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Using quantum computers to identify prime numbers via entanglement dynamics
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Recently, the entanglement dynamics of two harmonic oscillators initially prepared in a separable-coherent
state was demonstrated to offer a pathway for prime number identification. This article presents a generalized ap-
proach and outlines a deterministic algorithm making possible the implementation of this theoretical concept on
scalable fault-tolerant qubit-based quantum computers. We prove that the diagonal unitary operations employed
in our algorithm exhibit a polynomial-time complexity of degree two, contrasting with the previously reported

exponential complexity of general diagonal unitaries.
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I. INTRODUCTION

The quest to reliably and efficiently identify prime num-
bers (PNs) remains a topic of great interest in number theory
[1-4], particularly due to its intriguing connection with the
nontrivial zeros of Riemann’s zeta function [5-8]. Over the
centuries, numerous classical algorithms have been devised
for identifying primes, each offering its own set of advan-
tages and limitations [1,2,9]. Among these, the AKS primality
test stands out as the first deterministic algorithm to exhibit
polynomial-time complexity for verifying the primality of
individual integers, albeit with a polynomial degree that ren-
ders it less efficient for larger numbers [10]. Conversely, the
Sieve of Eratosthenes offers a simpler approach, focusing
on identifying all PNs within a specified range N. Its time
complexity, O(N log log N), renders it particularly efficient
for this purpose [2].

While classical algorithms for PNs identification [10-13]
have undergone significant development, their adaptation to
the realm of quantum computers (QCs) remains relatively lim-
ited [14—16]. However, the intersection of such questions with
experimental physics [17-19] presents a promising avenue
for the development of more intuitive quantum algorithms.
A notable recent study [19] proposed an innovative approach
to primality testing using quantum optics. In their work, re-
searchers devised an experiment involving the entanglement
of two quantum harmonic oscillators initially prepared in
coherent states, followed by the measurement of the reduced
linear entropy of one of them. They theorized that information
regarding PNs could be extracted from the Fourier modes
of the reduced linear entropy: PNs were expected to adhere
to a lower bound curve, while composite numbers would
consistently surpass this bound. Although the experimental
implementation has yet to be realized, and has known scal-
ability limitations, their theoretical groundwork has laid the
foundation for us to generalize their approach and to develop a
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deterministic algorithm tailored for implementation on qubit-
based QCs.

In this article, we build upon the theoretical framework
proposed in Ref. [19], aiming to adapt it for implementation
on qubit-based QCs by removing certain restrictions imposed
on the Hamiltonian and initial states. As a result, we demon-
strate, as detailed in the Appendixes, that the class of diagonal
unitary gates utilized in our approach can be implemented
in polynomial time, contrary to the expectations set forth
in Refs. [20,21]. Our algorithm is designed to determine
all PNs within a given range N through the manipulation
of a bipartite system AB and the measurement of the lin-
ear entropy of entanglement [22-25] of subsystem A over a
period T'.

Our methodology unfolds with the following steps. First,
we modify the definitions to align with the peculiarities of
qubit-based QCs. Secondly, we select a suitable initial state
that can be efficiently prepared. Thirdly, we efficiently prepare
an evolved state using the techniques outlined in Ref. [21],
which surprisingly results in exponential gate cost reduction
in comparison to the general case. Subsequently, we measure
the reduced purity, a task that can be executed efficiently
[26]. Following this, we calculate the Fourier modes of the
reduced purity function via numerical integration methods
[27].

Given a data set encompassing all points within the range
N, our algorithm enables the deterministic identification of
Fourier modes corresponding to PNs, allowing for the distinc-
tion between primes and composites. We quantify the number
of gates utilized at each step, with a specific focus on Z rota-
tions, controlled-NOT, and Hadamard gates. Additionally, we
discuss simulations conducted using QISKIT [28] and explore
potential enhancements to our algorithm for more efficient
implementation on real qubit-based QCs.

We begin by establishing key definitions. Let A and B
represent the respective subsystems, each characterized by a
time-independent Hamiltonian A, and Hg, where Hy = Hp.
We define a bipartite Hamiltonian Hyz = AH, ® Hp, with
A € R denoting the coupling constant. The corresponding
time-evolution operator is given by U (t) = e~ !/l [29].
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To obtain a distinction between prime and composite num-
bers, we employ the initial state |1/ (0))az = |¢)a ® |@)p. A
suitable choice for these individual states is

d

6)s = Y CuslEny). (1)

ng=1

where S = A, B represents the subsystem index, d is the
dimension of each subsystem, c,, 7 O are the initial-state
coefficients, and {E,}¢ _, and {|E,)}¢ _, denote the eigen-
values and eigenvectors of each subsystem Hamiltonian,
respectively. The evolved state at time ¢ is |V (t))ap =
. d .
OO O)as = X2 . _1 concuye *Enbrnt/MNE, E, ).

Our main condition requires that the energy levels of both
individual Hamiltonians are equidistant, i.e., E,, = ngu for
some constant 1 € R. Defining @ = Au?/h, we find that

d
Owy= Y e™“""|Ey,Ey,)EnEn| )
na,np=1
and
d
W @Oas =Y CaCuye " |E,,E,,). 3)
na,ng=1

A key result of our research is the demonstration of high
gate efficiency for implementing the diagonal unitary gate
specified in Eq. (2), as detailed in Appendix D. We show that
the gate cost for constructing the g-qubit unitary gate U (¢)
using this method is a polynomial function G,(g) = %qz +4q.
This result not only facilitates PNs identification but also
paves the way for efficient implementation of similar unitary
gates in future qubit-based QCs research.

The remainder of this article is organized as follows. In
Sec. II, we give the general expression for the reduced purity
of a subsystem (A) and highlight its mathematical proper-
ties. Next, in Sec. III, we establish the theoretical connection
between the Fourier modes of the reduced purity and the
distribution of prime numbers. Then, in Sec. IV, we report
our quantum algorithm, specifying the techniques used and
the associated computational costs. In Sec. V, we present the
results of simulations made using QISKIT. Finally, we conclude
in Sec. VI by revisiting the key points of our method and
quantum algorithm, while discussing limitations and further
potential improvements with respect to an implementation on
quantum hardware. Additional details supporting our findings
are provided in the Appendices. Appendix A is a summary
of the technique developed in Ref. [21] for the implementa-
tion of general diagonal unitary gates using Walsh functions.
Appendix B presents a proof for a known identity that relates
tensor products of Pauli Z gates and CNOTSs, and a proof for
how this identity relates to the implementation of exponentials
of Walsh operators. In Appendix C, we prove some results
regarding Walsh matrices and delineate our notation for them,
as it will be heavily used in further demonstrations. Then,
Appendix D uses results from the previous Appendices to rig-
orously demonstrate that the diagonal unitary gate in Eq. (2)
may be implemented efficiently using only a polynomial num-
ber (with respect to the number of qubits) of elementary gates.
Furthermore, Appendix E is a direct proof for a modified

version of the SWAP test, aiming for the estimation of the
reduced purity.

II. REDUCED PURITY

Without loss of generality, we designate subsystem A for
computing the reduced purity y4(¢). Let us begin by revisit-
ing the definition of the reduced density operator p4(¢) for
a system AB with density operator pap(t), given as p4(t) =
Trp(pap(t)), where Trp(.) denotes the partial trace function
[30] over subsystem B. The reduced purity function, y4(¢) =
Tr(,?)% (t)), can then be computed from p,4 (7). This quantity is
related to the linear entanglement entropy by E; (| (t))ap) =
1 — ya(t). Given that pap(t) = | (t))ap{¥(t)|, the reduced
purity can be straightforwardly expressed as

d

2 2 2 2 —i j—k)(l—
@) =Y leiPleclPlelPlenl?e TR 4
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It is noteworthy to highlight several properties of the func-
tion y4(¢) defined in Eq. (4). First, it exhibits time periodicity
with period T = 27 /w, a characteristic stemming directly
from the time evolution of our system. Secondly, a notable
observation arises from the structure of the sum in Eq. (4):
the indices j, k, [, and m all take the same values. As a
consequence, the imaginary parts of the phases ¢~"(/=0(=m
for a fixed t+ mutually cancel each other. This cancella-
tion is crucial, ensuring that y,(¢) remains a real-valued
function. This function is symmetric about half the period,
ya(T /2 + h) = ya(T /2 — h), which enables us to halve the
number of times we need to execute the quantum circuit to
obtain it.

III. MAPPING PRIME NUMBERS WITH FOURIER MODES

The reduced purity function given by Eq. (4) can be
expressed as a finite sum of cosines, where the maximum
number of Fourier modes a, is (d — 1)?. Therefore, employ-
ing a Fourier expansion in this scenario yields

(d-1y
yalt) = oo + Z o, cos(nwt), 5)

n=1

where «g represents the average value and ¢, are the Fourier
modes [31].
To compute the Fourier modes «,,, we utilize the expression

d—1 d d
2 2 2 2
an =433 lejlPlecllePlenl®st gy (6)

k,m=1 j>k I>m

where 8;_,,_,, represents the Kronecker delta function en-
suring the resonance condition for the Fourier modes. This
formulation allows us to decompose the reduced purity y4(t)
into its constituent Fourier components, facilitating the iden-
tification of PNs based on their distinct Fourier signatures.
For prime n, the trivial decomposition is (j — k) = n and
(I —m) =1, and vice versa. This results in a unique decom-
position that corresponds to the expected behavior for prime
numbers. However, if n is composite, it possesses nontrivial
decompositions as well. To examine the impact of these de-
compositions on the Fourier modes expressed in Eq. (6), let us
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define the lower bound B, as the value obtained from Eq. (6)
using the trivial decomposition of n > 2. Hence we have

d—n d—1
B, =8) > leullel’lceeallemil. ™)
k=1 m=1
This lower bound B,, provides insight into the minimum value
that the Fourier coefficient ¢, can attain for a given composite
n. Understanding this bound is crucial for discerning the dis-
tinct Fourier signatures associated with prime and composite
numbers. For 2 < n < d — 1, we have B,, > 0 as per Eq. (7).
However, when d < n < (d — 1)2, the domain of B, can be
extended such that B,, = 0.
Now, let {y"}°_, represent the sequence of z distinct divi-
sors of n > 2 in increasing order of magnitude. Excluding the
trivial cases yi") =1 and yg”) = n, we find that in general

1 d*vgﬁ) d7y5/1)
2. 2 2
o, =B,,~|—4Z Z Z k] “1eml }CHﬁ |Cm+y§”)
r=2 k=1 m=1 N

®)

This expression for «, encompasses both the contribution
from the trivial decomposition and the contributions from the
nontrivial divisors of n, enabling a comprehensive assessment
of the Fourier modes associated with composite numbers.

In the domain 2 < n < 2(d — 1), we can confidently as-
sert that «, > B, holds true. However, beyond this range,
specifically in the interval 2(d — 1) < n < (d — 1), certain
composite numbers n = ny may exhibit o, = 0. This phe-
nomenon arises because the first semiprimes (numbers that are
the product of two prime numbers) are multiples of 2. Conse-
quently, for np = 2v, where v > d — 1 is a prime, there exist
no values for the indices k and m in Eq. (8) that fall within their
defined ranges in the summation. However, in this interval it
is possible to discard any integer as a prime candidate if it has
a nonzero Fourier mode. Since prime numbers always yield
o, = 0 in this interval, we can safely guarantee that if ¢, 7 O,
then n is composite. The inverse, however, is not always true:
some composite numbers have o, = 0.

Here is the summary of the expected values of ¢, in the
three regimes.

Regime I: 2 < n < d—1. For prime numbers in this
range, it holds true that o, = B,, > 0; otherwise, «,, > B,,.

Regime II: d < n < 2(d —1). Prime numbers in this
interval exhibit «,, = B,, = 0, while composite numbers con-
sistently demonstrate «,, > 0.

Regime III: 2(d — 1) <n < (d — 1)*>. Prime numbers
within this regime always yield «, = 0. However, some
composite numbers may also yield o, = 0 in this interval.
Consequently, this regime cannot provide conclusive evidence
regarding the primality of n. Nonetheless, any integer n with
o, # 0in this regime is guaranteed to be a composite number.

This summary provides a clear delineation of the behavior
of «, across different regimes, aiding in the identification of
prime numbers based on their Fourier modes.

Our regime of interestis D = I UIIL. In D, it is consistently
true that

a, = By, )

with equality achieved if and only if # is a prime number. This
inequality forms the cornerstone of the algorithm and serves

as the basis for objectively distinguishing prime numbers from
composites.

While the protocol enables the computation of «,,, without
knowledge of B, in Regime I, it is impossible to discern
whether «, = B, or o, # B,. A straightforward solution in-
volves obtaining the analytical value of the lower bound
B, within that regime, achievable by selecting a simple
initial state and utilizing Eq. (7) subsequently. In our algo-
rithm, for simplicity, we opt for an initial state of maximum
superposition.

IV. THE QUANTUM ALGORITHM

Below, we provide a structured description of all the steps
necessary to develop our protocol. We also present here the
number of gates necessary for each step.

1. Qubit codification. To adapt our protocol to a qubit-based
quantum computing algorithm, we need to adjust some of our
definitions regarding the translation of qudits to qubits. Given
that the bipartite system AB has d” energy levels and we aim to
utilize g qubits instead of two qudits, the condition is imposed
that

d* =29, (10)

Equation (10) inherently assumes that d is a power of 2. If d is
not a power of 2, we have to find g such that g = 2[log,(d)],
where [.] denotes the ceiling function. We conveniently as-
sign the first half of qubits to represent subsystem A and the
remaining half to represent subsystem B.

2. Initial state flexibility. The initial state |1 (0))p is de-
fined as the product state |V (0))ap = |p)a ® |@)p, where the
coefficients ¢, of the subsystem states |¢)s = ZZS:] Cng |Eng)
must satisfy ¢, # 0. Leveraging this degree of freedom,
we opt for convenience by employing an initial state that
achieves maximum superposition, expressed as |{(0))ap =
5 ZZAMZ 1 |Ew, Eyy). Here, we implicitly define the eigenbasis
{Eng }ZSZI as the computational basis for each set of ¢/2 qubits.
To produce this initial state, we apply a series of Hadamard
gates H [29] to all ¢ qubits:

1 (0)) a5 = H®]000. . . 0). (1)

It is evident that the number of gates required here to generate
this initial state is simply

Gi(g) = gq. (12)

3. Evolved state preparation. The detailed results regarding
this item are provided in Appendix A. To obtain the evolved
state |¥(¢))ap of Eq. (3), we employ the method outlined
in Ref. [21] to construct U () efficiently. Initially, we have
to determine, in principle, all the 29 — 1 Walsh angles a;(t)
[32-35]. However, according to the results shown in Ap-
pendix D, only %qz + g of them are non-null. By definition,
Walsh angles are expressed as

29—1

1
aj(t) = 5, ;fk(t)wjkv (13)

where w j; denotes the Paley-ordered discrete Walsh functions
and f(¢) are thf: eigenvalues of the operator f (1), extracted
from U (1) = /.
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Together with the Walsh angles a;(¢), the unitary gate Ut)
is obtained using the formalism of Walsh operators ;. The
expression for U (¢) is then given by

29—1
0@ = [T e, (14)

j=1

To produce the exponential operators ¢/%®%i we use the
identity presented in Appendix B and consider the binary
representation (j, ... j2ji) of the integer j, with the most
significant nonzero bit (MSB) on the left. This enables us
to represent the exponential operator as a single Z rotation,
RZ(GJ-(I)), applied to qubit G, » flanked by two identical
controlled-NOT gates, with qubit g,,, serving as the control and
qubit Gm, aS the target. Here, the index my,, > 1 signifies the
position of the MSB of j and the indices m; are defined by
the condition j,,, = 1. These IéZ(Qj(t)) rotations have angles
0j(t) = —2a;(t).

Therefore, preparing | (1))ap = U (t)|/(0)) 4 demands a
number of gates given by

G:(q) = 3¢° +q. (15)

4. Reduced purity estimation. This step involves efficiently
obtaining the reduced purity y4(¢) of Eq. (4) by utilizing
techniques from Ref. [26]. The quantum circuit employed
here resembles the SWAP test circuit [36,37] and employs an
ancilla qubit gy and two copies of g qubits prepared in the
same pure state. The operations sequence for this quantum
circuit is as follows: a Hadamard gate on ¢g, qubit-qubit
controlled-SWAP gates between the first ¢/2 qubits of each
copy, with g as the control qubit, another Hadamard gate on
q0, and a measurement of g in the computational basis. After
repeatedly executing the circuit, we estimate the probability
Py of obtaining the state |0) for go. Then, as detailed in
Appendix E, the reduced purity over time can be estimated
using the expression y4(t) = 2Py(t) — 1.

This step involves a total number of gates given by

Gs(q) = 3q+2. (16)

5. Fourier modes calculation. In Regime I, we obtain the
lower bound B, of Eq. (7) using the initial state of Eq. (11).

In this case, ¢; = ﬁ for any j and the corresponding lower

bound B, interpolation in this range of n is a straight line with
anegative slope. In Regime II, the lower bound is B, = 0. The
expression for B, in the regime of interest D = I U II can then
be written as

—8(d—l)n + 8d—-8

g o |7 I3 ifnel,

if n e II.

Considering the remarks made in the previous section, we
know that in a graph of Fourier modes every prime number
must have a corresponding «, position belonging exactly
to the interpolated curve of B,. Any composite number in
the regime of interest D has «, > B, and thus is necessarily
above B,,.

—e— Analytical
—e— Simulation
—— Lower bound B,
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a
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FIG. 1. Comparison of simulation results with theoretical predic-
tions for the Fourier modes of the reduced purity across different
dimensions (d = 16, 32, 64). Red points represent the analytical val-
ues of «,, calculated directly from their theoretical expressions, while
the green line stands for the minimum value for the Fourier modes,
also derived from theoretical calculations. Blue points illustrate the
Fourier modes obtained through numerical integration of the reduced
purity ya(t) extracted from the classical emulation of our quantum
circuit. The numerical integration was performed using various par-
tition values (p = 375, 1500, 6000). Prime numbers are expected to
align with the lower bound B,,, whereas composite numbers appear
above.

Now, using Fourier analysis, the Fourier modes «, are
calculated by the integral

T/2

2w
== ya(t) cos(nwt )dr. )

Un

T Jo
Normally, Eq. (17) would be an integral over the whole period
T, but we are employing the property of the symmetry of
ya(t), presented earlier in this article. After calculating the
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FIG. 2. Schematic of the quantum circuit for our algorithm for d = 4. Each colored box corresponds to a stage of the circuit and represents
the set of operations in the respective step for the two copies of ¢ qubits. In the first stage, we prepare the initial state of maximum superposition
[ (0)) 45 for both copies of ¢ = 4 qubits, starting from the state |0) for each qubit. The second stage is used for the efficient state preparation
of |y (t))ap for each copy, where the total number of gates, including both copies, is given by %qz + 24q. In the last stage, with the aid of an
ancilla qubit gy, we apply the gates corresponding to the variation of the SWAP test to extract the reduced purity y,(¢) after executing the circuit

several times.

Fourier modes «,, the last part of our algorithm involves
comparing the value of o, with the analytical lower bound
B,,. In this final step, the numerical integration is done in p
partitions, resulting in an equivalent number of points used for
ya(¢) in the interval 0 < t < T /2. Consequently, to achieve
a desired precision €, our quantum circuit requires at least
p executions. Currently, the exact optimal scaling of p with
respect to d, for a given €, remains undetermined.

V. SIMULATIONS

In order to evaluate the applicability of our algorithm,
classical simulations were performed using IBM’s QISKIT
framework (version 0.45.1). These simulations targeted three
distinct values of d, with results depicted in blue in Fig. 1. For
all the simulations, we used 103 shots and fixed w = 0.1 s~!,
as changing the value of w has no effect on the Fourier modes
o,. Regarding the number of executions p of the circuit, we
selected p = 375, p = 1500, and p = 6000 for the dimen-
sions d = 16, d = 32, and d = 64, respectively. The values
of p were chosen to achieve roughly the same accuracy for
the three values of d. Using PYTHON (version 3.11.3) with
the SCIPY library (version 1.11.3), Fourier modes «,, were cal-
culated with Simpson’s rule for the numerical integration of
Eq. (17). Due to the substantial size of the quantum circuit for
the three dimensions analyzed in our simulations, we present
the circuit for a lower dimension, d = 4, purely for illustrative
purposes. This simplified example is shown in Fig. 2, allowing
us to convey the structure without the complexity of the larger
dimensions.

VI. CONCLUSIONS

Concluding, this work presented a qubit-based quantum al-
gorithm for prime number identification, rooted in the analysis
of entangled subsystem dynamics. By employing a bipartite
Hamiltonian and analyzing the Fourier modes of the reduced
purity, we distinguish between prime and composite num-
bers within the range 2 < n < 2(d — 1). Implementing this
on a qubit-based system involves transforming a two-qudit
system into a qubit system, with the unitary gate of Eq. (2)
implementable in polynomial time, contrary to the expected
exponential gate requirements.

Our quantum circuit executes in three stages with a total
gate cost indicating quadratic scaling in the number of digits
of N =2(d — 1). Despite idealized simulations, implemen-
tation on quantum hardware is feasible but faces challenges
such as qubit connectivity. Alternatives like trapped ion quan-
tum computers or modified gate preparation and reduced
purity measurement methods could overcome these.

The efficient realization of unitary operations demonstrates
the potential for broader application in quantum computing,
suggesting future work could extend this algorithm to verify
larger primes. This progress in quantum algorithm optimiza-
tion could significantly impact the field’s practical application
to fundamental computational problems.

The data that support the findings of this study are avail-
able at [38]. This repository includes the PYTHON code for
implementing the quantum algorithm in QISKIT, the simula-
tion results, and auxiliary codes that support the theoretical
findings.
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APPENDIX A: DIAGONAL UNITARY GATE
IMPLEMENTATION USING WALSH FUNCTIONS

In this Appendix, we provide an overview of the algorithm
introduced in Ref. [21] for implementing unitary operations
on quantum computers. To begin, we establish some defini-
tions. Let g denote the number of qubits and consider positive
integers j and k with binary and dyadic representations given
by

bin(j) = (jgjg—1--- Jj1)s (AD)

dyad(k) = (kikz - - - kg), (A2)

where the most significant bit (MSB) is on the left. Hence-
forth, we assume j=0,1,...,29—1 and k=0,1,...,
29 — 1.

Next, we define the discrete Paley-ordered Walsh functions
Wk as

wj = (===, (A3)

Let us discretize the interval 0 < x < 1 into points given by
k

=5

Since the Walsh functions form an orthonormal basis, we can

define the Walsh-Fourier transform for a function f; = f(xy)
as follows:

(A4)

Xk

29-1

1
aj =0 fewj (AS)
k=0
29—-1
Je= Z ajwjk. (A6)

In qubit-based quantum computing, the state of g qubits
generally takes the form |¢) = iq:?)l ck|k), where the com-
putational basis |k) is defined as

k) = lkiky -+ - kg), (AT)
with k represented in dyadic form dyad(k) = (kika - - - ky).

Now, let us define the unitary operator U=¢' [29], where
f is a diagonal operator in the computational basis:

flky = filk).

Walsh operators {® j}ﬁq:_ol acting on ¢ qubits are naturally
defined as

(A8)

=21 )" ®- ®(Z,)", (A9)

where (Z))' = Z; represents the Pauli Z operator and Z)\ =i
denotes the identity matrix, both acting on the ith qubit g;.

This definition of Walsh operators is advantageous because
their action on the computational basis is given by

W;1k) = wik). (A10)

This implies that the eigenvalues of Walsh operators i; are
the Walsh functions w j; and these operators form a basis for
diagonal operators f. Additionally, due to their form, Walsh
operators commute. Therefore, considering Wy = I, we can
disregard j = 0, leading to the expression

(Al1)

In essence, to apply the method outlined in Ref. [21],
we begin by determining the f; values associated with the
unitary gate U. Subsequently, we construct the Walsh func-
tions w j; using the procedure described in Appendix C. With
these components in hand, Eq. (AS) allows us to compute the
Walsh angles a;. Finally, utilizing the identity presented in
Appendix B to construct the @; operators in Eq. (A11) yields
the desired unitary U with a gate cost of O(29) in general.
This gate cost can be optimized by reordering the commuting
exponential operators in Eq. (Al1) using the GRAY code. It
is important to note that, even with optimal construction, the
quantum circuit for this method typically requires O(27) gates.
However, as we will demonstrate in Appendix D, for the spe-
cific case of the g-qubit unitary gate U (¢) described in Eq. (2),
implementation with a polynomial gate cost is achievable by
identifying the null Walsh angles a;(t).

APPENDIX B: RELATION BETWEEN PAULI Z GATES
AND cNoT STAIRCASES

In this Appendix, we delve into a fundamental identity piv-
otal to our analysis, which concerns the tensor product of Pauli
7 operators. This identity plays a crucial role in simplifying
the representation of quantum states and operations within
our framework. To lay the groundwork for our discussion, we
introduce the following essential notation and concepts.

h;, the Hamming weight of j, represents the number of 1’s
in the binary representation of j, corresponding to the number
of Z operators in the tensor product.

The identity operator [® acts on r qubits, serving as
a placeholder in tensor products where no operation is
performed.

The operators Ah/ are constructed from a sequence

of  controlled-NOT(CNOT) defined as Ah/ =
12— h1 — o
CNOT), CNOT), -+ CNOT,~, where CNOT;, denotes a CNOT
gate with qubit g, as the control and qubit g; as the target.

With these definitions in place, we establish the following
identity:

gates,

2\®RLH®  ®Zy—1 ®Zy, = Ay, (1"~ ®Z)A;/.'- (BD

This identity demonstrates how a tensor product of Z opera-
tors can be equivalently expressed through a transformation
involving Ahj and its inverse, significantly simplifying the
representation and manipulation of such operations. Building
upon this foundation, we further examine its implications in
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the exponential form:
¢4 21820@21;1®7))) :Ah‘f(féb(hj—l) Q eia,-z)A;' (B2)

This expression further underscores the utility of the Ah, trans-
formation in facilitating the implementation of the exponential
quantum gates e/

Now, we proceed with the proofs. For the calculations
below, unless otherwise convenient, we do not specify the
qubit index i of Pauli operators Z; or any other operators. We
start by rewriting the left side of Eq. (B1) using the projectors
1o = 10)(0] and IT; = |1)(1]:

VA VAR VA VA
=M-THU-1)®---

= Z(_l)hjﬁﬂ ® f[sz R ® ﬁs(hr]) Q7
bin(s)

QUy—M)®Z

= Z I,—\Isl ® ﬁ52 ® tee ® ﬁS(/,/»f]) ®Z

bin(s)
hs even

— E 1, ® I, ®
bin(s)
hs odd

~®fl, 82 (B3)

where the sum on bin(s) concerns all the possible binary
representations bin(s) = (s¢;—1)S(,—2) - - - 51) of h; — 1 bits. It
will be helpful to define

Eeven = Z ﬁsl &® ﬁsz ® - ® ﬁs(h}.,l)s (B4)
bin(s)
hg even
z:odd = Z ﬁsl ® ﬁsz ®---® lA_[S(/,j,ly (BS)
bin(s)
hy odd
For these two definitions, the following relations are inherited
from the projectors:

z:even Zeven = Eevem (B6)
Yodd Zodd = Lodds (B7)
Peven Lodd = Lodd Zeven = 0. (B8)

Therefore, after defining / as the identity gate acting on a
single qubit and recalling that XZX = —Z, we obtain

7072®---Q2Q7Z

= Seven ®Z — Zoaa @ Z

= Seven ® Z + Zoaa @ XZX

= (Zeven ® NI ™D @ Z)(Zeyen ® 1)
+ (Boas ® X)IFW ™D @ Z)(Toaa ® X)

= (Zeven ® NUIPM ™D @ 2)(Zeyen @ 1)
+ (Zoaa @ X)TP" ™D @ 7)(Boaa ® X)
+ (Boaa ® X)I®W ™D @ Z)(Zeven ® 1)
+ (Beven ® DTNV @ 2)(Zoaa ® X)

= (Beven ® I + Toaa ® X)(I®" D ® 2)
X (Zeven @ I + Toaa ® X). (B9)

To continue, we examine the product of two controlled-NOT
gates targeting the same qubit:

NoTaNGT; = (e @ @ 1 + 11 @ 1 ® X)
x (@M @+1®1M, ®X)
=Melel+MeleX
+IQM@X +M QM 1
=@M+ M M)l
+ (M M+ f)®X. (B10)

The equation above suggests a similar form for a more general
case. In fact, it holds that

N _—— hj—1
Ap, NOTh CNOTh -+ CNOT),
= Z Hsl ® HSZ ®-Q ﬁ%ﬂ) ®f
bin(s)
hy even
+ Z ﬁxl ® lA_[.\'z ® et ® ﬁf(hj—l) ®jZ
bin(s)
hy odd
= Zeven ®f+ 2odd ®X (B11)
Then, because A = Ah , we obtain the proposed expres-

sion (B1) by using the identity (B11) on Eq. (B9):
Zi®® - ®Zy1 ®2Zy, =A,(°"D @ 2)A;
(B12)
Using this result, we can further demonstrate the validity of

Eq. (B2):

& (2020-02,-182,) _ Z Ga;f ZRZ® - -QZ)

n=0 n!
o (ia;)"
_ ) TA (F®h—=1) o 2y A—1T"
=> b [A),®"7Y @ )4, ]
n=0 :
o0
= 3 Y4, e @ 2y
n=0 :
o0 . 5 n
_ & [ em-1 (a;2)" \ 11
_%G oy )i,

= Ay, ("D ef“-fZ)A,;l. (B13)

In this context, we revisit the formulation of Walsh opera-
tors, as delineated in Eq. (A9), represented by ; = Z) ®
(Z2)"> ® -+ ® (Z,)/, where the action of ¢/ on a g-qubit
basis state |k) = |kik,---k,) is considered. To elaborate on
the analysis, we introduce a strategic reordering of the indices
Ji, segregating them into two distinct sets: the first, denoted by
{m,-}f.zl, corresponds to indices where j,, = 1, spanning the
initial &; bits; the latter set, {m,-}iq:hj 41> encompasses indices
with j,, = 0, accounting for the remaining ¢ — h; bits. The
accordingly reconfigured states of qubits g; and the operators
(Z;)’ can be achieved by applying SWAP gates. This culmi-
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nates in the revised Walsh operator €2 ; and revised basis state
|k}, articulated as

Q=Zn ®Zn® ®thf)
® (s @l ® -~ @ I,), (B14)
|k/> - |km1km2 ce kmq>~ (BlS)

Leveraging Eq. (B13), we have

% k) = o (Zm1 &, ®~~~®Z,,,,j )®(i’"h,+l ®imh/_+2®~~®im4)

X |km1km2 e kmq>

_ (2 ®2, & @, )

® (s ® fiy o ® -+ @ B, ) ki Koy =< i,
— [y (50 @ i ]
® f®(q7h/)|kmlkmz ... km,,>~ (B16)

As it was stated previously, our objective lies in the action
of the original operator ¢/%; on the original basis state |k),
i.e., ¢%"i|k). However, through the application of the same
SWAP gates used before to Eq. (B16), we restore the original
sequence of qubits and Pauli operators, thereby preserving the
structural integrity of the action of the operator ¢/% on the
basis state |k).

APPENDIX C: WALSH MATRICES CONSTRUCTION

A well-established result in the literature states that any
discrete Walsh function wj; can be represented as a product
of Rademacher functions, with the exception of wg, which
trivially remains a constant function wg, = 1. Rademacher
functions, denoted as wx, are Walsh functions where /, is a
power of 2, specifically /, = 20—,

To illustrate, consider a Walsh matrix w(_ ), where wj; =
w(j,k), representing Paley-ordered Walsh functions arranged in
a square matrix of dimensions 27 x 29. In matrix formalism,
any row wy;, y can be understood as the columnwise product

of the corresponding &; Rademacher rows {w(lm,.,»}?;p orga-
nized by ascending order of magnitude /,,, < l,,, < --- < lmhj-
Here, h; signifies the Hamming weight of j. The Rademacher
rows wg, ) satisfy j = ZQI b, = Zfil 20mi=1),

Here, we introduce this result as a proposition with minor
adjustments. This adaptation enables us to introduce the re-
quired notation for the theorem detailed in the next Appendix,
which concerns the implementation of U (). Consistent with
convention, we index the rows and columns of our Walsh
matrix starting from 0, with the maximum index value being
29 — 1.

Proposition 1. Consider a positive integer r satisfying 1 <
r < g, where l, = 201 Let {m;}\ | be a sequence of integers
in increasing order of magnitude and let j be any row index
of the 29 x 29 Walsh matrix w(_ . Then, the row w; ) will
satisfy only one of the following statements

(1) If j =1, then the Rademacher row w(; y = wg,,.) of
the Walsh matrix is given by

wq,,.) = [(R)(=R)(R)(=R;) - - - (R)(=R))], (ChH

where R, = (+1)(xT,) is a row of length T, =29~ and 7,
is called the period of the row w;,, ). The notation means that
w(,,.) is composed of sign alternating sequences of 7, ele-
ments. These sequences are R, and —R, and all their elements
are, respectively, equal to +1 and —1.

Q) If j % 1., we define j = Y17 1, = 31 20D then
the row wy;, ) of the Walsh matrix is given by

W,y = [(le)(—le)(le)(—le) T (le)(_le)]’

(€2

where R, is obtained from the recursive relation

Runyy = [(Rmi)(—Rmi)(Rmi)(—Rm,) T (Rm,.) (_Rmi)]’
(C3)

with R,,, = wy;, ) and Rmhf = (+1)(><Tmhj ). Each R, for I <
i < hj,is arow of length 7, = 2(g—mi),

Proof. We shall prove each case of Proposition 1 sepa-
rately.

1. Case j=1,. The binary representation of j=1[, =
20— is given by

bin(j) = (000 - - - 01,0 - - - 000), (C4)

where we have introduced the notation 1, = j, = 1 to make it
clear that the only nonzero binary element of bin(j) is in the
position r.

Definition 1. We define the exponent S(j, k) of Eq. (A3) as

q
SG kY= ik (C5)
i=1
If S(j, k) is even, then w¢x = 1. If S(j, k) is odd, then
U)(jqk) = —1.
Then, for any 0 < k£ < 29 — 1, we have
k, = 0= S(j, k) = j-k, = even, (C6)

ky =1=>S(j, k) = jk, = odd. (C7)

Now, we consider only a partial dyadic representation string
dyad, (k) of k. Since the dyadic string of k is the same as its
reverse binary string, a partial dyadic string up to the position
r is defined as

dyad; (k) = (krkyy1 - - - kig-1)kg)- (C8)

There are ¢ — r + 1 entries in the partial dyadic string of
Eq. (C8), resulting in a total of 2¢4~"*1 combinations. The
first half of these combinations corresponds to k. = 0 and
the second half corresponds to k. = 1. That is, the first 2(q="r)
elements of S(j,.) are even and the next 209" elements of
S(j, .) are odd. Note that we did not consider the other r — 1
entries that show up in the complete dyadic string dyad(k) of
k. This is justified by the fact that the pattern we just described
will remain true for any configuration of the disregarded r — 1
entries, as changing any of these entries allows another total
of 264=r+D) possible combinations with the same pattern for
dyad; (k). From this, we infer that S(j, .) is completely defined
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by alternating sequences of even and odd elements, with each
sequence having length 7, = 29~"). Thus, using that w; ) =
(—1)’@R | the Rademacher row w,) = w,,.,) will be given
by

wq,,) = [(Rr)(_Rr)(Rr)(_Rr) e (Rr)(_Rr)]’ (C9)

with R, = (+1)(xT;) and period T, = 2@,
2. Case j # I,. Even though j here cannot be written as a
power of 2, it can always be written as a sum of these powers:

h.f h./
J= b= 20,
i=1 i=1

and we conveniently choose the indices m; to match the posi-
tions of the nonzero binary elements of j, i.e., j,,, = 1. That
is, if we consider only the nonzero binary elements bin(j)
of the binary representation bin(j) of j, then

(C10)

bino(j) = (J-mh,» e 'jmzjml)‘ (C11)
Thus, for any 0 < k < 27 — 1, we have
q hj

SG kY=Y jiki =) jmkm- (C12)
i=1 i=1

Because each term j, k,,, in the sum above is the correspond-
ing l,,, term S(I,,, k), it must be true that

Wik = (_1)221 (1 k)
hj
=[]-1t)
i=1

(C13)

hj
=[1vg,
i=1

Equation (C13) means that any row wy;, is the columnwise
product of the corresponding Rademacher rows wy,, ) such

that j = Y1 Iy,
Since [, <y, <--- < lm,,/, the respective periods 7;,, =
20@=m) for 1 <i< hj, must obey T, > T,, > --->T,, .
J
We know that, for 0 < k < 7, — 1, we have W, k) = +1.

Then, if 0 < k < T, — 1, the elements w(;) of Eq. (C13)

can be written as w(; ) = ]_[?;2 w,, k- Now, any Rademacher
row wy,, .y has a period T;,, and thus is composed of alternat-
ing pairs' of sequences, where each pair is made of a sequence
of T, terms all equal to 41 and a sequence of 7, terms all
equal to —1. This implies that the number of times L; ;; we
can fit these pairs of 27,,, terms into the length of the largest
period 7,,, is given by
Ty

Lo = 2T]
m;

2(g—m1)
2 x 2(g—m;)
2 (mi—my)

—, (C14)

which evidently shows, for i > 2, that Lj; ;; is an integer,
specifically, a power of 2. NOW for T,,, < k < 2T, — 1 we
must have wq, « = —1 and the pattern of w; , will occur
again for these next 7, values of k, except that in this case
we get a sign change, i.e., w(jx) = — ]_[f';z w,, k- After these
first 27;,, terms, the periodicity of w, , implies that the
aforementioned pattern will continue to repeat itself until we
have the row w¢; ) completely filled. From that, we conclude
that 7,,, is a common period for every composing Rademacher
row of w; ). We can also analyze how many pairs of 27,
terms fit into the length of any other period 7, > T,,,, that is,
calculate the expression for Lj; ;1. In this case, for any i > 7/,
we have

2(m,-7mi/)

2

L
= —. C15
3 (C15)

This shows that any period 7,,,,, for h; — 1 > i >1,has a
length that can be perfectly fit by an integer number of pairs
of 27,,, terms such that 7,,, > T,,,. The extreme case of Tm,,/_,
however, will never have any lower period, a relevant fact that
leads to the following definition.

Definition 2. To proceed, for 1 <i <
recursive relation

hj, we define the

Ro) (R ) (= Ro) - R

Rury = [(Ru) (= (R (= (C16)

where Rmh,- = (+l)(mehj ), and R,,, and R,,, have respective
periods T,,, = 27 and T,,, = 24—,

Utilizing the recursive relation in Eq. (C16), we demon-
strate that w; y = R,,. This recursive relation maintains a
critical connection with the Rademacher rows w, ). The
initial condition Rm/,/. = (+1)(XTmh,») is chosen due to Tmh,»
being the minimal period, thus serving as the recursive
sequence’s base case. For periods T,,, ,, > Tm, , the sequence
iteratively incorporates R,,,, further 1ntegrat1ng the effects of
Ry, until the base case Rm,, (—i—l)(meh ) is reached.
Particularly, R,,, is synthesized through several (R, )(—Ryy)
pairs, effectively encapsulating the periodic characteristics of
the composing Rademacher rows of wy; ). Therefore, each
term in the sequence R,,, of T,,, terms corresponds to either
]_[512 w(,, k) OF its negative counterpart, — ]_[fl; 5 Wi, ks for
the relevant 7,,, columns k. As we have shown, the products
j:]_[f.zz w,, k) fully compose the row wy; ), leading to the
conclusion that w; y = R,,,. Hence we have

W) = [(le)(_le)(le)(_le) T (le)(_le)]'

(C17)
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APPENDIX D: DEMONSTRATION
OF POLYNOMIAL COST

As we have shown in the first Appendix, to use the method
of Ref. [21], we must calculate the Walsh angles a;, given
by

29-1

1
aj = ;fkwjk

1 T
= E[w(j,.)] x [f1", (DD

where we have introduced the symbol T for transposition,
since f is defined as a row vector. The components f; of f
are extracted as the eigenvalues of the operator

29—1

F=" filkyk. (D2)
k=0

Then, a general unitary operator of the form U = ¢'f, when
represented in the computational basis |k), is given by the

J

>

f=01,2,3,...,d),(2,4,6,...,2d),(3,6,9, .

There is also another global factor 2%, = dlﬁ in the ex-
pression (D1), which can be equally disregarded in the
calculations. Taking into account these two global factors, a;
will be redefined to be

aj = [wg.)] x 717, (D6)
with f given by Eq. (D5). Thus the relevant Walsh angles a;(t)
for U (t) should be defined as

—wt
aj(t) = 7@-. (D7)
Since there is no risk of confusion, a; and a;(t) are both
referred to as “Walsh angles” in this work. The following
theorem concerns the derivations of the expressions for the
nonzero Walsh angles a;(t) corresponding to the unitary gate
U(t) of Eq. (2). Even though we are using g even here, it
should be noted that a similar theorem holds for odd values
of g, opening possibilities for the efficient implementation
of any 29 x 29 diagonal unitary gate U(¢) with the form of
Eq. (2).
Theorem 2. Let W be the set of nonzero Walsh angles a; (1)
for the g-qubit unitary gate U (1) of Eq. (2), with g even. Then

W =W, UW,, (D8)
with
W, = {a;t)= N a2 (D9)
[ R TR P N

,3d), (4,8,12,...,4d),...,(d,2d,3d, ...,d%)].

following diagonal matrix:

D, 0 0
0 D --- 0

= : : . . (D3)
0 0 --- Dy

where d? = 29, with d a power of 2, and the D; are diagonal
matrices for 1 < s < d. In this paper, we define these diagonal
matrices D; as

e'es 0 0
0 oo 0
Ds = . s (D4)
0 0 e
where 2 = —1, @s = sk, and k is a real number. Comparing
with the unitary gate U(¢) of Eq. (2) for our quantum algo-
rithm, we must use x = —wt. However, since « is a global

factor for f and thus a multiplicative factor in the expression
for a; in Eq. (D1), we can choose « =1 to facilitate further

calculations. The vector f that we are going to use is then
given by

(D5)

[
and

—d’wt
160, 1,

hj=2

Wy = {aj(t) -

and j = by, + Iy, for l,,, <d/2andl,, >d, (D10)

where h; is the Hamming weight of j and d? = 29.

The quantum circuit corresponding to the implementation
of U(r) is presented for d =4 in Fig. 3. As it is evident,
Theorem 2 eliminates the vast majority of the 2¢9 — 1 Walsh
angles a(t) that would be necessary, in general, to implement
this type of unitary gate exactly. In Lemma 3, we show that
the number of gates needed to exactly implement U (z) is a
polynomial function of g.

In what follows, we list some definitions and their respec-
tive properties, in order to use them in the proof of Theorem
2, that will be presented afterwards.

Definition 3. Elementary vectors are defined as

P, =1[n,2n,3n,...,dnl. (D11)
Definition 4. Extended vectors are defined as
Prataspy = [Pa P, Psa, -, Pagl. (D12)
Definition 5. Partial vectors are defined as
Bl = [P0 Pl Pl - 0l (D13)
where we defined the notation 2, = [p\”, pJ, p{", ..., pg’)]

for elementary vectors.
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Rz __
qO 6:1(t)
— Rz S
ql 6,(t)
— Rz _@#h__ Rz _ @8 g5 Rz —
a2 =g 0s(t) 06(t)
— Rz — Rz — 0 _ Rz __#h__
q3 65(t) 65(t) B10(t)
FIG. 3. Quantum circuit that implements the unitary gate U (t) for d = 4. We used the mathematical identity demonstrated in Appendix B
to express an exponential of Z Pauli gates as a single Z rotation R, (6 ;(¢)), with the angles given by 0;(t) = —2a;(t), and several controlled-NOT
gates.

Property 6. Using Eq. (D5) for f and Definition 3 for P,,
we can write

f=IP,P,Ps, ... Pl (D14)

Property 7. By the Definition 3 for elementary vectors P,,
it follows that

P, =nP,. (D15)
Property 8. 1t follows directly from Property 7 that
P, — P, A =—AP. (D16)

Property 9. Applying Property 8 for each elementary vec-
tor of Definition 4 gives us

- =

Pioja+py — Platalat+a+p)

= [ﬁaaﬁa+l7ﬁa+2w--,ﬁa+ﬂ]

= - -

— [Potas Posatts Puvayas - - s Paraspl
= [PO( _PaJrAa Pa+1 _POlJrAJrl’ Pot+2
s Poyp — Poyatpl

L Pl

— La+A+25 - - -

=—A[P,P, P, ... (D17)

Property 10. Tt follows, respectively, from Definition 5 of
partial vectors ﬁ{(") » Property 7, and Definition 3 applied
to P, that

=(1) = (1)
Paja+pr ~ Plataje+a+p)

ala+p

_[,,m ,m () (1)
_[pan ’pa+l’pa+2’ ""pa+ﬁ]
(1) (m) (1) ()
- [poHrA’ Pota+1 Porayar -+ pa+A+/3]

() (m) (m) () ()
T Patnr Patt — Poatatir Pat2 = Pata+to:

(m) ()
~oo Payp — pa+A+ﬁ]

_ (1) (1) (1) (1) (1) (1)
—U[Pa T Potnr Pati T Pouta+1 Poto = Patat2:

(1) (1)
s Pagp — pa+A+ﬁ]

= — AL 1,1,..., 1]

=[p"

(D18)
Building upon the definitions and properties outlined ear-
lier, we now introduce an important vector, denoted by f,f,’ R

constructed from components of f. This vector emerges as a
cornerstone of our analysis, serving as the basis for deriving

key properties that will be extensively used in our proof.
Alongside f;‘f , we define a scalar quantity, F;°, designed to
facilitate subsequent calculations.

Definition 11. Let i and o be two integers such that 1 <
i<hjand 1 <o <, where [, = %ﬂ_. We define f:,;’ as

the vector formed by the o'th 27,,, elements of f.

Definition 12. We use the recursive relation (C16) and
Definition 11 to define the scalar F° = [(R,,)(—Ry,)] x
Lfo1".

Property 13. If we use Definitions 11 and 12 with i = 1,
then

aj = [wg,)] x A7
= [Ruy) x [f1"
= [(Rin) (=R ) (R ) (=R, ) - (R ) (=R )]
SN VAR O A A il

lml

= 3[R (~Ru)) < 5]

=1
Iy
_ T
=Y F.
=1

The following two properties form the foundation of our
strategy to distinguish which Walsh angles a; are null and
which are not. The technique we will use involves determining
whether the composing powers [,,, of j possess corresponding
periods 7, > d or T,,, < d /2. Depending on this categoriza-
tion, we will then employ either extended or partial vector
notation.

Property 14. Let T, = nu;d, for pu; > 1 a power of 2.

(D19)

Then, f,1 = [Pae -2yt 110e- s Plae—tyut1iaeun | and after
using Definition 12 and Property 9

F =[(Rn,) (—Ru)) [Pier—2 4112110} ﬁ{(zr—1>m+l|2mi}]T
T

= [Rm,.] X [ﬁ{(ZI—Z)Mi-HI(zT—])Mi}]
+ [—Ru,] x [ﬁ{(thl)/L,JrlDTMi}]T
= [Rm,.][F{(zrfz)ui+l|(2'rfl)ui} - ﬁ{(2r71>u,-+1|2rm}]T

=[Ru ] x [=i(P1, Py, Py, ..., P)]". (D20)
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Thus, by defining Fi' = F;, we have the following property

for expression (D19):

aj =l F. (D21)

Property 15. Let T,, =d/v;, for v; 22 a power of
—»( ) =(m)
2. Then, fr = p{(ﬂzr ~2)dJvi+1|Qr—1)d v} p(nzz 1)d/u,+1|2rd/u,}]
After using Definition 12 and Property 10, we obtain

E = [(Rn) (=Rn)]

x [—»(n)

L T
p{(2172)d/v,-+1\(ZIfl)d/v, P(zr 1)d/u,+1|2rd/u,]

T
[ ] [ (2r 2)d Jvi+1|(2T— l)d/v]

T
+[ —Ry, ] [ [((2)1: ])d/v;+l|21d/v,»]]
=R

~( T
][ (21’ 2)d fvi+1]2T—1)d /v;} P(zr 1)d/v,+1\2rd/v,]

T
= [Rn,] x [——(1 1,1, 1)] ) (D22)
Vi
We know that 1 < n < d and, within a fixed 7, there is Ti

partial vectors of the form p p . Then, we define F" =

(xloHrT -1}
F ™ and replace the sum of Eq. (D19) on t with the sum

on n and a multiplication by the term 2}1 = 3 to obtain the

following property:

d
- % SR, (D23)
n=1

Proof. Having stated these definitions and properties, now
we go to the proof of the theorem. We shall prove separately
the formulas of a;(t) for each Hamming weight h; =1, h; =
2,and h; > 3.

1. Case h; = 1. In this case, we have j = [,,, = 2™~ and
le = (+1)(XTW11 ).

1.1. Subcase l,, < d/2. Here, we have T, = ud, for
w1 = 1 a power of 2. First, we calculate the scalar F] using
Eq. (D20):

Fy =Ry ] x [=1 (P, P, Py, PDTT

=[(+1)(xTu)] x [-1(Py, P, Py, ..., P
=—mPr+P+P+---+P)
= —ulp, (D24)
where we have defined P; as the sum of all the elements of 131,
thatis, P, = 1+2+3+---+d. Because P, = (Hd)d , then
F = —'M%(l—;—d)d. (D25)

Now, since T;,, = pi1d and by definition T, = d2/21m1,
with [,,, = j, we can write ;; = d/2j. If we use Property 14
to calculate a;, then

a; :lmlFl

_ .(_ uid +d)d)

=l +d)d®

5 (D26)

To obtain the relevant Walsh angle a;(z), we make use of

Eq. (D7). Thus

d(1+ d)wt
8j '

1.2. Subcase I,, > d. For this subcase, we have T,,, = d /v,

for v; > 2 a power of 2. The scalar Fl(”) = [’ is calculated by
the expression (D22):

nd '
Fl(n) = [Ru, ] x |:_v—l(l, L1,..., 1)]

aj(t) = (D27)

T
[(+D( x T,,)] x [—?}—d(l, L1,..., 1)]
1

+14+1+---41)

_nd2
S/ (D28)
Vi

Using that T,,, = d /v, = d*/2l,,, with 1,,, = j, we write
v; = 2j/d. Then, using Property 15 to calculate the Walsh
angles a;,

a; = _ZF(m

—U1d2 d
= n
2v7 o
—(1 + d)a*
= L (D29)
8j
Therefore, by Eq. (D7),
d*(1 + d)owt
a0y = LUF D (D30)
8)
Thus, for h; = 1, we always have
aj(t) #0. (D31)

2. Case hj = 2. In this case, we have j =1, + [,,. We use
the recursive relation of Eq. (C16) to write
(Rmz) (_Rmz)]y

Ry = [(Ros) (=Ro) (Rne) (—Ro) - (D32)

with R, = (+1)(xT,,).
2.1. Subcase I, <d/2,1,, < d/2. Here, we have T,,, =

pid and T, = uod, where both p; > 2 and pp > 1 are
powers of 2. First, we calculate the scalar Fj using
Eq. (D20):

Fi =R ] x [-1 (P, P, Py, POYT

= [(Ron) (=Romy) (Rny ) (—Romy) -+

X [—ui(Py, Py, Py, .. PDYT

(R (=R )]

—M 7;7 =
—#([ ] X (P Pry ., BT — [Ra,]
X (ﬁl,ﬁl,...,ﬁl)r)
=0, (D33)

where the factor T,,, /27,,, was introduced because we col-
lapsed the sum of all the 7,,, /27, products [(R, )(—Ru,)] X

022405-12



USING QUANTUM COMPUTERS TO IDENTIFY PRIME ...

PHYSICAL REVIEW A 110, 022405 (2024)

[P, P, ..., P]" into just a single product. Then, using Prop-
erty 14 for a;, we obtain
aj =, F
=0, (D34)
and by Eq. (D7)
ajt)=0 (D35)

2.2. Subcase l,,, > d, l,, > d.In this subcase, we have T,,, =
d/vy and T,,, = d/v,, where both v; > 2 and v, > 4 are pow-

ers of 2. Now, we calculate the scalar Fl(”) using Eq. (D22),
—nd T
Fl(n) = [le] X [ ” 5 1)}
= [(RmZ)(_RmZ)(Rmz)(_Rmz) T (Rmz)(_Rmz)]

_ T
L]
Vi

_ _ndTm

1 T
2v1 T, ([Rne] > 0 1 T = (R
x (1, 1,..., D)
=0, (D36)

forany 1 < n < d. From Property 15 for a;, we conclude that

d
Vi )
aj==) K

n=1
=0. (D37)
Thus, by Eq. (D7), we must also have
ajt)=0 (D338)

2.3. Subcase l,,, < d/2,1,, > d. For this final subcase, we
have T;,, = p1d and T,,, = d/v,, where u; > 1 and v, > 2
are powers of 2. We start by calculating the scalar F; using
Eq. (D20):

F] - [Rm]] X [_M](ﬁlaﬁlaﬁlv e ,ﬁ])]T
= [(Rmz)(_Rmz)(Rmz)(_Rmz) Tt (Rmz)(_Rmz)]
X[—Ml(ﬁl,ﬁ],ﬁl,...,ﬁO]T. (D39)

However, we can no longer calculate products of the form
[Ry,] X (131, 131, R ﬁl )T because now R,y, has length 7,,, =
d /vy, which is less than the length of }_’]. To be able to calcu-
late the right side of expression (D39), we break each Py into

smaller parts of length 7,,, using partial vectors p a‘a T 1)

First, we notice that P1 corresponds to partial vectors with n =
1. Second since P, has length d, we can fitd /T,,, = v, partial
a|a 1Ty —1) into f’l. That is, considering Eq. (D22),
the v, /2 products that we have to calculate are related to
Ff =Fbyth i

¥ = F, "’ by the expression

MIFZ(I) = [(Rmz)(_R'"z)][_Ml (ﬁ{((IZ)r72)d/vz+1|(2r71)d/vz}’

=(1) T
Piac—1ydjv+1 \2rd/v2})]

T
=[Ru,] x [“—ld(l, ... 1)] .

V2

vectors p

(D40)

After calculating the product of Eq. (D40) and multiplying
it by the number v, /2, we should then multiply the result by
the number of elementary vectors P, appearing in Eq. (D39),
which is 7,,, /d = p,. Therefore,

F = (Hl)(%)(_M]F;l))
T
= [Ru,] x [“1 a1, 1, 1)]

2 T
= [(+1)(xT,,,)] x [MTld(l, ..., 1)}

=”‘ A+ 14 +1)

2d2
L (D41)
21)2

With Fy calculated, a; will be given by Property 14. To
simplify the final result for a;, we will use 7, = u1d =
dz/ZIml and 7,,, =d /v, = dz/ZIm2 to write | = d /21, and
vy = 2l,,,/d. Therefore, by Property 14 we have that

aj = lm]Fl
_ (u%d2>
=l | =—
21)2
dS
= . (D42)
161, L,
Again, by making use of Eq. (D7), we obtain
(1= 2 (D43)
a;(t) = .
! 161, L,

Thus, for h; =2, if I,
have

< d/2 and [, > d, we necessarily

a;jt) #0. (D44)

Otherwise a;(t) = 0.

3. Case hj > 3. For this case, we have in general j = [,,, +
by + Y2 L

3.1. Subcase l,,, < d/2,1,, < d/2.Here, we have a similar
situation to subcase 2.1: T,,, = u1d and T,,, = uod. However,
we also have other powers [, with respective periods 7;,, =
d*/ 21, for i > 3. We will show that, for any such 7,,,, it must
be true that a; = 0. We recall the recursive relation (C16) and
use Eq. (D20) to obtain

Fi =Ry, | x [-1 (P, P Py, ..., P

[(Rmz) (_RWZ) (R'"Z) (_Rmz) T (RWZ) (_RMZ)]

X [~ (P, P, Py, .. PDIT
—p1 Ty S "
= ﬁ([}?mz] X (P, Py .o, P)T = [Ru]
X (ﬁ],ﬁ],...,ﬁ])T)
=0. (D45)

In the scenario of subcase 2.1, we have R,,, = (+1)(xT,,)
and F; = 0. Although for the present subcase we have R, #
(+1)(xT,,), the scalar F; is again identically null, just like
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in subcase 2.1. Note that we have not imposed any restrictions
on [, thatis, F; = 0 regardless of whether /,,, < d/2orl,, >
d. Now, from Property 14 we have a; = [, F;. Thus, if there
are any others [,, such that j = 1,,, + L,,, + 2513 Ly, it holds
that

aj =0. (D46)
Therefore, by Eq. (D7), it follows that
a;j(t) =0. (D47)

3.2. Sub-case l,,, > d, Iy, > d, l,, > d.This situation is an
extension of subcase 2.2: T,,, = d/v; and T,,, = d/v,. Again,
we have powers [,,, with respective periods 7,,,, with i > 3. By
the recursive relation (C16) and Eq. (D22), we obtain

F = [Ry] x [_U'Zd(l, L1, 1)]T
= [(Rmz)(_RmZ)(RMZ)(_RWZ) T (RmZ)(_Rmz)]

—nd T
><|: d (1,1,1,...,1)}

U1
_ _UdTml T _
= 20T, ([Rn] x (1,1, ..., DT —[Ry,]
x (1, 1,...,D")
=0, (D48)

for any 1 < n < d. Similarly to what happened for F; in
subcase 3.1, here the result of Fl(”) is independent of the form
of R,,,. This is relevant because, in the present subcase, R,
is obtained by other R, that we did not specify. Now, from
Property 15 we have a; = 3 ZZ:] Fl(”). Then, it must be true
that

aj=0 (D49)
and by Eq. (D7) it follows that
aj(t) =0. (D50)

3.3. Subcase I,,, < d/2,1,, > d, I, > d. In subcase 2.3,
we have shown that a; # 0. Here, since there are other powers
Iy, the situation, however, will turn out to be different. We
should repeat the calculations of subcase 2.3 by first using
Eq. (D40):

urd !
—1 Y = [Ray ] % [V—(Ll,...,l)] ) (D51)
2

We must calculate Fj, since T, > d. From the calculations of
subcase 2.3, F] is given by F| = (;Ll)(”—;)(—ule(l)). Thus

Fi= ) (5) (-uF")

2 T
= [Rn] x [“—;{(1, ... 1)]

_ 1id T,
4T,
=0. (D52)

([R] x 4, ... DT = [Ryy] x (1, ..., D)

From Property 14, the Walsh angles for this subcase are given
by a; = 1,,, F1. Therefore,

aj = 0 (D53)

and from Eq. (D7) we get

a;(t)=0. (D54)

Just like it happened for subcase 2.2, where we had [,, > d
and /,,, > d, the Walsh angles a;(t) are also null here. This is
true for any /,,_, that composes j. The conclusion is that, for
any j with h; > 3, we have a;(¢) = 0.

We know that the only nonzero Walsh angles a;(t) are
those with Hamming weight #; = 1 or h; = 2, that is, cases 1
and 2. In case 1, it is always true that a;(¢) # 0. In case 2, the
Walsh angles are a;(¢) # 0 if and only if we simultaneously
have [,, < d/2 and [, > d. Therefore, if W is the set of
nonzero Walsh angles, then it is the union of two subsets W,
and W,, composed, respectively, by the nonzero Walsh angles
with i; = 1 and k; = 2. We can summarize this as

W =W, UWs, (D55)
with
W= 1at) = =N lfjgd/z’h-—l (D56)
1=34;U)= [iz(lg;jd)wt itj>d. =
and
W, ={a,-(r) - %z‘l"n; hy=2and j = Ly + I,

where [,,, < d/2andl,, > d}. (D57)

Lemma 3. Let G,(q) be the number of gates necessary
to implement the g-qubit unitary gate U(r) exactly. If we
use only Z rotations and controlled-NOT gates, then G,(q) =
3.2
79° +q.

Proof. As itis established in Appendix B, we can calculate
the exponential operators ¢/“®?i in Eq. (A11) by applying
a Z rotation on qubit Gy, » where My, is the MSB of j and
two controlled-NOT gates targeted on G, for each controlling

qubit. That is, the number of gates for a single ¢/“®%i is given
by one Z rotation and 2(k; — 1) controlled-NOT gates, result-
ing in 2h; — 1 gates. Now, from Theorem 2, the only nonzero
Walsh angles a;(¢) are those for which we have h; =1 or
hj=2.

! For h; =1 it is always true that a;(t) # 0 and the re-
spective values of j correspond to powers of 2. We know
that, within 1 < j < 27 — 1, there are g powers of 2. Then,
the total number of gates Ggl)(q) necessary for h; =1 is

G"(q) = (2h; — 1)q. Thus
Gy (9) =q. (D58)

For h;j = 2, we have a;(t) # 0 if and only if j = L, + L,
with [,,, <d/2 and [,,, > d. To find how many gates G;z)(q)
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are needed here, we must count how many combinations of
Iy, and [,,, are possible. First, we notice that d /2 = 21 /2=
2G-D_If we pick I, as satisfying I, = d/2, then d/2 =
Ly, = 2/~ implies that m; = 1. That s, there are % possible
values for [, < d/2. Because there is a total of ¢ powers of
2in the interval 1 < j < 29 — 1, then thereis alsog — § = 1
possible values for /,,,. We conclude that the number of com-

binations of 1, and I, is (£)() = "T Then, the number

GP(q) of for h; =2 is G2 = (2h; — L
5> (q) of gates necessary for h; =2 is G, = (2h; — ).
Thus

GY =34 (D59)

Finally, the total gate cost G»>(q) = Ggl)(q) + G;z)(q) for the

implementation of the unitary U () is
Gx(q) = (D60)

%qz +q.

APPENDIX E: PURITY ESTIMATION USING A
VARIATION OF THE swap TEST

In Ref. [26], the authors explore an interferometric setup to
extract Tr(U p) based on its correlation with the visibility v,
where U represents a unitary gate and p denotes the density
operator of the system. Their investigation draws parallels
between this quantum circuit and the one employed in the
SWAP test. However, there are notable distinctions: they utilize
a controlled-U gate instead of a controlled-SWAP gate and
consider density operators p instead of pure states |/).

The authors further contend that, by selecting U as the
SWAP gate and letting p = ps, ® ps, represent the joint density
operator of two subsystems S; and S,, a specific scenario
arises:

Tr(ps, ps,) = 2Py — 1, (ED)

where Py signifies the probability of measuring the state |0) for
the ancilla qubit subsequent to the application of the unitary
gates forming the quantum circuit.

In this Appendix, we present an operational proof for
Eq. (E1). Particularly, when ps, = ps,, it yields the purity
Tr( ,?)fl) = 2Py — 1, akey quantity for our quantum algorithm.
Before delving into the proof, we first introduce an identity
pertaining to the SWAP gate.

Proposition 4. Let V, and V, be two linear operators acting,
respectively, on d?-dimensional Hilbert spaces H, and H,
with H, = H,. Then, the following identity for the SWAP gate
holds

Tr((V; ® V5)SWAP) = Tr(V, V). (E2)

Proof. We will calculate both sides of Eq. (E2) and show
that they lead to the same expression. To do that, we start by
defining the matrix representations of V; on the computational
basis:

Vi(l’l) Vi(l,z) V(l,d)
A yen yey o yed
V= . (E3)
d,1) d,2) d,d)
Vi Vi Vi

Then, we can write

ZZ=1 Vl(l’k)vz(k'l) o *
ViV, = : : )
d )y, (kd
* kD Vl( )Vz( :
(E4)
with * denoting matrix elements we do not need. Thus
d . .
UADESY voyeD, (E5)
k=1
Now, we calculate the left side of Eq. (E2):
Tr((Vi ® V2)SWAP)
d ' d
=Tr| [ Do vPPnmk® D vl ml |swap
k=1 Lm=1
d
=> Z VIOVET(| ) @ |1) (k| © (m|SWAP)
Jk=11m=1
d d
=3 > VIRVIIT( ) @ 1l © (k)
Jjik=11.m=1
d d
= > VIOV ml ki
Jk=11m=1
d . .
=) v, (E6)
jok=1
i —— i
0
St
a2
UK
Sa
Qs
1 v o
C =

FIG. 4. Schematic representation of a modified SWAP test em-
ployed to determine Tr(ps, ps,) in a four-qubit system (g = 4).
Initially, qubits g; and g, are prepared in the state pg,, while qubits
g3 and g4 are prepared in the state pg,. An ancilla qubit g is
introduced. The circuit involves a Hadamard gate applied to g,
qubit-qubit controlled-SWAP gates between the two qubit sets, and
a final Hadamard gate on ¢. By measuring g, multiple times and
obtaining P, the quantity Tr(pg, Ps,) can be estimated as 2P, — 1.
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Therefore,
Tr((V; ® V5)SWAP) = Tr(V, V). (E7)

]
We are now prepared to demonstrate the validity of
Eq. (El). This proof will be conducted by constructing the
proposed quantum circuit introduced in Ref. [26], illustrated
in Fig. 4 for the specific scenario involving g = 4 qubits
and one ancilla qubit. Our system comprises an ancilla qubit
qo and two subsystems, denoted as S; and S,. Initially, the
system’s density operator p is given by the tensor product:

p =10)(0] ® ps, ® Ps, - (E8)
Following the sequence of gates outlined in the
quantum  circuit, we define P =HpH, p® =

(CswaAP)(p")(CSWAP), and p® = Hp®H. Commencing
with p", we proceed by applying a Hadamard gate H to go:

,5(1) — ﬁf)ﬁ

= 3(10) + 1) (0] + (1) ® ps, ® ps,

= [+)(+] ® ps, ® Ps,» (E9)
with |£) := \%(lO) =+ |1)). By applying the controlled-SWAP
gate CSWAP, we obtain
p = (CSWAP)(p'")(CSWAP)

=(10)(0| ® I + 1) (1| ® SWAP)(|+) (+] ® ps, ® Ps,)
x (10)(0] ®  + |1){1] ® SWAP)

1 —_—
=—(10)(+| ® ps, ® s, + 1) (+] ® SWAP(ps, ® Ps,))

/2

X (10)(0] @ I +[1){1] ® SWAP)
1 A A — A A
=5 (10)(01® ps, ® ps, +11)(0 @ SWaP(ps, ® )

+10) (1] ® (ps, ® ps,) SWAP

+ 1) (1] ® SWAP(ps, ® ps, ) SWAP). (E10)

To finalize, we apply another Hadamard gate to go:
/A)(3) zl_jlb(Z)I_j
= 1(1H)(+] ® ps, @ Ps, + | =) (+] ® SWAP(ps, ® Ps,)
+ )~ ® (s, ® ps,)SWAP
+ |=)(—| ® SWAP(ps, ® s, )SWAP). (E11)

The next step is to calculate the reduced density operator
0o for the ancilla qubit. To do that, we take the partial trace
over S and S»:

po =Trs,s,(p)
1 —_—

=5 () HITe(ps, ® ps,) + 1) (+ITr[SWAP(ps, @ Ps,)]
+ [+)(=|Tr[ (s, ® ps,)SWAP]
+ [ =) (= [Tr[SWAP(ps, ® ps,)SWAP])

oo —— — g
a1
2 {
az
as
54
o
gs
2 {
Qe
aqz
5 4
as

C

1 w 0

FIG. 5. Quantum circuit used for the estimation of the reduced
purity y4 of a system AB composed by ¢ = 4 qubits. This circuit is
analogous to the general case, with some exceptions. Here, the first ¢
qubits after the ancilla qubit g¢ and the last g qubits are prepared
in the same state p. Also, the controlled-SWAP gates are applied
only between the first half of qubits of each copy. Then, measuring
qo for various identical circuits allows us to estimate the reduced
purity ¥4 = Tr(p3), which corresponds to the bipartite reduced state
of qubits ¢; and ¢, or g5 and ge.

1
= 5((|+><+| + ==+ A=) {F =+ =D

x Tr[(,bgl ® ﬁs?)m])

. i + TI‘(,?)Sl [)52)2 (E12)
= —2 s

where in the last step we used the identity (E2). Thus the
probability Py = Tr(]|0)(0]|po) of obtaining state |0) for the
ancilla qubit is

P Tr<|o><0|(w))

2

1
= ETr(IO)(OI + Tr(ps, £s.)10) (01)

14 Tr(ps, ps,)

-

Therefore, we find that Tr(ps, ps,) = 2Py — 1. Now, spe-
cializing to the case where ps, = ps,, we obtain the purity

ys, =Tr(ps) = 2Py — 1. (E14)

(E13)

In our quantum algorithm, y5, = y4 is a function of time and
is actually the reduced purity of subsystem A. The quantum
circuit for this special case is shown in Fig. 5 for two identical
systems A and B with ¢ = 4 qubits each.
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