare our results with the existing experiments and
discuss future prospects (Sec. IV C).

A. Target-state fidelity and spin squeezing

We start by discussing the results for the target-state fi-
delity obtained using different control schemes. This fidelity
is defined as F = |〈�T|�(t f )〉|2, where �T is the target spin-
squeezed state [i.e., the ground state of the Hamiltonian HIBJJ

in Eq. (1) for t = t f ] and |�(t f )〉 the actual state of the system
at t = t f obtained through the time evolution governed by the
Hamiltonian HIBJJ(t ) [cf. Eq. (1)], whose time dependence
originates from the time-dependent linear coupling strength
�(t ). We will consider different particle numbers N and initial
values �0 and 
0 in the following.

As an example, the time evolution of different quantities
with N = 50 particles and the final time χt f = 0.16 is shown
in Fig. 2 and with N = 400 particles and the final time χt f =
0.004 in Fig. 3. In detail, in Figs. 2(a) and 3(a) we can see
the different control functions. We compare here the adiabatic
control �ad(t ), the original STA scheme �1(t ), the improved
STA scheme �2(t ), and the eSTA scheme �e(t ). Note that,
in principle, the formula (18) could result in a negative value
of the control function � for some time; however, this is not
a problem as the existing experimental capabilities allow also
rapid changes in the phase of � and therefore also for negative
values of �(t ) [44].

The remaining figures illustrate the time evolution of the
number squeezing ξ 2

N (7) [Figs. 2(b) and 3(b)] and the co-
herent spin-squeezing parameter ξ 2

S (8) expressed in decibels
[Figs. 2(c) and 2(c)] as well as the fidelity F [Figs. 2(d) and
3(d)] when the four different control functions are applied.

The results obtained for the target-state fidelity, within
four different control schemes (respectively characterized by
the control functions �ad,�1,�2,�e) and for varying total
times t f , are illustrated in Fig. 4; the results are displayed
for N = 50, 200, and 400 particles. From these results we
can infer that generally the eSTA-based protocol outperforms
its STA-based counterpart, especially for shorter times t f .
Another important feature that is worthwhile pointing out is
the fact that the improved version of the STA-based protocol
(characterized by �2) is consistently better than the conven-
tional STA (�1). This result shows that improvements can
be achieved even without applying the eSTA formalism, but
using the improved boundary conditions for the system under
consideration. Moreover, the fidelities of the three protocols

FIG. 2. Time evolution for N = 50 of (a) linear coupling strength
(control function) �(t ), (b) number-squeezing parameter ξ 2

N (t ),
(c) coherent spin-squeezing parameter ξ 2

S (t ) in dB, and (d) target-
state fidelity F (t ). The results shown here correspond to the eSTA
scheme (�e, red solid lines), the improved STA scheme (�2, orange
short-dashed lines), the first STA scheme (�1, black dashed lines),
and, as a reference, the linear adiabatic scheme (�ad, green dash-
dotted lines). The parameter values used are χt f = 0.16, 
0 = 10,
and � f /�0 = 0.1.

tend to converge to 1 as the final time increases. It is also
interesting to see how increasing the interaction strength χ

(i.e., moving up a column in the figure grid) corresponds to
an improvement in the performance of the protocols. This can
be explained by the fact that the approximation 
0 	 1 gets
increasingly more accurate as the value of 
0 grows. On the
other hand, we can see how keeping constant the interaction
strength and increasing the number of particles (this amounts
to moving along a row on the figure grid) does not change the
overall behavior of the fidelity; only the intrinsic time of the
system scales with the number of particles.

A direct connection between the phase-space structure of
a nonlinear classical system and the ground-state entangle-
ment characteristics of the corresponding quantum system
was established in the past. In particular, it was demon-
strated that a precipitous growth of ground-state entanglement
occurs in nonlinear quantum systems that have a classical
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FIG. 3. Time evolution for N = 400 of (a) linear coupling
strength (control function) �(t ), (b) number-squeezing parame-
ter ξ 2

N (t ), (c) coherent-spin-squeezing parameter ξ 2
S (t ) in dB, and

(d) target-state fidelity F (t ). The results shown here correspond to
the eSTA scheme (�e, red solid lines), the improved STA scheme
(�2, orange short-dashed lines), the first STA scheme (�1, black
dashed lines), and, as a reference, the linear adiabatic scheme (�ad,
green dash-dotted lines). The parameter values used are χt f = 0.004,

0 = 10, and � f /�0 = 0.1.

counterpart undergoing (for the same choice of values of
the relevant parameters) a supercritical pitchfork bifurcation
[79,80]. Interestingly, such phenomena have already been dis-
cussed in the context of spin squeezing in internal BJJs, more
precisely, in a system exhibiting the conventional TNT-type
dynamics (with time-independent linear and nonlinear cou-
pling strengths) [42].

In connection with a possible occurrence of bifurcations
of the aforementioned type in our current setting, where an
STA- or eSTA-based control scheme is employed for the gen-
eration of spin-squeezed states (with a time-dependent linear
coupling strength), a comment is in order here. It is worth
pointing out that in our STA- and eSTA-based schemes the
system is in a ground state of the total Hamiltonian only at
the very beginning (t = 0) and the end (t = t f ) of its evolu-
tion; however, at intermediate times (0 < t < t f ), at which the
critical value of the dimensionless parameter 
 (for which
the aforementioned bifurcation takes place in the case of

the conventional TNT-type dynamics) may be reached, the
system is not even in the instantaneous ground state of its
total (time-dependent) Hamiltonian. Therefore, the standard
scenario for the occurrence of bifurcations of this type cannot
be realized in this case; however, it is worthwhile investigating
in the future whether a more general dynamical analog of the
latter can result from the dynamics engendered by our control
scheme.

B. Robustness of the STA- and eSTA-based control schemes

It is important to ensure that a control scheme not only
provides a high fidelity but is also robust against errors. There-
fore, we now compare the robustness of the above control
schemes against systematic errors, i.e., an unknown constant
error in the experimental setup. First, we consider a sys-
tematic error in the amplitude of the control function �(t )
of the form �δ,m(t ) = (1 + δ)�(t ) for t ∈ [0, t f ] and for an
unknown constant value of δ. To quantify the sensitivity of the
control scheme to systematic errors of this type, we evaluate
numerically the sensitivity

Sm =
∣∣∣∣∂F

∂δ

∣∣∣∣
δ=0

(29)

for each control scheme used. Note that the lower this sensi-
tivity is, the more stable the protocol is. The obtained results
for Sm are displayed in Fig. 5 (lower insets) for N = 400 and

0 = 5 [see the lower inset of Fig. 5(a)] and 
0 = 20 [see the
lower inset of Fig. 5(b)].

We also consider a second type of systematic error. This
second case is the systematic error in the time of the control
function �(t ) of the form �δ̄,t (t ) = �(t + t f δ̄) for t + t f δ̄ ∈
[0, t f ] and �δ̄,t = �(t ) otherwise. Similar to Eq. (29) above,
we compute numerically the corresponding systematic error
sensitivity

St =
∣∣∣∣∂F

∂δ̄

∣∣∣∣
δ̄=0

. (30)

The results obtained for St are illustrated in Fig. 5 (upper in-
sets) for N = 400 and 
0 = 5 [see the upper inset of Fig. 5(a)]
and 
0 = 20 [see the upper inset of Fig. 5(b)].

It is pertinent to also incorporate the fidelity and these
sensitivities in a single figure of merit, which is re-
ferred to as imperfection in what follows. This quantity is
given by

η =
√

(1 − F )2 + S2
m + S2

t , (31)

where F is the fidelity and Sm and St are the sensitivities de-
fined above. Therefore, a small value of η corresponds to low
infidelity (i.e., high fidelity) and small sensitivities (i.e., high
degree of robustness) to both systematic errors, i.e., the lower
the value of η, the better the control scheme. The results are
illustrated in Fig. 5 for N = 400 and 
0 = 2.5 [see Fig. 5(a)]
and 
0 = 10 [see Fig. 5(b)]. What can be inferred from these
results is that the best performance is achieved using the eSTA
method.
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FIG. 4. Target-state fidelities F versus total evolution time t f for the different control schemes: the eSTA scheme (�e, red solid lines),
the STA scheme (�1, black dashed lines), the improved STA scheme (�2, orange short-dashed lines), and, as a reference, the linear adiabatic
scheme (�ad, green dash-dotted lines) for different particle numbers N = 50 (left column), N = 200 (middle column), and N = 400 (right
column) as well as �0 = χN/
0 and different initial values of 
0: 
0 = 10.0 (top row), 
0 = 5.0 (middle row), and 
0 = 2.5 (bottom row).
The results shown here correspond to � f /�0 = 
0/
 f = 1/10.

C. Comparison of various approaches for engineering
spin-squeezed states in internal BJJs

In order to quantitatively assess our proposed eSTA-based
scheme for engineering spin-squeezed states in internal BJJs,
it is pertinent to compare the achievable spin squeezing
obtained using this scheme with the ones obtained with
previously known schemes [40,41]. Generally speaking, for
different total evolution times t f , the eSTA-based scheme
slightly outperforms its STA-based counterpart in terms of
achievable spin squeezing, as quantified by the previously

introduced parameters ξ 2
S and ξ 2

N (cf. Sec. II B). However,
the primary advantage of the eSTA approach, which makes it
much more powerful than STA, lies in its superior robustness
against systematic errors.

For the sake of illustration, it is instructive to consider a
system with N = 400 particles, with the same value of the
nonlinear coupling strength χ = 2π × 0.063 Hz used in an
experimental study in Ref. [40]. While in [40] the linear
coupling strength � was fixed to the constant value � =
2π × 2 Hz, leading to a ratio χ/� = 0.03, in the present
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FIG. 5. Imperfection η and sensitivities for systematic control-
amplitude error Sm (lower insets) and systematic time shift St (upper
insets) in a system with N = 400 particles for (a) 
0 = 2.5 and
(b) 
0 = 10. The results shown here correspond to the eSTA scheme
(�e, red solid lines), STA scheme (�1, black dashed lines), and
improved STA scheme (�2, orange short-dashed lines).

work we consider a significant variation of the linear coupling
strength with time. As a result of this variation, the control
parameter 
(t ) is changed from 
(0)/N = χ/�(0) = 1/160
to 
(t f )/N = χ/�(t f ) = 1/16 (N = 400); in this manner, we
demonstrate that our proposed eSTA-based scheme for the
generation of spin-squeezed states is applicable even far away
from the adiabatic regime. Importantly, the total squeezed-
state preparation time that we obtain here (cf. Fig. 4, N = 400)
is then t f = 0.005χ−1 ≈ 13 ms; this time is 35% shorter
than the squeezed-state preparation time of 20 ms found in
Ref. [40].

Our numerical calculations indicate that the two schemes
for engineering spin-squeezed states, specifically, the STA-

and eSTA-based ones, are quite comparable in terms of
achievable spin squeezing. For example, in a system with
N = 50 particles and 
0/N = 0.2 the eSTA control scheme
allows one to attain a value of ξ 2

S < −18 dB, while the
adiabatic scheme only yields a value of ξ 2

S > −14 dB
(see Fig. 2).

The effects of the application of the eSTA protocol get in-
creasingly less prominent as the number of particles increases.
For instance, for a system with N = 400 particles, t f = 0.1/χ ,
and 
0/N = 10, both the eSTA-based scheme and the STA-
based one yield ξ 2

S = −19 dB. It is useful to recall that the
eSTA protocol is designed with the aim to maximize the
fidelity of the system. The fact that the squeezing obtained
via the eSTA protocol is comparable to (if not better than) the
one obtained using the STA approach is another argument in
favor of eSTA.

On the other hand, the eSTA-based protocol has a lower
sensitivity Sm than the STA and improved STA protocols
against systematic errors as it can straightforwardly be in-
ferred from the sensitivities shown in the insets of Fig. 5;
thus, the eSTA scheme is significantly less sensitive (i.e., more
robust) to systematic errors in the amplitude of � than the
STA-based one. In the insets of the same figure, similar behav-
ior is found for the systematic error pertaining to the timing
of the control scheme �; for the above choice of parameter
values, the sensitivity St is again lower for the eSTA scheme
than for the STA scheme and its improved version.

The observed superiority of the eSTA-based approach over
its STA-based counterpart in the system under consideration
is more prominent for shorter times t f . Importantly, this su-
periority of the eSTA-based approach is not dependent upon
the particle number; it persists even for a system with several
hundred (or even thousand) particles. The fact that the eSTA
method allows one to attain a rather strong spin squeezing
in internal BJJs (being at the same time much more robust
against systematic errors than STA) makes this method a
highly promising candidate for the experimental realization
of spin-squeezed states in this type of system.

It is pertinent to also compare our envisioned control
schemes for the generation of spin-squeezed states with the
well-known OAT approach [22]. More specifically yet, we
consider here the number-squeezing parameter ξ 2

N,max corre-
sponding to the direction of maximal spin squeezing in the y-z
plane [22,62]. The obtained results for this particular figure of
merit of spin squeezing are illustrated in Fig. 6, where those
obtained for the OAT scheme are compared with their counter-
parts pertaining to the STA and eSTA schemes that correspond
to the same initial state (blue dotted lines). What can be
inferred from these results is that for short times the perfor-
mance of the STA- and eSTA-based protocols is comparable
to that of OAT, while for longer times (for t f � 0.014χ−1)
the STA-based protocols achieve larger spin squeezing than
the OAT-based one. It is important to note that the STA- and
eSTA-based schemes are designed to achieve the maximal
number squeezing in the corresponding target state, which
represents the ground state of the total Hamiltonian of the
system for a given value 
 f of the dimensionless parameter

. For reference, the results obtained for the OAT scheme
starting with the CSS [cf. Eq. (6)] as the initial state are also
displayed in Fig. 6 (green dash-dotted lines).
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FIG. 6. Number-squeezing parameter ξ 2
N,max(t f ) in the direction

of maximal spin squeezing in the y-z plane at final time t f in a system
with N = 400 particles for (a) 
0 = 2.5 and (b) 
0 = 10.0. The
values of the other parameters are the same as in Fig. 4. The results
shown here correspond to the following control schemes: the eSTA
scheme (�e, red solid lines), the STA scheme (�1, black dashed
lines), the improved STA scheme (�2, orange short-dashed lines),
and the OAT scheme, starting with the ground state pertaining to
the value 
0 of the parameter 
 (blue dotted lines). For reference,
the results obtained using the OAT scheme starting with CSS as the
initial state are also displayed (green dash-dotted lines).

The TNT dynamics of spin squeezing in internal BJJs has
so far been demonstrated experimentally by abruptly switch-
ing the nonlinear coupling to a finite value (i.e., by performing
a nonlinear coupling quench) in the presence of constant linear
coupling � [44]; in this case a Feshbach resonance was used
as an enabling physical mechanism to increase the nonlinear
coupling strength. This investigated scenario of TNT dynam-
ics, with a fixed ratio of the nonlinear and linear coupling
strengths, has also been shown already, in the absence of

decoherence and losses, to be locally optimal as far as the
generation of spin squeezing is concerned [36]. However,
there are several reasons that make it quite plausible to expect
that in the realistic experimental scenario (i.e., in the presence
of decoherence and losses, as well as various experimental
imperfections) the eSTA-based approach proposed here could
yield comparable or perhaps even better results. To begin
with, the eSTA method [52] has already been demonstrated
to yield results approaching the relevant quantum speed limits
in some other quantum-control problems [53,70]. In addition,
the extraordinary robustness to various experimental imper-
fections that is inherent to the eSTA method, compared to its
parent STA methods and other control approaches, also favors
our envisioned approach. Finally, our scheme may turn out
to be more robust to atomic losses (most prominently, two-
body spin-relaxation losses for F = 2 hyperfine states); in the
existing experimental realization [44], for the same range of
particle numbers as discussed here, the combined effect of
two- and three-body losses led to a substantial (above 20%)
decrease of the maximal achievable spin squeezing.

V. CONCLUSION AND OUTLOOK

In summary, in this paper we revisited, from the quantum-
control perspective, the problem of robust time-efficient engi-
neering of spin-squeezed states in internal bosonic Josephson
junctions with a time-dependent linear (Rabi) coupling. Un-
like earlier studies in which this state-engineering problem
was treated using adiabatic or STA methods, we addressed it
here using the recently proposed eSTA approach. Taking the
standard Lipkin-Meshkov-Glick-type Hamiltonian of this sys-
tem, which in addition to the standard one-axis twisting term
includes the transverse-field (turning) term, as our point of
departure, we designed a robust eSTA-based state-preparation
scheme. To characterize the twist-and-turn-type quantum dy-
namics underlying the preparation of spin-squeezed states
in this system in a quantitative fashion, we computed the
corresponding (time-dependent) target-state fidelity. We also
evaluated two of the most relevant figures of merit of spin
squeezing, namely, the coherent spin-squeezing and number-
squeezing parameters, in a broad range of the relevant
parameters of the system.

Importantly, we showed that our eSTA-based scheme for
engineering spin-squeezed states outperforms, in terms of
achievable state fidelities and the attendant state-preparation
times, not only the previously proposed STA protocols, but
also their improved version; this superiority of our eSTA-
based approach is not limited only to relatively small particle
numbers, but persists even in systems containing several
hundred particles. In particular, we demonstrated that the
increased robustness of the eSTA approach, compared to its
parent STA method, renders our proposed state-preparation
scheme more amenable to experimental realizations than the
previously suggested schemes for engineering spin-squeezed
states in bosonic Josephson junctions. In order to further
facilitate the envisioned experimental realizations, a future
theoretical work should be devoted to discussing other pos-
sible decoherence effects (other than those already discussed
here) in this system, most prominently that of atomic losses
[81].
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An interesting possible direction of future work pertains
to harnessing the twist-and-turn type dynamics of the system
we considered in the present work for generating metrologi-
cally useful non-Gaussian states [35,36]. Such states are not
amenable to the characterization by spin-squeezing parame-
ters, requiring instead other entanglement witnesses, e.g., the
quantum Fisher information [27]. Finally, another relevant
direction for future study would be to examine the domain of
applicability of the two-mode model and describe the effects
that cannot be captured by this model.
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APPENDIX: MOMENTUM-SPACE EIGENFUNCTIONS OF
THE LEWIS-RIESENFELD INVARIANT AND THEIR

FOURIER TRANSFORMS

In what follows, we provide mathematical details required
to retrieve the Lewis-Riesenfeld invariant eigenfunctions in
Eq. (16), starting from the harmonic-oscillator-like Hamilto-
nian of Eq. (15).

We begin by noting that in the Hamiltonian of Eq. (15), the
time-dependent control function �(t ) appears in the prefactor
to the kinetic term ∂z, while there is a constant term N/2
associated with prefactor to the potential term z2. This Hamil-
tonian can be compared with the standard harmonic-oscillator
Hamiltonian

HHO = 1

2
mω2(t )x2 − h̄2

2m
∂2

x (A1)

to which the formalism of Lewis-Riesenfeld invariants has
been implemented. In the particular case of the Hamiltonian
in Eq. (15), the control function ω = ω(t ) is paired with
the multiplicative position operator x. For the Hamiltonian
(A1), we can use the well-established invariant-based STA
approach to obtain an invariant and its corresponding set of
eigenfunctions.

In contrast to this conventional case, if we want to obtain an
invariant and a set of STA eigenfunctions for the Hamiltonian
(15), we can express the Hamiltonian in momentum space in
such a way that the kinetic term ∂z becomes multiplicative

H0 = �(t )

2χ
p2 − h̄2 N

2
∂p2 . (A2)

By comparing the aforementioned Hamiltonian and (A1), we
can see that the two are equivalent and the following map-
ping will allow us to write the STA eigenfunctions for the
Hamiltonian in Eq. (A2):

m → 1

N
, (A3)

mω2(t ) → �(t )

χ
. (A4)

We can now write the instantaneous eigenstate of the Lewis-
Riesenfeld invariant of the Hamiltonian (A2) as

χ̃n(p, t ) = C1/4 1

π1/4

1√
2nn!b

exp

(
i(2n + 1)

∫ τ

0
ds

C

b2(s)

)

× exp

[
− p2

2

(
C

b2
− iḃ

2b

)]
Hn

(
C1/2 p

b

)
, (A5)

where C =
√

�0N
4χ

= N
2
√


0
.

In order to evaluate the eSTA corrections, it is necessary
to evaluate the auxiliary functions Gn and Kn [cf. Eqs. (23)
and (24), respectively]. To this end, it is useful to calculate the
Fourier transform of the invariant eigenstates and thereby get
these invariant eigenstates in the position representation:

χn(z, t ) = F[χ̃n](z, t )

= C1/4 1

π1/4

1√
2nn!b

exp

(
i(2n + 1)

∫ τ

0
ds

C

b2(s)

)

× 1√
2πh

∫ +∞

−∞
d p exp

(
i
p

h̄
z
)

× exp

[
− p2

2

(
C

b2
− iḃ

2b

)]
Hn

(
C1/2 p

b

)
(A6)

where the integral acts only on the part of the wave function
that depends on the variable p. Given that the integrand in
Eq. (A6) is a product of a Gaussian and an exponential func-
tion, this last integral can be solved analytically. In general,
the following relation holds true:

1√
2π

∫ ∞

−∞
dk exp

(
− k2

2α2

)
Hn(βk)eikx

= inα(2α2β2 − 1)n/2 exp

(
−α2x2

2

)
Hn

(
α2β√

2α2β2 − 1
x

)
.

(A7)

Finally, by making use of this last expression, we can obtain
the corresponding wave function in terms of position repre-
sentation (16), where k0 = N/2

√
C and β = bḃ/2C.
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(2022).
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