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Interaction time of Schrödinger cat states with a periodically
driven quantum system: Symplectic covariance approach
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The symplectic invariance property of the Wigner-Rényi entropies family is used to estimate the interaction
time for the propagating Schrödinger cat state that interacts with the periodically changing potential. With
the help of this property, the hierarchy of the interaction times is specified for the quantum dynamics of the
periodically driven system. It is also demonstrated that the lower and upper bounds of the interaction time
are determined by the Wigner-Rényi entropies corresponding to increasing Rényi index values, respectively.
The interpretation of the presented results is supported by calculations of the dynamical transmission and capture
coefficients, which give a clear insight into the scattering of the non-Gaussian state on the periodically changing
potential, which switches between the Gaussian potential barrier and the well.
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I. INTRODUCTION

Physical systems interacting with an explicitly time-
dependent periodic external force are referred to as period-
ically driven systems [1]. In recent times, a notable surge
in research efforts dedicated to unraveling the intricate dy-
namics exhibited by such systems has been witnessed. The
widespread applications of the periodic driving include the
ratchet effect, both quantum [2,3] and classical [4,5], laser
interactions [6], Bose condensation [7], and, even further,
such systems are employed in the studies of topological insu-
lators [8,9], time crystals [10], or periodically driven optical
lattices [11]. Various formulations of quantum theory can
be utilized to describe the dynamics of periodically driven
quantum systems, helping to highlight different features of
their behavior [1,12]. Here, we explore the dynamics of pe-
riodically driven quantum systems within the phase-space
framework in which the state of the system is represented by
the Wigner distribution function (WDF). Using this approach,
it is possible not only to gain deeper insights into the behavior
of the system in the domain of conjugated variables (e.g.,
momentum and position), but also to acquire correspondence
with the classical dynamics [13]. The approach based on the
concept of the WDF has found a wide range of applica-
tions, from quantum optics [14,15] and quantum information
[16–18], through quantum chemistry [19–21] and biology
[22,23], to Bose-Einstein condensates [24–27] or quantum
Brownian motion [28–30]. It has recently also been applied
in the study of periodically driven systems [31]. Notably, the
WDF can take negative values in some regions of the phase
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space. This property prevents the interpretation of the WDF as
a proper probability distribution function on the phase space.
Due to this distinctive property, the WDF is also used to
detect and study the nonclassicality of quantum states [32].
Another characteristic that distinguishes the WDF and pro-
vides additional insight into the considered quantum system
is the symplectic covariance [33–37]. Not only does the area
occupied by the WDF in the phase space remain unchanged
under symplectic transformations (shear, rotation, or scaling),
but there are also WDF-dependent functions whose integrals
over the phase space remain constant when the time evolution
of the WDF is given by symplectic transformations (e.g.,
motion in the free space). Such integrals can be used to define
the so-called symplectically invariant measures, which can be
used to detect the state interaction with the potential barrier in
the scattering experiments. From many symplectically invari-
ant measures, it is worth distinguishing phase-space entropic
measures. They are particularly relevant if one looks at the
phase-space formulation of quantum theory as a statistical
theory in which entropic quantities play a key role in de-
scribing the physical system. Among many formulations of
phase-space entropies based on the WDF [38,39] and other
phase-space distributions [40], we would like to focus on the
Wigner-Rényi entropy [39,41]. This measure, depending on
the Rényi parameter, allows the determination of phase-space
analogues of well-established entropic measures in statistical
theory (e.g., Shannon entropy, collisional entropy, maximum
entropy) and, furthermore, for a one-half Rényi index, it can
be interpreted as a measure of nonclassicality of the state
[41]. As we previously showed, the symplectic covariance
of a dynamical measure can be successfully employed to
determine the interaction time of a quantum state, with the
potential barrier given by the absolutely integrable function.
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This approach provides a new perspective on the decades-old
and often confusing problem of establishing the barrier cross-
ing time [42]. Over the years, many different theories have
been developed, which have given plenty of opportunities
to determine how long it takes to pass through the barrier.
Therefore, in this work, we would like not only to determine
another interaction time, but also to prove that the interaction
time obtained from symplectically invariant measures allows
us to indicate an upper and lower limit on such interaction
time.

In this paper, by employing entropic measures, we show
how to apply a symplectic covariance approach to estimating
interaction time within a periodically driven system. Includ-
ing entropic measures when calculating interaction time in a
periodically driven system is beneficial as they offer insights
into the intricate relationship dynamics, facilitating a deeper
comprehension of system behavior and temporal interactions.
Owing to that, we were able to bound the interaction time and
show that the lowest barrier crossing times can be achieved by
using the Wigner-Rényi entropy with one-half Rényi index.

The paper is organized as follows. Section II consists of
the theoretical background in a nutshell and a description
of the used numerical algorithm. In Sec. III, we present the
results and their discussion. Section IV contains a summary
and conclusions. Finally, the paper ends with appendices that
contain a detailed derivation of the presented algorithm and
a proof of the monotonicity property of the Wigner-Rényi
entropies for continuous probability distribution functions.

II. THEORETICAL FRAMEWORK

A. Phase-space dynamics and symplectic invariance

In the phase-space representation of quanta, any isolated
quantum-mechanical system is characterized by the Weyl
symbol of the Hamiltonian [43,44]. In particular, this sym-
bol for the one-particle system in one dimension has a form
consistent with its classical counterpart, i.e., this is a real
function of the position and the momentum defined on the
two-dimensional phase space generated by these two canon-
ically conjugated variables and can be written in the form
H (x, p) = p2/(2m) + U (x), where m is the mass, p is the mo-
mentum, x is the position, and U (x) is the potential energy. It
is important to remember that the momentum and the position
occurring in this formula are the Weyl symbols corresponding
to these quantities. However, this form of the Hamiltonian
is insufficient for the description of time-dependent systems
presented in Sec. I. Motivated by this deficiency, we general-
ize the Hamiltonian mentioned above to the time-dependent
form. For this purpose, we assume that the new one-particle
Hamiltonian explicitly depends on the time through the po-
tential part, denoted by W (x, t ). Furthermore, we assume its
separable form, namely, W (x, t ) = U (x)�(t ), where U (x) is
the spatial part, and the function �(t ) is the temporal part
of this term. Taking into account these assumptions, we can
characterize the time-dependent system under consideration
by the Weyl symbol of the effective Hamiltonian in the form

H (x, p, t ) = p2

2m
+ U (x)�(t ). (1)

The specification of the functions U (x) and �(t ) is given later
in this work.

Within the phase-space representation, the WDF can ex-
press the state of this time-dependent system. This real and
normalized function can take negative values in some regions
of the phase space for some states. In fact, this property
disqualifies the intuitive interpretation of the WDF as a proper
probability distribution function on the phase space despite
having well-defined marginals. On the other hand, this prop-
erty is often used to indicate the quantumness of the system
state represented by the WDF [32]. In the case when the
system is in a pure state, the corresponding WDF is given by
the formula [45]

�(x, p, t ) = 1

2π h̄

∫
R

dX ψ∗
(

x + X

2
, t

)
ψ

(
x − X

2
, t

)
e− i

h̄ pX ,

(2)
where, for each time instant, t ∈ R : ψ (·, t ) ∈ L2(R, dx) is
the time-dependent Schrödinger wave function and the aster-
isk symbol denotes the complex conjugate. The time evolution
of the WDF is determined by the solution of the Cauchy
problem for the Moyal equation,

∂t�(x, p, t ) = −iL̂M (t )�(x, p, t ), t > 0

�(x, p, 0) = �0(x, p), (3)

where �0(x, p) represents the initial condition and L̂M (t ) is
the Moyal operator defined by the formula

−iL̂M (t ) : = − p

m
∂x + 1

ih̄
�(t )

[
U

(
x + ih̄

2
∂p

)
−U

(
x − ih̄

2
∂p

)]
. (4)

Alternatively, the expression in the square bracket of the sec-
ond term in the right-hand side of the Moyal operator (4) can
be written in a differential form, namely,

L̂M (t ) = i
{
− p

m
∂x + �(t )[∂xU (x)]∂p

}
+ i

∞∑
r=1

(−1)r�(t )

(2r + 1)!

(
h̄

2

)2r

∂2r+1
x U (x)∂2r+1

p . (5)

Owing to this, the physical interpretation of the operator (5)
seems to be more transparent. Namely, the first term in the
right-hand side of this expression corresponds to the Liouville
operator [46]. This operator generates the classical dynamics
of the WDF in the phase space, i.e., its center of mass moves
along the classical trajectory resulting from the solution of
the Hamilton equations. In turn, the second term, i.e., a series
called a Moyal expansion, represents the operator related to
quantum effects. This term describes the perturbations of the
classical dynamics of the WDF by systematically considering
increasingly high-order terms in the Moyal expansion. This is
why the full quantum dynamics of the WDF emerges from the
Moyal equation. Let us note that this approach allows one to
look at quantum dynamics as the deformation of the classical
one, and the Planck constant measures this deformation. One
more thing that results from this approach is worth noting.
Namely, the Moyal equation reduces to the mere Liouville
equation for polynomial potentials of the order less than or
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equal to 2. This result leads to the important conclusion that
the classical and quantum dynamics of the WDF are precisely
the same for this class of potentials. In this case, the time
dependence of the wave function, appearing in Eq. (2) by
definition, is determined by the metaplectic time-evolution
operator [47], and the corresponding time evolution of the
WDF is given by point transformation, represented by the
appropriate symplectic matrix St . This property is known as a
symplectic covariance of WDF [34]. Using this property, one
might notice that all integrals of the form

I (t ) =
∫
R2

dxd p f [�(x, p, t )], (6)

defined for any function f : [−1/(π h̄), 1/(π h̄)] → R such
that the composition (x, p) �→ ( f ◦ �)(x, p, t ) is integrable on
R2 for every t � 0, are invariant with respect to such transfor-
mations, namely,

I (t ) =
∫
R2

dxd p f {�0[S(t )(x p)T ]}

=
∫
R2

dxd p f [�0(x, p)] = I (0), (7)

where for point transformations given by symplectic matrices,
the Jacobian determinant is equal to 1. For any f defined by
the conditions above, we say that I (t ) is an invariant measure.
It is worth mentioning that in the context of the time evolution
of the quantum systems, the maximal covariance group of
the WDF consists solely of symplectic transformations [36].
From the point of view of this work, two particularly interest-
ing cases of symplectic covariance arise from the evolution
of the WDF in potentials of the zeroth and second order.
Physically, they correspond to the cases of free-particle and
harmonic-oscillator potentials. The Moyal equation for the
harmonic oscillator, U (x) = mω2x2/2, where ω is the angular
frequency, has the form

∂t�(x, p, t ) + p

m
∂x�(x, p, t ) − mωx∂p�(x, p, t ) = 0. (8)

For the given initial condition �0(x, p), the solution of Eq. (8)
is

�(x, p, t ) = �0

[
x cos(ωt ) − p

mω
sin(ωt ), p cos(ωt )

+ xmω sin(ωt )

]
. (9)

This motion is the elliptical rotation in the phase space and,
consequently, we conclude that the values of the WDF are pre-
served along the classical trajectory. Based on this result, we
can also find the solution of the free-space Moyal equation by
calculating the limit of Eq. (9) for ω → 0. The obtained result
is the following:

�(x, p, t ) = �0

(
x − p

m
t, p

)
. (10)

In this case, the motion of the WDF is given by the shearing
transformation. The meaning of the solutions given by Eq. (9)
and Eq. (10) is crucial for our studies, as they both fulfill the
previously mentioned invariance condition given by Eq. (6).
This expresses the fact that the value of the integral of any
function f composed with rotated or sheared WDF does not

change with respect to the integral of f composed with the ini-
tial condition. This property is crucial for our further studies
of the interaction time based on the symplectically invariant
measures. Let us now focus on the previously defined Cauchy
problem for the Moyal equation given by Eq. (3). Its formal
solution can be written in the form

�(x, p, t ) = Û (t, 0)�0(x, p), (11)

where Û (t, 0) ≡ Û (t ) is the time-evolution operator whose
form is given by the time-ordered exponential operator,

Û (t, 0) = T̂ exp

[
−i

∫ t

0
dt ′ L̂M (t ′)

]
, (12)

wherein T̂ stands for the time ordering [48,49]. Therefore, the
WDF at time t + �t , where �t is a finite time increment, can
be expressed by the formula

�(x, p, t + �t ) = T̂ exp

[
−i

∫ t+�t

t
dt ′ L̂M (t ′)

]
�0(x, p, t ).

(13)
On the other hand, using the results of Suzuki [50], any time-
ordered exponential operator can be expressed by the ordinary
exponential operator in the form

T̂ exp

[
−i

∫ t

0
dt ′ L̂M (t ′)

]
= exp {[L̂M (t ) + D̂]�t}, (14)

where the operator exp (D̂�t ), defined by the formula

F̂ (t ) exp (D̂�t )Ĝ(t ) = F̂ (t + �t )Ĝ(t ), (15)

is called the left-time shift operator and formally is expressed
by the differential operator, i.e., D̂ = ←−

∂t , where the arrow
indicates in which direction the derivative acts. Owing to this,
combining Eqs. (13) and (14), we obtain the expression for
the WDF at the instant time t + �t in the following form:

�(x, p, t + �t ) = exp {[L̂M (t ) + D̂]�t}�(x, p, t ). (16)

The expression obtained in this way has a convenient form for
applying the symmetric Strang splitting formula for the expo-
nential operator [51–53]. Taking into account the separable
form of the time-dependent potential, W (x, t ) = U (x)�(t ),
and taking advantage of the fact that each operator is unitarily
equivalent to some multiplication operator owing to the ade-
quate Fourier transform allows us to convert Eq. (16) into the
following formula:

�(x, p, t + �t ) ≈ F−1
1,λ→x exp

(
− i�t

2m
λp

)
F1,x→λ

× F−1
2,y→p exp

{
i�t�

(
t+�t

2

)[
U

(
x+ y

2

)
−U

(
x − y

2

)]}
F2,p→y

×F−1
1,λ→x exp

(
− i�t

2m
λp

)
F1,x→λ�(x, p, t ),

(17)

where the symbol Fa→α denotes the ordinary Fourier trans-
form and F−1

α→a corresponds to the inverse Fourier transform,
while a and α are a pair of the canonically conjugate variables.
The physical meanings of such pairs (a, α) are directly related
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to the phase-space variables. The appropriate definitions and
the derivation of the formula given by Eq. (17) can be found in
Appendix A. The presented scheme can be further simplified
if one considers the temporal part �(t ) of the potential W (x, t )
to be piecewise constant at some intervals [tk, tk+1) with an
amplitude Ak , namely, dividing the whole simulation time into

the intervals given by

[0, tmax) =
N⋃

k=0

[tk, tk+1). (18)

In this way, one obtains the numerical algorithm for a single
step of the time evolution of the WDF, expressed by the
formula

�(x, p, tk j+1 ) ≈ F−1
1,λ→x exp

(
− i�t

2m
λp

)
F1,x→λF−1

2,y→p exp
{

iAk�t
[
U

(
x + y

2

)
− U

(
x − y

2

)]}
×F2,p→yF−1

1,λ→x exp

(
− i�t

2m
λp

)
F1,x→λ�(x, p, tk j ), (19)

where the subindex k j stands for iteration within the interval
[tk, tk+1) in which �(t ) = Ak .

B. Entropic measures

A handy concept to describe quantum states in the
phase space constitutes the Wigner-Rényi entropy because
it provides information on the complexity of these states
[39,41,54,55]. In particular, it enables one to describe the
extension or shape of the state, which the WDF represents in
the phase space. The sign problem of the WDF is not so severe
in the case of pure states because the WDF corresponding to
these states is interpreted as the probability density amplitude
in the phase space according to the arguments presented in
Ref. [56]. Hence, the squared modulus of the normalized
WDF in the sense of the norm L2(R2), i.e., �̃(x, p, t ) =
�(x, p, t )/||�(·, ·, t )||L2(R2 ), is the proper probability density
in the phase space [56], where ||�(·, ·, t )||L2(R2 ) = (2π h̄)−1/2.
The Wigner-Rényi entropy corresponding to the probability
density, |̃�(x, p, t )|2, in the phase space for the Rényi index α,
where 0 < α < ∞ and α �= 1, is defined as follows:

Sα (t ) = 1

1 − α
ln

{
(2π h̄)α−1

∫
R2

dxd p [|̃�(x, p, t )|2]α
}
,

(20)
whereby, between the Wigner-Rényi entropies corresponding
to different Rényi indexes α and α′, there is the inequality
Sα (t ) > Sα′ (t ) for α < α′ and a fixed time t , as demonstrated
in Appendix B. The attractive property of the Wigner-Rényi
entropy is their relation to the Hartley entropy [57], the
Wigner-Rényi’s one-half [41], the Shannon entropy [39], the
collision entropy [38], and the min-entropy [58] for the Rényi
index, which equal α = 0, 1/2, 1, 2,∞, respectively. Let us
note that the Wigner-Rényi entropies for different Rényi in-
dexes can be regarded as examples of the symplectically
invariant measures, by Eqs. (6) and (7). This observation plays
a crucial role in the presented research. Here we focus our
attention on only four of the previously mentioned entropies,
defined up to a constant ln (1/2π h̄), namely, the Wigner-
Rényi’s one-half entropy, which is given by the formula

S1/2(t ) = 2 ln

[∫
R2

dxd p |̃�(x, p, t )|
]
, (21)

the Shannon entropy which is given by the formula

S1(t ) = lim
α→1

Sα (t ) = −2
∫
R2

dxd p

× |̃�(x, p, t )|2 ln [|̃�(x, p, t )|2], (22)

the collision entropy which is given by the formula

S2(t ) = − ln
∫
R2

dxd p |̃�(x, p, t )|4, (23)

and last but not least, the min-max entropy,

S∞(t ) = lim
α→+∞

1

1 − α
ln

{∫
R2

dxd p [|̃�(x, p, t )|2]α
}

= − ln

[
max

(x,p)∈R2
|̃�(x, p, t )|2

]
. (24)

All of them have precise physical meanings. The Wigner-
Rényi’s one-half entropy is related to the area occupied by
the negative part of the WDF in the phase space [41], and the
Shannon entropy is associated with a deformation of the area
occupied by the WDF in phase space caused by the quantum
correlations of momentum position, which simultaneously in-
fluence the shape of this function. In turn, collision entropy
is related to the inverse participation ratio in the phase space
[59]. Last but not least, the min-max entropy is related to
the maximum of the probability density over the phase space.
The symplectic invariance of Rényi entropic measures is the
essential property in defining the interaction time τ between
the quantum state represented by the function �(x, p, t ) and
the potential W (x, t ). First of all, notice that at any given
time t during the interaction with the absolutely integrable
barrier-well potential, it cannot be approximated with good
precision by a single polynomial of the order of, at most, 2 in
the whole subset of R, where the marginal distribution of the
considered quantum state in the position space,

n(x, t ) =
∫
R

d p�(x, p, t ), (25)

is noticeably nonzero. Hence, during the interaction with the
potential, the time evolution of the WDF is nonsymplectic.
Consequently, we expect that the Rényi entropy will be non-
constant during that time. However, away from the potential
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center, the motion of the WDF can be regarded as a free prop-
agation. As we have previously shown, this kind of evolution
acts as a shearing transformation of the WDF [see Eq. (10)],
leaving symplectically invariant measures constant, as implied
by Eq. (7). Hence, during free propagation of the WDF, the
Renyi entropy is constant. The beginning of the interaction ti
can be understood as an instance when WDF starts to interact
with the potential and, consequently, a first visible change in
the symplectically invariant measure occurs. Complementary
to that, t f is the time associated with the end of the interaction,
when the WDF evolves freely, which results in stabilization
of the symplectically invariant measure. Both instances are
measured indirectly. They require a measuring device with
given precision ε to detect the first and last changes in the
evolution of the symplectically invariant measure. We have
encapsulated our physical reasoning within the following
definition:

Definition 1. For a fixed Rényi index α > 0, the interaction
time τ between the state represented by the Wigner distri-
bution function and potential energy belonging to the class
of absolutely integrable functions, based upon Wigner-Rényi
entropic measure, can be defined as

τ = min{t ∈ R+ : |Sα (t ) − Sα (∞)| > ε(M − m)}
−max{t ∈ R+ : |Sα (t ) − Sα (0)| > ε(M − m)}

= t f − ti, (26)

where Sα (t ) is a Wigner-Rényi entropy with Rényi index α,
Sα (0) is the value of the entropy at the beginning of the
evolution, Sα (∞) is the value at the end of the evolution, M =
maxt∈R+Sα (t ) is the maximum of the Wigner-Rényi entropic
measure, m = mint∈R+Sα (t ) is its minimum, and 0 < ε 
 1
is a dimensionless threshold parameter that can be understood
as the precision of the measuring device.

The infinity that is present in the definition is treated as a
time that is long enough so that the evolution after the inter-
action is that of a free particle, as usually taken in scattering
theory. In the case of the numerical experiment, this is the time
of the simulation. Ideally, Sα (0), Sα (∞) should be known a
priori so that a threshold comparison could be made on the go
rather than after the experiment.

III. RESULTS AND DISCUSSION

The quantitative description of the quantum state scatter-
ing requires specification of the potential term of the system
Hamiltonian, which represents the scatterer. We model this
scatterer using a time-dependent finite-range potential with a
periodically changing amplitude. For this purpose, we use a
locally integrable function which allows us to determine the
effective interaction region and the interaction time according
to Definition 1. The results of all numerical calculations are
presented in atomic units (a.u.), i.e., e = h̄ = m = 1.

In the presented study, we assume that the potential term
W (x, t ) = U (x)�(t ) of the Weyl symbol of the effective
Hamiltonian (1) consists of the spatial term

U (x) = U0 exp

[
− (x − xB)2

2w2

]
, (27)

representing a scattering center of strength U0 = 0.008 a.u.
localized at xB = 0 a.u. and with width given by w2 = 50 a.u.,
and the time-dependent term

�(t ) = θ (tb − t ) + sgn

[
sin

2π (t − tb)

T

]
θ (t − tb) (28)

responsible for oscillations between the barrier regime and
the well regime. These oscillations start after the delay time
tb = 140 a.u., and their rate is given by the period T which
is a parameter of the model. Therefore, the choice of this
parameter remains critical for studying the dynamics of the
quantum state during its interaction with the time-varying
obstacle represented by the periodic potential in the form
given by Eqs. (27) and (28). Our proposition of determining
the reasonable value of T is partially based on a measure of
the similarity of two states resulting from the Hilbert-Schmidt
distance definition [60], which can be expressed in terms of
the WDF as follows:

d�,�0 (t ) =
{

2π h̄
∫
R2

dxd p
[
�(x, p, t ) − �0

(
x − p

m
t, p

)]2
}1/2

=
√

2[1 − c�,�0 (t )]1/2, (29)

where the dynamic overlap measure c�,�0 (t ) is expressed by
the formula

c�,�0 (t ) = 2π h̄
∫
R2

dxd p �(x, p, t )�0

(
x − p

m
t, p

)
, (30)

in which �0(x − pt/m, p) corresponds to the free-space dy-
namics of the WDF. In turn, the time dependence of the
function �(x, p, t ) results from the numerical solution of the
Cauchy problem (3) for the Moyal equation with a fixed
period T and with the initial condition given by the coherent
superposition of two well-separated Gaussians,

�0(x, p) = A2
1

(1 − β )

π h̄
exp

[
− (x − x1)2

2δ2
x

− 2δ2
x (p − p0)2

h̄2

]

+A2
1

β

π h̄
exp

[
− (x − x2)2

2δ2
x

− 2δ2
x (p − p0)2

h̄2

]

+2A2
1

√
β(1 − β )

π h̄
cos

[
ϑ + p − p0

h̄
(x1 − x2)

]

× exp

[
−

(
x − x1+x2

2

)2

2δ2
x

− 2δ2
x (p − p0)2

h̄2

]
, (31)

where the normalization factor A1 has the form

A1 =
[

1 + 2
√

β(1 − β ) exp

(
− (x1 − x2)2

8δ2
x

)]− 1
2

. (32)

The set of parameters defining this bimodal WDF is taken
in the same form as in our previous work [61] for the qual-
ity parameter � = 1, namely, β = 0.5, ϑ = 0, δ2

x = 500 a.u.,
x1 = −300 a.u., x2 = −500 a.u., and p0 = 0.15 a.u. In fact,
the WDF given by Eq. (31) is the phase-space representation
of the Schrödinger cat state [62]. Based on the solution of the
Cauchy problem mentioned above with the initial condition
in the form given by Eq. (31), we can determine the dynamic
overlap measure, c�,�0 (t ) because we also know the free-space
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FIG. 1. Long-time dynamic overlap measure as a function of pe-
riod T . The continuous gray line is the bisector of the angle between
two gray dashed lines, which approximate the behavior at a short
period interval and intermediate period interval. Red crosses stand
for representatives which abscissas were taken for further analysis.

propagation form of the WDF, �0(x − pt/m, p), with the
same initial condition. However, let us note that this specified

quantity parametrically depends on T , i.e., c�,�0 (t ) =
c�,�0 (t ; T ). To determine the values of the potential period,
we calculate the dynamic overlap measure, c�,�0 (t ; T ), as a
function of the period T , for a fixed value of t = tmax. Specif-
ically, at a fixed time tmax = 8.5 × 103 a.u., corresponding to
the maximum of the simulation time, this measure assesses
the degree to which the propagating WDF deviates from
the free-space propagation after interaction with the potential
W (x, t ) within the prescribed potential period T , as presented
in Fig. 1.

The disparities in the evolution of the quantum state in
different configurations of the system are clearly visible:
as T tends to zero, a substantial overlap (exceeding 80%)
emerges between the free-propagating WDF and that con-
fined within the rapidly oscillating potential T . The trend was
followed by a predominant decrease in the measure, approach-
ing nearly zero for T exceeding 1.7 × 103 a.u., indicating
that the states are fundamentally distinct. The red line in the
figure demarcates the characteristic period timescales TS , TL

and the transitional timescale TI . We refer to these scales as
short (S), intermediate (I), and long (L). As a first step, we

FIG. 2. The phase-space snapshots of the WDF taken at t = 2.5 × 103 a.u., 3.5 × 103 a.u., 4.5 × 103 a.u., and 5.5 × 103 a.u. (columns) for
different potential periods T ∈ {TS, TI , TL} (rows). The dashed lines stand for the phase-space portrait of the Weyl symbol of the Hamiltonian,
whereas the solid purple line is the quantum trajectory of the WDF.
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investigate the influence of the potential periods {TS, TI , TL}
on the dynamics of the WDF. The results of the calculation
are presented in Fig. 2 where the phase-space snapshots and
quantum trajectories are displayed.

Undoubtedly, the dynamics of WDF depends on the pe-
riod T of the modulator �(t ; T ). With an increasing period,
the time of interaction with the fixed state of the poten-
tial U (x) increases. The rapid oscillating barrier (T = TS),
presented in Figs. 2(a)–2(d), almost does not disturb the evo-
lution. The general influence of the potential can be noticed
in the quantum trajectory, namely, a cusp associated with a
diminished value of the average momentum. This effect is
more visible in the next cases where periodic changes of
the character are not as frequent. In addition to reducing
the momentum of the WDF, its shape is also mutilated. By
leveraging our understanding of the dynamics of the WDF,
we determine the time-dependent Wigner-Rényi’s entropies,
S1/2(t ), S1(t ), S2(t ), S∞(t ), which are examples of the sym-
plectically invariant quantities. Furthermore, through these
functions, we can estimate the interaction time, drawing on
the insights highlighted in Definition 1. The results of the
calculations are presented in Fig. 3 for different potential
periods T . According to Fig. 3, all Wigner-Rényi α entropies,
for α ∈ {1/2, 1, 2,∞}, exhibit three distinct regions of evo-
lution. Namely, they are constant for the initial evolution of
the WDF, then they start rapidly evolving in a nonmonotone
manner, suggesting the ongoing interaction, finalized by yet
again constant value. It is worth mentioning that for fixed
α, the Sα (t ) attains higher values in a long-time evolution
for increasing values of the potential period T : Sα (tmax; TS ) <

Sα (tmax; TI ) < Sα (tmax; TL ). For a fixed T , the evolution of the
Wigner-Rényi entropies of various orders, namely, S1/2(t ),
S1(t ), S2(t ), and S∞(t ), exhibit a consistent ordering such that
S∞(t ) serves as the lower bound, while S1/2(t ) is the upper
bound, with S1(t ) and S2(t ) positioned in between, namely,
S1/2(t ) > S1(t ) > S2(t ) > S∞(t ). Regardless of the value of
the modulator period T , the long-time behavior of all these
measures is approximately constant, rendering Definition 1 a
valid method to determine the interaction time between the
WDF and the potential W (x, t ). The estimated interaction
times for ε = 0.01 are shown in Fig. 4. Generally, the in-
teraction time as a function of T exhibits a decreasing trend
as T increases. For T 
 1 × 103 a.u., the character of the
evolution is similar to that of free motion due to rapid oscil-
lations of the barrier, resulting in mutual cancellation of the
effects characteristic to the interaction with potential barrier
and well. Moreover, for T > 0.5 × 103 a.u., the interaction
time τ (T ) resembles a reverse ordering in comparison to the
Wigner-Rényi entropies in Fig. 3. Namely, the interaction
time τ based on the Wigner-Rényi one-half entropy S1/2(t )
yields a lower bound for the family of interaction times.
We leverage two physical measures, i.e., dynamical capture
and transmission coefficients, to validate the reliability of our
proposition. These measures are not symplectically invariant,
but their straightforward physical interpretation helps to as-
sess whether our results align with the expected patterns, as
shown in Figs. 3 and 4. The simplicity in their interpreta-
tion makes them valuable tools; in particular, they can serve
as complementary measures to estimate the interaction time
of the considered model. The dynamical capture coefficient,

FIG. 3. The comparison between different entropic measures for
α ∈ {1/2, 1, 2, ∞} for different potential periods (a) short, (b) inter-
mediate, and (c) long.

defined as

C(t ) =
∫
R

∫
L

dxd p �(x, p, t ), (33)

where L is an interval containing the maximum of considered
potential, quantifies the amount of the WDF within the poten-
tial U (x). Complementary dynamical transmission coefficient

P(t ) =
∫
R

∫ ∞

xP

dxd p �(x, p, t ) (34)

measures the amount of transmitted WDF. These coefficients
satisfy the limit condition limt→+∞[R(t ) + C(t ) + P(t )] = 1,
where R(t ) is the dynamical reflection coefficient. The traits
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FIG. 4. The interaction time τ based upon different entropic
measures Sα (t ) for α ∈ {1/2, 1, 2, ∞}. The results for S∞(t ) when
T < 0.5 × 103 a.u. were dropped as our method could not provide
results smaller than the simulation time.

of the evolution of the WDF are captured in Figs. 5(a) and
5(b). The dynamical capture coefficient C(t ) quantifies the
localization of WDF around the peak value of the Gaussian
potential, while the dynamical transmission coefficient P(t )
provides the amount of the WDF that traversed a specific
region of the space, distant from the potential. In the presented
case, C(t ) starts to vary after the period of stagnation (where
none of the WDF is currently interacting with the potential for

FIG. 5. (a) Dynamical capture C and (b) dynamical transmission
P coefficients as functions of time t . The colored curves represent
different periods T of potential U (x; T ): short TS , intermediate TI ,
and long TL .

t < t1). This interaction is followed by another time interval
where C(t ) = 0 for t > t2. Generally, one could approach the
problem of estimating the interaction time between the WDF
and the potential purely on the basis of the distance between
consecutive intervals where C(t ) = 0, namely, t2 − t1. How-
ever, this approach does not align with the interaction time
proposed in Definition 1, as it relies on the WDF’s presence
within a specific spatial interval, rather than the character of
the evolution. In this context, the free evolution of the state
serves as a natural indicator of the end of the interaction be-
tween the WDF and the potential. Crucially, the WDF exits the
interaction zone in all presented cases of T [Fig. 5(a)]. This
implies that irrespective of the interaction’s nature, no WDF
accumulates near the potential maximum. However, it does
not necessarily imply that the WDF is no longer interacting.
In particular, the hypothetical interaction time based on the
dynamical capture coefficient results in a single value for all
possible variations of the parameter T [as seen in Fig. 5(b)],
which is in contradiction to the result presented in Fig. 4.

IV. CONCLUSIONS AND DISCUSSION

We have used the symplectic invariance property of the
time-dependent family of the Wigner-Rényi entropies of the
order of one-half, 1, 2, and ∞ to estimate the interaction
time between a periodically driven system and a quantum
state. The presented results have been achieved from the
numerical solution of the Moyal equation with the initial
condition in the form of the Schrödinger cat state for the
driven system with the model of the time-dependent potential
term in the separable form. Based on analyzing a dynamic
overlap measure in the long-time regime, we selected three
distinct potential periods, i.e., short, intermediate, and long,
to represent different evolution traits of the considered state.
Numerical analysis has revealed a descending order of the en-
tropies, with the one-half Wigner-Rényi entropy as the upper
limit and the Wigner-Rényi min-max entropy as the lower
limit, which analytical calculations have supported. Further-
more, adequate entropy exhibited a higher long-term value
with an increasing potential period for a fixed value of the
Rényi index. The considered entropies demonstrate a nearly
constant behavior, both at the initiation and finalization of the
simulation, facilitating the estimation of the interaction time,
as outlined by our Definition. By calculating the difference
between two distinct time instances that mark the beginning
and end of the interaction, we estimated the duration of the in-
teraction between the state and the potential. Interestingly, the
interaction time exhibited reverse ordering compared to the
entropies, with one-half Wigner-Rényi entropy now serving
as a lower bound. In addition, we have observed that as the in-
tensity of the oscillations equivalently increased, the potential
period was lowered and the strength of the interaction between
the state and the potential increased, resulting in a longer ex-
posure of the state to the deformations provided by the barrier.
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APPENDIX A: ALGORITHM FOR SOLVING MOYAL
EQUATION WITH TIME-DEPENDENT POTENTIALS

Here, we will derive the formula used for calculating the
Wigner distribution function (WDF) for the time-dependent
potential. According to Eq. (4), the Moyal operator can be
written symbolically as −iLM (t ). The formal solution, for an
initial condition in the form �0(x, p), is given by

�(x, p, t ) = T e−i
∫ t

0 ds L̂M (s)�0(x, p), (A1)

where T is Dysons’ time-ordering operator. The exponential
present in the above equation is crucial for describing the time
evolution at any time instance t + �t , for some time interval
�t > 0. In this case, it can be substituted by the following
relation [50]:

T e−i
∫ t+�

t ds L̂M (s) = exp{�t[−iL̂M (t ) + D̂]}, (A2)

where the operator D̂ was defined in Eq. (15). This gives the
equivalent expression for calculating the WDF at an instance
t + �t ,

�(x, p, t + �t ) = T e−i
∫ t+�

t L̂M (s)ds�(x, p, t )

= e�t (−iL̂M (t )+D̂)�(x, p, t ). (A3)

Substituting the form of the operator −iL̂M (t ) into the expres-
sion above yields

�(x, p, t + �t ) = e�t (T̂ +Û (t )+D̂)�(x, p, t ), (A4)

where T̂ is a kinetic energy operator,

T̂ = − p

m
∂x, (A5)

and, complementary to that, Û (t ) is the time-dependent po-
tential energy operator,

Û (t ) = 1

ih̄
�(t )

[
U

(
x + ih̄

2
∂p

)
− U

(
x − ih̄

2
∂p

)]
. (A6)

For further manipulations, one must agree upon an approx-
imation of the exponential expression or, in other words,
splitting of the exponential. One of such methods is the Strang
approximation [51] of the second order, for the operators
T̂ + D̂, and Û (t ), according to which

�(x, p, t + �t ) ≈ e
�t
2 (T̂ +D̂)e�tÛ (t )e

�t
2 (T̂ +D̂)�(x, p, t ). (A7)

Furthermore, per [50], the operators T̂ and D̂ commute,
resulting in

�(x, p, t + �t ) ≈ e
�t
2 T̂ e�tÛ (t+�t/2)e

�t
2 T̂ �(x, p, t ). (A8)

To omit the difficulties related to the evaluation of the
exponential differential operator and to perform numerical
calculations, we introduce the following Fourier transforms:

F1,x→λ�(x, p, t ) = 1√
2π h̄

∫
R

dx e− i
h̄ λx�(x, p, t ), (A9)

F−1
1,λ→x�(λ, p, t ) = 1√

2π h̄

∫
R

dλ e
i
h̄ λx�(λ, p, t ), (A10)

F2,p→y�(x, p, t ) = 1√
2π h̄

∫
R

d p e− i
h̄ py�(x, p, t ), (A11)

F−1
2,y→p�(x, y, t ) = 1√

2π h̄

∫
R

dy e
i
h̄ py�(x, y, t )dy, (A12)

and we use the unitary equivalence between the derivative and
multiplicative operators. As a result, the following algorithm
for numerical calculation of the time evolution of the WDF in
time-dependent potentials arises:

�(x, p, t0 + �t ) ≈ F−1
1,λ→x exp

(
− i�t

2m
λp

)
F1,x→λF−1

2,y→p exp

{
i�t�

(
t0 + �t

2

)[
U

(
x + y

2

)
− U

(
x − y

2

)]}
F2,p→yF−1

1,λ→x

× exp

(
− i�t

2m
λp

)
F1,x→λ�(x, p, t0). (A13)

APPENDIX B: MONOTONE DECREASE OF WIGNER-RÉNYI ENTROPIES

Let f (x, p, t ) = �̃2(x, p, t ) be a probability distribution function over a phase space generated by (x, p) variables for all t . We
will show that the Wigner-Rényi entropy of the order α � 0 satisfies the following inequality:

Sα (t ) � Sβ (t ), α � β. (B1)

To see this, first, we calculate the derivative of Sα (t ) with respect to the parameter α. This gives

∂αSα (t ) = 1

(1 − α)2
ln

[∫
R2

dxd p f α (x, p, t )

]
+ 1

1 − α

[∫
R2

dxd p f α (x, p, t )

]−1 ∫
R2

dxd p f α (x, p, t ) ln f (x, p, t ). (B2)

Now, introducing new quantities: the αth power of the phase-space α-norm of f (x, p, t ),

Nα (t ) :=
∫
R2

dxd p f α (x, p, t ), (B3)

and the normalized probability distribution,

qα (x, p, t ) := 1

Nα (t )
f α (x, p, t ), (B4)
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where ∫
R2

dxd p qα (x, p, t ) = 1, (B5)

one may rewrite

∂αSα (t ) = 1

(1 − α)2
ln Nα (t ) − 1

(1 − α)2

∫
R2

dxd p qα (x, p, t ) ln f α−1(x, p, t ). (B6)

Performing some manipulation regarding the logarithmic expression, we get

ln f α−1(x, p, t ) = ln

[
f α (x, p, t )

N (t )

Nα (t )

f (x, p, t )

]
= ln

[
qα (x, p, t )

Nα (t )

f (x, p, t )

]
= ln

[
qα (x, p, t )

f (x, p, t )

]
+ ln N (t ). (B7)

This yields the following expression:

∂αSα (t ) = 1

(1 − α)2
ln Nα (t ) − 1

(1 − α)2

∫
R2

dxd p qα (x, p, t ) ln
qα (x, p, t )

f (x, p, t )
− ln Nα (t )

(1 − α)2
, (B8)

equal to

∂αSα (t ) = − 1

(1 − α)2

∫
R2

dxd p qα (x, p, t ) ln
qα (x, p, t )

f (x, p, t )
= − 1

(1 − α)2

∫
R2

dxd p qα (x, p, t ) ln
qα (x, p, t )

�̃2(x, p, t )
, (B9)

which is a relative entropy [Kullback-Leiber divergence DKL(qα, �̃2)] of the probability distribution functions qα (x, p, t ) and
�̃2(x, p, t ) that is non-negative [63],

DKL(qα, �̃2) � 0 ⇒ ∂αSα (t ) � 0, (B10)

and thus Sα (t ) � Sβ (t ), α � β. This property holds for any positive function f ∈ L1(R2, dxd p) ∩ Lα (R2, dxd p).
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