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Search and state transfer between hubs by quantum walks
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Search and state transfer between hubs, i.e., fully connected vertices, on otherwise arbitrary connected graph
is investigated. Motivated by a recent result of Razzoli et al. [J. Phys. A: Math. Theor. 55, 265303 (2022)]
on the universality of hubs in continuous-time quantum walks and spatial search, we extend the investigation
to state transfer and also to the discrete-time case. We show that the continuous-time quantum walk allows
for perfect state transfer between multiple hubs if the numbers of senders and receivers are close. Turning to the
discrete-time case, we show that the search for hubs is successful provided that the initial state is locally modified
to account for a degree of each individual vertex. Concerning state transfer using discrete-time quantum walk, it
is shown that between a single sender and a single receiver one can transfer two orthogonal states in the same run
time. Hence, it is possible to transfer an arbitrary quantum state of a qubit between two hubs. In addition, if the
sender and the receiver know each other location, another linearly independent state can be transferred, allowing
for exchange of a qutrit state. Finally, we consider the case of transfer between multiple senders and receivers.
In this case we cannot transfer specific quantum states. Nevertheless, quantum walker can be transferred with
high probability in two regimes—either when there is a similar number of senders and receivers, which is the
same as for the continuous-time quantum walk, or when the number of receivers is considerably larger than the
number of senders. Our investigation is based on dimensional reduction utilizing the invariant subspaces of the
respective evolutions and the fact that for the appropriate choice of the loop weights the problem can be reduced

to the complete graph with loops.
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I. INTRODUCTION

One of the most promising applications of quantum walks
[1-3] is the spatial search [4], which can be seen as an exten-
sion of Grover’s algorithm [5] for the search of an unsorted
database on a quantum computer. A quantum walk search was
shown to provide quadratic speed-up over a classical search on
various graphs and lattices [6—19]. In fact, a search utilizing
continuous-time quantum walk for a single marked vertex was
shown to be optimal for almost all graphs [20]. More recently,
quadratic speed-up over a classical random walk search for
any number of marked vertices was achieved in both discrete-
time [21] and continuous-time [22] quantum walk algorithms.

A closely related problem to spatial search is state transfer
[23], which is the basic tasks of any quantum communica-
tion network [24]. Apart from direct exchange of quantum
information between nodes of a quantum network, it can be
utilized for distributed quantum computing [25,26] or, more
generally, in quantum internet [27-29]. While in a search
we evolve the system from the equal weight superposition to
a localized state on the marked vertex, in state transfer we
aim to evolve from a localized state from the sender to the
receiver vertex. One possibility to achieve state transfer is to
design the dynamics on the whole graph accordingly. For the
continuous-time evolution, where the dynamics is governed
by the Schrodinger equation with a given Hamiltonian, the
problem was over the years investigated on various types of
graphs [30-53]. The discrete-time version was also studied in
detail [54-61]. A second possibility to achieve state transfer is
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to employ spatial search, thus altering the dynamics only lo-
cally at the sender and the receiver vertex [62]. This approach
was extensively investigated especially in the discrete-time
quantum walk model [63-72].

In a recent paper [73] the authors have investigated
continuous-time quantum walk on an arbitrary graph with
fully connected vertices, which we refer to as hubs for short.
The Hamiltonian of the studied walk was given by the graph
Laplacian, with additional potential on marked hubs. It was
shown that such quantum walks have certain universal behav-
ior when the probability amplitudes at the hubs are concerned,
guaranteed by the existence of invariant subspaces [74] which
are independent of the rest of the graph. Applications to spatial
search and quantum transport for single and multiple hubs
were discussed, showing that the walk behaves the same as
if the graph were complete.

Our paper elaborates on the ideas of Ref. [73] and ex-
tends the investigation to state transfer between multiple hubs
and also to the discrete-time scenario. Utilizing the effec-
tive Hamiltonian of the continuous-time quantum walk with
marked hubs derived in Ref. [73], we show that state transfer
from S senders to R receivers can be achieved with high
fidelity provided that S ~ R. Moving on to the discrete-time
case, we first investigate a spatial search for M marked hubs.
The dynamics is given by a coined walk with a flip-flop shift.
As the quantum coin we consider a modified Grover coin with
a weighted loop at each vertex [14—19]. The hubs which are a
solution to the search problem are marked by an additional
phase shift of 7. We show that there is a five-dimensional
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invariant subspace of the walk provided that the initial state of
the search is locally modified such that it has equal projection
onto every vertex subspace. In this case the walk evolves as
a search on a complete graph with loops, which is known
to be optimal. We provide a detailed investigation of how
the terms contributing to the total success probability change
with the number of solutions M. Next, we proceed to the
state transfer between two marked hubs. Properly choosing
the weights of the loops of the local coins turns the problem
of state transfer between two hubs on an otherwise arbi-
trary graph to the state transfer on a complete graph with
loops, which we have investigated earlier [64]. We expand the
known results and show that it is possible to transfer multiple
orthogonal states. We find that there is a nine-dimensional
invariant subspace, which can be further split into symmetric
and antisymmetric subspaces with respect to the exchange of
the sender and the receiver vertices. Time evolution in the
invariant subspace is investigated in detail for two orthogonal
initial states, namely, loop and the equal weight superposition
of all outgoing arcs at the sender vertex. It is shown that in
both cases the discrete-time quantum walk achieves transfer
to the corresponding state at the receiver vertex in the same
run time. Hence, we can transfer an arbitrary quantum state
of a qubit between the hubs. Since our analysis utilizes an
approximation of effective evolution operator eigenstates for
large graphs, we also numerically investigate the fidelity of
qubit state transfer in dependence on the number of vertices
N. It is shown that the fidelity behaves as 1 — O(1/N). In
addition, we show that if the sender and the receiver know
each other’s location, a third linearly independent state can
be transferred in the same run time, namely, the arc on the
edge connecting the sender and the receiver. Hence, in this
case the sender and the receiver can exchange a qutrit state.
Finally, we extend the study to state transfer from S sender
hubs to R receiver hubs. For S # R the exchange symmetry
between senders and receivers is broken and the splitting of
the invariant subspace (which is now 11-dimensional) into
symmetric and antisymmetric subspaces is no longer possible.
Nevertheless, the system can be investigated analytically. We
show that while we cannot send a qubit state, transfer of the
walker from senders to receivers occurs with high probability
in two regimes—either when S ~ R as for the continuous-time
case, or when the number of receivers is considerably larger
than the number of senders.

The rest of the paper is organized as follows: in Sec. II
we review the results of Ref. [73] for the continuous-time
quantum walk and extend the investigation to state transfer
between multiple hubs. Section III introduces the discrete-
time quantum walk and investigates the search for M marked
hubs. Section IV is dedicated to the state transfer between two
hubs by discrete-time quantum walk. In Sec. V we investigate
state transfer between multiple hubs. We conclude and present
an outlook in Sec. VI. Technical details concerning the form
of the individual evolution operators in the invariant subspaces
and their eigenstates are left for Appendixes.

II. STATE TRANSFER BETWEEN HUBS
BY CONTINUOUS-TIME QUANTUM WALK

We begin with the continuous-time quantum walk. Let us
have a graph G = (V, E), where V denotes the set of vertices

and E denotes the set of edges. We consider simple graphs,
i.e., the are no loops and no multiple edges in E. For a graphs
with N = |V| vertices the Hilbert space of the continuous-
time walk is an N-dimensional complex space spanned by
vectors |v) , v € V, corresponding to a particle being localized
at the vertex v. The authors of Ref. [73] consider M vertices
w € W to be marked hubs, i.e., fully connected with degrees
d, = N — 1. The Hamiltonian of the walk is taken as the
weighted Laplacian with additional potential on the marked
vertices

A=yL+) alw)(wl. (1)
weW
Note that the Laplacian of a given graph G is determined by
its adjacency matrix A and the diagonal degree matrix D as
L=D-A 2

The results of Ref. [73] show that as far as the amplitudes at
the marked vertices are concerned, the system evolves in a
M + 1 invariant subspace [74] spanned by |w), w € W, and
the equal weight superposition of all remaining vertices

1
8) = ﬁ;ww 3)

The effective Hamiltonian in the invariant subspace acts ac-
cording to (see Eq. (50) in Ref. [73] for u = M)

. b ,
H|w>=y(N—1+7)|w>—yZ|w>

weW
w'F#w
—yvN-M|g), YweW,

Hlg)=—yYN-=MY |w)+yMlg). )

weW

For spatial search, the weights of all marked hubs are chosen
as A, = —1, and the optimal choice of the hopping ampli-
tude y is shown to be equal to /\l/ The dimensionality of the
problem can be further reduced to 2, since the target state of
the search algorithm is the equal weight superposition of the

marked vertices

B 1
o) = 7= > lw). (5)

weW

In the invariant subspace spanned by |®) and |g) the Hamil-
tonian is described by a matrix (see Eq. (72) in Ref. [73] for
Y =%

H——l M M(N — M) ©)

- N\VMN —-M) -M )

The search evolves from equal weight superposition of all
vertices

1 M N-M
|w>:ﬁ;|v>=g|w>+,/ v l8 D

toward the target state |@) with unit probability in time
given by

T_n N )
=V
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Let us now utilize the Hamiltonian (4) for state transfer.
Consider S sender and R receiver hubs from sets S and R,
such that S + R = M. We keep the hopping rate y = 1%1 and
the weights A, = A, = —1 forall s € S and r € R. In such a
case, we can group together the states localized on the sender

and the receiver vertices

1 1
IS)=—7=) 19, IR)=—7%) I, €))
which we consider as the initial and the target state of state
transfer. Together with (3) they form a three-dimensional in-
variant subspace. The Hamiltonian in the reduced subspace is
given by the following 3 x 3 matrix:

. S VRS VSN — M)
H=— VRS R VRN = M)
SN —M) +/RIN—M) -M
(10)
The energy spectrum of (10) is found to be
M
Ey=0, Ei=+ N (11)
and the corresponding eigenvectors are
1
0) = ———(R|S) — VS |R)),
|0) m( |S) IR))

|+) =

I—Ei 1+E:|:
o (VS|S) +¢E|R>>¢,/T lg). (12)

Given the initial state | (0)) = |S), the state of the walk at
time ¢ reads

[y @) = e H|S)

Ry i [SOED
—\/;IOH—e T [+)

; S(1+Ey)
+eiEet Tﬂ—). (13)

Overlap with the target state |R) then equals

RS
(Rly (@) = %

The fidelity of state transfer is then given by
F(t) = [(RIy @)

[1 —cos(Eyt)+iE sin(E r)]. (14)

4RS E .t RS
=~ sin* (%) + 5 sin? (E41).  (15)
Hence, the maximal fidelity
P 4RS (16)
max — (R T S)2
is reached at time 7 given by
/4 N
T=—-=,——m. a7
E, R+S

We find that state transfer with high fidelity is possible when
R =~ §, see Fig. 1 for a visualization. Unit fidelity correspond-
ing to perfect state transfer is achieved when the number of

15F

FWLaa?
10 - 1.0

0.6

0.4

R

FIG. 1. Maximal state transfer fidelity (16) in continuous-time
quantum walk between S senders and R receivers.

receivers and senders are equal. The run time of the state
transfer is twice that of the search for M = R 4 § vertices
(8). Indeed, in state transfer we evolve the system from the
state localized on the sender vertices through the equal weight
superposition of all vertices (7) toward the state localized on
the receiver vertices, effectively iterating the search dynamics
twice. For S and R differing considerably the state transfer
is suppressed. In particular, for S > R or R > §, maximal
fidelity (16) tends to zero.

III. DISCRETE-TIME QUANTUM WALK
SEARCH FOR HUBS

We turn to the discrete-time quantum walk search for M
marked hubs labeled by indices from a set M. Let us start
with the Hilbert space. Given a graph G = (V, E), the corre-
sponding Hilbert space H ¢ can be decomposed as a direct sum
of local Hilbert spaces H, at each vertex v € V. Each H, is
spanned by vectors |v, w) such that there is an edge between
vertex v and w, and an additional state |v, v) corresponding to
the loop at the vertex v. The dimension of the local space H,
is thus equal to d,, + 1, where d, is the degree of the vertex v
in the simple graph G.

The unitary evolution operator of the walk, U = 8C, is
a product of the shift operator $ and the coin operator
C. We consider the flip-flop shift, which is defined in the

following way:
Slv, w) = |w,v), Slv,v) =|v,v). (18)

The coin operator is given by a direct sum
¢=Pea, (19)
v

of local unitaries C, acting on vertex spaces 7,. As the local
coins at nonmarked vertices, we consider the Grover operator
with a weighted loop [15]. The original Grover operator [5] is
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invariant under all permutations. Hence, when used as a coin
in the discrete-time quantum walk, it has the advantage that
it does not matter how we order the basis states in the local
Hilbert space H, [6]. Adding the weighted loop adds a param-
eter, which can be tuned to improve the success probability
of the search [19]. We can write the Grover operator with a
weighted loop as [68]

Gy (ly) = 212, (I)YN(QU)| — 1, (20)

where [, is an identity operator at the subspace 7, and
[€2,(l,)) is given by

19,(1,)) = —=——=(/dy 1) + VI, |v. v) Q1)
\/—

By |2,) we have denoted the equal weight superposition of
all outgoing arcs from the vertex v,

1
|9u>=ﬁ ; v, w). (22)
{

v,wlek

The free parameter [, sets the weight of the loop state at
the vertex v. In correspondence to the continuous-time case
[73], we tune it according to the degree of the vertex and
set [, = N — d,. On the marked hubs m € M this results in
I, = 1. In addition, we multiply the coin on the marked hubs
by -1, which is analogous to the marking of the solutions in the
Grover algorithm [5]. Moreover, one can show that the phase
shift of 7 is the optimal choice, as it results in a large gap
of the avoided crossing which is inversely proportional to the
run time of the search [11,13]. Hence, choosing a different
phase shift results in a slower algorithm with a lower suc-
cess probability. The evolution operator of the search is then
given by

UVEN { Pi6.wv -an P [—Gman}. (23)

v¢g M meM

The usual choice of the initial state for the search algorithm
is the equal weight superposition of all arcs,

Y Vi) (24)

| Z dv veV
veV

However, with this initial state the search does not perform
well, as can be observed from numerical simulations. In addi-
tion, we do not find a simple closed invariant subspace of U
which involves (24). The reason for that is that |Q) has the
same overlap with every arc, but not with every vertex of the
graph, since the graph is not expected to be regular. Therefore,
state (24) is not an eigenstate of the unperturbed walk operator
(i.e., without marking of hubs by a m phase shift), which is
given by

Q) =

=S{@[GU<N—dv>]}. (25)

veV

Such eigenstate reads

ZIQ (N—d,), (26)

veV

which has the same overlap of —= f with all vertex subspaces

H,. One can easily check that it satisfies U |Q) = |Q). For
this initial state we find that the search for hubs behaves
analogously with the search on the complete graph with loops
[9,14]. Let us construct the invariant subspace [12,64] of the
evolution operator (23). First, we include states where the
walker is localized on the marked hubs,

v) = Z |m. m)

meM
V n, m
|v2) = M(M_l ;;‘M|

lvz) = lm, v), 27

corresponding to superposition of loops (Jv;)), arcs of the
edges connecting different marked hubs (|v,)), and arcs leav-
ing marked hubs to the rest of the graph (|vs)). Since the
evolution operator (23) treats all marked hubs equally, we
can group them together and form the superpositions of the
corresponding internal states. Note that the flip-flop shift op-
erator (18) leaves the states |v;) and |v,) unchanged, however,
it maps the vector |v3) onto

lvg) = 8 |v3) = (28)

mz 2 v,

meM vg M

where the walker is localized on the nonmarked vertices in
the arcs heading toward the marked ones. We add this state as
the fourth vector of the invariant subspace Z. To complete the
invariant subspace we consider the superposition of loops and
arcs between nonmarked vertices

1 > [Jﬁmvw —dy)) -

[vs) =
N-—-M vy

> |v,m>].

meM
(29)

These five vectors are required to decompose the initial state
of the search (26) according to

1
Q) = N[mm + VMM — 1) |v)

+VM(N — M)(|v3) + [va)) + (N — M) |vs)]. (30)

We note that in the search for a single marked hub (M = 1)
the state |v,) vanishes and the invariant subspace Z is only
four-dimensional.

The action of the search evolution operator (23) on the
states |v;) is described in Appendix A, see Eq. (Al). We find
that the spectrum of U reduced to the invariant subspace is
composed of 1 and pair conjugate eigenvalues A = e,
where the phase is given by

2M
w = arccos (l — —) 3D
N

For M > 1 eigenvalue 1 is doubly degenerate. We denote the
corresponding eigenvectors as |(1);2), |—1) and |£w); their
explicit forms are given in the formulas (A2)—(A4). Decom-
position of the initial state (30) into the eigenbasis of Uy, is
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given by

N-M | M ! 1
— oy Do+ o5 =D+ S (Fe) + ).

(32)
Evolution of the walk after ¢ steps then can be written as
1) =— 1 —1 —1)
[V (2)) N |( n +( ),/ |
1
+2 lwt|+a)>+e la)f|_a) . (33)

The total probability to find one of the marked hubs after ¢
steps can be written as a sum of transition probabilities from
[ (¢)) into the basis states |v;) ,i =1, 2, 3,

3 3
Pty =Y P@) =Y _ [y @) (34)

We find that the corresponding probability amplitudes read

1 M
(vily (@) = 2\/M{COS(wt)—l+[1+(—1)]ﬁ},
|y @)) = vM — L |y(t)),
1 M(N —M)
(3l () = —s1n(wt)+[1+( 1)]T' (35)

Considering first the case N > M, we can neglect
the rapidly oscillating terms and obtain the transition
probabilities

Pi(t) ~

Py(t) ~

Pi(t) ~ %sinz(wt). (36)

The total success probability is then equal to

t
P(t) ~ sin* <a)_

.,
> ) + 7 sin“(wt), 37

which is close to unity provided that we choose the number of
steps ¢ as the closest integer to

T_nwn\ﬁ 0\/ﬁ N
= 2Vu W) %)

For N > M the maximum success probability comes from
Py (T) and P,(T), while P;(T ) vanishes. When M = 1 we find
the particle in the loop at the unique marked vertex, since there
is no |v,) state and P, () equals zero. As the number of marked
hubs grows the contribution of P;(t) increases, so we are more
likely to find the walker on an edge connecting two marked
hubs.

When the number of marked hubs is non-negligible relative
to the total number of vertices the approximations (36) are no
longer valid. While P (¢) vanishes, the contribution of P;(t)

to the total success probability becomes more important. One
can show that for all values of N and M < N the total success
probability of the search evolves with the number of steps
according to

(39)

P(21) = PQt + 1) = sin’ (@)

Indeed, as was shown in Ref. [9], two steps of the quantum
walk search on a complete graph with loops are equivalent to
a single iteration of the Grover algorithm. In conclusion, we
find one of the marked hubs with probability close to one for
the number of steps derived earlier (38).

For comparison of analytical and numerical results see
Fig. 2, where we display the course of the success probability
on a graph with N = 100 vertices with different numbers
of marked hubs. The upper plot shows the case of a single
marked hub, i.e., M = 1. In the middle plot we have consid-
ered M = 3, and the lower plot shows the case M = 15. The
plot highlights how the contribution of different terms P;(¢)
changes as the number of marked hubs increases. One can
also notice that the total success probability changes only after
each two steps, in accordance with (39).

IV. STATE TRANSFER BETWEEN TWO HUBS

Let us now turn to the state transfer between two hubs,
sender and receiver vertices s and r. We consider the same
local coins for the marked and nonmarked vertices as for the
search. The evolution operator for the state transfer then has
the form

0., =31 PIG,(N —d)l & [-G(1)] & [-G,(1)]
VES, T
(40)

As for the search, the choice of the loop weights allows to map
the problem of state transfer between hubs on an otherwise
arbitrary graph to state transfer on a complete graph with
loops. We have investigated this model earlier [64], however,
only a single initial state was considered. In the present paper
we extend this investigation and show that it is possible to
transfer two orthogonal states, namely, the loop and the equal
weight superposition of all outgoing arcs, in the same run
time. Hence, one can transfer a state of a qubit from one
hub to another. In fact, we show that if the sender and the
receiver know their locations, then they can exchange an-
other linearly independent state, allowing for exchange of a
qutrit.

First, we perform the dimensional reduction, i.e., deter-
mine the invariant subspace Z of the walk evolution operator
US,, containing both pairs |s, s), |r, r) and |€2;), |€2,). Con-
struction of the invariant subspace follows the same logic
as for the search problem in the previous section. We begin
with the loops on the marked vertices and the connecting
arcs,

lr.7),

|, s) . 41

i) =ls,s),  |w)=

lv3) = Is, 7).,  |vg) =
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FIG. 2. Evolution of the success probability of a search for a
different number of hubs M on a graph with N = 100 vertices.
Data points are from numerical simulation, and curves are given
by the formulas (36) and (37). In the upper plot we have chosen
M =1, in the middle plot we consider M = 3, and the bottom plot
shows the results for M = 15. Triangles and the dashed yellow curve
correspond to Py (¢), squares and the orange dotted curve depict P;(t),
and diamonds and the dot-dashed green curves (one for odd and one
for even steps) show P;(¢). Circles and the full blue curve depict the
total success probability P(z).

Next, we add states connecting sender and receiver with the
rest of the graph,

1
lve) = ﬁ Z Ir, v),

VS,

1
lvs) = ﬁ Z s, v),

v#ES,r

1 1
V)= == D s v) = ﬁu;'v’ ).
(42)

To complete the invariant subspace Z we consider vectors
corresponding to loops and arcs between nonmarked vertices

v} = ﬁ v;wﬁmvuv —dy)) = v, 1) = |v.5)].
(43)

Note that the equal weight superpositions can be expressed in

the form
Q) = o) + [T 2 g
= Vv Vs5),
K N —1 3 N_1 5

Q)= | ,/N_2 44
| r)-ﬁhﬂ)‘i‘ mh)é), (44)

which tends to |vs) and |vg) for large graph size N. One can
show by direct calculation that the nine-dimensional space
is closed under action of (7”. We note that in Ref. [64] we
considered state transfer on the complete graph with loops
from the state corresponding to the equal weight superposition
of the loop and arcs leaving the sender vertex, which in the
present notation reads

1
V) N
For this particular initial state it was sufficient to consider a
smaller five-dimensional invariant subspace [64].

We provide the detailed investigation of the evolution op-
erator (40) in the invariant subspace in Appendix B. We find
that the spectrum of the reduced operator consists of =1 and
three conjugated pairs A(]-i) = ¢*®i where the phases w; are
given by

(i) + [v3) + VN = 2vs)). (45)

4
] = arccos <1 — ﬁ)’ (46)

1 2 w1
= arccos — =) ==,
@2 N] T2

/ 2
w3 = arccos (— 1-— ]V) =7 — w;. “mn

Eigenvalue 1 is doubly degenerate. The corresponding eigen-
states are denoted by [(1)1),|—1), and |*w;), j=1,2,3.
Their explicit forms are given by Egs. (B4), (BS), (B7), (B10),
and (B11). We proceed with the calculation of the time evolu-
tion of the walk for different choices of the initial and target
states.

A. Transfer of equal weight superposition states

Let us first consider the initial state as the equal superposi-
tion of all outgoing arcs at the sender vertex (22). As follows
from (44), for a large graph the initial and the target states,
|€2,) and |€2,), can be approximated by

[€2) = |vs), [€2,) = |vg) . (48)
In terms of the eigenbasis of 0“ the vectors |2;) and |€2,)

can be estimated by

1
1Q,) ~ 2—ﬁw§|—1> +i(|4w1) — [—w1))

+i(l+w2) — [—w2)) —i(|+w3) — [—w3))],
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1
1€2,) ~ m[ﬁl—ﬂ +i(|[+w1) — |-w1))

—i([4w2) = [—w2)) + i(|[F+w3) — |[-w3))], (49)
where we have utilized the approximations of eigenstates (B6)
and (B12) for large N. The state of the walk after ¢ steps is then
given by
(=1

2

lpa(t)) = UL, 1) = |—1)

@ ) — e o))
2V2
i , )

+ elwzt +C() _ e—lwzt —w
25 ﬁ( |+w2) [—w2))
(=1
2V2

For the amplitude of state transfer to |€2,) we obtain

(Qlpa()) = ${(—1) + cosuat) — cos(wrt)[1 4 (—1)']}.
(51)

—i (e |4w3) — €' |—w3)).  (50)

We see that there are rapid changes between odd and even
steps. For odd number of steps 2t 4+ 1 the amplitude turns
into

(Q1pa2t + 1)) = —1sin® [y (2t + 1)], (52)

so the fidelity can reach }1 at most. For even number of steps
2t the amplitude (51) equals

(Qrlpa(2t)) = — cos (2wat) sin® (wat). (53)

Hence, for the closest even integer to

T=u~2" ,/N+0< ! ) (54)
= %—%T[ —_— —_—
w? 2 \/N

the amplitude (53) is close to one, i.e., we obtain state
transfer from |2;) to |€2,) with high fidelity. We note that
(53) results in the same fidelity as for the initial state (45)
studied in Ref. [64] [see Eq. (17) of the aforementioned

paper].

B. Transfer of loop states

In the case of transfer of the loop states the initial and target

states are
Is,s) =1[vi), |rr)=|v). (55)

In the eigenvector basis we find that for large N the loop states
can be approximated by

1 1 1
ls, ) ~ 3 (D) + 2 1(1)2) + Z(|+wl> + [—w1))

1
+§(|+w2) + [—w2)),

1 1 1
|, r) ~ 3 (D) + 2 1(1)2) + Z(|+w1> +|-w1)

1
—§(|+w2) + [—@2)). (56)

FIG. 3. Evolution of fidelity of state transfer from |s, s) to |r, )
(circles, full blue curve) and from [€2;) to |€2,) (triangles, dashed
orange curve) on a graph with 100 vertices. Only even time steps
are considered. Black data points are from numerical simulation, and
the curves are given by the square of the amplitudes (58) and (53).
Maximal fidelity of state transfer from |€2;) to |€2,) is reached at the
same number of step as for the loops, which is given by (54).

The state of the walk after 2¢ steps equals
|1(20)) = 02 s, s)

r

1

1
=7 1M+ Wi |(1)2)
| .
+ Z(e4m)2t |+CL)]> +€74lw21 |_CL)1>)

| R .
+ 5@ ) + e [—an)). (5T)

The scalar product of |¢;(2¢)) and the target state is then
given by

(r, rlg(20)) = sin*(wat). (58)

Hence, we achieve state transfer with high fidelity in the
same number of steps as for the equal weight superposition
states (54).

For comparison of state transfer of loops and equal weight
superposition states see Fig. 3.

C. Transfer of qubit state and finite-size effects of the graph

Our results show that we can achieve state transfer of both
|s, s) to |r, r) and |€2,) to |€2,) in the same run time. Moreover,
we can perform a state transfer of any superposition of these
two orthonormal states. Hence, it is possible to transfer an
arbitrary state of a qubit between two hubs in time given by
the closest even integer to (54). Consider a general qubit state
at the sender encoded as

[Vs) = als,s) +b18) =al0) +b|1). (39
The target qubit state at the receiver vertex is
|Vr) =alr,r) + D<) . (60)

Time evolution of the initial state (59) after 2r steps is
given by

[V (2)) = algi(21)) + b lga(2t)) (61)
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where |¢;(2t)) and |¢pq(2¢t)) are given by (57) and (50). The
amplitude of state transfer from (59) to (60) then reads

(Yl 20)) = lal*(r, rlgu(20)) + b1 (R 1da(21))
+ab(Q, |1 (20)) + ab(r, rlpa(2t)), (62)

where (Q2,|¢pq(2t)) and (r, r|¢;(2t)) were determined in (51)
and (58). The remaining transition amplitudes are found
to be

(Q ¢ (21)) = % sin® (wot) sin (2wot),

(r, riga(2t)) = —(2¢1(20)), (63)

which both vanish when the number of steps 7 is taken
as the closest even integer to (54). Since (2,|¢q(T)) and
(r, r|¢;(T)) both tend to one for a large graph, we can trans-
fer an arbitrary qubit state from the sender to the receiver
vertex.

We note that our results were derived utilizing the ap-
proximation of eigenstates (B6) and (B12) for the large
graph, which neglected the O(LN) terms in the eigenvectors.
For smaller values of N these contributions might be non-
negligible and affect the fidelity of state transfer. In addition,
the influence can be state dependent. To elucidate the finite-
size effects we numerically investigated the fidelity of state
transfer of a qubit state

[¥) = p10) +€¥/1— p2 1) (64)

on a graph with ten vertices. The results are displayed in the
upper plot of Fig. 4. For both parameters p and ¢ we split the
corresponding interval range into 100 elements and evaluate
the fidelity at the number of steps given by the closest even
integer to (54). The plot indicates that the worst fidelity is
obtained for the state |1), i.e., |€2;). On a graph of ten vertices
the fidelity ranges between 0.82 and 0.9.

In the lower plot of Fig. 4 we show the fidelity of state
transfer for the basis states as a function of the graph size
N. The plot is on the log-log scale to unravel the power-
law behavior F(T) =1 — 0(%). Note that the rapid drops
and increases in the figure are due to the discreteness of the
optimal time 7, which has to be chosen as the closest even
integer to (54). The plot indicates that changing the qubit state
to be transferred alters the prefactor but not the power law
dependence.

D. Transfer of the connecting arcs

Let us now consider the situation when the sender and the
receiver know their positions. In such a case, they can transfer
the states corresponding to the arcs on the connecting edge,
i.e., the state |v3) will be mapped onto |v4). We show that this
is achieved in the same run time as for the loop and the equal
weight superposition.

The initial and the target states decomposed into the eigen-
vectors of 0“ have the following form:

1 1 1
[vs) ~ 3 (D) + BV I(1)2) + Z(|+w1) + [—1))

1
+5 (Hws) + [—w3)),

2wk
F
0.90
(p m 0.88
0.86
0.84
0 :
0 0.5 1

FIG. 4. Upper plot: Fidelity of state transfer of a qubit (64) as a
function of p and ¢. The graph in consideration has N = 10 vertices.
The number of steps is chosen as the closest even integer to (54),
which for N = 10 results in 7" = 6. Lower plot: Convergence of
fidelity of state transfer of the loop state |s, s) (blue triangles) and
equal weight superposition state |€2,) (yellow circles) as a function
of size of the graph N. The plot is on the log-log scale. The full blue
line is given by the inverse power law 2 /N, and for the dashed yellow
line we have chosen 3/N.

1 1 1
va) ~ =2 1(D1) + == (1) + Z(IH@1) + |—w1))

2 22
1
—§(|+w3) + |—ws)). (65)

In even steps 2t¢, the state of the walk is given by

1 1
lsr(28)) = —5 (D) + Wi [(1)2

1 .
+Z(e4lw2t |+wl> +e—4lw2t |_wl))

)

1 —2iwst 2iwyt
+§(6 Y tws) + e [—ws)).  (66)
For the amplitude of state transfer in even steps we find

(valpsr(20)) = sin* (wat), (67)
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i.e., it behaves the same as for the transfer of loop states (58).
Hence, the arc from the sender to the receiver is transferred
into its opposite in the run time given by (54).

We note that the vectors |v34) and |2 ,) are linearly inde-
pendent but not mutually orthogonal. Nevertheless, from (44)
we find

1

(v4]2,) N1’ (63)
so the overlap vanishes with increasing size of the graph N.
Within the approximations we have used in our derivations,
the states |s, s) = |v1), |€25) = |vs) and |v3) are orthogonal.
Their superposition represents a qutrit state, which can be
transferred from the sender to the receiver vertex, provided
that the two communicating parties know which edge con-
nects them. Note that |v;), |v3), and |vs) are the only basis
states which are localized on the sender vertex. Hence, in
this model we cannot transfer a higher-dimensional qudit state
withd > 4.

We have also tested numerically the effect of finite graph
size on the fidelity of state transfer of the connecting arcs.
The simulation reveals that for every N the fidelity is exactly
equal to the one for the state transfer of the loop state, which
is depicted in the lower plot of Fig. 4 with the blue triangles.

(v31€2) =

V. STATE TRANSFER BETWEEN MULTIPLE SENDER
AND RECEIVER HUBS

We now expand the investigation of the previous section by
considering S > 1 senders and R > 1 receivers from sets S
and R, respectively, with S + R = M. We consider the same
dynamics as for the search and state transfer between two
marked vertices, i.e., the local loop weights are chosen as
l, = N —d, and on the marked hubs the coin is multiplied
by -1. Having multiple senders and receivers leads to the
following modification of the invariant subspace we have con-
structed in the previous section for S = R = 1. First, states
(41) corresponding to the loops and connecting arcs between
senders and receivers are adjusted according to

v1) le s)

AES

|va) = er r

re'R,

|va) = ZDs r)

veS reR

1
|vg) = JT_SZZM), (69)

s€ES reR

where we have utilized the fact that the evolution operator
treats all senders and receivers equally and we can group them
together. Next, states connecting sender and receiver vertices
to the rest of the graph (42) are changed into

1
|V5>=mz Z s, v),

s€S v¢SUR

lve) = RN lr,v),
’ ;;211¢§J:’R

1
vg) = N §v§R|v’8)’

1
|V8)=mz > . (70)

reR vgSUR

The state (43) corresponding to the loops and arc between
nonmarked vertices is modified as follows:

1
W) = =3 2 [Wmu(zv—dv»

v¢SUR

—Elu@—ijJﬁ. (71)

seS reR

To complete the invariant subspace we have to add two states
describing the superpositions of arcs connecting sender hubs
together, and the same for receiver hubs, i.e..

[vig) = m ;;;

1 /
vn) = \/ﬁr;ﬁ'“”’ (72)

which are not present when we have only one sender and one
receiver vertex.

We leave the detailed investigation of the evolution opera-
tor 05,7{,

0&1{ = S @ [GU(N - dv)]
v¢S, R
P16, @[—Gru)]}, (73)
seS reR

for Appendix C. The spectrum of Us  has a similar form as
for S =R =1, i.e., it consists of eigenvalues +1 and three

complex conjugated pairs )»E.i) = ¥, where the phases are
given by
( 2(R + S))
wy =arccos [ 1 — ——— |,
N
o
wy = 7, w3 =T — Wwy. (74)

Eigenvalue 1 now has a degeneracy of 4. The correspond-
ing eigenvectors are denoted by [(1),,),m=1,...,4 [see
formulas (C2)], |—1) [Eq. (C3)] and |tw;),j=1,2,3.
Eigenvectors |+w,;) are given by (CS5), and approximations
of |+w,) and |£ws) for large N > R, S can be found in the
formula (C6).

To investigate state transfer we consider evolution from
two initial states supported on the sender vertices correspond-
ing to the loops (|v1)) and the equal weight superposition
of outgoing arcs (|vs)). We analyze the transition amplitudes
to the states supported on the receiver vertices (|vg),k =
2,4,6,11). As we will see, for S, R # 1 it is not possible
to transfer specific quantum states from the senders to the
corresponding states on the receiver vertices. Nevertheless, if
we relax the requirements and focus solely on transfer of the
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quantum walker from sender to receiver vertices irrespective
of the internal state, we find that this task can be achieved in
certain regimes of S and R.

Let us begin with the superposition of loop states on the
sender vertices |v;). In this case the state of the walk after ¢
steps reads

~ (& \/El m >
|¢z(t)>~M ﬁK )+ 5|( )2) + T|( )3)

V2 . .
+7[612(o2t |+Cl)1) +e712w2t |—(,()1)]

+ VRl |+w)) + e I—wz)]>, (75)

within the approximations of (C4) and (C6) for N > R, S.
Transition amplitudes to the states at the receiver vertices are
given by

4+/RS
waldn(0)) = _%fm + S cos(wat)] sin® (wTZt)

(Velr (1)) = —2,/% sin(awst) sin? (“’%’)

o) = =D it (421). 76)
We see that all amplitudes are vanishing with an increasing
number of sender and receiver vertices. The total probability
of transfer to an arbitrary loop or arc originating from one of
the receiver vertices is given by

4R
P(t) = Z [kl ()] = R+ S? sin® (%ﬂ)

k=2,4,6,11
(77

Hence, from the loop state |v;) one can achieve unit transfer
probability only in the case S = R = 1 treated in the previ-
ous section. Notice the asymmetry—for R > S the maximal
transfer probability decreases as R~', while for S > R the
decrease is faster and follows S2.

Concerning the superposition of all outgoing arcs from all
senders,

S(N — M)
N-1 N—1

we focus on a large graph with N > R, S and approximate
this initial state as |vs). After ¢ steps the walk is described by
the following vector:

1 t
lpa (1)) ~ m{ (—1)'v28 |-1)
+iv/S[eH |dwy) — e H |—w))]
+ivVRIE! |4w) — e |—wn)]

— (=1 VRIeT |+w3) — €' |—w3)1}. (79)

12s) =

lv3) + lvs),  (78)

Turning to the transition amplitudes, we investigate odd and
even steps separately. For even number of steps 2¢ we obtain

(nlpa(20) = —(veldi(21)),
(4l (21)) = V/S(alpa(21)),

cos(2wst) sin®(wat),

2
(vslpa(2t)) = —
(Vi1lpa(20)) = VR — 1(va|da(21)). (80)

The total transfer probability in even steps is given by

Po(2t) = sin* (wot), (81)

(R+S)?

which reaches the maximum,
(even) — 4RS
max (R + S)2 ’

for the number of steps given by the closest even integer to

T N
T —. (83)
0)) R+S

(82)

T=%~—~
We point out that the result (82) coincides with the one for the
continuous-time quantum walk (16).

Considering odd steps, the amplitudes at time 2¢ + 1 are
equal to

RS .
()Pt + 1)) =2 JYE sin[wy(2f + 1)]
. 2 <602(21 + 1))
xsin? [ ——— 2},
2

R
(valgpa(2t + 1)) = —/ W{R + Scos [ (2t + 1)]}
x sin[wy (21 + D],

sin[w, (2t + 1]

RS
(v6lpa(2t + 1)) = _\/M_

(v1l@a(2t + 1)) = VR — 1(n2]¢a(2f + 1)). (84)

The total transfer probability in odd steps is then given by

sin?[wy (2t + 1)]. (85)

R
Po(2t+1) =
22t + 1) R+S

The maximum of value

R
Pox’ = 73S (86)
is reached in a number of steps given by the closest odd integer
to T/2.

The derived results show that the discrete-time quantum
walk allows to transfer the walker initialized at the sender
vertices in the state |Q2s) to the receiver vertices with high
probability in two regimes. The first regime occurs for R ~ S,
which is the same as for the continuous-time quantum walk.
Here, the probability in even steps reaches close to one (82)
for T given by (83). The second regime is given by R > S,
which is absent for the continuous-time case. In this case the
transfer probability approaches one in odd steps (86) in half
the run time. We illustrate our results in Figs. 5-7.
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15F
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FIG. 5. Maximal transfer probability from the state |Q2s) in odd
steps (86) as a function of S and R.

In Fig. 5 we show the maximal transfer probabilities in
odd steps (86) as a function of the number of senders S and
the number of receivers R. For even steps, we refer to the
continuous-time case and Fig. 1, since P& (82) and Fyy
(16) are equal.

Figure 6 displays the course of the transfer probability for
the case of equal number of senders and receivers. We see that
the transfer probability is close to 1 for an even number of
steps T given by (83). In an odd number of steps, the maximal
value reached is 1/2 in approximately 7' /2 steps.

In Fig. 7 we consider transfer from a single sender vertex
to multiple receivers. The two plots display the course of the
transfer probability on a graph of N = 1000 vertices with
three receivers (upper plot) and 20 receivers (lower plot). We
observe that for R = 3 the peaks for even (81) and odd (85)
steps reach almost the same maximal value close to 0.75.
For R = 20 the peak for even steps is suppressed consider-
ably, while in an odd number of steps the transfer probability
reaches close to 1.

FIG. 6. Transfer probability between ten senders and ten re-
ceivers on a graph with N = 1000 vertices. As the initial state we
choose |Q2s). Circles correspond to the numerical simulation, the
full blue curve captures even steps (81), and the dashed yellow
curve corresponds to odd steps (85). Since S = R, we reach transfer
probability close to 1 in a number of steps given by the closest even
integer to (83).

1 30 60 90
t
1
oo 4 ®
s °
o
°
o
°
Pﬂ(t) 05 ° o
° 3 °
o ° ’ °
0 %o ©600-
1 10 20 30 40
t

FIG. 7. Transfer probability from a single sender vertex (S = 1)
to multiple receivers. We display the course of the transfer proba-
bility on a graph with N = 1000 vertices with R =3 and R = 20
receivers for the initial state |€2,) given in (78) for S = 1. The full
blue curve capturing even steps is given by (81), and the dashed
yellow curve corresponding to odd steps follows from (85). In the
upper plot with R = 3 the peaks for both even and odd steps reach
values close to 0.75. In the lower plot corresponding to R = 20
the peak for even steps is suppressed considerably, while we reach
transfer probability close to 1 in a number of steps given by the
closest odd integer to 7'/2, where T can be found from (83).

VI. CONCLUSIONS

Search and state transfer between multiple hubs on oth-
erwise arbitrary graphs were investigated in detail. We have
shown that both continuous-time and discrete-time quantum
walks can be utilized for this purpose, since the models can
be mapped to the complete graph with loops for a proper
choice of the loop weights. In the continuous-time case the
state transfer is achieved with high fidelity when the num-
ber of senders S is close to the number of receivers R. The
discrete-time walk has proven to be more versatile. Indeed,
state transfer between multiple hubs is achieved also in the
regime R >> S, which is not possible in the continuous-time
case. Moreover, when only a single sender and a single re-
ceiver is considered, the coin degree of freedom allows us
to transfer multiple orthogonal states in the same run time,
expanding our earlier results [64]. We have shown that sender
and receiver can always exchange an arbitrary qubit state, and
in the case where they know each other’s position this can be
extended to a qutrit. This is not possible in the continuous-
time model, since there the walker does not have an internal
degree of freedom, only the position.

022422-11



S. SKOUPY AND M. STEFANAK

PHYSICAL REVIEW A 110, 022422 (2024)

There are several directions for generalizing our results.
Our aim is to investigate whether one can achieve state trans-
fer from an ordinary vertex (i.e., not fully connected) to a
hub. If the answer is positive we can perform state transfer
between arbitrary vertices through the hub by switching the
marked coin from the sender to the receiver after the trans-
fer to the hub was completed, while keeping the hub vertex
marked throughout the whole duration. Another approach to
state transfer on arbitrary graphs is to utilize the framework
based on the ergodic reversible Markov chains developed for
both discrete-time [21] and continuous-time models [22]. This
method was used to prove that the quantum spatial search is
quadratically faster over the classical search for an arbitrary
number of marked vertices. We aim to modify this approach
to investigate state transfer between multiple vertices which

J

are not fully connected, where the reduction to a complete
graph as in this paper is not possible.
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APPENDIX A: EVOLUTION OPERATOR OF THE SEARCH

In this Appendix we treat the search evolution operator (23)
in the invariant subspace Z spanned by vectors (27)—(29). The
action of U, on the basis states is given by

N 2 2M — 1 24N — M

Unmlvi) = <1_ﬁ>|‘)l>_ N [v2) — N [vs),

N 2M — 1 M—-1 2JM — 1N — M
UM|vz>=——VN|v1>+(1—2T> vy = =B,
) 2N =M 2/ = DN =) oM

Unt |v3) =—T|V1)— N |V2>—(1—7)|V4),

Ut [va) =22 gy +
Vy) = — — — | |v
M 1V4 N 3

Un lvs) =

which shows that Z is indeed invariant.

The spectrum of the reduced evolution operator in the invariant subspace consists of eigenvalues £1 and e

2/MN — M)

2/M(N = M) oM
— N [v3) + (1 - 7) [vs),

[vs),

w given in (31). We find that eigenvalue 1 is doubly degenerate and the corresponding eigenvectors read

I(D1) = «/_

|(1)2) _«/__W Ljvr) —=[v2))

The eigenvector corresponding to -1 is given by

1
V2N

For the conjugate pair A+ we find the eigenvectors

[VN —M(jvi) +~vM — 1|v3)) — M(|v3) + |vs))

[v)) + VM —1|v) —

(A1)
+io with the phase
— VM(N = M)|vs)],
(A2)
VM |vs) + VN — M(|vs) + [va))]. (A3)

1[0 M—1 _ -
| w)—z \/—M|V|)+ T|V2>+|V5>:Fl(|‘)3>—|v4))- (A4)

Note that for a single marked hub the state |v,) vanishes. In
that case we have only four-dimensional invariant subspace.
Nevertheless, all results remain valid for M = 1, except that
eigenvalue 1 is simple as the state |(1),) equals zero.

APPENDIX B: EVOLUTION OPERATOR OF STATE
TRANSFER BETWEEN TWO HUBS

In this Appendix we investigate the evolution operator
of the state transfer between two hubs (40) in the invariant

(

subspace spanned by vectors |v;) given in Egs. (41)-(43).
To simplify further calculations we utilize the invariance of
U, , under exchange of sender and receiver vertices [68]. This
symmetry reduces the dimensionality of the problem, since
we can decompose U, 5. into a direct sum of lower-dimensional
operators. Consider the swap operator P which acts on the
basis states |v;) as

Plvs) =), Plvs)=|vg),
P |vg) = |vg) . (B1)

Plv1) = |v),
Plv7) = |vg),
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Clearly, P commutes with Um and therefore they have com-
mon eigenvectors. Since the square of P is the identity, it
has eigenvalues £1. Hence, it divides the invariant subspace
T =7, ®7Z_ into a direct sum of symmetric states 7, and
antisymmetric states Z_. We find that Z, has dimension 5 and
7Z_ has dimension 4. Subspace 7 is spanned by vectors

1
lo1) = —=(v1) + [v2)),

V2
loa) = %(IV.%) + [va)),
lo3) = %(I%) + [ve)),
loy) = %UW) + [v8)),
los) = vo) . (B2)

Let us denote the restriction of the evolution operator ljs,,
onto the symmetric subspace as U,. We find that it acts on the
basis states |o;) as follows:

N 2 2 2N —2
Uplo) =|1- ~ lo1) — w lo2) — N |oa) ,
Olon) = —= o) + (1= 2 ) oy = 2N =2 5
0y) = —— - — -
+ o2 NUI N o2 N 04/,
N 24N —2 24N —2
Uilos) = ——————o1) = ———|o2)
N N
1 h log)
J— _— O' .
N ) o4
. 4 2V2JN =2
Uy |log) = —(l — ]V) |o3) + N los,)

24/2+/N — 2 4
fT lo3) + (1 - ﬁ> los) . (B3)

Uy los) =

The spectrum of U, is composed of eigenvalues +1 and a
conjugate pair A" = ¢+ with eigenphase given by (46).
Eigenvalue 1 has degeneracy 2, and the corresponding eigen-
vectors are given by

1
(1) = —=(lo1) —

ﬁ lo2)),
(1)) = 7[«/ 2(lo1) + l02)) — 2(lo3) + |oa))
— V2N =2|0s)]. (B4)

The eigenvector corresponding to —1 reads

1
-1) = ﬁ[l(ﬁ) + |02) + VN —2(|o3) + |o4))

—V2]os)]. (B5)
For large N the eigenvectors |(1),) and |—1) can be approxi-
mated by neglecting the O(JLN) terms with

1 1
[(1)2) ~ —(|01) + |o2)) — 7 los) ,

[-1) ~ T(Ids )+ [04)). (B6)

Concerning the conjugated pair we find that the corresponding
eigenvectors read

1
|£w1) = S| —=(lo1) + |02)) + |os) £ i(Jos) — IGa))]-

1
2l
(B7)

Let us now move to the antisymmetric subspace Z_, which
is spanned by vectors

1
lT1) = E(h"l) — [v2)),

1
) = E(M) — [va)),

1
lr3) = E(WS) — [ve)),

1
ITa) = E(IW) — [v8)). (B8)

We denote by U_ the restriction of Uw to Z_, which acts as
follows:

N 2 2 -2
0 |r) = (1 - —) o)+ = o) = N2

N 2 2 24/N =2
U-ln)=—glm— (1= )In) - —F— ),

U_lw) = —|1). (B9)

We find that U_ has two pairs of conjugated eigenvalues
A = eFir and ASY = e* with eigenphases given by
Egs. (47). The corresponding eigenvectors read

|£ws) = % In) i% I2)

LT ) — T ), (BIO)
£ws) = + S“:g) )+ COS\/(;) I22)

+ é<e*"“72 |23) + ¥ 7 |1)). (B11)

For large N the phase w, tends to zero as «/— Onmitting the
o( f) terms, the eigenvectors can be approx1mated by

| .
) & = ) % %(m) —|13)).

1 .
o) & = o) %am + ). (B12)
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APPENDIX C: EVOLUTION OPERATOR OF STATE TRANSFER BETWEEN MULTIPLE HUBS

In this Appendix we present the analysis of the evolution operator Us  for state transfer between multiple senders and
receivers (73). We find that Us x acts on the basis vectors of the invariant subspace (69)—(72) according to

N 2 2+/R 2N — M 248 — 1
Usrlv) = (1 - ]V) [vi) — 35_ [vg) — N [v7) — N [vi0) »
0 _ (.2 2VS 2N -—M 2VR—1
SR IM) = ( - ]V) [v2) — N [v3) — N [vg) — I [vi1) ,
. 2R 2R 2JR(N —M) 2J/RS=1)
Usrlvi) = — N [vi) + (1 - —> [va) — N [v7) — N [vio)
N 2\/3 2 2SN — M) 28R —1)
Us R |vs) = N [v2) + (1 - ]V) [v3) — — N [vg) — — N [vi1) .

N 2N —M 2M
Us Ivs) = —=———(v) + VRvg) + /S =T vip)) — (1 -~ 7) 1),

N 23N — M 2M
Us R |ve) = —T(lvz) + VS v3) + VR —1|vy)) — (1 - W) lvg) ,

0 _ (4 28 2./RS 2JS(N=M)
S,R|V7)—_< —ﬁ)lvﬂ— N |V6>_T|V9>v
. 2+/RS 2R 2J/R(N = M)

Usr lvg) = N lvs) — (1 — F) [ve) — — N [vo) ,

N 2N — M 2M
Usr |vo) = —<¢§|v5> + VR ve)) + (1 - W) Vo),

~ 2«/ 2(8 —1
Us. Ivio) = — <|v1 )+ VR|vg) + VN |v7>+( (N )>|V10),

N 24/R — 1 2(R—-1
Usrlv) = —T(Wz) + VS |v3) + VN =M |vg)) + (1 - %) [vi1) . (CD

For S # R the splitting of the invariant subspace into the symmetric and antisymmetric subspaces is no longer possible.
Nevertheless, the evolution operator Us % can be diagonalized analytically. The eigenvalues are again &1 and three conjugated
pairs A; = e¥®i, j = 1,2, 3, where the phases w; are given in (74). Eigenvalue 1 has a degeneracy of 4, and one can choose the
basis in the degenerate subspace, e.g., according to

|(1)1>=%[%Wl)*‘%Ivz>—\/R_S(|V3)+|V4>)+R 2 o) +8 R;1|vu>],
(1)) = ﬁ{m[ﬁw + VR v2) + VRS(|v3) + [14)) = M [v9) + v/S(S — 1) [vig) + vR(R — 1) [v11)]
— MIV/S(|vs) + [v7)) + VR(|v6) + [vs))1}.
|(1)3) =7(d_|u1 [vi0)),
[(1)4) = 7(«/_|v2 [vi1)). (C2)

The eigenvector corresponding to -1 reads

1
|—1) = ———{v/S |v1) + VR |v2) + VRS([v3) + [v4)) + /N — M[VS(|vs) + [v7)) + v/R(|ve) + [vg))]

V2NM
—M |vg) +/S(S — 1) [vig) + vVRR — 1) |vi)}. (C3)
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In the limit N >> R, S we can approximate the eigenstates |(1),) and |—1) with

1
I(1),) ~ m[«/ﬁm + VR |v2) + VRS(|v3) + [v4)) — M vg) +/S(S — 1) [vi0) + VRR — 1) [vi1)],

7
1

|—1) & ——[VS(Ivs) + [v7)) + VR(|v6) + [vs))].

v2m

For the complex conjugated pair )»(li) we find the following:

(C4)

1
|+w)) = w{ﬁm + VR [v2) + VRS(Iv3) + [v4)) + M [vg) +/S(S — 1) |v10) + VRR — 1) |vyy)
+iv/M[VS(|v7) — [vs)) + VR([vs) — [ve))]}. (C5)

The exact form of the eigenvectors corresponding to )L(Zi; is rather complicated, however, in the limit of N > R, S they can be

approximated by

1
|£a,) ~ w(%/l_ﬂvl) — 28 02) + (R = $)(|v3) + [va)) + 2/R(S — 1) [v10) — 2¢/S(R — 1) [vy)
+iv/M{VR[|v7) — [vs) + /S(Ive) — s},

1
[k ~ o AM(vs) — [va)) £ iMIVR(1vs) + [v7)) — v/S(lve) + v} (C6)

We point out that for S = R = 1 the spectrum and the eigenvectors reduce to those derived in Appendix B. Note that in this case
the states |vjp) and |vi;) need to be eliminated, since there are no connecting edges when we have only a single sender and a

single receiver.
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