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Certification of two-qubit quantum systems with temporal inequality
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Self-testing of quantum devices based on observed measurement statistics is a method to certify quantum
systems using minimal resources. In Irfan et al. [A. A. M. Irfan, K. Mayer, G. Ortiz, and E. Knill, Phys. Rev.
A 101, 032106 (2020)] a scheme based on observing measurement statistics that demonstrate Kochen-Specker
contextuality has been shown to certify two-qubit entangled states and measurements without the requirement of
spatial separation between the subsystems. However, this scheme assumes a set of compatibility conditions on
the measurements which are crucial to demonstrating Kochen-Specker contextuality. In this paper, we propose
a self-testing protocol to certify the above two-qubit states and measurements without the assumption of the
compatibility conditions, and at the same time without requiring the spatial separation between the subsystems.
Our protocol is based on the observation of sequential correlations leading to the maximal violation of a temporal
inequality derived from noncontextuality inequality. Moreover, our protocol is robust to small experimental

errors or noise.
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I. INTRODUCTION

Realizing fault-tolerant quantum computation plays a key
role in achieving quantum technologies. A fault-tolerant quan-
tum computer may be achieved by making use of topological
qubits in which qubits are encoded as the subspace of a
high-dimensional space of a suitable physical system such
as Majorana fermions [1,2]. The circuit model of quantum
computing can be replaced by Pauli-based computing which
makes use of only a minimal number of Pauli measurements
[3]. Such Pauli-based computing can be realized by topologi-
cal qubits [4].

Before performing any quantum information processing
task, it is important to certify how close are the relevant
quantum devices to the ideal ones. There are the certifica-
tion methods such as tomography [5-7] and self-testing [8]
that have been explored to certify the relevant quantum de-
vices. While certifying quantum devices, it is desirable to use
methods that make use of a limited number of resources and
minimize the assumptions on the quantum devices. Certifi-
cation schemes based on tomography can become resource
consuming depending on the quantum system to be certified
and they require that certain assumptions such as the Hilbert-
space dimension of the quantum system have to be trusted.
On the other hand, self-testing of quantum devices aims to
provide certification using a minimal number of resources and
a minimal number of assumptions. Self-testing was originally
introduced as a device-independent certification of quantum
state and measurements for quantum cryptographic applica-
tions [9]. Device-independent certification schemes are based
on the observation of nonclassical correlations that imply
Bell nonlocality [10,11]. These schemes do not depend on
the detailed characterization of the quantum devices; impor-
tantly, they do not assume the Hilbert-space dimension of the
quantum systems to be certified.
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Self-testing based on Bell nonlocality has a restriction that
it can be used to certify composite quantum systems that
have entanglement and admit spatial separation between the
subsystems and local measurements on subsystems. Recently,
self-testing based on observation of Kochen-Specker contex-
tuality [12] has been explored to certify quantum systems
which do not have entanglement or do admit a spatial sepa-
ration between the subsystems [13—16]. Such a certification
method is relevant in the context of certification quantum
devices for quantum computation purposes as computation
typically happens in a local fashion. Note, however, that
contextuality-based certification methods require the mea-
surements to obey certain compatibility relations in order to
observe the nonclassical correlations, whereas it is in general
difficult to asses whether such relations are satisfied in an
experiment.

Sequential correlation inequalities, on the other hand, such
as the Leggett-Garg inequality [17] or temporal inequality
[18] can be used to demonstrate nonclassicality based on
quantum measurements on single quantum systems without
the need of assuming that the measurements are jointly mea-
surable. Motivated by this, such inequalities have also been
explored to certify quantum measurements on single quantum
systems without the requirement of any compatibility condi-
tions on the quantum measurements [19-22]. However, these
certification schemes also make a few minimal assumptions;
for instance, in Refs. [19-21] it is assumed that (a) the prepa-
ration device always prepares a maximally mixed state and
(b) measurements do not have any memory and they return
only the postmeasurement state, while in Ref. [22] one can
certify only the temporal correlation matrix. Moreover, one
can lift the assumption of producing maximally mixed states
by the measurement device with (a) ensuring that the input
state to the device is always a full rank state and (b) sequential
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action of the same measurement will output a certain outcome
always [23].

In Ref. [15], a certification scheme has been proposed
to certify quantum measurements of a fermionic system for
topological quantum computing. These quantum measure-
ments are a subset of two-qubit Pauli measurements that
demonstrate Kochen-Specker contextuality. As this scheme is
based on observed statistics that imply Kochen-Specker con-
textuality, it assumes certain compatibility conditions on the
quantum measurements. In this paper, we propose a certifica-
tion scheme based on a temporal inequality to certify the same
subset of two-qubit Pauli measurements along with the same
quantum state. Our scheme may be applied to certify those
two-qubit quantum states and measurements for topological
quantum computing without assuming the compatibility rela-
tions to hold, unlike the approach of Ref. [15]. However, we
assume that the measurements are projective. In this respect,
we would like to mention that the previous approaches such
as the one in Ref. [21] also make this assumption. In fact, in
that work it is assumed that the measurement device produces
always a maximally mixed state as well as that the same
measurement applied many times in a sequence yields the
same outcome. As proven in Ref. [21] (see Appendix there),
these assumptions imply that the involved measurements are
projective. Yet, in our paper we do not assume the input state
to be maximally mixed. Let us finally mention that we also
show our self-testing scheme to be robust to small experimen-
tal errors or noise.

Before we discuss our methodology and main results, we
provide some background information necessary for further
considerations.

A. Sequential correlations

We consider a sequential measurements scenario to ob-
serve a violation of a temporal inequality. The scenario
consists of a preparation device that prepares a single quantum
system in an unknown quantum state p and a sequence of
two and three black-box operations. These operations are di-
chotomic measurements denoted by A;, withi =1, ..., 6. The
outcomes of these measurements are denoted by a; which can
take the values £1. We then assume that these measurements
are projective, and so A; are the standard quantum observables
such that Ai2 = 1. Notice here that, while we do not restrict
the dimension of the underlying Hilbert space, we cannot,
however, exploit here the Naimark dilation argument that al-
lows one to represent generalized measurements in terms of
projective ones acting on a higher-dimensional Hilbert space.
This is because we do not impose any commutation relations
for the measurements.

In our sequential scenario, we finally need to assume that
the measurements A; are nondemolishing, i.e., they do not
destroy the physical system, and also that each black box has
no memory and returns the actual postmeasurement state.

In an experiment that realizes this scenario, the joint prob-
abilities corresponding to the sequences of two measurements
and three measurements can be observed. For instance, the
joint probabilities of measuring {A;, A4} in the temporal order
A} — A4 and {A}, Ay, A3} in the temporal order A| — A, —
Ajz are given by P(ay, as]A1, As) and P(ay, az, asz|A1, Az, Az),

respectively. In terms of these joint probabilities, the second-
and third-order sequential correlations denoted by (A;A4),
and (A1A»A3),, are defined as

(A1Aq), = Z arasP(ay, as|lAy, Ag),

ap,aq

Z araxazP(ay, az, a3lAy, Az, A3z),

ap,az,as

(A1A2A3), =

respectively.

Quantum-mechanical versions of the sequential corre-
lations, such as (AjA4), and (A;A»A3),, can then be
written as

(A1A4)x = 5tr(p{A1, Ag}), (D

(A1A2A3) = Lu(plAy, {A2, A3})), 2)

respectively, where p = |¢¥) (Y| (see the Appendix in
Ref. [24] for the derivation of such formulas) and {A, B} =
AB + BA is the standard anticommutator. The other sequential
correlations can also be similarly expressed in terms of the
anticommutator.

B. Noncontextuality inequality

Using these sequential correlations one can demonstrate
both contextual and temporal correlations. We will now first
describe how to demonstrate contextual correlation here. Sup-
pose the sets of measurements {A|, A4}, {A2, As}, {43, A¢},
{A1, A, Az}, and {A4, As, Ag} that are measured sequentially
are treated as contexts, i.e., the measurements in these sets
commute with each other:

[A1, A4] = [A2, As] = [A3, Ag] = [A1, Az] = [Ay, A3]

= [A2, A3] = [A4, As] = [A4, As] = [As5,As] =0,
3)

where [A, B] = AB — BA. Then, the quantum-mechanical ver-
sions of the sequential correlations simplify as (AjA4), =
(A1A4) and (A1AA3), = (A1A2A3), such that these sets of
measurements can be used to demonstrate Kochen-Specker
contextuality. For instance, the sequential measurements of
these contexts with the two-qubit observables

Al=X®1, A;=1QX,
A)=1Q®Z As=7ZQ1,
A3 =XQZ Ac=72QX 4

on the two-qubit maximally entangled state,
6*) = (100) + [11))/v2, ®)

imply Kochen-Specker contextuality through a logical con-
tradiction by providing noncontextual value assignments to
each observable in the context. The above contexts form a
subset of the contexts pertaining to the famous Peres-Mermin
square demonstrating Kochen-Specker contextuality for any
two-qubit state [25,26]. Moreover, one can consider a non-
contextuality inequality as used in Ref. [27] in terms of the
expectation values corresponding to joint measurements of the
observables in the above contexts as follows:

Inc = (A1A2A3) + (A4AsAg)
+ (A144) + (A24s) — (A3A6) < ncs (6)

022408-2



CERTIFICATION OF TWO-QUBIT QUANTUM SYSTEMS ...

PHYSICAL REVIEW A 110, 022408 (2024)

where nc = 3 is the classical bound of the inequality. The
quantum bound 7y =5 of the above inequality can be ob-
tained from the state given by Eq. (5) for the measurements
given by Eq. (4). In Ref. [15], the measurement statistics
pertaining to the maximal violation of the inequality (6) have
been shown to provide robust certification of two-qubit Pauli
measurements in a setup such as Majorana fermions.

Now, the stage is set to discuss our setup and main results
regarding certification of the two-qubit state and measure-
ments using a temporal inequality. In the next section (Sec. II),
we discuss the procedure to obtain the temporal inequality
from the noncontextuality inequality considered earlier within
the sequential correlations scenario. We also discuss how such
inequality can be used to certify the two-qubit systems with
permissible small experimental errors and noises. We con-
clude in Sec. III.

II. ROBUST CERTIFICATION OF THE TWO-QUBIT
SYSTEMS USING TEMPORAL INEQUALITY

A. Temporal inequality

Our goal is to propose a temporal extension of the in-
equality (6) to certify the two-qubit maximally entangled state
(5) and measurements (4) without assuming the compatibility
relations (3). To this aim, we consider the following temporal
inequality:

Ir := 3((A1A2A3), + (A2A1A3), + (A4AsAc),,

+ (AsA4Ae) ) + (A1As); + (A245); — (A3A6), < e,
(7

where no compatibility relations for the measurements are
assumed. It has been argued in Ref. [18] that the existence
of a single joint probability distribution for all the outcomes
of the measurements is the common underpinning assump-
tion for the Bell-type, Kochen-Specker noncontextuality, and
temporal inequalities. Therefore, in order to derive the max-
imal classical value of the inequality nc one optimizes the
expression Zy over all deterministic strategies in which all
measurements have definite values independently of the mea-
surement sequence. In other words, all expectation values
in Zy split into products of expectation values of individual
observables, and each such expectation value takes the values
+1. Hence, for the inequality (7) we have

1
ne = max, [3(a1a2a3 + aza1a3 + asasas + asasae)
a;e

+ ajas + aras — azag ),

= max [ajaza3 + asasae + ayas + aras — azag)
aie{x1}
which gives ¢ = 3.
Then, in order to determine the maximal quantum value 7
of Zy let us observe that it directly follows from the definitions
(1) that the sequential expectation values are bounded as

—1<(AA), <1, —1< (AdjA), <1

for any i, j, and k. As a consequence 1y = 5. What is more,
this value is achieved by the same quantum state and mea-
surements that lead to the maximal quantum violation of
the noncontextuality inequality (6). In the next section, we

demonstrate that the quantum bound of the inequality (7)
can be used to certify this quantum realization without the
assumption of the compatibility relations as used in the case
of the inequality (6).

B. Robust self-testing of two-qubit systems

Consider an experimental situation that realizes the se-
quential scenario, in which we assume that both the state and
measurements and their compatibility relations are unknown.
Together, we consider a reference experiment with a known
pure state |1/7) € C? for d =4 and known observables A;
acting on C* that obey the compatibility relations given by
Eq. (3). We assume that our reference experiment leads to
the maximal violation of the temporal inequality given by
Eq. (7). With these two experiments at hand, for our purpose,
we adopt the definition of self-testing used in Ref. [15] (see
also Ref. [20]) as given below.

Definition 1. Given that the state |{) € H and a set of
measurements A; with i € [1, 6] maximally violate the given
temporal inequality (7), then the self-testing of the state |{/) €
C* and the set of observables A; acting on C* is defined by the
existence of a projection P : H — C* and a unitary U acting
on C* such that

U'(PA; PHU = A, (8

UPY)) = ). )

In other words, the above definition implies that based
on the observed maximal violation of the inequality, one is
able to identify a subspace V = C* in H on which all the
observables act invariantly. Equivalently, A;s can be decom-
posed as A; = A, ® A}, where A; act on V, whereas Al act
on the orthocomplement of V in H; in particular, A; [{) = 0.
Moreover, there is a unitary U TA,U = A,

C. Symmetries of the inequality

Before we proceed with the self-testing proof, let us ob-
serve the following symmetries of the inequality (7):

(1) A< A, and Ag4 < As, (10)
2) Aj < A; and A4 < —Ag, (1
(B) Ay« —A3; and A5 < Ag, (12)
4) A< Ay and A) < As and Az < Ag.(13)

It can be checked that in any of these four cases, the inequality
(7) remains invariant. In the following, we will employ these
symmetries to prove our self-testing statement.

Now, assume that our first experiment achieves the quan-
tum bound of the inequality (7). This directly implies that
all except the last correlation functions of the inequality
take value 1, whereas the last term equals —1, which via
the Cauchy-Schwartz inequality translate to the following
equations:

A1A2A3|Y) = |¢)  and permutations, (14)
A4As5A6|Y) = |¥) and permutations, (15)
AA4|Y) = |¢¥) and permutations, (16)
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AxAs|Yr) = )
A3AglYr) = —|V)

where permutations refers to the fact that the above relations
also hold if we permute the observables. Using these identi-
ties, we now proceed to show the following anticommutation
relations:

{A1, As}Yr) = (A1, Ag}vr) = (A2, As}lYr)
= {A2, Ag}lYr) = {A3, A4} lY)
= {A3, As}|y) = 0. (19)

One directly deduces from the identities given by
Eqgs. (14)-(18) that

AlAs|Y) = AlAslyYr) = Aslyr) = —Ag )
= —AsA4lY) = —AsALY), (20

and permutations, (17

and permutations, (18)

where in the first line we used As|vy) = A, |y) from Eq. (17)
and AjAx|Y¥) = Asz|y) that stems from Eq. (14). On the
other hand, in the second line, we used Az|y) = —Ag|Yr)
from Eq. (18), Ag|¥) = AsA4|Y) from Eq. (15), and A4|yr) =
A1) from Eq. (16).

In the following, we employ the symmetries in Egs. (10)—
(13) to obtain other similar relations. Employing the first,
second, and third symmetries (10)—(12) of the inequality in
the argument given by Eq. (20), we can get

ArA4lr) = —A4As V), 21
A3As|) = —AsAs|Y), (22)
AAg|r) = —A6A1LlY), (23)

respectively. Now, employing the second and first symmetries
of the inequality in Egs. (21) and (22), respectively, we get the
remaining anticommutation relations:

ArAglYr) = —AsAa|Yr), (24)

A3A4|Y) = —A4A3lY). (25)
Now, as in Ref. [15] we define the subspace

V= span{|yr), Ai|¥), As|¥), AiAs|¥) ), (26)

and prove the following fact for it.

Lemma 1. V is an invariant subspace under the action of
all the observables A; fori € [1, 6].

Proof. First, under the action of A;, V is trivially invariant.
Next, using the fact that Ag =1 and {A;, As}|y¥) = 0, it fol-
lows that AsV belongs to V up to the phase factor —1. Having
established that V is invariant under the action of A; and As,
from the first symmetry (10) of the inequality, it follows that
A, and Ay also leave the subspace V invariant.

Next, we proceed to see the action of A3 on all the elements
of V. Using the relations given by Egs. (14) and (17), it fol-
lows that A3 [/) = A1As [), A3A1 |[Y) = As [¥), A3As [§) =
Ay |¥), and A3A1As [Y) = |). Therefore, we have arrived at
A3V C V. Using the fourth symmetry in (13) of the inequality
in these arguments used to establish invariance of V under the
action of As, it then follows that AgV C V. |

Due to Lemma 1, it suffices for our purpose to identify the
form of the state |¢) and the operators A; restricted to the
subspace V. In fact, the whole Hilbert space splits as H =
V @V, where V1 is an orthocomplement of V in . Then,
the fact that V is an invariant subspace of all the observables
A; means that they have the following block structure:

A=A A, 27)

where A; = PA;P with P : { — V being a projection onto V.
Since A act trivially on V, that is, A’V = 0, which means that
the observed correlations giving rise to the maximal violation
of the inequality (7) come solely from the subspace V, in what
follows we can restrict our attention to the operators A;.

Lemma 2. Suppose the maximal quantum violation of
the inequality (7) is observed. Then, [Al,A] = [A1, A3] =
[A7,A3] = [As, As] = [As, Ag] = [As,Ag] = [A1,A4] =
[A2, As] = [A3, A¢] = 0. o

Proof. Tt is enough to show explicitly that [A;, Ay] =
[A;,A4] = 0. Then, by using symmetries of the inequality (7),
the other commutators can be argued to vanish.

To show that [A;,A;] =0, we prove that the action
of the commutator [A;, A>] on the invariant subspace
vanishes. First, from the relations given by Eq. (14),
we have AjA; |Y) = ArA| |¥) = A3 |Y) which implies that
[A1, A2] W) = 0. Second, it also follows from the rela-
tions given by Eq. (14) that A|AA| |¥) = AA 1A, |¢) =
A |Y) which implies that [A;, A2]JA; |[¢¥) = 0. Third, us-
ing the relation given by Eq. (17), we have A|AAs |¢) =
Aq ). On the other hand, using the relations given by
Egs. (17) and (14), we have AyA|As V) = AA 1A |¥) =
Ay |Y). Therefore, [A}, A2]As |¢) = 0. Finally, let us check
whether [A;, A2]A1As ) also vanishes. In the third case
above, we have shown that A,A1As |¥) = Ay |[¢). Using this
relation, it follows that AjA>A1As |¥) = |¥). On the other
hand, using the relations given by Egs. (17) and (14), we
have A;A1A1As|Y) = |¥). Therefore, we have arrived at
[A1,A2]A1As [¢) = 0.

Using the symmetries (11) and (12) of the inequality
in the above arguments, we also have [A,, A3]V =0 and
[A1, A3]V = 0, respectively. The fact that the action of the
commutators [Ay, A,], [A2, Az], and [A{, A3] vanishes on V
implies that the action of the commutators [A4, As], [As, A6,
and [A4, Ag] on V vanishes as well. This follows from the
fourth symmetry (13) of the inequality.

Next, we proceed to demonstrate that the action of
the commutator [A;, A4] on the invariant subspace van-
ishes. First, using Eq. (16), we have A|A4 |¥) = A4A| |¢) =
|[v) which implies that [A;,A4]|¥) = 0. Second, using
the same relation, we have AjA4A| |Y) = A4 |¥); on the
other hand, A4A1A; |V) = A4 |¥). From this, it follows that
[A1, A4]A; |¥) = 0. Third,

A1AAs [Y) = A1Ag [Y) = —A1A3 [) = —As [Y),

where we have used relations given by Egs. (15), (18), and
(14), respectively. On the other hand, we also have

AsA1As = AgA A |V) = AsAs [Y) = —AsAg |Y)
= —AA4As [Y) = —As |Y)
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where in the first line we have used relations given by
Egs. (17), (14), and (18), respectively, and then we have
employed the relations given by Egs. (15) and (17), re-
spectively. Combining the above two equations implies that
[Al, A4]A5 |1//> =0. Finally,

A1A4AAs V) = ALAGA AL [Y) = A1A4As [Y)
= —A1A446 |Y) = —A1As |Y)
= —A1A2 |¥) = A3 (V)

where in the first line we have used the relations given by
Egs. (17) and (14), respectively, and then we have employed
the relations given by Egs. (18), (15), (17), and (14), respec-
tively. On the other hand, we also have

A4AIAAs V) = As ) = —As V),

where we have employed the relations given by Eqgs. (15) and
(18), respectively. Combining these two equations, we get that
[A1, A4]A1As [¥) = 0.

Using the symmetries of the inequality in (10) and (11) in
the above arguments used to demonstrate that the action of the
commutator [A;, A4] vanishes on V, we will get [A;, A5]V =
0 and [A3, Ag]V = 0, respectively. |

Lemma 3. Suppose the maximal quantum violation of the
inequality (7) is observed. Then,

{A1, A5} = {A,, Ag)
= {As, A4} = A5, Ag}
= {As, A4} = {A5, 45} = 0. (28)

Proof. Itis enough to show explicitly that {4, As} = 0, by
demonstrating that the anticommutator {A;, As} vanishes on
the invariant subspace. First, in Eq. (20), it has been shown
that {A;, As} |¥) = 0. Second, using the fact that A1As |) =
—AsAp |Y¥), we have A1AsA| |¥) = —As |Y); on the other
hand, AsA A |¢) = As |), which implies {A}, As}A; |¢) =
0. Third, using the fact that AAs|Y) = —AsA; |¢), we
have A1A5As |[Y) = A; |Y); on the other hand, AsA1As |V) =
—Aj |¢). Therefore, we get {A;, As}As |) = 0. Finally, us-
ing the anticommutation relation {A;, As} |Y) = 0, we obtain
A1AsA1As ) = — ) and A1AsAsAL |§) = |). Therefore,
we have {A|, As}A A5 |Y) = 0.

Using symmetries of the inequality (7) in Egs. (10)—(13)
as used to demonstrate Eq. (19), it then follows that the
other anticommutators in Lemma 3 can similarly be shown
to vanish. |

Having proven Lemma 3, we can infer that the dimension
d of the subspace V is an even number by using the tech-
niques as adopted in Refs. [16,28-31]. Thus, we can write the
dimension d = 2k for some k € N, and thus V = C? ® C*.
Moreover, since dim V < 4, one concludes that k = 1, 2.

Lemma 4. Suppose the maximal quantum violation of the
inequality (7) is observed. Then, there exists a unitary U =
Ui (1, ® U,) acting on V such that

UAUT =X®1, UALU =12,
UAU =+X®2, UAU =1QX,
UAsU' =Z® 1, UAU"=+Z®@X.  (29)

Proof. First, from Lemma 3, we have {Al , A5} = 0 which
implies that there exists a unitary U acting on V such that

U'A U =X @1, (30)

UlAsUy =Z® 1, (€29)

where, as already mentioned, the dimension d of the subspace
V is given by d = 2k for some k = 1, 2. Using then the above
form of A; and A5 and the relations in Lemmas 2 and 3 we can
write the remaining operators as follows:

Ul AU =L oM, (32)
Ul AU =X ®N, (33)
UfA4 Ui=1,Q®0, (34)
Ul AUy =Z @ P, (35)

where M, N, O, and P are Hermitian involutions acting on the
subspace of dimension k. To show explicitly how the above
equations are obtained let us focus on A,; the proof for the
other observable is basically the same. Since A, acts on C? ®
C*, it can be decomposed in the Pauli basis as

U A Ui =1, @M +X @My +Y @ M3+ Z ® My,
(36)

where Y is the third Pauli matrix and M; are some Hermitian
matrices acting on C*. Now, it follows from the fact that A,
commutes with A, that M3 = M, = 0. Then, from [A,, As] =
0, one obtains that M, = 0, and, by putting M| = M, we arrive
at Eq. (32).

Second, from Lemma 3, we also have {Az, A4} = 0 which
is equivalent to {M, O} = 0. Since both M and O are invo-
Iutions, one concludes that k = 2, or, equivalently, that Ck =
C?2. In what follows, using {M, O} = 0, we can fix M = Z and
O = X. Now, from Lemmas 2 and 3, using [A,, Ag] =0 and
{A5, A4} = 0, we find that [N, Z] = 0 as well as {N, X} = 0.
This is possible if N = +Z. Similarly, using {A», A¢} = 0 and
[A4, Ag] = 0, we find that O = +£X. Therefore, there exists
another unitary transformation U, : C* — C* such that

UMUy, =2, UJNU,==Z,
Ujou, =X, UjPU,==+X.

Then, we find the relations in Eq. (29). |
We have thus arrived at the main result of this paper.
Theorem 1. If a quantum state |¢) and a set of measure-

ments A; with i € [1, 6] maximally violate the inequality (7),

then there exists a projection P : H — V with V = C? ® C?

022408-5



JEBARATHINAM, SHARMA, SAZIM, AND AUGUSIAK

PHYSICAL REVIEW A 110, 022408 (2024)

and a unitary U acting on V such that
U'(PAIPHU =X ®1,, U (PALPHYU =1, ®X,
UT(PAPHYU =1, 2Z, U (PASPHYU =Z ® 1,
UT(PAsPHYU =X ®2Z, U'(PAsPHU =Z2@X, (37)

UPly) = l¢™), (38)

where |¢T) is the two-qubit maximally entangled state Eq. (5).

Proof. A quantum state ) that belongs to a Hilbert space
‘H and a set of observables A; acting on H attain the maximal
quantum violation of the inequality (7) if and only if they sat-
isfy the set of Egs. (14)—(18). The algebraic relations induced
by this set of equations let us prove Lemmas 1-4 which imply
that there exists a projection P : H — V = C* and a unitary
U = U, (1, ® U,) acting on V = C* for which Egs. (29) hold
true. Now, using stabilizer condition Eq. (14), we find that
the sign in front of UTA;U can only be +1. Similarly, using
Eq. (15), we can fix the sign of UTAgU to be +1.

From the above characterization of the observables, we
can infer the form of the state |¢). Indeed, after plugging
A; = A; @ A; with 4; as given by Eq. (37), into the conditions
(16) and (17) one realizes that the latter is simply the stabiliz-
ing conditions of the two-qubit maximally entangled state and
thus U (P |y)) = |¢™). This completes the proof. |

Given this self-testing statement, we will now show in
the following theorem that the above self-testing protocol is
robust to very small errors (€) which might come from noise or
experimental imperfections. A rigorous proof of the following
fact has been furnished in the Appendix.

Theorem 2. Suppose a quantum state [¢) and a set of
measurements A; with i € [1, 6] in ‘H provide a nonmaximal
violation 5 — € of the inequality (7). Then, there exists a
projection P : H — V (with V = C? ® C?) and a unitary U
acting on V such that the measurements A; and the state |)
acting on V satisfy the following relations:

|UTA™ST — AP | < myv/e + mae',
[(F1pT) 12 = 1 — (s1€ + 526" +537/€),  (39)

where my, my, s, 52, and s3 are positive constants and Aopt
are the optimal measurements obtained in Eq. (37).

III. CONCLUSIONS AND OUTLOOK

In order to demonstrate Kochen-Specker contextuality via
noncontextuality inequalities, we need to assume certain com-
patibility relations between the measurements by defining
“contexts.” On the other hand, with temporal inequalities,
we do not need to assume any compatibility conditions on
the quantum measurements. In Ref. [15], a self-testing pro-
tocol based on observing measurement statistics that imply
Kochen-Specker contextuality was proposed. This protocol
certifies a two-qubit maximally entangled state and a subset
of two-qubit Pauli measurements for realizing a topological
quantum computer. In this paper, we proposed a self-testing
protocol based on a temporal inequality that certifies this two-
qubit entangled state and measurements. Thus, our scheme
provides an alternative certification to the approach based on

Kochen-Specker contextuality as it does not assume those
compatibility conditions.

As a future direction, it would be interesting to find a self-
testing scheme using temporal inequalities which will work
for general measurements. In our paper, we need to assume
that measurements are projective if we drop the compatibility
assumption. Note that Ref. [21] assumes that the measure-
ment device produces a maximally mixed state as well as
that the same measurement performed many times produces a
particular outcome with certainty always in order to drop com-
patibility assumptions. Alternatively, it was suggested that one
can assume a full rank input state to the measurement device
instead of a maximally mixed state in order to remove the
compatibility assumptions [23]. Therefore, we are lacking a
universal self-testing scheme where such assumptions will be
lifted. Also, it would be useful to find temporal inequalities
with which we can reproduce self-testing statements for other
existing noncontextuality inequalities. In another work, we
extend our protocol to certify n-qubit quantum states and
measurements with n > 3 [32].
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APPENDIX: ROBUSTNESS ANALYSIS

In this section we show that our certification scheme is ro-
bust to the experimental errors and imperfections, i.e., we can
certify the state and measurements within a threshold fidelity
close to the ideal state and measurements, even when the
inequality (7) is violated nonmaximally. Let us assume that
a maximal violation of the inequality (7) is obtained with an
€ error, i.e., a nonmaximal violation of 5 — € is observed. We
will now demonstrate that for ¢ — 0, the quantum realization
is very close to the optimal quantum realization that gives the
maximal bound. For a nonmaximal violation of 5 — € it is
implied that the sequential correlations satisfy the following
bounds:

(A1A2A3), > 1 =26, (A2A1A3), > 1 — 2¢,

(A4As5A6), = 1 —2¢, (A5A4A¢), = 1 — 2€,
(AlAg), 2 1 —€, (A2As), 21—k,

—(A346), = 1 — €, (A1)

for some € > 0. From these error-prone correlations we will
do all the steps that went into the self-testing in the error-
free scenario, i.e., we will deduce the commutation relations,
anticommutation relations, invariant subspace, and states and
measurements within a small error bound. The sequential
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correlations in (A1) further bound the quantum expectation
values in the following way:

((A1A2A3 + A3A2A1)) > 2(1 —4€) YV permutations,

(A2)
((A4AsAg + AsAsAy)) > 2(1 —4€) VYV permutations.
(A3)

It can be seen that these relations are an approximate version
of the optimal relations in (14)—(18). Equipped with these
relations we now present the following lemma that will be
useful for further proofs.

Lemma 5. Suppose the relations in (A1)—(A3) are satisfied
for some € > 0. Then the following bounds hold true:

(A1 — A2A3) [¥) | <4 ¥ permutations,  (Ad)
(As — AsAg) [¥) | < 4v€ V¥ permutations,  (A5)
(A1 = Ag) [¥) || < 24/e, (A6)
(A2 — As) [¥) || < 24/, (A7)
(A3 4+ Ae) [¥) || < 24/e. (A8)

Proof. We note the following:

IAT = A243) [¥) | = V2 — (414243 + A3A2A))) < 4V/e,

where we simplify the norm by using the fact that A; are
unitary measurements and then we substitute (A2) to get the
inequality. In the noise-free scenario, this reduces to A; |) =
AAz |¥). In a similar way, we can obtain other relations. W

Using these relations one can obtain the following error
bounds on the anticommutators in Eq. (19):

AL A} 1) || < 14Ve.

The error bound can be obtained by following the proof
of Eq. (19) and replacing each step of “equality” in the
proof with a triangle inequality and then using the bounds
in (A4)—(A8). For instance, in the anticommutation proof of
{A1, As}|¥) = 0in Eq. (20), we do the following:

1(A1As + AsAy) [¥) |l
< 1(A1As — A1A) [¥) || + [1(A1A2 — A3) [) |l
+ (A3 +A6) V) | + I(—A6 + AsAs) [¥) ||
+ [(—AsAs + AsAp) [¥) || < 144/€,

where we have used a chain of triangle inequalities for the
vector norm, the error bounds from (A4)—-(AS8), and the fact
that the vector norm is unitarily invariant. In the same way,
we can get error bounds on the other anticommutators from
Eq. (19).

(A9)

(A10)

Action of A; on subspace V

Next, we will show that the invariant subspace V :=
span{|vV), A||¥), As|¥), AjAs|¥)} considered in (26) is now
approximately invariant under the action of operators A;
for i € {1,...,6}. We find that the operator A; keeps the
space V invariant. For As, the nontrivial transformations are

(D) AsA; [) &~ —A1As [{) + 14./€ |&) and (2) AsA A5 | ) ~
—A1 [¥) + 14, /€ |&) from Eq. (A10). Therefore, As keeps the
vectors from V approximately invariant. Note that vector |£) is
arbitrary, moreover, we can assume without loss of generality
that |€) lives in a subspace orthogonal to V.

Similarly, one can show that other operators keep the
subspace invariant approximately. For example, the op-
erator A, acting on V changes its vectors to A, |y) =
As |) 4 2/€ &) and ArAs |Y7) = A3 |¢) + 2./€A |€) using
Eq. (A7). Now, the vector ArA; |) ~ A1A;p ) + 8./€ |€)
due to the relation that ||A1A; — AA | < ||A1A; — Azl +
lA; — AyA || < 84/€ [using (A4)]. Then, it implies us-
ing Eq. (A7) that A>A; [¢) & A1As [¥) + 2/e(1 + 4A)) [§).
The last vector AA1As|y) ~ ArA1A; |V) + 2./€ArA |€)
first, then A>AjAz [¥) ~ A3A; [Y) + 8./€A; |£). Therefore,
A, keeps V invariant approximately. We tabulate all such
transformation in Table 1.

From Table I, we see that indeed action of A; keeps V
invariant approximately. However, notice that the vectors in-
side V are not necessarily orthogonal. Therefore, it is not
guaranteed that A; acting on an arbitrary state from V will
keep it approximately within V. To proceed, we need to show
the following:

max |4 [¥), —

gy X [Vl

< fle), (A11)
where f(e€) is some well-behaved function of €. This will
ensure that the action of A; on V will be approximately in-
variant. For this purpose, we state and prove the following
lemma. Importantly, we can remove maximization using the
Gram-Schmidt orthogonalization procedure.

Lemma 6. Under the action of operators A; for
ie{l,..., 6}, the subspace V := span{|y), A{|V), As|¥r),
A1As|¥r)} changes as follows:

Vig), eV, 3l) eV, st
[Ai (W) — [¥) || < 2Civ/e,

where C; with i € [1, 6] are real, finite, and positive constants
and k € [1, 5].

Proof. Let us denote the vectors that span the subspace
Voas |e1) =|¥), lea) =AilY), les) = Aslyr), and |es) =
A1As|Yr) and define the Gram matrix (I') with the elements
Ly = (em| ey). Then, by applying the Gram-Schmidt (GS)
orthogonalization procedure one finds an orthogonal basis that
spans the subspace V. We denote this basis as {|¢,,) |m =
1,...,4}, where |¢,,) are expressed in terms of the initial
vectors |e,,) as [33]

|¢m) = Z[F_]/z]nm |en) .

(A12)

(A13)

Now, we notice that the Gram matrix I' is invariant when
we have following transformation.

(1) ler) = Xaler)=A|¥), lea) — Xz |ea) =1v),
le3) — X3 le3) =A1As | ), and |es) — X |eq) =As |Yr).

(2) le1) = Xz ler) =As|¥), lea) — X3lex) = A1As |¥r),
le3s) = Xz les) = ), and |es) — X3 |es) = Ay |Yr).

(3) le) = Xaler) = A1As V), lex) — Xylex) = As|yr),

les) — Xy les) = Ay |), and |es) — Xy leq) = |¥).
Here the symbolic operators, X;, X3, and X4, mimic the
action of Ay, As, and A} As respectively. Therefore, we have
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TABLE 1.

A;V — V + f(e). The table describes how the vectors spanning V transform under the action of A; in the nonideal scenario.

Here, we denotex = 2+A1, @1 =1 +4A1, @2 =A2(l +®4), @3 = 2+A4®4, @4 =1 + X and @5 = 3+X

v V) ALly) As|¥) AAs|Yr)
AV Ally) [¥) AAs|¥) As|¥)
AV As ) +2J/€ §) AiAs ) +2/€0, [§) V) +2/€A; [§) Ar[Y) +2/€0, [§)

A3V AiAs 1) +2/€x 1§) As ) +6/€§)
AV AL lY) +2/€ &) [¥) +2/€As |E)
AsV As |¥) —AiAs [Y) + 14/ [£)
AgV —AiAs [Y) +2/€04 [§) As ) +2/€(2 + Ag) I€)

A |Y) +2/€2 4 A3) [§) V) +2/€Asx §)
—AiAs [§) + 24/€Os &) —As [¥) +2/€05 §)
1) —A 1Y) + 14 /€ )
AL |Y) +64/€§) — ) +2/€AsO4 [§)

another three GS bases (with the same Gram matrix I") which
also span V. It is evident from Table I that we only need
these four bases, {X; |e,)} € V for our analysis below. Now,
any vector |V), € V, Vk € [1, 4] can be expressed in terms of

these orthogonal bases as
2 [M]

Ve =Y X ) = X len)

(Al4)

where X; =1 and «, are complex coefficients satisfying
> lo,|? = 1. Notice here that the action of X, on the set of
vectors |e,) € V in Eq. (A14) is listed above.

Equipped with the above relations, we are now ready to
prove the lemma. First we prove that A; [); = |/), below:

Ay =4 (Zam Z [Ffl/z]nm |en>>
5503 it

where we use Eq. (A14). Now, consider the action of A, on V,
and then using Table I

Arl¥)y =) an ) IT
~ Zal‘ﬂ Z[F7

=¥y +2vE Y o D [T ] fu(A2) [€) .

XZ len) = |1ﬂ)2 s

71/2]nmA2 len)

2 lamdXs len) + 24/€£,(A2) 1€))

where fl (Az) = 1, fz(Az) =1+ 4A1, fg(Az) = Az, and
fa(A2) = Az(4 + A)) using Table I and we use Eq. (A14) in
the second line. Note that in the above equation, we find that
the Gram matrix remains invariant also under the action of
{A;li € [2,6]} as (e, |&) = 0. By rearranging the terms, we
find the below relation:

lA2 1)) —

T2, 1 (A2) &) H

< 2\/_C2,
<

where we used |o,,| < 1 and identified the real and positive

constant C, as

G=)

m

D I Pl fu(A2) 1) H

Notice that it is straightforward to find the expression of C, by
opening the summation over n. In this way a lot of terms will
be simplified by noticing that A? = 1.

Similarly, we can prove that all the operators A; will keep
V approximately invariant. In the end, we get the following
relations for the rest of the operators for their actions on V':

Vigy eV 3 eV, st A1) — ¥, | < 2VeGs,
Vv eV 3y, eV, st Ay) — W), || < 2VeCy,
Vigy eV 3z eV, st lAs|y) — [¥); ]| < 27/eGs,
Vigy eV 3 eV, st A ly) — 1Y)l < 24/eCs,

(A15)

where C; with i € {3, ..., 6} are real, finite, and positive con-
stants. Moreover, the constants C; can in general be estimated
by the following relation:

T fa(A)) |E) (A16)

where the expressions of f,,(A;) can be found from Table I.
Hence, we prove the lemma. |

Due to Lemma 6, the operators A; are approximately re-
sEricted to the subspace V, i.e., we can write them as A; =
(2" Z{), where similar to the error-free scenario A; = PA;P
with P : # — V projects onto V, A; acts trivially on V, and
the correlation terms between V and V+ represented with B
are of the order of 2C; /€. Since the action of A} on V is trivial
and B on V is of the order of 2C;/€, we can conclude that
the contribution to the nonmaximal violation comes mostly
from the operators A;. For the remaining proof, we can limit
ourselves to A; only. Furthermore, due to (A15) all the eigen-
values a; of operators A;, respectively, are bounded as follows:

1 —2Ci/e < (A7)

Note that since A; keeps V invariant, we have the unitary
condition A% = 1, whereas all the remaining hatted opera-
tors are not unitary anymore. For robust self-testing, we also
need to show that the commutators and anticommutators from
Lemmas 2 and 3 hold within a small error bound proportional
to €. We derive these bounds in the next two lemmas. The
derivations of the error bounds on the commutators and an-
ticommutators are obtained by following the proofs in the
error-free scenario and replacing the “equalities” with the
relevant triangle inequalities.

|(11| = l’ |al X
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Lemma 7. Suppose a nonmaximal quantum violation 5 — € of the inequality (7) is observed. Then the following error bounds
on the commutation relations can be obtained:

{ITAY, A2l AL AsTHlL, 1TAs, As]I < 4(Ca + Ca)W/e,
{IITA4, Asll, IITAs, Aslll, N[As, Aslll} < 4(Cs + Cs + Co)/e,
I[A1, As] < 4Csv/e, ||II[A2, As]l < 4(Car + Cs)e, ||[Az, Aglll < 4(C3 + Co)/e.

Proof. We will show the proof for error bound on [A;, A,], and the remaining bounds are obtained in a similar way. To
get a bound on ||[A;, A;]||, we will prove that ||[A], A,]|| is bounded by 4(C, + C3)+/€ in arbitrary vectors from subspace V.
Considering the vector |); € V, we have

I[AL Ao][¥)) | < [[(A1A2 — A3) [¥) (| + [I(As — A2A) [¥),

where we use the triangle inequality. Now, considering the term ) ; [|(A14, — A3) [¥), || and evaluating it,

(A1A2 = A3) [¥)y || < [lAA2 [ )y — )4 T+ 11T Ds — As 1Y)y s

where |¢), € V. According to Lemma 6, || |), — A3 [¥), || < 24/€C;. We need to evaluate the first term above. Further notice
that

[A1A2 19y = [¥)a Il < 1AA2 1Y)y = A ()5 I+ AL IY)s — [¥)a s

where |); € V. Using Lemma 6, we conclude that ||A;A; [¥/); — Ay |¥)5 || < 24/€C,. Note that the relation Ay )y = [¥),
holds trivially. Therefore, we reach to the following expression after collecting all such contributions:

ITA1, A2l 1¥) || < 44/e(Ca + G3).

Similarly, we show this for all the commutators. This proves our claim. |
Next, we find the error bound for the anticommutation relations in the following lemma.
Lemma 8. Suppose a nonmaximal quantum violation 5 — € of the inequality (7) is observed. Then the following error bounds
on the anticommutation relations can be obtained:

{I{A, A, AL, A, 1HAs, Addll, I1{As, AsYl, AL A6, A2, Adll} < 4C, Ve,

where C,, = 216 , Ci is also a finite constant.
Proof. We consider ||{A3, A4}||, and prove the upper bound for it by showing that ||{A3, A4}| < 4C /€ for every element of
V. Similar to the proof of Lemma 7, consider any arbitrary [y), € V, then

[{A3, Ag} V)1 | < 1(AsAg — A3Ay) [Y)y [ + [[(A3AL — A2) [¥) || 4 [1(A2 — As) [¥), ||
+ [1(As — A4Ae) [V) || + [[(A4As + AsA3) [¥), I,

where we use the triangle inequality. Then from Lemma 6, the first three terms in the right-hand side are easy to compute
and, directly, [| (4345 — A3A)) ), | < 2V/€Cs, [(AsA) — A2) [¥), | < 24/€(Ca + Cs) and [[(Az — As) [¥), || < 2V/€(Cy + Cs).
The fourth one can be estimated as ||(As — A3A4¢) |¥); || < 24/€(C4 + Cs + Cg) and the last one can be expressed as ||(A446 +
AA3) ¥ || < 24/€(Cs + C3). Collecting all these contributions, we find that

A3, Aa} 1¥) 1 || < 4G, Ve,

where C,, = Z?:z C;. In the same way, we can show the other anticommutator bounds by Lemma 6. n

Having proved Lemma 8, we can show that for a basis {|¢;)}, we have Tr(Asfi]AS +A1) = Z (¢,|A5A1A5 + A |p:) <
> el (A1, As) @) || < 4C ,+/€, where the first inequality is obtained using the triangle inequality and the next one by using
the bound on ||{A,, A5} [¥); |l. Therefore, we can deduce that Tr(A,) < 4C ,+/€ which is possible only when Tr(A)) =0. A
similar situation holds for all other operators A,-. As in the noise-free case, we can write the dimension d = 2k for k € N, and
thus V = C2 ® C*. Also since, dimV < 4, we can only have kK = 1, 2. Now we are ready to certify the measurements in the
following lemma.

Lemma 9. Suppose a nonmaximal quantum violation 5 — € of the inequality (7) is observed. Then, there exists a basis in V
such that

A=X®1L, 1A, —1®Z]|
A3 — X @ Z|| < 2c34/€ + 16Ce'/4, Ay —1®X|

2cy+/€ + 8Ce'/4,
2c4r/€ + 16Ce'/4,

IAs — Z ®@ 1|| < 6C, /€ 4 2Ce*, lAs — Z ® X || < 2ce+/€ + 16Ce'/*, (A18)
where ¢; = G, +2C, ¢3 = C3 + 2C3 + 2C4 + 2C), — 2Cy, ¢4 = G, +2C, +2C4 + €, and ¢ = Cyy + Co + C3 + 2G5 + 2Cs.

NN
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Proof. From Lemma 8, we have ||{A|, As}|| < 4C f which implies that there exists a unitary I/, acting on V such that
AV=x®1, and AV =10M +X@M, +Y @M, +Z®M,, (A19)

where action of U, on the operator O is denoted as U/, TOU;( O™ for our convenience. Substituting the above form in the bound
A1, As}|| < 4C, /€, we get that [{AV, ALY = 11X @ 1, AL} || < 4C, /€, which further implies that

MM +X @M, = A —Y @ M, — Z® M| <2C,e. (A20)

Therefore, it holds that |[(Y ® My +Z ® M)?| > (1 — 2C, /€ ). From this approximate unitary, we can deduce the following:
|1® (M2 +M2) +YZ @ [M,, M.]| > (1 —2C,/€)

= (1-2C, /ey < |M;+M2| <1, and [[[My, M.]]| <4C, /€ —16C e < 4C,/e. (A21)

It is known that for such almost commuting Hermitian matrices we can find another pair of commuting Hermitian matrices
M}’,, Mé arbitrarily close to My, M, respectively [34,35], which in our case can be stated as

(M, M]] =0, st {[M,—M], [IM.—M]}<Ce, (A22)

where C is a constant independent of M,, M_; however, it is function of € and grows slower than any power of €. From (A21) it
can also be seen that |M, — cosal|| < 2C, /€ and | M, — sinal|| < 2C, /€, Va € [0, 2], which further implies the following:

IM, — cosarl|| < M — My|| + My — cosarl| < 2C, /€ + Ce'/*.

And similarly, we have |M] — sina1|| < 2C, /e +C €74, Now by substituting these bounds in (A20) we get the following by
using triangle inequalities:

JAL —cosaY ® 1 —sinaZ ® 1| — ¥ ® (M} — cosal)| — |Z ® (M, — sinal)| < 2C, /€
= |AY" — cosa¥ ® 1 —sinaZ ® 1| < 6C, /e +2Ce'/*. (A23)

Therefore, we can proceed further by applying another unitary U/, such that Z/{zT (cosaY @1+ sinaZ @ 1)U, — Z R 1 and keep
A(ll) = X ® 1 unchanged as the rotation is in the y-z plane. Therefore we have a unitary U; = U, such that

UAU =X ®1, |UAsU; —Z® 1| < 6C, /e +2Ce'*. (A24)

Now that we have the above form of A; and As, we can write the remaining operators in the same basis as following by using
Lemmas 7 and 8:

|UTAU; — 1 ® N|| < 2Cav/e +4Ce'*,  |UJAU; — X ® O] < 2C34/€ +4Ce' /4,
|UTAU; — 1 ® P|| < 2Can/e +4Ce'*, ||UTAsU) — Z ® Q|| < 2Csv/e +4Ce' 4, (A25)

where G = (4+ V2)C + V2C; +4Cs, C3 =4C, + V2Co + G3). Cu= 4+ V2)Cy+4(Cs + C), Co=VC2+C2+
4(Cy + Cs5 4+ Cg), and N, O, P, and Q are Hermitian operators acting on the subspace of dimension k < 2. We will show
explicitly how to obtain the relation for A, and the remaining operators can be obtained similarly: first, by expanding A, in
the Pauli basis as follows:

A =19N+XQN,+Y ®N, +Z®N.. (A26)

Substituting this form in the bounds on commutation relations of A, with A and As from Lemma 7, we will get the following
relations respectively:

IY @ Ny +Z@N, || = Ay — 1@ N — X @ Nl < 2(Ca + C3)V/e,
[Y ® Ny +X @ Ny|| = |[Ay —1® N — Z® N, || < 8(Cy + Cs)+/e +4Ce'/*. (A27)

Now notice that since A, is almost a unitary matrix, the operators Ny, Ny, and N, approximately commute with each other. We
can further show by manipulating the above expression that

1Y @N, +Z@N)| = [I@ N2 + 1@ N2+ YZ[L® Ny, L ® N.1| < 4(C2 + C3)%€
= [I@N; + 1@ N[ <4(Cy+C3)’e + [YZ[L® Ny, 1 ® N.]|| < 8(C, + C3)%€
= [N, [IN:]] < (G2 + G3)V 8,

where we have expanded using the triangle inequality and then upper bounded [|YZ[1 ® Ny, 1 ® N ]|| by [2(C, + (N
using the fact that 1 — 2Cy4/€ < |az| < 1 from (A17). Substituting these in the second relation of (A27), we will get the bound

022408-10



CERTIFICATION OF TWO-QUBIT QUANTUM SYSTEMS ... PHYSICAL REVIEW A 110, 022408 (2024)

A, —1®@N| < 2C2\/_ +4Ce*, with Cy = (4 + V2)Cy + v/2C5 + 4Cs. In a similar way we can get the relations for the
remaining operators in As, A4, and A6 in (A25).
Now, using the bounds on A, and A, (A25) and the bound on {A,, Ay} from Lemma 8 we can show that

{ISN,1®PH < [(IQON —ANIQP| + A2 Q1P —ADI+ 1@ P(LON — A + (1 ® P — ApAs ||
+ {A2, Ag}|| < HC) + Co + Ca) /e + 16Ce' 2. (A28)
We can now find a unitary operator U3 such that
IMON® —1®Z| < [1®N — A + |AS — 1® Z|| < 2(C, + Co)/fe + 4Ce' /4, (A29)

where we have first used the triangle inequality and then the bounds on |1 ® N — A, || from (A25), ||A; — 1 ® Z||, from the fact
that the minimum eigenvalue of A, is 1 — 2C,./€. Now using the anticommutation bound in (A28) and the inequality in (A29),
we can get the following relation:

HI®@PP 1@Z} < I{1@P, 1N} +{I1®PD, (1R®Z -1 ND)|
S AC, + Cy 4 2C) 4 Cy)/e +24Ce 4,

where we first use the triangle inequality and then apply the upper bounds. From the above relation, the form of 1 ® P® =
Pl®1+pl®X +p,l1®Y + p.1 ®Z can be written as

1®PY —pl®@X —p,l @Y < 2(C, +Cy +2C + Cy)/e + 12Ce'/*.

By finding another unitary {4, which rotates the operator p,X + p,Y to X and leaves 1 ® Z invariant as it rotates the operators
only in the x-y plane, we can get the following by defining U, = Uslf3:

1Uf1 @ NU, — 1 ® Z|| < 2(Cs + Ca)v/e + 4Ce'/*,
IU;1 ® PU, — 1 @ X || < 2(C, + C + 2G5 + Cy)/e + 12Ce'*. (A30)

Thus by defining the effect of these unitaries as U = U,U,, and then substituting the relations of (A30) further in (A25) for A,
and A4, we will get

IUTAU - 19X < UTAU — Uj1® PU || + U1 ® PU, — 1 @ X||
IUTAU -1®Z| <

2(Cy +2C, +2C4 + C)\/€ + 16Ce' 4,
2(Cs + 2Cy)/€ + 8Ce' /4, (A31)

NN

IUTAU - U1 @ NUy|| + IU; 1 @ NU, — 1 ® Z|

Now to obtain the operators A; and Ag we need to determine O and Q. To do this, we use the bounds on the commutator and
anticommutator of A3(Ag) with A, and A4 from Lemmas 7 and 8. Let us note the following relations for O:

IX ® 0.1 2] < (X ® 0 —A)NRZ| + A1 @ Z — Ayl + 1Ay — 1 ® 2)A5]| + 11 ® Z(As — X ® O)]|
+ I[A2, A3]ll < 4(Cr + Cr + C5 + C3)\/e +24Ce'/4,

X ®0, 1@ X} < X ®0 —A)1 @ X + |A3(1®X — A + 11 ®X(X ® O — A3)| + (1 ® X — Ap)As]|
+ 1{A3, Ag}ll < 4(Cy + C3 + Cy) /e +24Ce'*,

Here we have used the triangle inequalities and then the bounds from (A25) and (A31) and then the bounds on ||[A;, A3]|| and
[{As, A4}||. From the above two relations, we can deduce that ||[O, Z]|| and ||{O, X}|| also satisfy the same bound. Expanding
the operator O as 011 + 0,X + 0,Y + 0.Z, we can conclude the following:

0. X +0,Y || < 2(Cy + C + C3 + C3)\/€ + 12Ce'/4,
o1l + 0.X || < 2(Cy + Cs + Cy)v/e + 12Ce'*,

where from the second relation we can write |01 & 0,| < 2(C,, + C3 + Cs)/€ + 12C€'/*, which implies that |o;| and |o,| are
also bounded by the same number. Substituting this in the first inequality we can bound ||o,|| and then from there we can show
that

10 =Z|| < |0 = 0.Z|| + |l0.Z = Z|| = lloi]1 + 0,.X + 0, Y || + [l0.Z = Z| < lo11 + 0. X || + llo,Y || + |lo.Z — Z||
< 2(C3 + C3 +2C4 +2C, — 2Cy) /€ + 12Ce'*,

where we have used the triangle inequalities and then the bounds on respective operators proved just above. Also, |0, = 1| <
2C;4/€ because the minimum magnitude of A3 eigenvalues is 1 — 2C;4/€. In the same way, we can get the following bound on

10— XII:
10 — Xl <2(C, +Cy + Cs +2C, + Co) /e + 12Ce'/*.
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Substituting these relations in (A25), and by using the triangle inequalities, we get that
IUTAU —X @ Z|| < |UTAU —X @ O + X ® O — X ® Z|| < 2(C3 + 2C5 + 2C4 + 2C, — 2C>)/€ + 16Ce' 4,
IUTAU —Z@X|| < [UTAU —Z@ QI+ 1Z®@ Q- Z @ X| < 2(C, + G + Cs + 2G5 + 2Cs)/€ + 16Ce'/*.

This completes the proof.

Lemma 10. Suppose a nonmaximal quantum violation 5 — € of the inequality (7) is observed. Then, there exists a basis in

the subspace V such that

(WPl P = 1 — (s1€ + 5% + 537/€),

(A32)

where s and s, are positive constants, and |¢™) is the two-qubit maximally entangled state and U (P| |v/)) = |1/7).
Proof. Let us consider the following expectation value in any arbitrary state from V':

XRX)=1-3X®@1-1QX[I°>1-3(IX ®1—A|* + lA] — Asll” + A5 — 1 @ X|I*)
> 1 —2[4C; + cie — 32¢4Ce¥* — 128C7 /e,

where we have used triangle inequality in the first line, then used Eq. (A6) and Lemma 9 in the second line. In the same way by
using Lemma 9 and Eqgs. (A7) and (A8), we can show respectively that

(Z®Z) 2 1—-2[9C, 4 C3 + 5 +C5 e —4BC, + 4c2)Ce™* — 34C2 /e,
—YeY)=1-X®Z-Z®X|*>1- (X ®Z — As|* + |IA; — AelI” + lAs — Z ® X|*)

> 1—2[c3 4 g+ C5 4+ Cgle — 32(c3 + c6)Ce>* — 256C° /e,

(A33)

where we have used iXZ = —iZX =Y with i = «/—1. From the above three relations, it is straightforward to guess that the
state must be of the form |) = cos(9) |¢™) + sin(0) |¢p~), where |¢p~) is orthogonal to |¢*). The lowest bound on the fidelity
of [) with |¢T) comes from the last relation (A33). Therefore, we get

cos?(0) — sin®(0) > 1 — 2(s1€ + 52€°/* + 533/€),

where sy, s, and s3 denote the constant factors (divided by 2) in front of €, /4, and /€ respectively in Eq. (A33). This

immediately implies the following:

| (F1pT) 1> = cos*(0) = 1 — (si€ + 5267/* + 53/€).

Hence, we prove the lemma.
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