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Two important classes of quantum channels, namely, the Werner-Holevo and the Landau-Streater channels,
are known to be related only in three dimensions, i.e., when acting on qutrits. In this work, the definition of the
Landau-Streater channel is extended in such a way that it retains its equivalence to the Werner-Holevo channel in
all dimensions. This channel is then modified to be representable as a model of noise acting on qudits. We then
investigate properties of the resulting noisy channel and determine the conditions under which it cannot be the
result of a Markovian evolution. Furthermore, we investigate its different capacities for transmitting classical and
quantum information with or without entanglement. In particular, while the pure (or high-noise) Landau-Streater
or the Werner-Holevo channel is entanglement breaking and hence has zero capacity, by finding a lower bound
for the quantum capacity, we show that when the level of noise is lower than a critical value the quantum capacity
will be nonzero. Surprisingly, this value turns out to be approximately equal to 0.4 in all dimensions. Finally,
we show that, in even dimensions, this channel has a decomposition in terms of unitary operations. This is in
contrast with the three-dimensional, case where it has been proved that such a decomposition is impossible, even

in terms of other quantum maps.
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I. INTRODUCTION

High-dimensional quantum channels have a wide range
of practical applications across different areas of quantum
information science, offering advantages such as increased
information capacity [1-4], enhanced security [5,6], and
improved performance in quantum technologies [7]. There
have also been advances in concrete realization of high-
dimensional quantum systems in various physical systems.
Notable among these are the encoding of a d-level sys-
tem or qudit in the angular momentum of structured light
[8-11]. Apart from these practical considerations, there has
always been strong interest in extending the formalism of
quantum information beyond two-level systems or the so-
called qubits. It is important to explore the limitations and
powers of high-dimensional quantum states and quantum
channels. Notable among these are the generalized Pauli chan-
nels [12,13] and multilevel amplitude-damping channels [4].
Interesting examples of high-dimensional quantum channels
include the Werner-Holevo [14] channels and the Landau-
Streater channels [15]. The former is an example of an
entanglement-breaking channel which destroys all the entan-
glement in the input state, the study of which provides insight
into the capacities of other quantum channels in general. The
latter, while also being entanglement breaking. is an example
of an extreme point in the space of all quantum channels,
i.e., a channel which cannot be represented as the convex
combination of other channels. Moreover, it is an example of
a unital channel which cannot be represented as a mixture of
unitary operations, contrary to the qubit case, where this is
always possible [16].

For these and other reasons, particularly their symmetries,
these two types of channels have attracted a lot of atten-
tion in quantum information science. Various properties of
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the Landau-Streater channel have been studied, for example,
in Refs. [16-18], and those of the Werner-Holevo channel
in Refs. [19-25]. Below we will remind the reader of their
definition.

The Landau-Streater (LS) channel: Let the dimension be
d =2j+ 1, where j is an integer or half-integer, then the LS
channel for qudits (acting on density matrices belonging to a
d-dimensional Hilbert space) is defined as

Aj(p) = (ot + Jypdy + J.pJ2), (D

jG+1
where Jy, J,, and J; are the spin-j representation of genera-
tors of rotations in three-dimensional space, commonly called
the so(3) algebra. These generators are Hermitian and sat-
isfy the algebra [J,, Jp] = i€z poJ.. In a Hilbert space V =
Span{|j, m),m = —j, ..., j}, they are represented as

J|j, m) = m|j, m)
Jeljym)y =VjiG+ D —mm=ED]jm+1), (2

where J1 = J; £ iJ,. This is the first example [15] of a unital
quantum channel which cannot be realized as a collection
of random unitary operations. More concretely, the map £;,
while having the property £;(/) = I, cannot be written as
Li(p)=>"; p,-U,-,oUl.T for any choice of unitary actions and
any choice of randomness. Moreover, this channel is an ex-
treme point in the space of quantum channels. This is an
intriguing result since it is well known that for qubits, any
unital map can be written as a random unitary channel [16].
This means that the LS channel cannot model an environ-
mental noise in any way and should be looked at solely as
a mathematical and abstract model. In other words, there is no
parameter which can be tuned to represent the level of noise
by which we can interpolate between the identity channel and
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the LS channel. For obvious reasons and for emphasizing
what will be defined in the sequel, we call this the SO(3)
Landau-Streater channel, or SO(3) LS channel for short.

The Werner-Holevo (WH) channel: On the same Hilbert
space as above, a WH channel [14] is defined as [21]

P(p) = [trpZ —p"]. 3)

d—1

(Actually, here we are dealing with a specific channel among
the one-parameter family of Werner-Holevo channels.) This is
an example of a quantum channel with entanglement-breaking
property [26] and was used as a counterexample of the additiv-
ity of minimal output Rényi entropy [14,20,25]. This channel
has the covariance property under the SU(d) group, that is,

dUpU") =U*¢p(p)U",

a property which facilitates many calculations relating to the
capacities of quantum channels.

YU eU@), 4

A. Recent works

In view of the importance of the two channels, a natural
question arises concerning whether or not they are related in
any way. The answer is known to be positive for the so-called
qutrits, i.e., for three-level systems, when d = 3. Therefore,
when j = 1, it is known that the two channels are the same
[17,18,27], that is,

3Uapde +Jypdy + Tpl) = 5lp T = p). - (5)

To show this equivalence, one of course needs to use a specific
representation of the spin-1 representation of so(3), namely,

[0 0 o
Jo=—il0 0 1],
0 —1 0]
[0 0 —17
Jy=—il0 0 0 |,
(1 0 0|
o0 1 0]
J.=—i|l-1 0 0], (6)
|0 0 0]

otherwise the equivalence is established up to unitary conjuga-
tion [17]. The equivalence of the two channels, however, stops
at this point, namely, in dimension three (i.e., for qutrits).

Note that the LS (or equivalently, the Werner-Holevo chan-
nel) cannot be used as models of noisy channels where the
parameter of noise can be tuned, i.e., to implement a low-noise
channel. In Ref. [27], it was shown that one can modify this
channel as follows:

A(p):i=(0=x)p+xA1(p) 0<x<, (N

and this new channel can indeed act as a noisy Landau-
Streater or Werner-Holevo channel. Moreover, it was shown
that this channel allows a simple physical interpretation in the
form of random rotations, that is,

Ar(p) = / dnd6P(n, 0)e™I pe=mI0 ®)

where x is related to the probability distribution P(n, 6) [27].
It was then shown in Ref. [27] how various capacities of the
modified channel, being a rather feasible model of quantum
noise on qutrits [28-34], can be calculated or lower and up-
per bounded. Most interestingly, it was analytically shown in
Ref. [27] that the channel A, is antidegradable if the param-
eter x is greater than a critical value x, = ;. This means that
the quantum capacity of this channel is exactly zero beyond
this critical value. If we regard x as the noise parameter, this
means that when the level of noise is higher than this x, = ‘71,
no quantum information can be sent through this channel in
any reliable way, no matter how and by how much redundancy
we encode or decode the quantum states.

Quite recently, this analysis was taken one step further,
when Lo et al. [35] studied the SO(3) Landau-Streater chan-
nel in arbitrary dimensions and its noisy version (i.e., for
higher-spin representation but of the three-dimensional rota-
tion group). They tackled the problem of degradability and
showed that in the low-noise regime, these channels are 0(€?)
degradable. We remind the reader that a channel & is degrad-
able [36,37] if it is related by another completely positive
trace-preserving (CPTP) map to its complement, namely, if
there is a CPTP map W, such that ®° = W o ®. € degradabil-
ity [38] means that this equality is valid only approximately,
that is, [|®¢ — W o ®||, = O(e), where || - ||, is the diamond
norm. This result narrows down the value of quantum capac-
ity, which usually cannot be calculated exactly.

B. The present work

In this paper we proceed to do the following:

(i) As mentioned above, the identity of the Landau-Streater
and the Werner-Holevo channel stops at the spin-1 represen-
tation of the SO(3) group. By considering the higher-spin
representations of the rotation group, we are still in the realm
of the SO(3) Landau-Streater and there is no equivalence
with the Werner-Holevo channel. To make this connection,
we replace the SO(3) group with SO(d), the group of rota-
tions in d-dimensional space, which is naturally shown to be
equivalent to the d-dimensional Werner-Holevo channel.

(i1) In the same way as in Ref. [27], we make a convex com-
bination of this channel with an identity channel to construct
a one-parameter family of channels in the form

X

Tl 1=p" )

@ (p)=(1-x)p+

Thus, in any dimension d, we are dealing with a one-
parameter family of channels. We then study several prop-
erties of this channel. Namely, we (a) characterize the full
spectrum of the channel, which determines the range of the
parameter x, where this channel cannot be infinitesimally
divided and hence cannot be the result of a Markovian
evolution; (b) determine the one-parameter family of comple-
mentary channels ®¢ in closed form; and (c) show that in even
dimensions, the Werner-Holevo or the Landau-Streater chan-
nel and its noisy extension has a mixed-unitary representation,
that is, we prove that in these dimensions, the channel can be
written as a convex combination of unitary operations. To the
best of our knowledge this is a property not known for the
‘Werner-Holevo channel,
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(iii) We calculate its classical one-shot capacity in the full
parameter range, and the entanglement-assisted capacity in
closed form. Furthermore, we determine a lower bound for the
quantum capacity and show that there is a critical value of x,
below which the channel &, has definitely a nonzero quantum
capacity. The value of this critical parameter turns out to be
approximately equal to 0.4 in all dimensions. Above this value
of noise, we do not know if the capacity of the channel is zero
or not.

The structure of this paper roughly corresponds to points
(1)—(iii) discussed above. We end the paper with a discussion.

C. Remark on notation

Throughout the paper, we use the notation A for the stan-
dard Landau-Streater channel based on the group SO(3), ®
for our definition of the SO(d) Landau-Streater channel, and
& for an arbitrary channel.

II. DEFINITION OF THE SO(d)
LANDAU-STREATER CHANNELS

Let R? denote the d-dimensional Cartesian space and let
Hs be a Hilbert space of dimension d with basis states
{ln),n=1,...,d}. The space of linear operators on H, is
denoted by L(H,) and the set of positive linear operators on
Hy by L1(H,). The density operators on this Hilbert space
are denoted by D(H,). The operators

Jmn = —i(|m)(n| — |n){m|) (10)

are the generators of the Lie algebra SO(d), the Lie algebra of
the group SO(d), or rotations in R?. J,,, generates rotations in
the m — n plane in R?. The set of operators A_ := {J,,, 1 <
m < n < d} is indeed closed under commutation relations

[th Jmn] = i{Blkan + Skn-]lm - SIanm + 8/{[71][}1}7 (11)

showing that so(d) is indeed a Lie algebra of dimension
@. Furthermore, one can also see that

> Tfdwn=(d—=1)T. (12)

m<n

By taking J,,, to be the Kraus operators of a map, one can then
define a completely positive trace-preserving quantum map or
quantum channel which turns out to be

. 1 T 1 _ 5T
®(p) = —(d_l)mZQJmanmn——d_l[trpl P (13)

To prove this, it is better to use the antisymmetry of the Kraus
operators J,,, = —J,,;, and write

1
D(p)i= —— > Tupdt
(p) = 57— l)anj s

- —2(d1_ D mZ;(ImMnI — |n)(m))p(|n)(m| — |m)(n])

1
= > (Pualm)m] = pualn) (ml)

d—-1

_ ! [trp Z — p™)] (14
= g_qle Pl )

This is the generalization of the well-known SO(3) Landau-
Streater channel to arbitrary dimensions. We call it the SO(d)
Landau-Streater channel. Note that hereafter we use the
names Werner-Holevo (WH) channel and Landau-Streater
(LS) channels interchangeably.

The last equality shows that it is equivalent to the Werner-
Holevo channel, Eq. (3). While the Kraus operators belong to
the algebra of SO(d), the resulting channel is covariant under
the full group of unitary matrices U (d), that is,

SUpUHY=U*¢~(p)UT U eU@). (15)

This channel, while of great interest, is not yet appropriate to
model a noisy quantum channel, since there is no term which
interpolates this to the identity channel. We can now add such
a term and define a one-parameter channel as

X
d—1

We call this the noisy Landau-Streater or the noisy Werner-
Holevo channel. Note, however, that the addition of the
identity channel now leads to a reduction of the covariance
group from U (d), the group of all d-dimensional unitaries, to
its subgroup O(d), the group of all orthogonal matrices, for
which U = U*,

() L —p").  (16)

®,(p) = (1 —x)p +

S (UpUTY=U®d (0)U', U =U*ec0(@). (17)

We are now prepared to study the spectrum of the channel ¢, .

III. SPECTRUM OF THE CHANNEL
AND ITS INFINITESIMAL DIVISIBILITY ¢,

It is an interesting question as to when a given quantum
channel is the result of a Markovian evolution or even when it
is infinitesimally divisible. When the Landau-Streater channel
is mixed with the identity channel to model an environmental
noise, this question becomes relevant for the resulting channel
®,. An interesting result of Ref. [39] gives an answer to
this question in the negative sense, that is, it states that if
the determinant of a channel is negative, then the channel
is not infinitesimally divisible. Therefore, we calculate the
determinant of the channel ®,.

Consider the matrices E;; = |i)(j| and let

Xij=Ej+E; i<]
Y,‘j IIE,‘J‘—EJ" l<]
Z:=E; — Eiy1,41. (18)

We first derive the spectrum of the channel ¢_. It is a matter
of direct calculation to verify the following relations, where in
each case, g denotes the degeneracy of a given eigenvalue.

b)) = | 1 —x—2 _X,, _d@-D

- Y 2

®,(¥) = _l—xjj_x;f g=@

o Z)=|1-x—4 |z ¢=d-1

» e

o.(I)=1 g=1. (19)
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Denoting these eigenvalues by A, we find the determinant
of the channel

Det(® ) := | |
@d+2)d-1) d(d-1)
2

k
=1 122217 o)
U Ya-1 '

The negativity of Det(®, ) depends on the dimension. From
(20), it is seen that depending on the dimension d, the channel
@ _is not divisible if

d d+2)d—-1
1<x , and M is odd. 2n
d—1 2
That is, if
d—1

T <% and d €{3,4,7,8,11,12,...}

—[(34+4i4+4ii=1,273...}. (22)

When the above condition holds, the channel is not the
result of a Markovian evolution.

IV. COMPLEMENTARY CHANNEL

The concept of the complement of a channel, which is
crucial in determining many of the properties of a quantum
channel, hinges on the well-known Stinespring dilation theo-
rem [40], which states that any quantum channel £ : A — B
can be constructed as a unitary map U :AQ E — BQ E’,
where E and E’ are the environments of A and B, respectively.
More formally, we have

E(p) = g (UpU™), (23)

where U denotes an isometry mapping from A to B® E’. In
this configuration, the complementary channel £¢ : A — E’
is defined by

E(p) = trp(UpU"), (24)

constituting a mapping from the input system to the output
environment. It is important to note that the complement of a
quantum channel is not unique, but there exists a connection
between them through isometries, as detailed in Ref. [41]. The
Kraus operators of the channel £ and its complement £¢ are
related as follows [42]:

E(p) =) AapA]
£(p) =) _RipR] 25)
(Ri)a,j = (Aa)ij-

The last formula gives a very simple recipe for writing the
Kraus operators of the complementary channel easily. Put the

J

(1= x)tr(p)
®(p) =

SERd®1=9)p)

first rows of all the Kraus operators in consecutive rows of
a matrix and call it R;, put the second rows of all the Kraus
operators in consecutive rows of a matrix and call it R,, and
so on and so forth. To this end, we rewrite the channel ®, as

P(p) = (1 —x)p+ m Y bl (26)

m,n
where the summation is over all indices m and n. We then

write the Kraus operators of the channel in a specific double-
index notation, so we write these Kraus operators as

X
= VI=xl, App=|———dpn. Q7
* "TV2d - @n

With the number of Kraus operators that we have used to
define the channel ®@,, ®(p) will be a square matrix acting
on a space V of dimension d> + 1. This space is partitioned
into V = V° @ V, where they are respectively spanned by the
following normalized vectors:

{100y Ullm,n), m,n=1,....d}. (28)
The basis vectors of different subspaces are obviously or-
thogonal to each other, and within each subspace, they are

orthonormal. In general, we can calculate the matrix elements
of ®¢(p) as follows. In view of (25), we have

[®°(0)],, =D (R jpjt Rk,
i,j
= (M) jpjk(A) i = tr(AgpA)
ij
o, vy € {0, mn}. (29)

With these conventions and with the explicit expression that
we have for J,,,, it is readily calculated that

[@(0)]y o = tr(p)(1 = x) (30)
. x(l-x)
[®(0)]gm = = 1)(pmn Prm) (€20)
and
) X
[cbt (p)]m,l,pq Z(d 1)( m,pPn,g — 8;1,17pmq
X _Sm,qpnp + 8n,q10mp)- (32)

All this can be neatly arranged in a matrix form as follows,
where the blocks which from top to bottom and from left to
right are spanned by the basis vectors of V° and V, respec-
tively:

i\/Sanield ® =)

SHARp+pI)

(33)
2(d—1) (I —
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where |p) = Zm’n Omn|m, n) is the vectorized form of p and
S is the swap operator on V, e.g., S|m.n) = |n, m). One can
readily check that tr[<I>f(p)] = 1. One can also see that the
off-block diagonal vanishes for any diagonal matrix p. The
reason is that the vectorized form of any diagonal matrix p =
> Al (il is given by |p) = ), pili, i), which is annihilated
by the operator (/ ® I — §).

V. THE QUESTION OF EXTREMALITY
AND MIXED-UNITARY REPRESENTATION

The SO(3) Landau-Streater channel, or equivalently,
the qutrit Werner-Holevo channel A, (p) = %[tr(,o)l — o7,
originally introduced in Ref. [15], is known to be an extreme
point in the space of quantum channels. That is, it cannot be
written as the convex combination of other CPT maps. One
can see this simply by noting the well-known theorem of Choi
[15], according to which a CPT map,

K
E(p) =) AnpAl,

m=1

is extremal if and only if the set {A;An, mn=1,...,K}is
linearly independent. For the SO(3) channel, where the Kraus
operators belong to the set {J,, Jy, J.}, this is obviously true.
The question arises whether this is also the case for the SO(d)
channel. As we will show below, it turns out that for higher
groups SO(d), this is no longer the case. Moreover, the SO(3)
channel has the property that while it is a unital, it cannot be
represented by a mixed-unitary channel, i.e., a channel whose
Kraus operators are unitary matrices. We will see that contrary
to this case, at least for the SO(2d) case, the Landau-Streater
or the Werner-Holevo channel can be decomposed in terms of
unitary operations.

To prove nonextremality, it is enough to invoke the Choi
theorem [15] and note that when the nonordered pair of in-
dices are such that

{m,n} # {p, q},

then J,,,Jpy = 0, and there are many such pairs when d > 4,
which makes these pairs linearly dependent. For example, in
d = 4, the pairs J12J34, J13J24, and Ji4Jp3 all vanish and are
hence linearly dependent.

A more interesting question is whether or not such a chan-
nel has a mixed-unitary representation, the answer to which
is positive, at least when d is even. In order not to clutter the
notation, we describe the basic idea by two simple examples,
namely, d = 4 and d = 6. The reasoning easily generalizes to
d =2k.

A. A mixed-unitary representation for SO(4)
Landau-Streater channel
Let us construct a different set of Kraus operators for this
channel in the form

+_ 1
K = (J12 £ J34),

/2
K5 = L £,
50
K=y 0). (34)
NG

It is easily seen that Kl.iTK[i = %14, YV i. This essential
property is a result of the multiplication relations between
Jnun With equal and distinct indices and the fact that the set
{1,2, 3,4} can be partitioned into three distinct sets of pairs
of indices,

{(1,2), G} {(1,3), 2,4} {(1,4), (2,3)},

in such a way that in each partition every label appears only
once, and the three partitions exhaust all the possible pairs.
Such partitions exist in even dimensions and their construction
can be related to other interesting combinatorial problems in
graph theory, scheduling, and Latin squares. Note also that the
new set of Kraus operators is obtained from the original set by
the following transformation:

K Jin
Kl_ J34
K2+ Ji3
] =Q , 35)
K; Jo4
K3 Jia
K3_ Jo3

where Q=H @ H @ H and H = %ﬁ(i ') is a unitary ma-
trix. This guarantees that the new Kraus operators define the
same quantum channel as the original one. Therefore, by
defining the unitary operators Uii = \/ZKii, the SO(4) LS
channel can be written as

3
1
()= - W pU +UpU ). 36
(p) 6;(,p,+,p,) (36)
This shows that the channel simply acts as a mixture of unitary
channels. This is also true for the channel ®,, where one of the
unitary operators is the identity operator.

B. A mixed-unitary representation for SO(6)
Landau-Streater channel

There are now in total 15 Kraus operators for this channel
in the form J,,,,, 1 < m < n < 6. We now consider the fol-
lowing partition of indices:

{(1,2), 3,6), (4,5)}
{(1,3), 2,4), (5,6)}
{(1,4), 3.5), (2,6)} (37
{(1,5), (2,3), (4,6)}
{(1,6), 2,5, 3.4},

which have the nice property that in each set, each of the
labels appear only once, while all the partitions are mutually
exclusive and exhaust all the pair of labels. Corresponding
to each partition, say, the first one, one can construct three
unitary Kraus operators as follows:

1
K, = %[112 + J36 + Jus],
1
K, = ﬁ[hz + wle + 0 Jys],
1
K3 = ﬁ[hz + w36 + @Jas]. (38)
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{ (1,2), 3.:4), 5,6), (7.8) }

{ (14), (2,6), 3.9), (5,7) }

FIG. 1. The algorithm for finding the distinct partitions of d points for d = even. A point is put at the center and a line connects it with a
point on the d — 1 polygon. The other pairs correspond to the lines perpendicular to this line. Here, two examples are shown for d = 8.

These operators satisfy KiTKi = _%I , Vi.In order to represent
the channel as a mixture of unitary channels, we construct new
Kraus operators out of the old ones in the same way as in (38)
for each of the partitions. Thus, we have in a compact form

K = QlJ, (39)

where K is a column vector which comprises all 15 new
unitary Kraus operators, J is a vector which comprises all the
original Kraus operators in suitable order, i.e., corresponding
to the consecutive partitions, like

J=Un Je s Ji3 Ju Jsg .. D

and Q=FOoF®OF®OF®F, in which F =
1

11

%(1 o %) is the Fourier transform on Zz. In this
3% ? w

way and by defining U; = +/3K;, the SO(6) Landau-Streater

channel is written as a uniform mixture of unitary maps:

1
®(p) = 1< Z UipU;'. (40)

The pattern displayed in these two examples repeats in higher-
dimensional channels provided that d is even. In such cases
there are d — 1 different and mutually exclusive partitions.
When d is even, this kind of partitioning corresponds to
coloring the nodes of a graph with d — 1 different colors in
such a way that each node is connected to d — 1 other nodes
with different colors. This problem is well known to have
an algorithmic solution as shown in Fig. 1. Each partition
I = {(m, n), ...} contains d /2 pairs of indices, which allows
us to convert the Kraus operators {J,,, ...} (by a Fourier
transform) to d /2 unitary Kraus operators. In this way the total
number of @ Kraus operators are converted to the same
number of unitary operators, describing the same quantum
channel. For odd d, the required partitions cannot be found
and it is not clear whether the channel can admit a mixed-
unitary representation.

VI. CAPACITIES

For a quantum channel, one can define many different ca-
pacities [43,44]. These are the ultimate rates at which classical
or quantum information can be transferred from a sender to
a receiver per use of the channel by using different kinds
of resources. There is a long route for converting these op-
erational definitions to concrete and closed formulas for the
capacities. Here, we do not start from the operational defi-
nition, for which the reader can refer to many good reviews
[43,45,46]; rather, we start from the closed formulas which
have been obtained for the calculation of capacity in each case
[36,47-49]. Even after having these closed formulas, it is in
general very difficult to find explicit values for the capacities
in terms of the parameters of the channel, and we have to
suffice with bounds on these capacities [S0-52]. Besides su-
peradditivity [53], the important property whose presence (or
absence) simplifies (or not) the calculation of some of these
capacities, is the concavity of the relevant quantity which is to
be maximized. We will see this in the following subsections,
where we discuss different forms of capacities for the SO(d)
Landau-Streater channel.

A. One-shot classical capacity

This is the ultimate rate at which classical messages, when
encoded into quantum states, can be transmitted reliably over
a channel. It is given by [47]

1
C(&) = lim —x (&%), (41)
n—oo n
where x (£) = max,, ,, x{pi, E(p:i)} [45] and x{p;, pi} is the

Holevo quantity of the output ensemble of states {p;, pi},
which is defined as

XUpir (p}) = S( > pip,»> =Y piS(p).  (42)

Here, S(p) = —Tr(plog, p) is the von Neumann entropy
[54]. In general, x is superadditive, meaning that ny (£) <
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x (E®M), which makes the regularization in Eq. (41) necessary
for the calculation of the capacity [55]. This regularization
is almost impossible, so we suffice to calculate the one-shot
classical capacity, which is a lower bound for the full classical
capacity. It has been shown in Ref. [45] that one can only
maximize x{p;, £(p;)} over ensembles of pure input states.
As expected, the covariance properties of the channel play
a significant role in the analytical form of this capacity. Let
the minimum output entropy state be given by |¢). Now that
we have lost the U(d) covariance, we cannot transform this
state |1) into a given reference state of our choice. Instead,
we follow a different route and see how far we can proceed
by reducing the parameters of the state |/), by exploiting the
O(d) covariance. Let |y/) be of the form

Vi
)
V) =1 ¥s |, (43)

Ya

where modulo global phase, all the parameters 1/; are complex
numbers and subject to normalization. We first use a rotation,

J

cos? 6

e () =0 —X)(

cos 6 sin Qe ¢

x 1 0
+ <dT1> |:<O 1) ©Lsa— <cos€ sin fe'®

generated by Ji,, to transform v, —> —sin6 ¥ + cosf
to remove the imaginary part of ¥, and make it real, denoted
hereafter by r,. By successively using covariance gener-
ated by Ji3, Ji4, - .., J1g, we make all the other coefficients

¥3, Yy, . .., Yq real, making |i) of the form
Vi
)
[v)y=1r ri € R. (44)
ra
We are now ready to use rotations generated by

Joz, D4, ..., Jog to make all the parameters r; except 7,
to vanish, casting the state |1, into the form
W cos fe'?
r sin 6
0| = 0 . (45)
0 0

The output state will then be given by

cos 6 sin fe'®
0d72
sin 6 ) ®

cos2 6

cos 6 sin Qe ¢ _
sin 6 > ® 0’ 2:|' (46)

This means that the eigenvalues of this output state comprise the disjoint union of two sets, namely,

Spectrum of [®_(|Y)(¥|)] = {%, g=d— 2} U Spectrum of M, A7

d

1

where as usual g = d — 2 denotes the multiplicity of the first eigenvalue and M is a two-dimensional matrix

(1 —x)cos’0 + -~ sin* 0

- ( —B*cos 8 sin 0

Here, B is equal to

e, (49)

B=(1-x)e
(1 —x)e® +-—

In order to find the minimum output entropy state, we do not
need to explicitly find the eigenvalues of this matrix. It suffices
to note that the trace of this matrix, which is the sum of its
eigenvalues, is equal to

trM:)‘-l+)\2:1_x+dx_l (50)

and is independent of the input state, while its determinant,
which is the product of its eigenvalues, is equal to

(1I-x)

det(M) = xd 1 [cos.4 0 + sin* 0 — 2 cos? 0 sin” 6 cos 2¢].

(S

—Bcosfsinf
) (48)

(1 —x)sin?6 + delcosze

Since A1 + A, is independent of the input state, the entropy
is minimized if we minimize A;A, or the determinant of M.
We can minimize det(M) by setting ¢ = 7 and 6 = 7, which
leads to a vanishing det(M). The minimum output entropy
state is now of the form

l
1
— ¥y =—|0}|. (52)

In view of (47), the complete set of eigenvalues of @, (|y) (V)
will now be given by

Spectrum of [® (| ) (¥ )]

X X
=1——,g=d—-21U{0,1—x+——1. (53
e N
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This leads to the following value for the classical one-shot
capacity:

Cl(®,)=log,d + (d — 2)d—

X
11°g2(ﬁ)
X
+<1—x+ d—)logz( _x+dT1>

(54)

This capacity interpolates between log, d for the identity
channel ®, and log, d — log,(d — 1) for the Werner-Holevo
channel ®. The value for the WH channel can be intuitively
understood if we note that any input state of the form |) = |i)
sent by Alice is received by Bob as ﬁ(l — |i){i]). This leads
to the following conditional probabilities:

1
Py=jlx=i)= ——(1-46;).
O=Jjlk=i=-—/( i)
With P(x;) = 7, this leads to P(x =i,y = j) = m(l -
8;j) and P(y = j) = 5 leading to the following value for
mutual quantum information:

I(X:Y)=1log,d +log,d + ———— ! E (1-=35;)
: o 0 — 8
&2 &2 dd—1) J

1 -6
x log, (d(d )) log, d —log,(d — 1).
(55)

B. Entanglement-assisted classical capacity

Entanglement-assisted capacity is a measure of the maxi-
mum rate at which quantum information can be transmitted
through a noisy quantum channel when the sender and re-
ceiver are allowed to share an unlimited number of entangled
quantum states [56]. The entanglement-assisted classical ca-
pacity of a given channel A is determined by [57]

Cea(&) = maxI(p, ), (56)
P

where
I(p, &) := S(p) + S[E(P)] = S(p, E). (57)

Here, S(p, &) is the output entropy of the environment, re-
ferred to as the entropy exchange [48], and is represented
by the expression S(p, £) = S[E°(p)], where £° is the com-
plementary channel [58]. According to proposition 9.3 in
Ref. [59], the maximum entanglement-assisted capacity of a
covariant channel is attained for an invariant state p. In the
special case where it is irreducibly covariant, the maximum is
attained on the maximally mixed state. Hence, for the channel
@, we have

Coa(®,) = S(é) + s[q (é)} _ S[@j(é)}, (58)

which, given the unitality of the channel, leads to

Coa(P,) =2log, d — S[@f(é)} (59)

From (33), we find

A1 B (1—x)
Qv(&)‘( 0

This matrix is of dimension (1 + d?) x (1 + d?). The lower
corner is the tensor product of d-dimensional square matrices.
With the notation |m, n) := |m) ® |n) € H,2, an eigenvector
of this matrix is given by (‘1)) € Hi @ H,2, corresponding to
d(d+1)

OT
x - (60)
el - S))

eigenvalue (1 — x). There are also eigenvectors of the

form (,, +|n m) € "1 @ Hgx with Vamshmg eigenvalues
il L )€ HI @ Hep
Hence, the entanglement-

and eigenvectors of the form (|, ,

2x
dd-1)"

|nm

with eigenvalues equal to
assisted capacity is equal to

2x
Coa(P,) =2log,d + (1 —x)log,(1 —x) + xlogy ——— dd-1

(61)

This interpolates between 2log, d for the identity channel
@ (as it should be) and 1+ log,d —log,(d — 1) for the
pure Landau-Streater channel, which is one bit larger than the
one-shot classical capacity for the LS channel. When d = 2,
the Werner-Holevo or the Landau-Streater channel has only

one Kraus operator given by o, = ((l.) Bi), meaning that the

channel acts in a unitary way. In this case the classical capacity
is equal to one bit and the entanglement-assisted capacity is
equal to two bits per use of the channel, which is what we
expect from the dense-coding protocol.

C. Bounds for the quantum capacity

This section is a modest attempt to find a lower bound for
the quantum capacity in the form of the one-shot quantum
capacity Q'(®,). It can only serve as a starting point for more
detailed investigation of this problem.

Given a quantum channel &, the quantum capacity Q(&)
is the ultimate rate for transmitting quantum information
and preserving the entanglement between the channel’s in-
put and a reference quantum state over a quantum channel.
This quantity is described in terms of coherent information
[46,48,49,60]:

1
Q&) = lim —J(&E®), (62)

n—oo n
where J(£) =max,J(p,E) and J(p,E) :=S[E(p)] —
S[E°(p)]. Tt is known that J 1is superadditive, i.e.,

J(E ® &) = J(&)+ J(&), rendering an exact calculation
of the quantum capacity extremely difficult and at the same
time providing a lower bound in the form Q" (A) < Q(&),
where Q) := J(€) is the single-shot capacity. However,
if the channel is degradable, then the additivity property
is restored Q(£) = QV(E) [36], and the calculation of the
quantum capacity becomes a convex optimization problem.
Approximate degradability, as defined and investigated in
Ref. [38], can provide lower and upper bounds for the
quantum capacity. For the modified SO(3) Landau-Streater
channel, approximate degradability has been recently
investigated in Ref. [35]. For the so(d) Landau-Streater
channel, we do not address this problem and instead suffice
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to determine a lower bound for the quantum capacity in the
form of single-shot quantum capacity. We therefore start with

0(®,) = Max,J(p, ®,) = Max, {S[®, (p)] — S[®“(p)]}.
(63)

This shows that any state p not the one which maximizes the
coherent information will also provide a lower bound for the
quantum capacity, although it may not be a tight bound. We
stress that the lower bound that we find is by no means a
tight lower bound. It is just a starting point for more detailed
investigation of this problem. Let us restrict our search within
the real density matrices. Since both ®_and ®¢ are covariant
under SO(d) transformations, we can safely use such a trans-
formation to diagonalize p and put it in the form

r
po=UpU" =] - e (64)
. L r.d
where
d
Y or=1 (65)
i=1

The action of the channel ®_ on py is directly found from the
definition of the channel in (9). The result is a diagonal matrix

® (po) = Diag(Ai, Az, ..., Ag), so that
S[®, (po)] = ZA log, A, (66)
where
==+ ——1—r) (67)
i=U =)+ ———U=r)
T

We also have to find the spectrum of the matrix ®(pp). When
we write the channel in the form (26), the complement channel
has d? + 1 Kraus operators, and hence this square matrix is
of dimension d” 4 1 as given in (33). As argued after that
equation, when p is a diagonal matrix, the off-diagonal blocks
vanish and we are left with

we(py = (=D o’
APEL U =S ®p+peD)
(68)

The form (14) shows that for any diagonal matrix the off-
diagonal blocks vanish and we are left with

_ 1 —x)t 0’
q>§(p)=(( e D), ()

2d-1)

where

D=I-8SUQp+pRI)
= =8 Y i+ rpli, )i, J|
Lj iJ
= i+ i j) -
ij
=D it rple) eyl =2 (ri+rplegeyl.  (70)
i,j i<j
\/Li(u', 7) — 1, i)). With diagonalization of D,

the full spectrum of ®¢(p) is determined. Combining all these,
one finds

L7, J1

where |e;;) :=

d
J(p,®)=— Z,\»logz,\» + (1 — x)log,(1 — x)

x(r,—i—rj X(ri‘i"’j)
, 71
+§ i (71)

where A; is given in (67). One can obtain various lower bounds
by taking simple density matrices like

1
—,0,0,...O).
n

Insertion of this density matrix in the above formula leads to

o B n—1 1—x x(n—1)
J(pmq)x)_ |:(1 x)+xd_1i|10g2( n +n(d—1)>

n—1 X
+ T xlog, 1

1)+<1 — x)logy(1 - x)
x(n—1)

d—1"
where for clarity we have temporarily added a superscript
d to the notation of the channel. This function has several
interesting properties:

(a) When x =0 and we are dealing with the identity
channel, it is evident that J(p,, Cfo:O) = log, n, where its
maximum is achieved for the completely mixed state, i.e., for
n = d. This gives a lower bound of Q' (CDg) = log, d, which is
in fact equal to the quantum capacity of the identity channel.

(b) For a pure input state p;, we see that J[py, d4(x)] =
0, V d and x. This does not give any useful lower bound for
the quantum capacity. However, for a maximally mixed state
04, we find from (72) that

11
p,,:Diagonal(—,—,...,
nn

—xlog,(n) + (72)

J(pa, D) = (1 —x)log, d(1 —x)+X<1 + log, p i 1)’
(73)

which can be positive if the parameter x is less than a certain
critical value xo. This indicates that the channel ®,_,, will
have a positive quantum capacity. Numerical solution of

(1 —x)log, d(1 —x)+x<l + log, dx 1) >0

determines this critical value. Figure 2 show interestingly that
for all dimensions d, xy ~ 0.4. This is in accord with the
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FIG. 2. The shaded region shows the range of the parameter x in
which the channel @, has a positive quantum capacity. Interestingly,
the critical value is approximately equal to 0.4 for all dimensions.
Above this critical value, the coherent information is negative and
it is not known whether the channel ®,.,, has a nonzero quantum
capacity.

result of Ref. [27], where semidefinite programming was used
for the case of d = 3 [the modified so(3) Landau-Streater
channel].

VII. THE LANDAU-STREATER CHANNEL
FOR THE GROUP SU(d)

In this section, we briefly mention how the LS channel can
be generalized to the group U (d). Let us replace the set A_ =
{Jm.n} with the set of operators A, := {K,,, | <m,n < d},
where

Kyn = Im)(n| + [n)(m|,  m <n, Ky =2|m)(m|. (74)

The set A, of dimension @ is not closed under the
Lie-bracket and hence is not a Lie algebra anymore. How-
ever, the combined set A = A_ U A, forms the Lie algebra
of the group U(d) of d-dimensional unitary matrices. Note
that the dimension of A, i.e., is equal to d?, which is equal
to the dimension of the group U (d). One can show by direct
calculation that

1 ,
5 > KK =(d+1)T. (75)

Therefore, one can define another quantum channel as fol-
lows:

1 . 1
ot(p) = ——— ) KupK! = trp Z+ p7)].
(p) 2(d+1)2 PR = o lep T+ p")]

m,n

(76)

This is a new generalization of the Landau-Streater channel
which is equivalent to the Werner-Holevo channel &, , (for
the notation see below). Even if the Kraus operators K, are
not generators of a Lie algebra anymore, the covariance under
U (d) holds for both channels, that is,

SEUpU) = U dE(p)UT U e U®), (77)
where U(d) is the group of unitary operators on H,;. We

can now make the following convex combination of these
channels to arrive at a one-parameter family of channels:

1— 1
Pya(p) = —5 @ () + %dﬁ(p), (78)

which turns out to be equal to the one-parameter family of
Werner-Holevo channels in Eq. (3) [14]. The Kraus operators
are now the set of generators of the Lie algebra u(d), namely,
the set {J.,, K.}. Therefore, we call this the U(d) Landau-
Streater channel. One also modify this channel to represent a
two-parameter family of noisy su(d) LS channels by defining
a convex combination of the identity channel, ®~ and ®™.

VIII. DISCUSSION

We have generalized and studied, in rather great detail,
the Landau-Streater channel which is pertaining to the spin-j
representation of the Lie algebra of the group SO(3) to the
fundamental representation of the groups SO(d) and have
pointed out their equivalence to the Werner-Holevo channels.
We have studied the so-called noisy versions of these chan-
nels and have determined several properties of the resulting
one-parameter family of quantum channels, including their
spectrum, their region of infinitesimal divisibility, their com-
plement channels, and finally, their one-shot classical capacity
and their entanglement-assisted classical capacity. We have
also found a lower bound for the quantum capacity of this
modified channel and have shown that in all dimensions, when
the noise parameter is less than a critical value approximately
equal to 0.4, the channel has a nonzero quantum capacity.
While the pure SO(3) Landau-Streater channel is known to be
an extreme point in the space of channels, we have shown that
the pure SO(d) channel is not extreme. Moreover, we have
found a mixed-unitary representation for it, when d is an even
number.

It would be an interesting problem if one could define and
study the Landau-Streater channel in a most general setting,
namely, any representation of any Lie algebra [61]. Certainly
these kinds of channels may not find concrete applications
in quantum information processing, but they are definitely of
great interest in the structural theory of quantum channels
and completely positive maps. As pointed out in Ref. [35],
“Understanding these channels is critical in shedding light
on the superadditivity effect in quantum channels operating
in low-noise regimes” as “the long-term goal is to extend
this desirable property to a wider spectrum of quantum chan-
nels beyond the aforementioned generalizations of the qubit
depolarizing channel, thereby enriching our understanding
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of the superadditivity effect in high-dimensional low-noise
scenarios.”

Even for the SO(d) groups and the representation we have
used, our study can lead to many extensions. The immediate
one will be to study their approximate degradability along
the lines of the recent work [35]. Another one is to study a
two-parametric family of extensions of the Landau-Streater
channel for the group SU(d). This will be the subject of a
future work.
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