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Multiple quantum Mpemba effect: Exceptional points and oscillations
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We explore the role of exceptional points and complex eigenvalues on the occurrence of the quantum Mpemba
effect. To this end, we study a two-level driven dissipative system subjected to an oscillatory electric field and
dissipative coupling with the environment. We find that both exceptional points and complex eigenvalues can lead
to multiple quantum Mpemba effect. It occurs in an observable when time-evolved copies corresponding to two
different initial conditions, one initially having higher observable value compared to the other and both relaxing
towards the same steady state, intersect each other more than once during their relaxation process. Each of the
intersections denotes a quantum Mpemba effect and marks the reversal of identities between the two copies, i.e.,
the copy with higher observable value before the intersection becomes the lower-valued copy (and vice versa)
after the intersection. Such multiple intersections originate from additional algebraic time dependence at the
exceptional points and due to oscillatory relaxation in the case of complex eigenvalues. We provide analytical
results for quantum Mpemba effect in the density matrix in presence of coherence. Depending on the control
parameters (drive and dissipation), observables such as energy, von Neumann entropy, temperature, etc., exhibit
either single or multiple quantum Mpemba effect. However, the distance from steady state measured in terms of
the Kullback-Leibler divergence shows only single quantum Mpemba effect although the corresponding speed
gives rise to either single or multiple quantum Mpemba effect.
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I. INTRODUCTION

Memory effect describes the influence of past informa-
tion on present events [1]. Such memory effects often lead
to unexpected events. In physical systems, several forms of
interesting memory effects have been observed in different
contexts, e.g., pulse-sign memory in charge-density wave con-
ductors (memory of last input signal direction) [2,3]; Kaiser
effect in rocks and metals [4–6] and Mullins effect in rub-
bers [7–9] (both bearing memories of largest applied stress);
Kovacs effect (memory of bath temperature that affects the
thermalization process) [10–14]; aging and rejuvenation in
spin glasses [15–17] and structural glasses [18–21], granular
materials [22–25], dense suspensions [26], and active matter
[27].

The Mpemba effect (MPE) was originally conceived as
a counterintuitive thermal phenomenon of faster cooling of
hotter liquids, observed long ago [28] and lately rediscovered
by Mpemba and Osborne [29]. The MPE thus bears the im-
print of initial memory in a surprising way and constitutes a
separate class of fascinating memory effects. Later, the MPE
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has been regarded as one of the typical anomalous relaxations
where a system with initially higher observable (e.g., tem-
perature, energy, entropy, distance function, etc.) value can
relax faster than its copy with initially lower observable value,
when both of them approach towards the same steady-state
value. In classical systems, MPE has been found in variety
of classical systems including colloids [30,31], granular flu-
ids [32–38], optical resonators [39–41], inertial suspensions
[42,43], Markovian models [44–47], Langevin system [48],
and many others [49–59].

In spite of considerable amount of works on MPE in the
classical domain, only a few studies have been done on the
quantum Mpemba effect (QMPE), such as quantum Ising
model [60], Dicke model [61], few-level systems [62], V-type
system [63], XXZ spin chain [64], single-level quantum dot
[65], XY spin chain [66], and free and interacting integrable
systems [67]. In fact, only quite recently the quantum analog
of the original thermal MPE, i.e., QMPE in temperature, has
been theoretically revealed in a quantum dot [65] and the
significant role of relaxation modes other than the slowest
relaxation mode to create QMPE, has been shown [65]. How-
ever, the semiclassical approach taken in Ref. [65] naturally
raises a question about the generality of QMPE in temperature
and other observables, in presence of coherence in purely
quantum mechanical systems. This constitutes one of the mo-
tivations of this work.

Since the phenomenon of QMPE is a comparatively new
area of research, it is important to explore the plausible
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connections of QMPE to other interesting features of quantum
systems. In this work, we would like to address some such
connections. In particular, the study of exceptional points
(EPs) and surfaces in non-Hermitian quantum systems and
Liouvillian dynamics has caught a lot of attention in recent
days [68–82] along with their applications in quantum optics
[83,84]. The occurrence of EPs is directly related to eigen-
spectrum of a system and hence to its relaxation process.
Therefore, a natural curiosity would be to understand the role
of EPs on the possibility of QMPE. In fact, the occurrence of
double MPE (i.e., two intersections between trajectories) at an
EP has already been pointed out for MPE in classical inertial
suspensions [42]. Interestingly, the acceleration of relaxation
process in open quantum systems by maximizing the gap
between the zero mode and the slowest eigenmode at an EP
has recently been studied [85]. In general, such speedup is
desired for several application purposes and therefore it has
been a subject of immense interest in both classical and quan-
tum systems [85–90]. Since QMPE allows faster relaxation
of initially higher distant trajectories, it is important to find
criteria for QMPE and to understand how to utilize QMPE to
achieve a faster approach to steady state. Another intriguing
feature in non-Hermitian quantum mechanical systems is the
appearance of complex eigenvalues [91–95]. It is noteworthy
that the analysis of QMPE in the existing examples [60–63,65]
is based on purely exponential relaxation processes, neither
the EP nor the oscillations have been considered yet. There
is only an exception in Ref. [64] where more than one inter-
section between trajectories (two intersections to be precise,
termed as revivals) has been observed in the entanglement
entropy in the XXZ spin chain, although not discussed much
and simply explained as a finite-size effect.

In this paper, we explore the following two topics: (i) the
effect of EPs and complex eigenvalues on QMPE by ana-
lyzing the quantum master equation, and (ii) the existence
of thermal QMPE in a purely quantum mechanical setting.
We show that in the presence of EPs and complex eigen-
values, two time-evolved trajectories of an observable (e.g.,
temperature, energy) can intersect each other more than once
before reaching the same final steady state. In the context of
thermal QMPE, the first intersection implies that the initially
hotter quantum system relaxes faster to intersect the initially
colder quantum system and thereby reverses their roles, i.e.,
hotter becomes colder and vice versa. This can be followed
by one or more such intersections so that the present hotter
system can become colder again and so on. Similar obser-
vations have been obtained in average energy. Such multiple
intersections of trajectories give rise to the remarkable phe-
nomenon of multiple QMPE. To demonstrate multiple QMPE
as a consequence of EP and complex eigenvalues, we study
a two-level driven dissipative quantum system developed in
Ref. [96], which we call Hatano’s model in this paper, as a
typical and minimal model of open quantum systems. It is well
known that many complicated quantum problems are mapped
or reduced to two-level systems; needless to mention, they are
experimentally realizable (e.g., two internal electronic energy
levels of an atom controlled by laser) and have applications
in qubits, nuclear magnetic resonance, neutrino oscillations,
etc. We also find thermal QMPE in presence of coherence,
some cases remarkably with multiple intersections, following

the same definition of temperature used in Ref. [65]. Impor-
tantly, we provide analytical results for the time evolution of
the density matrix in the two-level driven dissipative system
considered here. Consequently, we derive analytical criteria
for QMPE in energy and, in principle, one can analyze exactly
(analytically and numerically) QMPE in any other observable.
Note that there have been exciting recent advances in experi-
mental demonstration of QMPE in a single 88Sr+ trapped-ion
qubit [97] as well as isolated many-body quantum systems
using 12 calcium ions’ trapped-ion quantum simulator [98]. In
particular, the single qubit considered in Ref. [97] in presence
of coherent driving and decay constitutes a two-level driven
dissipative system. It would be interesting to find connections
between the QMPEs studied in this article and those observed
in Ref. [97] in the future.

The paper is arranged as follows. In Sec. II, we define the
details of the model and the protocol used to study QMPE.
Section III describes different regions in the control parameter
plane depending on the types of eigenvalues of the Lindbla-
dian and the multiple QMPE is defined. In particular, we focus
on regions with exceptional points and complex eigenvalues
to discuss their effects on QMPE in the density matrix and
observables such as energy, entropy, Kullback-Leibler (KL)
divergence [99–103], and temperature by providing analyti-
cal results. In Sec. IV, we discuss QMPE in a region with
second-order EPs. Section V demonstrates the effect of com-
plex eigenvalues on the time evolution of the density matrix
leading to multiple QMPE in the observables. We summarize
the results and discuss possible future directions in Sec. VI.
Explicit expressions of the eigenvectors used in the analyses
in Secs. IV and V are provided in Appendices A and B,
respectively. We discuss QMPE briefly in region of purely
exponential relaxation in Appendix C and at a third-order
EP in Appendix D. In Appendix E, we explicitly present and
discuss a diagram containing different eigenvalue regions with
the variations of drive and dissipation.

II. MODEL AND PROTOCOL

We consider a two-level open quantum system, subjected
to a periodic drive and dissipatively coupled to the environ-
ment. Following Ref. [96], we hereafter refer to this model as
Hatano’s model in this paper. In this paper, we adopt h̄ = 1.
The two levels of the system, ground state and excited state,
have energies Eg and Ee, respectively. The gap between the
two levels is denoted by � := Ee − Eg. In Hatano’s model, the
transfers between the energy levels are enabled by the external
oscillatory electric field E = E0cos(ωt ) and the dissipation of
the system to the environment via coupling �. The parameter
δ := � − ω represents the detuning of the periodic drive with
respect to the system and d := DE0, where D is the electric
dipole moment, denotes the effective electric field. The tuning
parameters in Hatano’s model are d , �, and δ. However, one
of them fixes the unit of energy, so we essentially have two
free parameters d̃ := d/δ and �̃ := �/δ.

Hatano’s model, within Markovian approximation, can
be described by the Gorini-Kossakowski-Sudarshan-Lindblad
(GKSL) equation [104–107] (see [96] for the present context):

i
d

dt
|̂ρ(t )〉 = L̂|̂ρ(t )〉. (1)

022213-2



MULTIPLE QUANTUM MPEMBA EFFECT: EXCEPTIONAL … PHYSICAL REVIEW A 110, 022213 (2024)

The original 2 × 2 density matrix is recast as the column vec-
tor |̂ρ(t )〉 = (ρeg(t ), ρge(t ), ρee(t ), ρgg(t ))T in Eq. (1), where
T denotes the transpose. The terms ρeg(t ) and ρge(t ) are
the off-diagonal density matrix elements, characterizing the
purely quantum mechanical nature of the system. The ele-
ments ρgg(t ) and ρee(t ) correspond to the ground-state and the
excited-state probabilities, respectively. For convenience of
notations, we denote the density matrix elements as ρ j where
j = 1, 2, 3, 4 correspond to ρeg(t ), ρge(t ), ρee(t ), ρgg(t ), re-
spectively. The transition between these density matrix
elements is described by the Lindbladian of the form

L̂ =

⎛⎜⎜⎜⎜⎝
1 − i�̃/2 0 −d̃/2 d̃/2

0 −1 − i�̃/2 d̃/2 −d̃/2

−d̃/2 d̃/2 −i�̃ 0

d̃/2 −d̃/2 i�̃ 0

⎞⎟⎟⎟⎟⎠. (2)

Let us clarify a few points about the matrix L̂ at this point.
Note that the dissipation � makes the system non-Hermitian.
More importantly, each column sum L̂ does not equal to
zero, which distinguishes Hatano’s model from the classical
Markovian models studied previously [44]. A recent work
[65] showing thermal quantum Mpemba effect also deals with
an effective four-state quantum system. However, the semi-
classical approach in Ref. [65] considered a diagonal form of
the density matrix, while the present model includes quantum
coherence in the form of off-diagonal density matrix elements
ρeg(t ) and ρge(t ). Naturally, it is interesting to ask whether
Hatano’s model, in the presence of coherence, can exhibit

QMPE in observables such as temperature, energy, entropy,
and KL divergence.

Protocol. We consider two different sets I and II of initial
conditions ρ̂I(t = 0) and ρ̂II(t = 0). Both of them are chosen
in the form of steady-state distributions corresponding to the
zero eigenvalue of L̂ [Eq. (2)]. We choose steady-state initial
conditions because they are easily achievable in experiments
without requiring fine tuning. Theoretically, other types of
initial states could be considered that are not steady states,
thereby exploring QMPE in a broader space of initial con-
ditions. However, achieving and verifying such initial states
experimentally may necessitate more extensive fine tuning.
Therefore, we adhere to steady-state initial conditions. The
difference between the two initial conditions I and II lies
in the choice of the control parameters. To elaborate, we
choose (d̃I, �̃I ) for initial condition I and (d̃II, �̃II ) for initial
condition II. Both of them are instantaneously quenched to
the same set of values (d̃, �̃), so that they will eventually
reach the same steady state. Thus, the entire set of control
parameters consists of six parameters (d̃I, �̃I, d̃II, �̃II; d̃, �̃),
where the first four are before-quench parameters and the last
two are after-quench parameters. In most parts of this work,
we perform fixed dissipation protocol �̃I = �̃II = �̃ where we
only tune the drive to obtain QMPE. However, in some cases
we will use variable dissipation protocol �̃I �= �̃II �= �̃ where
both drive and dissipation are tuned to search for QMPE in the
whole parameter space.

To mathematically formulate the initial conditions be-
fore quench, let us denote the right eigenvectors and left
eigenvectors of L̂ [Eq. (2)] by |r j〉 and 〈� j | ( j = 1, 2, 3, 4),
respectively. The vector |r1〉 corresponds to the steady
probability distribution and 〈�1| is the corresponding left
eigenvector. Below we provide their explicit forms:

|r1〉 =
(

− d̃ (2 + i�̃)

4 + d̃2 + �̃2
, − d̃ (2 − i�̃)

4 + d̃2 + �̃2
,

d̃2

4 + d̃2 + �̃2
, 1

)T

, 〈�1| =
(

0, 0,
4 + d̃2 + �̃2

4 + 2d̃2 + �̃2
,

4 + d̃2 + �̃2

4 + 2d̃2 + �̃2

)
.

(3)

The steady state |̂ρss(d̃, �̃)〉 is simply related to |r1〉 as

|̂ρss(d̃, �̃)〉 = 4 + d̃2 + �̃2

4 + 2d̃2 + �̃2
|r1〉, (4)

where d̃ and �̃ are drive and dissipation after the quench,
respectively. We construct the two initial conditions I and II
as follows:

|̂ρI(t = 0)〉 = |̂ρss(d̃I, �̃I )〉, |̂ρII(t = 0)〉 = |̂ρss(d̃II, �̃II )〉.
(5)

The coherence terms ρeg and ρge being complex conjugates of
each other, we decompose them into real (Re) and imaginary
(Im) parts as

ρeg = ρRe + iρIm, ρge = ρRe − iρIm. (6)

Specifically, in steady state, ρRe and ρIm have the forms [using
Eqs. (3) and (4)]

ρRe = − 2d̃

4 + 2d̃2 + �̃2
, ρIm = − d̃ �̃

4 + 2d̃2 + �̃2
. (7)

III. DIFFERENT REGIMES IN d̃-�̃ PLANE
AND MULTIPLE QMPE

As discussed in Ref. [96], Hatano’s model exhibits a rich
spectrum of eigenvalues. In the plane of control parameters
d̃-�̃, it has six different regions (a1), (a2), (b), (c), (d), and
(e) depending on the nature of the eigenvalues of L̂ [Eq. (2)].
The regions (a1) and (a2) give rise to complex eigenvalues,
region (b) has purely imaginary eigenvalues, regions (c) and
(d) consist of second-order EPs, and region (e) contains a sin-
gle third-order EP. At an nth-order EP, n eigenvalues become
equal and their eigenvectors coalesce. The regions (a1) and
(a2) can be distinguished from each other depending on the
largest nonzero eigenvalue which is purely imaginary in (a1)
but complex in (a2). They can be also differentiated by their
locations in the parameter space of (d̃, �̃). The region (a1) is
placed in relatively larger d̃ and smaller �̃, whereas the region
(a2) is placed in comparatively smaller d̃ and larger �̃. All the
nonzero eigenvalues in region (b) are purely imaginary and
they are unequal from one another. The line (c) of second-
order EPs separates region (a1) from region (b), whereas the
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line (d) of second-order EPs demarcates (b) from (a2). The
two lines (c) and (d) of second-order EPs meet at a single
point in the d̃-�̃ plane that defines the region (e) which is a
third-order EP. See Appendix E for the visual descriptions
of these regions (also see Figs. 3 and 4 in Ref. [96]). We
would like to analyze the full relaxation of the system that
contains all three relaxation modes (apart from the eigenvalue
zero that corresponds to the steady state) of the Lindbladian
L̂ [Eq. (2)]. The presence of multiple relaxation modes, EPs,
and complex eigenvalues naturally triggers the possibility of
interesting features of QMPE in Hatano’s model.

Indeed, in the space of control parameters
(d̃I, �̃I, d̃II, �̃II; d̃, �̃), we find multiple QMPE where the
two trajectories corresponding to some observable, intersect
each other multiple times before reaching the same steady
state. Specifically, we have obtained two or more intersections
in a oscillatory manner in regions (a1) and (a2) with complex
eigenvalues. Whereas, at most two intersections or double
QMPE are found in regions (c), (d), and (e) with EP.
Interestingly, even number of intersections (e.g., double
QMPE or quadruple QMPE) imply that the initial identities
of the two copies (higher-valued copy and lower-valued
copy of an observable, more explicitly hotter and colder
copies if the observable is temperature) are restored finally
after the last intersection. Therefore, in such cases the
initially hotter or higher-valued copy remains hotter or higher
valued after all the intersections have occurred. On the
other hand, odd number of intersections (single QMPE or
triple QMPE) indicates the ultimate reversal of the initial
identities after the final intersection. In these cases the
initially hotter or higher-valued copy finally becomes colder
or lower-valued copy after the completion of all intersections.
This classification has important consequences when one is
not only interested in faster relaxations or intersections at
intermediate times, but also interested in faster reach to final
or steady state. It would be intriguing in the future to find
connections between such odd or even QMPE and a faster
approach to steady state. Notably, if we restrict ourselves to
monotonic time evolution, then even number of QMPE is of
no use. Only odd number of QMPE can help to reach faster
to steady state using QMPE. However, more conditions are
required like avoiding overshoot, etc., to use odd QMPE to
get faster reach to the steady state. In the next sections, we
discuss multiple QMPE in different regimes in detail.

In this paper, we illustrate QMPEs in region (d) for quench
onto the second-order EP in Sec. IV (with more analytical
details in Appendix A) and region (a1) for the quench onto
the point with complex eigenvalues in Sec. V (with more
analytical details in Appendix B). We do not discuss QMPE in
regions (c) and (a2) separately because the analyses of QMPEs
in these regions are similar to those in regions (d) and (a1),
respectively. The QMPEs in other regions are discussed in the
Appendices. Appendix C discusses QMPE in region (b) with
purely exponential relaxations and Appendix D contains the
description of the QMPE at the third-order EP in region (e).

IV. QMPE IN REGION (d): SECOND-ORDER EP

In this section, we consider the possibility of single
and multiple QMPE in region (d) of Hatano’s model. This

region contains second-order EPs where two of the nonzero
eigenvalues of the Lindbladian L̂ [Eq. (2)] become same and
their eigenvectors coalesce. In the (d̃, �̃) parameter plane, the
region (d) is defined by the set of points

�̃ =
√

d̃4

2
+ 10d̃2 − 4 + d̃

2
(d̃2 − 8)3/2. (8)

The eigenvalues of L̂ are denoted by −iλ j ( j = 1, 2, 3, 4)
where λ1 = 0. Specifically, in region (d), the eigenvalues obey
0 < λ2 = λ3 < λ4. To analyze QMPE analytically, we need
to diagonalize L̂. The diagonalization is usually done by the
relation L̂d = L̂L̂R̂, where L̂d is the diagonal form of the
Lindbladian and the matrix R̂ consists of the right eigenvectors
|r j〉 of L̂ as its columns and the matrix L̂ contains the left
eigenvectors 〈� j | as its rows, j = 1, 2, 3, 4. More explicitly,

R̂ = (|r1〉, |r2〉, |r3〉, |r4〉), L̂ = (〈�1|, 〈�2|, 〈�3|, 〈�4|)T .

(9)

The explicit expressions for |rk〉 and 〈�k| (k = 1, 2, 3, 4)
[Eq. (9)] in region (d) are provided in Appendix A.

It is known that, at the second-order EPs, such completely
diagonal form L̂d cannot be obtained. Instead, we achieve
a Jordan normal form L̂J that is not completely diagonal,
through the equation

L̂J = L̂L̂R̂, (10)

where L̂J has the form

L̂J =

⎛⎜⎜⎝
0 0 0 0
0 −iλ2 1 0
0 0 −iλ2 0
0 0 0 −iλ4

⎞⎟⎟⎠. (11)

Note the presence of the off-diagonal unit element in Eq. (11).
The explicit expressions for λ2 and λ4 are obtained as

λ2 = 2�̃

3
+ 2 cos

(
2π

3

)[
�̃

6

(
1 − d̃2

2
+ �̃2

36

)]1/3

,

λ4 = 2�̃

3
+ 2

[
�̃

6

(
1 − d̃2

2
+ �̃2

36

)]1/3

. (12)

We primarily seek the exact analytical solution for the time
evolution of |̂ρ(t )〉 with elements ρ j (t ) ( j = 1, 2, 3, 4 cor-
respond to ρeg, ρge, ρee, ρgg, respectively). In principle, once
the time evolution of the density matrix is obtained, one
can calculate any other observable of interest [e.g., energy,
entropy, temperature, Kullback-Leibler (KL) divergence, etc.]
to explore QMPE.

A. Density matrix elements

Using Eqs. (10) and (11) in Eq. (1), we have obtained
the following expressions of the density matrix elements
ρ j (t ) ( j = 1, 2, 3, 4):

ρ j (t ) =
4∑

k=1

e−λkt rk, jak − ite−λ2t r2, ja3, ak =
4∑

n=1

�k,nρn(0),

(13)
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where the initial density matrix elements ρn(0) before quench
are given by Eq. (5) and the elements �k,n are provided in
Appendix A. Interestingly, in the presence of the second-order
EP in region (d), the density matrix elements in Eq. (13) have
picked up an additional algebraic term proportional to time t .
This is remarkably different from the time evolution in regions
(b) which has only purely exponential relaxations (see Ap-
pendix C) and region (a1) that contains damped oscillations
(see Sec. V). The linear t dependence originates from the
off-diagonal defect in the Jordan normal form in Eq. (11).

To investigate QMPE, we focus on the ground-state den-
sity matrix element ρgg(t ) [≡ ρ4(t )]. To detect the QMPE,
we would like to find the intersections of the two copies I
and II during their relaxation, i.e., solution(s) to the equa-
tion �ρgg(t ) = ρI

gg(t ) − ρII
gg(t ) = 0, where ρI

gg(t ) and ρII
gg(t )

are ground state probabilities for copies I and II, respectively.
We obtain the following form of �ρgg(t ):

�ρgg(t ) = −e−λ2t [α1e−(λ4−λ2 )t + t α2 + α3], (14)

where the coefficients α1, α2, α3 are given by

α1 = aI
4 − aII

4 , α2 = −i
(
aI

3 − aII
3

)
, α3 = aI

2 − aII
2 . (15)

The solutions to such transcendental equation in Eq. (14) are
given by the Lambert W function, where the equation yey = x
has only one solution y = W0(x) if x � 0 and two solutions
y = W0(x) and y = W−1(x) if −1/e � x < 0. Indeed, such
properties of Lambert W function imply that there can be
more than one solution to �ρgg(t ) = 0, meaning multiple
QMPE. More precisely, at most two intersection times, i.e.,
double QMPE can be observed in region (d). Below we pro-
vide the criteria for double QMPE and single QMPE in this
region:

(λ4 − λ2)
α1

α2
e(λ4−λ2 ) α3

α2 >
1

e
: no QMPE,

(λ4 − λ2)
α1

α2
e(λ4−λ2 ) α3

α2 >
1

e
&

α1

α2
> 0 : double QMPE,

α1

α2
< 0 : usual QMPE.

(16)

The two possible intersection times for �ρgg(t ) = 0 in the
form of Lambert W functions are given in the following:

t̃0 = 1

(λ4 − λ2)
W0

(
(λ4 − λ2)

α1

α2
e(λ4−λ2 ) α3

α2

)
− α3

α2
,

t̃−1 = 1

(λ4 − λ2)
W−1

(
(λ4 − λ2)

α1

α2
e(λ4−λ2 ) α3

α2

)
− α3

α2
. (17)

The asymptotic expansions of the functions W0(x) and W−1(x)
can be found in Ref. [108]. Note that Lambert W functions
have found applications in several fields such as viscous flows
[109], crystal growth [110], epitaxial film growth [111], phase
separation of polymer mixtures [112], criticality in temporal
networks [113], etc.

In Fig. 1, we plot the solutions t̃0 and t̃−1 [Eq. (17)] as
functions of the driving strengths before quench. Indeed, we
observe that there are regions with single QMPE where only t̃0
exists and there are other regions where both solutions prevail
leading to double QMPE. In particular, we observe double

FIG. 1. The figure shows the intersection times t̃0 and t̃−1 from
Eq. (17), as functions of the control parameters d̃I and d̃II. The
regions with only one solution t̃0 indicate single QMPE in the
ground-state probability ρgg(t ) whereas the regions with both solu-
tions imply double QMPE. Parameters used are d̃ = 4.0, �̃I = �̃II =
�̃ =

√
(568 + 64

√
2)/2 [Eq. (8)].

QMPE for large values of d̃I and d̃II. Note that QMPE appears
to be unavoidable in the ground-state probability ρgg(t ) in
Fig. 1, i.e., there is no such region in the (d̃I, d̃II ) where there
is no QMPE.

B. Energy

Here we analyze QMPE in average energy E (t ) =
Tr[̂ρ(t )H] where H is the system Hamiltonian presented as a
2 × 2 matrix with elements H11 = 1, H22 = 0, H12 = H21 =
d̃/2 [96]. Consequently, E (t ) can be expressed as

E (t ) = 1 − ρ4(t ) + d̃

2
[ρ1(t ) + ρ2(t )]. (18)

Note that the average energy directly captures the effect of
coherence due to the presence of the off-diagonal density
matrix elements in Eq. (18). To explore the QMPE in E (t ),
we consider the time evolution of the energies starting from
the two different initial conditions I and II and look for
their intersections during the relaxations. More precisely, we
would like to find the solutions to �E (t ) = 0 where �E (t ) =
EI(t ) − EII(t ). We obtain the expression

�E (t ) = −e−λ2t [γ1e−(λ4−λ2 )t + t γ2 + γ3], (19)

where the coefficients γ1, γ2, γ3 are given by

γ1 = α1

(
1 + d̃2

1 + (�/2 − λ4)2

)
,

γ2 = α2

(
1 + d̃2

1 + (�/2 − λ2)2

)
,

γ3 = α3

(
1 + d̃2

1 + (�/2 − λ2)2

)
− α2(�/2 − λ4), (20)
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FIG. 2. The figure illustrates the intersection times t̃ E
0 and t̃ E

−1

[Eq. (21)] in energy E (t ). The parameter regions with only one
solution t̃ E

0 give single QMPE in energy whereas regions with both
solutions mark double QMPE. In contrast to intersection times in
ρgg(t ) (Fig. 1), here there are regions where QMPE is absent in
energy. Parameters used are same as Fig. 1.

where the elements α1, α2, α3 are given by Eq. (15). Note
that Eq. (19) is a similar kind of transcendental equation as
Eq. (14), only with different coefficients. Therefore, we can
analyze the possibility of QMPE in energy using Lambert W
functions as we did for the ground-state probability. The two
possible solutions to �E (t ) = 0 are given by

t̃ E
0 = 1

(λ4 − λ2)
W0

(
(λ4 − λ2)

γ1

γ2
e(λ4−λ2 ) γ3

γ2

)
− γ3

γ2
,

t̃ E
−1 = 1

(λ4 − λ2)
W−1

(
(λ4 − λ2)

γ1

γ2
e(λ4−λ2 ) γ3

γ2

)
− γ3

γ2
, (21)

where the superscript E denotes energy and is used to differ-
entiate the solutions from Eq. (17) obtained for ground-state
probability.

Figure 2 exhibits the solutions in Eq. (21) as functions
of the control parameters (d̃I, d̃II ). We observe region with
single QMPE (only t̃ E

0 exists) as well as region for double
QMPE (both t̃ E

0 and t̃ E
−1 exist). In addition, we observe regions

where both the solutions are absent, i.e., no QMPE. This
crucial difference in Fig. 2 compared to Fig. 1 indicates that
QMPE in ground-state probability does not necessarily imply
QMPE in average energy. However, Figs. 1 and 2 also show
that there are common parameter values that lead to QMPE
both in ρgg(t ) and E (t ). We present an explicit example in
Fig. 3 where both of these quantities exhibit double QMPE,
for the same set of parameters. However, the two intersection
times for ρgg(t ) and E (t ) are different from each other. The
intersection times for ρgg(t ) are comparatively far from each
other with the second QMPE being much weaker in magni-
tude [Fig. 3(a)], whereas the intersection times for E (t ) are
comparatively much closer to each other, with both the first
and second QMPE being comparable in magnitude [Fig. 3(b)].

(a)

(b)

FIG. 3. The figure shows an example where both ground-state
probability (a) and energy (b) exhibit double QMPE. We have plotted
the difference between two copies I and II in each case. For (a),
the second QMPE in ρgg(t ) is much weaker in magnitude whereas
for (b) both QMPE in E (t ) are of comparative magnitudes. Param-

eters used are d̃ = 4.0, �̃I = �̃II = �̃ =
√

(568 + 64
√

2)/2, d̃I =
10.0, d̃II = 12.0.

C. von Neumann entropy

Next we consider the von Neumann entropy SvN(t ), which
is a function of ρ̂(t ), defined as

SvN(t ) := −Tr{̂ρ(t ) ln[̂ρ(t )]}. (22)

The nonlinearity of SvN(t ) as a function of the density matrix
elements poses difficulties to perform analytical treatment of
the QMPE in von Neumann entropy, in contrast to what we
could achieve previously for ground-state probability and en-
ergy. To observe QMPE in SvN(t ), we consider the intersection
time(s) for the quantity �SvN(t ) = SI

vN − SII
vN. In Fig. 4, we

present the behavior of �SvN(t ) for the same set of parameter
values used in Fig. 3. Indeed, we observe that �SvN(t ) inter-
sects zero twice, implying the existence of double QMPE in
the von Neumann entropy, similar to ρgg(t ) and E (t ).

D. Temperature

We use the definition of temperature T (t ) following
Ref. [65] to examine the possibility of thermal QMPE in
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FIG. 4. The figure illustrates double QMPE in von Neumann
entropy for the same set of parameters used in Fig. 3. The inset shows
the second intersection where the magnitude of the second QMPE is
much weaker than the first QMPE shown in the main figure.

Hatano’s model, as given following:

T (t ) := ∂E (t )

∂SvN(t )
= ∂E (t )

∂t

/
∂SvN(t )

∂t
, (23)

where E (t ) and SvN(t ) are defined in Eqs. (18) and (22),
respectively. The QMPE in system temperature has been ob-
served recently in Ref. [65] using a semi-classical approach.
Naturally, it would be interesting to explore thermal QMPE
in Hatano’s model that involves the effect of off-diagonal
density matrix elements. However, we find that there is no
thermal QMPE for the same set of parameters that have pro-
duced QMPE for ground state probability [Fig. 3(a)], energy
[Fig. 3(b)] and entropy (Fig. 4). To search for thermal QMPE,
we consider a variable dissipation protocol that allows us to
use �̃I �= �̃II �= �̃ (wider parameter space compared to the
fixed dissipation protocol �̃I = �̃II = �̃). Indeed, using such
protocol, we have obtained the thermal QMPE shown in Fig. 5
where we present the temperature difference �T (t ) between

FIG. 5. The figure shows thermal QMPE. We have plotted the
difference in temperatures between two copies I and II. After the two
copies intersect each other, the initially hotter copy becomes colder
leading to QMPE in temperature. Parameters used are d̃ = 4.0, �̃ =√

(568 + 64
√

2)/2, �̃I = 15.0, �̃II = 2.1, d̃I = 3.0, d̃II = 22.9.

two copies I and II. We observe that �T (t ) becomes zero
at some intermediate relaxation time that denotes the inter-
section of two copies, after which the initially hotter copy
becomes colder, leading to thermal QMPE.

E. Kullback-Leibler divergence

The Kullback-Leibler (KL) divergence is a measure of dif-
ference from steady state which is a monotonically decreasing
function of time, and it is given by

DKL(t ) := Tr[̂ρ(t ){ln[̂ρ(t )] − ln(̂ρss)}], (24)

where ρ̂ss is the steady-state density matrix. Although the KL
divergence is not a distance in strict metric sense, however,
it is well accepted as a statistical distance. Such distance
function has been widely used to investigate MPE in classi-
cal systems [30,44,45] since it is suitable to characterize the
approach to steady state because of its monotonic nature. The
KL divergence [99] plays fundamental roles in nonequilib-
rium thermodynamics [100–103] and has diverse applications
in various fields including information geometry [114], ma-
chine learning [115], game theory [116], etc.

To obtain QMPE in KL divergence, we use the variable
dissipation protocol. In Fig. 6(a) we present an example where
the copy starting at a higher distance from steady state relaxes
faster compared to the other copy with lower initial distance.
The copies I and II intersect each other leading to QMPE in
DKL(t ) and the copy starting at higher initial distance reaches
the steady state faster. We have not observed multiple QMPE
in KL divergence. It would be an interesting future question
to understand if the absence of multiple QMPE in DKL(t ) is
its generic feature and if the reason is its monotonicity.

An important variable of interest in any relaxation process,
be it classical or quantum, is the speed of the relaxation. Since
the KL divergence gives the distance measure from steady
state, a relevant relaxation speed can be defined as

vKL(t ) = −∂DKL(t )

∂t
, (25)

where the negative sign is used to complement the fact that
the KL divergence decreases with time. It would be interest-
ing to see if the QMPE in DKL(t ) is also manifested in the
speed vKL(t ). For the same set of parameters that produced
QMPE in KL divergence [Fig. 6(a)], we investigate QMPE
in the speed in Fig. 6(b). Indeed, we observe that the speeds
of the two copies I and II intersect each other, leading to
QMPE. The higher distant copy goes towards steady state with
a higher speed and after the intersection its speed becomes
lower. Notably, the intersection times for DKL(t ) and vKL(t )
are different. In fact, there is a time window where the initially
higher distant copy becomes lower distant copy but still main-
tains its higher speed for some time. It would be intriguing to
investigate whether there is some general upper bound on the
relaxation speed vKL(t ).

We end this section by mentioning that the analysis of
the QMPE in region (c) would follow similar manner as in
region (d) discussed elaborately in the present section. This
is because region (c) is also a line of second-order EPs just
like region (d), the only difference is that the arrangement of
eigenvalues for region (c) obeys 0 < λ2 < λ3 = λ4.
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(a)

(b)

FIG. 6. (a) Shows QMPE in KL divergence [Eq. (24)] where the
initially higher distant copy (here I) reaches to steady state faster
than the initially lower distance copy (here II). (b) Demonstrates
the relaxation speed [Eq. (25)] of these two copies. The speed
also exhibits QMPE, but the intersection time is different com-
pared to DKL(t ). Parameters used for both figures are d̃ = 4.0, �̃ =√

(568 + 64
√

2)/2, �̃I = 20.0, �̃II = 4.5, d̃I = 10.0, d̃II = 2.0.

V. QMPE IN REGION (a1): OSCILLATIONS

In this section, we explore QMPE in region (a1) of
Hatano’s model which contains complex eigenvalues with
both nonzero real and imaginary parts. The eigenvalues are
nondegenerate and they are denoted by 0, λ2, λ3 = λRe +
iλIm, λ4 = λRe − iλIm, where the subscripts Re and Im cor-
respond to real and imaginary parts, respectively. In addition,
the eigenvalues satisfy the relation 0 < λ2 < λre meaning λ2

is the slowest relaxation mode. In contrast to the nontrivial
approximate diagonalization [Eqs. (10) and (11)] for second-
order EP in Sec. IV, here the complete diagonalization can be
obtained through the usual method

L̂d = L̂L̂R̂, (26)

where L̂d is the diagonal form of the Lindbladian L̂ [Eq. (2)]
in region (a1). The explicit forms of the eigenvalues, right

eigenvectors |rk〉, and left eigenvectors 〈�k| [(k = 2, 3, 4),
which appear in Eq. (9)], are given in Appendix B.

A. Density matrix elements

The individual density matrix elements ρ j (t ) ( j =
1, 2, 3, 4) are given by

ρ j (t ) =
4∑

k=1

e−λkt rk, jak, ak =
4∑

n=1

�k,nρn(0). (27)

To discuss QMPE in the density matrix, let us focus on the
ground-state probability, i.e., ρgg(t ). Of course, there is no
algebraic time dependence in the relaxation in Eq. (27), differ-
ent from what we observed in Eq. (13) (Sec. IV). Rather, the
interesting part of the relaxation in region (a1) originates from
the complex nature of the eigenvalues and the corresponding
coefficients ak in Eq. (27). Specifically, we have found that
a3 and a4 are complex conjugates of each other: they take
the forms a3 = aRe + iaIm and a4 = aRe − iaIm. Using such
expressions, we obtain the following formula for ρgg(t ):

ρgg(t ) = 4 + d̃2 + �̃2

4 + 2d̃2 + �̃2
+ e−λ2t a2

+ 2e−λRet
√

a2
Re + a2

Im cos(λImt − φ), (28)

where φ = tan−1(aIm/aRe). Interestingly, Eq. (28) contains an
oscillatory term cos(λImt − φ) and such an oscillatory relax-
ation differs from the usual exponential relaxation studied
in classical MPE [30,45]. To investigate the effect of such
oscillations in the QMPE, we consider relaxations from two
different initial conditions I and II, and search for one (single
QMPE) or more (multiple QMPE) intersections between the
time-evolved trajectories. The detection of such intersections
is made from the solutions of the equation �ρgg(t ) = ρI

gg(t ) −
ρII

gg(t ) = 0. In region (a1), the difference �ρgg(t ) has the form

�ρgg(t ) = 2e−λ2t
√

(�aRe)2 + (�aIm )2

×
[

�a2

2
√

(�aRe)2 + (�aIm )2

+ e−(λRe−λ2 )t cos(λImt − θ )

]
, (29)

where �a2 = aI
2 − aII

2 , θ = tan−1(�aIm/�are ) with �aRe =
aI

Re − aII
Re and �aIm = aI

Im − aII
Im. Due to the presence of the

oscillatory cos(...) function in Eq. (29), it is possible that
�ρgg(t ) can become zero at several points of time leading
to multiple QMPE. A necessary and sufficient condition for
QMPE in region (a1) is

min[e−(λRe−λ2 )t cos(λImt − θ )]

<
�a2

2
√

(�aRe)2 + (�aIm )2

< max[e−(λRe−λ2 )t cos(λImt − θ )], (30)

where �a2 and cos(λImt − θ ) must have opposite signs. Here
min[ f ] and max[ f ] correspond to minimum and maximum
values of the function f . Note that −1 < min[e−(λRe−λ2 )t

cos(λImt − θ )] and max[e−(λRe−λ2 )t cos(λImt − θ )] < 1.

022213-8



MULTIPLE QUANTUM MPEMBA EFFECT: EXCEPTIONAL … PHYSICAL REVIEW A 110, 022213 (2024)

FIG. 7. The figure shows multiple QMPE in the ground-state
density matrix element, where both copies I and II exhibit oscillatory
relaxation and intersect each other multiple times. The inset shows
the difference between the two copies intersect zero multiple times,
confirming the presence of multiple QMPE. Parameters used are
d̃ = 2.5, �̃I = �̃II = �̃ = 0.5, d̃I = 2.1, d̃II = 0.51.

In Fig. 7 we present an example of multiple QMPE in the
ground-state density matrix element ρgg(t ), where we have
chosen parameters that satisfy the QMPE criteria (30) for
region (a1). We observe that the two copies I and II relax in
oscillatory manner and intersect each other multiple times.
The inset explicitly shows that the difference between the two
copies �ρgg(t ) intersects zero multiple times, confirming the
multiple QMPE. Comparing Fig. 3(a) [region (d)] with the
inset of Fig. 7 [region (a1)], we understand that the number
of intersections in region (a1) is not restricted to two as in
region (d). Therefore, in region (a1) one can have many more
intersections and higher-order QMPE compared to the maxi-
mum double QMPE in the region (d). Since the amplitudes of
the oscillations can be controlled by tuning the initial driving
strengths d̃I and d̃II, complex eigenvalues seem to be useful to
obtain multiple intersections and thereby multiple QMPE. It
would be important in the future to find the exact number of
solutions to �ρgg(t ) = 0 either analytically or numerically.

B. Energy

The formal expression for average energy E (t ) is given
by Eq. (18). In the previous Sec. IV, we have already
shown that QMPE in ground-state probability does not nec-
essarily imply QMPE in energy, in general. However, it
is possible to find control parameters that can give rise
to QMPE in both observables, although the intersection
time(s) are generally different. Following the same path,
we would like to see if E (t ) shows multiple QMPE for
the same set of parameters used to achieve multiple QMPE
for ρgg(t ) in Fig. 7. Indeed, Fig. 8 exhibits multiple inter-
sections between time-evolved copies of energies starting
from I and II, both relaxing towards the same final energy.
The inset of Fig. 8 alternatively demonstrates the multiple
QMPE through multiple intersections of the energy differ-
ence �E (t ) = EI(t ) − EII(t ) with zero, remarkably different
from Fig. 3(b) with a maximum of two such intersections in
region (d).

FIG. 8. The figure illustrates multiple QMPE in average energy
where two copies I and II relax with oscillations and intersect each
other multiple times showing multiple QMPE. The inset shows the
energy difference between the two copies intersects zero multiple
times, leading to multiple QMPE in energy. Parameters used are
same as in Fig. 7.

C. von Neumann entropy

Next we consider the von Neumann entropy SvN(t )
[Eq. (22)]. To observe QMPE in SvN(t ), we consider the inter-
section times for the entropy difference between two copies
�SvN(t ) = SI

vN − SII
vN. In Fig. 9, we present the behavior of

�SvN(t ) for the same set of parameter values used in Figs. 7
and 8. Indeed, we observe that �SvN(t ) intersects zero multi-
ple times showing the existence of multiple QMPE in the von
Neumann entropy.

D. Temperature

Here, we study the thermal QMPE in region (a1) using
the system temperature defined in Eq. (23). In Fig. 10, we
present the time evolution of the temperatures of two copies
I and II, one initially hotter than the other. It is fascinating
that the temperatures of both the copies relax in oscillatory

FIG. 9. The figure shows the temporal behavior of the difference
between von Neumann entropies of two copies I and II, in region
(a1). The entity �SvN(t ) intersects zero multiple times, indicating the
occurrence of multiple QMPE. Parameters used are same as in Fig. 7.
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FIG. 10. The figure shows multiple thermal QMPE. Two copies,
one initially hotter than the other, relax in oscillatory manner and
intersect each other multiple times. After each intersection, the hotter
and colder copies reverse their identities and these identities are
preserved only until the next intersection. For initial condition II,
we observe temperatures oscillating between positive and negative
values in the early relaxation stage, leading to negative temperatures
at certain times. Parameters used are same as in Fig. 7.

manner towards the same steady-state temperature and dur-
ing the relaxations, they intersect each other multiple times,
leading to multiple thermal QMPE. This, in turn, implies that
the hotter and colder copies reverse their identities multiple
times (after each intersection the previous hotter copy turns
into colder copy and remains so until the next intersection).
Such oscillatory multiple thermal QMPE is observed here in
quantum systems, although multiple thermal MPE in classi-
cal inertial suspensions have already been reported [42]. The
physical interpretation and utility of multiple thermal QMPE
have to be explored in future in more details. Note that we
have used the same parameter set for multiple thermal QMPE
as in Figs. 7–9. Similar to Ref. [65], here also we observe
negative temperature [117–121] in the early stage of relax-
ation. To elaborate, for the parameters’ values used for initial
condition II in Fig. 10, we observe temperatures oscillating
between positive and negative values during initial relaxation
stage. Note that these closely spaced oscillating positive and
negative temperatures correspond to the same initial condition
II. The occurrence of such negative temperature is due to
nonmonotonic natures of energy and entropy as functions of
time. However, it is satisfying that even if we neglect such
initial negative temperatures, we observe multiple QMPE at
later times of the relaxation process where the temperatures
of both the copies remain positive.

E. Kullback-Leibler divergence

In this subsection we explore the QMPE in KL divergence
defined in Eq. (24). Since we have been able to obtain multiple
QMPE in region (a1) in all other observables considered here,
it is natural to ask about the possibility of multiple QMPE
in DKL(t ) as well. However, we have found that the KL di-
vergence does not show any intersection between two copies
I and II for the same parameter values used in Figs. 7–10.

(a)

(b)

FIG. 11. (a) Shows single intersection between the KL diver-
gence of the two copies I and II and thereby exhibits single QMPE
instead of multiple QMPE. Parameters used are same as in Fig. 7
only except d̃I = 1.0. For these same parameters, (b) compares the
time evolution of the speeds of the two copies. Unlike the distance,
the speeds intersect each other multiple times, leading to multiple
QMPE.

Therefore, we have to use different values of the initial drives
(still within the fixed dissipation protocol) to achieve QMPE
in DKL(t ), presented in Fig. 11(a). Intriguingly, we have only
observed single intersection between the two time-evolved
copies, resulting in single QMPE in KL divergence. This
means that once the initially higher distant copy intersects
the initially lower distant copy producing QMPE, thereafter
the new lower distant copy (that was initially higher distant)
remains closer to the steady state for the rest of the relax-
ation process. In fact, for all other parameter sets that we
have checked, we could not find multiple QMPE in DKL(t ).
The proof of the possibility or impossibility of multiple
QMPE in KL divergence in presence of complex eigenval-
ues remains unsolved and could be an important question to
investigate later. Thus, KL divergence intersects only once
(single QMPE) whereas other observables can have multiple
intersections (multiple QMPE). It would be interesting in the
future to find connections between QMPE in KL divergence
and QMPEs in other observables, e.g., thermal QMPE.

In this scenario, it would be interesting to examine the
corresponding behaviors of the speeds vKL(t ) [Eq. (25)] of
the two copies I and II. In Fig. 11(b), we present the time
evolution of speeds for the same set of parameters that gave
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rise to single QMPE in DKL(t ). It is fascinating to observe
that the speeds, unlike the distances, intersect each other mul-
tiple times producing multiple QMPE. The first intersection
between the speeds of the two copies [Fig. 11(b)] shows a time
lag in comparison to the intersection between distances of the
same copies [Fig. 11(a)]. Such a time lag between the QMPE
in KL divergence and the speed is in agreement with the
observation in region (d) (Fig. 6). However, contrary to single
QMPE in vKL(t ) in region (d), we have obtained multiple
QMPE in the speed in region (a1). The contrasting behavior
of single QMPE in DKL(t ) and multiple QMPE in vKL(t ) im-
plies that the initially higher distant copy that becomes lower
distant after the intersection in distances can remain at lower
distance even if its speed sometimes becomes smaller than the
speed of the current higher distant copy. This is interesting
because the system almost behaves like an intelligent and
efficient runner in a race who knows how to adjust the speed
(i.e., sometimes running faster and sometimes running slower
than the people behind) and still remains in the first position
to finish the race.

VI. SUMMARY

We have studied QMPE in a two-level quantum system
subjected to an oscillatory electric field and dissipative cou-
pling with the environment. The Lindbladian of this two-level
driven dissipative system, termed as Hatano’s model, has rich
variety of eigenspectrum, especially EPs and complex eigen-
values which are generic features of non-Hermitian quantum
systems. We have investigated the roles of complex eigenval-
ues and EPs on the QMPE. The exact analytical formulas
obtained for time-evolved density matrix elements enable
us to propose analytical criteria for the QMPE in observ-
ables. Interestingly, at the EPs, the density matrix elements
and consequently observables (e.g., energy) attain additional
algebraic time-dependent relaxations apart from the usual
exponential relaxations. Such additional algebraic time depen-
dence at the EPs leads to double QMPE (twice intersections
between trajectories starting at different initial conditions and
relaxing towards the same steady state). We have procured
the exact expressions for intersection times of trajectories,
that mark the occurrence of QMPE and we provide ana-
lytical criteria that demarcate control parameters’ regimes
with single or double or no QMPE. Whereas the multiple
QMPE at EPs in the present model is restricted to maximum
double QMPE, i.e., two intersections, the multiple QMPE at
the complex eigenvalues can result in even more number of
intersections in a oscillatory manner. Notably, we have estab-
lished the existence of thermal QMPE (single QMPE at EPs
and multiple QMPE at complex eigenvalues), in presence of
coherence in Hatano’s model. It is fascinating that, similar to
energy and entropy, temperature also exhibits multiple QMPE

where the initially hotter and colder copies intersect each
other multiple times. Such multiple reversals of identities (i.e.,
hotter becoming colder and vice versa) result in multiple ther-
mal QMPE. In spite of achieving multiple QMPE in several
observables (ground-state probability, energy, entropy, tem-
perature) using either additional algebraic time dependence
at EPs or oscillations at complex eigenvalues, surprisingly
the KL divergence (a distance measure from steady state)
shows single QMPE only. Overall, our theoretical analysis
exhibits that EPs and complex eigenvalues can be used as
systematic routes to generate multiple QMPE. However, we
should mention that the presence of EPs or oscillations is not
necessary for multiple QMPE. In this connection, we have
shown that multiple QMPE can be achieved even with purely
exponential relaxations, by putting suitable constraints on the
gap statistics of the eigenspectrum (Appendix C). Although
different observables such as energy, entropy, temperature,
KL divergence, etc., can exhibit QMPE for the same set of
control parameters (some of them may show single intersec-
tion time while others may show multiple intersection times),
one should note that the intersection times are in general
distinct for these observables. This is in agreement with MPE
in classical systems where the MPE depends on the choice of
the distance measures, as discussed in driven granular systems
[58].

An important and generic future goal in QMPE research
would be to understand its utility in speeding up quantum
processes. In fact, a recent work on accelerating relaxation in
open quantum systems by engineering EPs [85] hints towards
the connection of such acceleration to QMPE. This work
analyzes in detail how EPs lead to QMPE and provide criteria
on control parameters to observe the QMPE. It is important to
find out the deeper connections between the QMPE and faster
relaxations at EPs and for generic open quantum systems.
In this connection, an intriguing question is to find how the
quantum speed limit may affect the degree of faster relaxation
that can be achieved through the QMPE. Our work on QMPE
by controlling the amplitudes of oscillatory electric fields
hints towards possible experimental realizations of the QMPE
in qubit, keeping in mind the recent advancement in qubit-
related experiment [122]. The analysis of QMPE in this study
paves a path for future investigations of QMPE in quantum
many-body systems.
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APPENDIX A: EIGENVECTORS OF ̂L IN REGION (d)

In this Appendix, we give the explicit expressions for the right eigenvectors |rk〉 and left eigenvectors 〈�k| of the Lindbladian
[Eq. (2)] in region (d) (Sec. IV), where k = 2, 3, 4. The right and left eigenvectors corresponding to the zero eigenvalue, i.e., the
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steady state, have already been provided in Eq. (3). Following are the expressions for the right eigenvectors:

|r2〉 =
(

− d̃

1 − i(�̃/2 − λ2)
, − d̃

1 + i(�̃/2 − λ2)
, −1, 1

)T

,

|r3〉 =
(

1 − i(�̃/2 − λ4)

d̃
,

−1 − i(�̃/2 − λ4)

d̃
, 0, 0

)T

,

|r4〉 =
(

− d̃

1 − i(�̃/2 − λ4)
, − d̃

1 + i(�̃/2 − λ4)
, −1, 1

)
, (A1)

where the superscript T denotes transpose. The left eigenvectors are obtained to be

〈�2| = (−�Re
21 − i�Im

21 , −�Re
21 + i�Im

21 , �23, �24
)
,

〈�3| = (
�Re

31 + i�Im
31 , −�Re

31 + i�Im
31 , �33, �34

)
,

〈�4| = (
�Re

21 + i�Im
21 , �Re

21 − i�Im
21 , �43, �44

)
, (A2)

where the elements lkn are explicitly given by

�Re
21 = − [4 + (�̃ − 2λ2)2][4 + (�̃ − 2λ4)2]

4d̃ (λ2 − λ4)η
,

�Im
21 = − [4 + (�̃ − 2λ2)2](�̃ − 2λ4)[4 + (�̃ − 2λ4)2]

8d̃ (λ2 − λ4)η
,

�23 = [4 + (�̃ − 2λ2)2]
[
δ1 − 2�̃λ4

(
20 + �̃2 − 4λ2

4

) − 4λ2
4(�̃2 − 12)

]
4(4 + 2d̃2 + �̃2)(λ2 − λ4)η

,

�24 = − [4 + (�̃ − 2λ2)2]
[
δ1 + 2�̃λ4

(
4 − 3�̃2 − 4λ2

4

) − 4λ2
4(4 − 3�̃2)

]
4(4 + 2d̃2 + �̃2)(λ2 − λ4)η

,

�Re
31 = 4d̃ (λ2 + λ4 − �̃)η−1,

�Re
32 = d̃[(�̃ − 2λ2)(�̃ − 2λ4) − 4]η−1,

�33 = 4id̃2(4 + 2d̃2 + �̃2 + 4λ2λ4)

(4 + 2d̃2 + �̃2)η
,

�34 = −4id̃2(4 + 2d̃2 + �̃2 − 4λ2λ4)

(4 + 2d̃2 + �̃2)η
,

�43 = − [4 + (�̃ − 2λ4)2][δ2 − δ3 − 32λ2(�̃ − λ4)]

4(λ2 − λ4)(4 + 2d̃2 + �̃2)η
,

�44 = [4 + (�̃ − 2λ4)2][δ2 + δ3 + 4�̃λ2(4 − �̃2 + 2�̃λ4)]

4(λ2 − λ4)(4 + 2d̃2 + �̃2)η
, (A3)

where the eigenvalues λ2 and λ4 are given by Eq. (12) and the parameters η, δ1, δ2, δ3 used in Eq. (A3) have the following
forms:

η = [
�̃3 − 2�̃2(λ2 + 2λ4) + 4�̃

(−3 + 2λ2λ4 + λ2
4

) + 8
(
λ2 + 2λ4 − λ2λ

2
4

)]
,

δ1 = −16 + �̃4 + 2d̃2[(�̃ − 2λ4)2 − 4],

δ2 = −16 + �̃4 − 8�̃λ4 − 2�̃3λ4 + 2d̃2[(�̃ − 2λ2)(�̃ − 2λ4) − 4],

δ3 = 4λ2
2(�̃2 − 2�̃λ4 − 4). (A4)

APPENDIX B: EIGENVALUES AND EIGENVECTORS OF ̂L IN REGION (a1)

In this Appendix, we give the explicit expressions for the right eigenvectors |rk〉 and left eigenvectors 〈�k| of the Lindbladian
[Eq. (2)] in region (a1) (Sec. V), where k = 2, 3, 4. The right and left eigenvectors corresponding to the zero eigenvalue, i.e.,
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steady state, have already been provided in Eq. (3). Following are the expressions for the right eigenvectors:

|r2〉 =
⎛⎝− d̃

1 − i
(

�̃
2 − λ2

) , − d̃

1 + i
(

�̃
2 − λ2

) , −1, 1

⎞⎠T

,

|r3〉 =
⎛⎝− d̃

1 − λim − i
(

�̃
2 − λre

) , − d̃

1 + λim + i
(

�̃
2 − λre

) , −1, 1

⎞⎠T

,

|r4〉 =
⎛⎝− d̃

1 + λim − i
(

�̃
2 − λre

) , − d̃

1 − λim + i
(

�̃
2 − λre

) , −1, 1

⎞⎠T

. (B1)

The left eigenvectors are given by

〈�2| = (
�Re

21 + i�Im
21 , �Re

21 − i�Im
21 , �23, �24

)
,

〈�3| = (
�Re

31 + i�Im
31 , �Re

32 + i�Im
32 , �Re

33 + i�Im
33 , �Re

34 + i�Im
34

)
,

〈�4| = (
�Re

32 − i�Im
32 , �Re

31 − i�Im
31 , �Re

33 − i�Im
33 , �Re

34 − i�Im
34

)
, (B2)

where

�Re
21 = − [4 + (�̃ − 2λ2)2]

[
4
(
λ2

Im − 1
) + (�̃ − 2λRe)2

]
32d̃

[
λ2

Im + (λ2 − λRe)2
] ,

�Im
21 = − [4 + (�̃ − 2λ2)2](�̃ − 2λre )

8d̃
[
λ2

Im + (λ2 − λRe)2
] ,

�23 = − [4 + (�̃ − 2λ2)2]
[
2d̃2 + �̃2 + 4

(
1 + λ2

Im + λ2
Re

)]
8(4 + 2d̃2 + �̃2)

[
λ2

Im + (λ2 − λRe)2
] ,

�24 = [4 + (�̃ − 2λ2)2][2d̃2 + �̃2 − 4
(
1 + λ2

Im + λ2
Re

)]
8(4 + 2d̃2 + �̃2)

[
λ2

Im + (λ2 − λRe)2
] ,

�Re
31 = (ξ1 + ξ2)(4(1 + λIm )2 + (�̃ − 2λRe)2)

64d̃λIm
[
λ2

Im + (λ2 − λRe)2
] ,

�Re
32 = (ξ1 − ξ2)[4(λIm − 1)2 + (�̃ − 2λRe)2]

64d̃λIm
[
λ2

Im + (λ2 − λRe)2
] ,

�Im
31 = [ξ3 − 2�̃λIm(λIm − 2) + 4λ2(λIm − 1)2][4(1 + λIm )2 + (�̃ − 2λRe)2]

64d̃λIm
[
λ2

Im + (λ2 − λRe)2
] ,

�Im
32 = [ξ3 − 2�̃λIm(λIm + 2) + 4λ2(λIm + 1)2][4(−1 + λIm )2 + (�̃ − 2λRe)2]

64d̃λIm
[
λ2

Im + (λ2 − λRe)2
] , (B3)

where the parameters ξ1, ξ2, ξ3 used in Eq. (B3) have the forms

ξ1 = �̃2λIm − 4�̃λ2λIm + 4λIm
(
λ2

2 − 1
)
,

ξ2 = 4�̃(λ2 − λRe) + 4
(
λ2

Re − λ2
2 + λ2

Im

)
,

ξ3 = −�̃2λ2 + 2λ2
2(�̃ − 2λRe) − 4λRe + �̃λRe(�̃ − 2λRe) + 4λ2λ

2
Re. (B4)

The four other elements �re
33, �

im
33 , �

re
34, and �im

34 in Eq. (B2) have too lengthy explicit expressions. Therefore, we choose to provide
their forms in terms of the elements whose explicit expressions are already given in Eq. (B3), as

�Re
33 = d̃

{(
�Re

31 + �Re
32

)[
8λ2

2 − 8�̃λ2 − 2(4 + 2�̃2 + d̃2)
] + (

�Im
32 − �Im

31

)[
4�̃λ2

2 + 4λ2(4 + d̃2) − �̃(4 + 2�̃2 + d̃2)
]}

(4 + 2�̃2 + d̃2)[4 + (�̃ − 2λ2)2]
,

�Im
33 = d̃

{(
�Im

31 + �Im
32

)[
8λ2

2 − 8�̃λ2 − 2(4 + 2�̃2 + d̃2)
] + (

�Re
31 − �Re

32

)[
4�̃λ2

2 + 4λ2(4 + d̃2) − �̃(4 + 2�̃2 + d̃2)
]}

(4 + 2�̃2 + d̃2)[4 + (�̃ − 2λ2)2]
,
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�Re
34 = d̃

{(
�Re

31 + �Re
32

)[
8λ2

2 − 8�̃λ2 + 2(4 + 2�̃2 + d̃2)
] + (

�Im
32 − �Im

31

)
[4�̃λ2

2 − 4λ2(�̃2 + d̃2) + �̃(4 + 2�̃2 + d̃2)]
}

(4 + 2�̃2 + d̃2)[4 + (�̃ − 2λ2)2]
,

�Im
34 = d̃

{(
�Im

31 + �Im
32

)[
8λ2

2 − 8�̃λ2 + 2(4 + 2�̃2 + d̃2)
] + (

�Re
31 − �Re

32

)[
4�̃λ2

2 − 4λ2(�̃2 + d̃2) + �̃(4 + 2�̃2 + d̃2)
]}

(4 + 2�̃2 + d̃2)[4 + (�̃ − 2λ2)2]
. (B5)

The explicit expressions for λ2, λRe, and λIm in terms of control parameters (d̃, �̃) are obtained as

λ2 = 1

12

(
(−i +

√
3)χ1/3 + 8�̃ − (i + √

3)(12 + 12d̃2 − �̃2)

χ1/3

)
,

λre = 12d̃2(i + √
3) + (i − √

3)χ2/3 + 16�̃χ1/3 − (i + √
3)(�̃2 − 12)

24χ1/3
,

λim = 12
√

3d̃2(i + √
3) − √

3(i − √
3)χ2/3 − √

3(i + √
3)(�̃2 − 12)

24χ1/3
, (B6)

where χ has the following form

χ = (i�̃(36 − 18d̃2 + �̃2) + 6
√

3�̃2(d̃4 + 20d̃2 − 8) − 48(1 + d̃2)3 − 3�̃4). (B7)

APPENDIX C: QMPE IN REGION (b): PURELY
EXPONENTIAL RELAXATION

In this Appendix we discuss QMPE in region (b) of
Hatano’s model that contain eigenvalues 0,−iλ2,−iλ3,−iλ4

obeying 0 < λ2 < λ3 < λ4.

1. Density matrix elements

The individual density matrix elements ρ j (t ) ( j =
1, 2, 3, 4) are given by

ρ j (t ) =
4∑

k=1

e−λkt rk, jak, ak =
4∑

n=1

�k,nρn(0). (C1)

The right eigenvectors |rk〉 and left eigenvectors 〈�k| are of the
form

|rk〉 =
(

− d̃

1−i
(

�̃
2 −λk

) ,− d̃

1+i
(

�̃
2 −λk

) , −1, 1
)T

,

〈�k| = (
�Re

k1 + i�Im
k1 , �Re

k1 − i�Im
k1 , �k3, �k4

)
,

k = 2, 3, 4. (C2)

The elements �kn in Eq. (C2) are obtained as

�Re
k1 = − [4 + (�̃ − 2λk )2)(−4 + ∏4

n=2,n �=k (�̃ − 2λn)]

32d̃
∏4

n=2,n �=k (λk − λn)
,

�Im
k1 = − [4 + (�̃ − 2λk )2](�̃ − ∑4

n=2,n �=k λn)

8d̃
∏4

n=2,n �=k (λk − λn)
,

�k3 = − [4 + (�̃ − 2λk )2](4 + 2d̃2 + �̃2 + 4
∏

n �=k λn)

8(4 + 2d̃2 + �̃2)
∏

n �=k (λk − λn)
,

�k4 = [4 + (�̃ − 2λk )2](4 + 2d̃2 + �̃2 − 4
∏

n �=k λn)

8(4 + 2d̃2 + �̃2)
∏

n �=k (λk − λn)
. (C3)

To explore the possibility of QMPE, we consider the ground-
state probability ρ4(t ) ≡ ρgg(t ). The expression for ρgg(t )
becomes

ρgg(t ) = 4 + d̃2 + �̃2

4 + 2d̃2 + �̃2
+

4∑
k=2

e−λkt
{
2
[
�Re

k1 ρRe(0) − �Im
k1 ρIm(0)

]
+ �k3 + (�k4 − �k3)ρgg(0)

}
. (C4)

The difference �ρgg(t ) has the form

�ρgg(t ) = e−λ2t
[
α4x

λ4−λ2
λ3−λ2 + α3x + α2

]
, (C5)

where

x = e−(λ3−λ2 )t ,

αk = 2
[
�re

k1�ρre(0) − �im
k1�ρim(0)

]
+ (�k4 − �k3)�ρgg(0), (C6)

where k = 2, 3, 4, and �y = yI − yII in Eq. (C6). We want to
create the possibility of multiple solutions to �ρgg(t ) = 0. To
get m number of intersections, we have to produce at least an
mth-order polynomial in Eq. (C5). To do so, clearly we need

λ4 − λ2 = m(λ3 − λ2) ⇒ λ4 − λ3 = (m − 1)(λ3 − λ2).
(C7)

Interestingly, Eq. (C7) puts a constraint on the gap statistics
of the eigenvalues of the Lindbladian. Thus, the gap statistics
of eigenvalues connect directly to the possibility of multiple
QMPE. One can numerically check the maximum possible
value of m in region (b) by estimating (λ4 − λ3)/(λ3 − λ2)
with the variation of (d̃, �̃) in this region.

To consider an example, we study m = 2, i.e., the double
QMPE. The line in d̃-�̃ plane that satisfies this condition is

�̃ = 3
√

2
√

d̃2 − 2. (C8)

Any (d̃, �̃) on the line (C8) simplifies Eq. (C5) such that the
QMPE condition �ρgg(t ) = 0 reads as α4x2 + α3x + α2 = 0.
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(a) (b)

FIG. 12. The figure (a) shows the intersection time solutions [Eq. (C11)] in region (b) as functions of the control parameters d̃I and d̃II. Some
of the regimes show finite and positive values of both t̃+ and t̃−, implying double QMPE. Parameters used are d̃ = 6.0, �̃I = �̃II = �̃ = 6

√
17

[from Eq. (C8)]. The figure (b) shows a specific example of double intersection (double QMPE) in ρgg(t ). The main figure shows the first
intersection. The inset shows much weaker second intersection. Parameters additionally used for (b) are d̃I = 16.3, d̃II = 13.4.

The solutions to this equation are

x± =

(
− α3 ±

√
α2

3 − 4α4α2

)
2α4

. (C9)

The criteria for different types of QMPE in ground-state
probability ρgg(t ) in the region (b) are given by

0 < x+ < 1 and 0 < x− < 1 : double QMPE,

0 < x+ < 1 or 0 < x− < 1 : single QMPE,

x+ �∈ (0, 1) and x− �∈ (0, 1) : no QMPE. (C10)

Then, the intersection times t̃± are obtained as [using
Eq. (C6)]

t̃± = − 1

λ3 − λ2
ln(x±). (C11)

In Fig. 12(a), we present the intersection time solutions denot-
ing QMPE in ρgg(t ) as functions of the control parameters d̃I

and d̃II. Indeed, we observe that there are parameter regions
where both t̃+ and t̃− are positive and finite, indicating double
QMPE. Other regions have only one intersection time, either
t̃+ and t̃−, implying single QMPE. To demonstrate double
QMPE, Fig. 12(b) exhibits a specific example of double in-
tersection in ρgg(t ). However, the two copies become close
enough so that the second intersection [shown in inset of
Fig. 12(b)] is weak in magnitude and hard to detect.

2. Energy

We look for solutions to �Es(t ) = 0, which can give to
single or multiple QMPE depending on the number of positive
finite intersection time solutions. Figure 13(a) shows that the
average energy exhibits double QMPE indicated by the twice
zero intersections of �Es(t ), for the same set of parameter
values producing double QMPE in ρgg(t ) in Fig. 12(b).

3. von Neumann entropy

Here we ask if the entropy, like density matrix and energy,
also exhibits double QMPE for the same set of parameters
used in Figs. 12(b) and 13(a). However, in Fig. 13(b), we ob-
serve that the entropy difference �SvN(t ) between two copies
intersects zero only once, giving rise to single QMPE instead
of double QMPE.

4. Temperature

In Fig. 14(a), we present the time evolution of temperatures
for the two copies I and II, one initially starting as hotter
with respect to the other. We observe that the temperatures
of the two copies intersect each other, i.e., the hotter becomes
colder and vice versa. Notably, unlike ground-state probabil-
ity [Fig. 12(b)], energy [Fig. 13(a)] that can exhibit double
QMPE, we have observed only single QMPE in temperature.
If observation of multiple QMPE is possible or not with purely
exponential relaxations remains an open question.

5. Kullback-Leibler divergence

Here we study the possibility of QMPE in KL divergence
for the same parameters used to explore thermal QMPE in
Fig. 14(a). Figure 14(b) shows QMPE in KL divergence,
however, the intersection time corresponds to negative tem-
peratures in Fig. 14(a).

APPENDIX D: QMPE IN REGION (e): THIRD-ORDER EP

The region (e) in the (d̃, �̃) plane of Hatano’s model is
composed of a single point

d̃ = 2
√

2, �̃ = 6
√

3. (D1)

It is a third-order EP where all the nonzero eigenvalues
become equal and their eigenvectors coalesce. Since this
is a single point with fixed values of d̃ and �̃, the right
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1st intersection

2nd intersection

0.2 0.4 0.6 0.8

0

4x10-5

double QMPE

- 4x10-5

one intersection

single QMPE

0.4 0.6 0.8 1.0

0

1x10-5

-1x10-5

(a) (b)

FIG. 13. (a), (b) Show nature of QMPE in energy and von Neumann entropy in region (b), respectively, for the same parameters exhibiting
double QMPE in ρgg(t ) in Fig. 12(b). We observe that although energy shows double QMPE (a), the von Neumann entropy exhibits single
QMPE only (b).

eigenvectors are explicitly given by

|r1〉 =
(−1 − 3i

√
3

15
√

2
,

−1 + 3i
√

3

15
√

2
,

1

15
, 1

)T

,

|r2〉 =
(−1 + i

√
3√

2
,

−1 − i
√

3√
2

, −1, 1

)T

,

|r3〉 =
(

1 + i
√

3

2
√

2
,

−1 + i
√

3

2
√

2
, 0, 0

)T

,

|r4〉 =
(

1

2
√

2
,

1

2
√

2
, 0, 0

)T

. (D2)

Of course, |r1〉 and 〈�1| have same expressions both in Eqs. (3)
and (D2). The left eigenvectors are

〈�1| =
(

0, 0,
15

16
,

15

16

)
,

〈�2| =
(

0, 0, −15

16
,

1

16

)
,

〈�3| =
(√

2, −√
2,

i9
√

3

4
,

i
√

3

4

)
,

〈�4| = (
√

2 + i
√

6,
√

2 − i
√

6, 5, 1). (D3)

The nonzero eigenvalue of the Lindbladian [Eq. (2)] in region
(e) is −iλ = −i4

√
3. Importantly, as a consequence of the

third-order EP, we can only achieve an approximately diago-
nal form, i.e., Jordan normal form L̂Jn leading to the equation

L̂Jn = L̂L̂R̂, (D4)

where L̂Jn has the explicit form as

L̂Jn =

⎛⎜⎜⎝
0 0 0 0
0 −i4

√
3 1 0

0 0 −i4
√

3 1
0 0 0 −i4

√
3

⎞⎟⎟⎠. (D5)

Due to the off-diagonal nonzero defects in Eq. (D5), the time
evolution of density matrix elements and other observables
pick up additional algebraic terms in time.

intersection

initial condition I

initial condition II

0.2 0.3 0.4 0.5 0.6

- 20

- 10

0

10

20

30
initially hotter remains hotter

initially hotter becomes colder

intersection

0.2 0.4 0.6

0

4x10-4 single QMPE

-4x10-4

(a) (b)

FIG. 14. (a) Shows thermal QMPE in region (b) where the temperatures of the two copies intersect each other once leading to single thermal
QMPE. Parameters used are d̃ = 6.0, �̃I = 0.5, �̃II = 0.4, �̃ = 6

√
17, d̃I = 3.0, d̃II = 2.0. (b) Exhibits single QMPE in KL divergence in

region (b). Parameters used for (b) are d̃ = 6.0, �̃I = 0.5, �̃II = 0.4, �̃ = 6
√

17, d̃I = 3.0, d̃II = 2.0.
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(b)(a)

FIG. 15. (a) Illustrates the two intersection time solutions t̃± [Eq. (D9)] in region (e) as functions of d̃I and d̃II. For comparatively high
values of these control parameters, both solutions exist, leading to double QMPE. Parameters used are d̃ = 2

√
2, �̃ = �̃I = �̃II = 6

√
3.

(b) Shows a surface from the three-dimensional plot in (a). It demonstrates the intersection times [Eq. (D9)] by fixing d̃I and varying d̃II. We
observe single QMPE as well as double QMPE depending on the parameter choices. Depending on the sign of (d̃I − d̃II ), the two solutions
interchange their branches. Parameters used are d̃ = 2

√
2, �̃ = �̃I = �̃II = 6

√
3, d̃I = 8.0.

1. Density matrix elements

In region (e), the density matrix elements have the expres-
sions

ρ j (t ) =
4∑

k=1

e−λkt rk, jak − ite−λt (r2, ja3 + r3, ja4)

− t2

2
e−λt r2, ja4,

ak =
4∑

n=1

�k,nρn(0). (D6)

To investigate QMPE, we consider two initial conditions
I and II as usual and calculate the difference in time

evolution between these two copies. We have obtained the
following expression for ground state probability difference
�ρgg(t ) = ρI

gg − ρII
gg in region (e):

�ρgg(t ) = e−4
√

3t [γ2t2 + γ1t + γ0],

γ2 = 2ρgg(0) −
√

2(ρre(0) +
√

3ρim(0)),

γ1 = 2
√

2ρim(0) − 2
√

3ρgg(0),

γ0 = �ρgg(0). (D7)

The possibility of single or multiple QMPE in region (e)
is dictated by the solutions of the equation �ρgg(t ) = 0,

(b)(a)

FIG. 16. (a) Shows an example of double QMPE in the ground-state density matrix element in region (e). The main figure shows the first
intersection between two copies I and II whereas the inset shows their second intersection that is weaker in magnitude. (b) Shows QMPE in
average energy in region (e). The main figure shows that the energy difference between two copies I and II intersect zero two times, resulting
in double QMPE. The insets show the intersections in the time evolution of the individual energies of the two copies. Parameters used are
d̃ = 2

√
2, �̃ = �̃I = �̃II = 6

√
3, d̃I = 5.0, d̃II = 7.0.
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(b)(a)

FIG. 17. (a) Illustrates QMPE in von Neumann entropy in region (e). The difference of entropies between two copies I and II intersects
zero twice, leading to double QMPE. The inset shows the second intersection that is weaker in magnitude with respect to the first intersection
shown in the main figure. Parameters used in (a) are same as in Fig. 16. (b) Illustrates an example of thermal QMPE where the intersection
between initially hotter and colder copies occurs before the initial stage of negative temperature. The inset of (b) shows the full time evolution
including the initial negative temperatures. Parameters used are d̃ = 2

√
2, �̃ = 6

√
3, �̃I = 14.0, �̃II = 15.0, d̃I = 6.0, d̃II = 3.0.

which are

t̃± =
−γ1 ±

√
γ 2

1 − 4γ2γ0

2γ2
. (D8)

The criteria for different types of QMPE in ground state
probability in region (e) are listed as follows:

0 < t̃+ < ∞ and 0 < t̃− < ∞ : double QMPE,

0 < t̃+ < ∞ or 0 < t̃− < ∞ : single QMPE,

t̃+ �∈ (0,∞) and t̃− �∈ (0,∞) : no QMPE. (D9)

In Fig. 15(a), we present existence of t̃+ and t̃− as function
of the control parameters d̃I and d̃II using the fixed dissi-
pation protocol. The solutions’ surfaces in Fig. 15(a) reveal
that there are regions where only one of the solutions t̃+ or
t̃− exist leading to single QMPE, and in other regions both
the solutions exist resulting in double QMPE. Particularly,
lower values of d̃I and d̃II correspond to single intersection
time solution and therefore single QMPE. To understand the
behaviors of t̃+,− more clearly, we fix d̃I and display t̃+,− as
functions of d̃II in Fig. 15(b). Figure 15(b) shows that the two
branches t̃+ and t̃− interchange as d̃I < d̃II. More specifically,
for d̃I > d̃II we have t̃+ > t̃− and for d̃I < d̃II we have t̃+ < t̃−.

The underlying reason is that the discriminant
√

γ 2
1 − 4γ2γ0

in Eq. (D9) is proportional to sign of (d̃I − d̃II ). Thus, the
two intersection times interchange their roles by changing the
sign accompanying the discriminant as we go from d̃I > d̃II

to d̃I < d̃II. Figure 16(a) demonstrates an explicit example of
double QMPE in ground-state probability in region (e). Like
other regions, here also the second intersection [shown in the
inset of Fig. 16(a)] is much feeble in comparison to the first
intersection.

2. Average energy

For the same parameters used to obtain QMPE for ρgg(t ) in
Fig. 16(a), we would like to examine the possibility of QMPE

in average energy E (t ). Indeed, we observe in Fig. 16(b)
that energy also exhibits double QMPE, marked by the twice
intersection of zero by the energy difference �E (t ) between
the two copies. The insets of Fig. 16(b) show separately the
two intersections in the time evolution of the energies for
the two copies. The second intersection is much weaker in
magnitude compared to the first intersection just like the case
of ground-state probability. Note that the first intersection
between the energies of I and II occurs after they overshoot
their steady-state value which they reach during some early
time of the relaxation process.

3. von Neumann entropy

Here we investigate the von Neumann entropy SvN(t ), start-
ing from two copies I and II. We use the same parameters that
have produced double QMPE both in ground-state probability
[Fig. 16(a)] and average energy [Fig. 16(b)]. In fact, Fig. 17(a)

FIG. 18. The figure shows different eigenvalue regions (a1), (a2),
(b), (c), (d) and (e) of Hatano’s model in the parameters’ plane
of driving amplitude d̃ and dissipation strength �̃. This figure is
equivalent to Fig. 4 in [96].
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shows that the entropy also exhibits double QMPE indicated
by twice zero intersections [the second one shown in inset of
Fig. 17(a)] of the entropy difference �SvN(t ) between the two
copies.

4. Temperature

In this section we study the thermal QMPE in region (e).
We investigate thermal QMPE in region (e) by using variable
dissipation protocol in Fig. 17(b). There we observe single
intersection and reversal of identities (i.e., hotter becoming
colder and vice versa) occurs before the negative temperatures
have happened. Note that this is contrary to the thermal QM-
PEs obtained in Figs. 5, 10, and 14(a) where we obtain single
or multiple intersections after the initial stage of negative
temperatures have passed. So, such temperatures may not be
considered as well defined and, therefore, this intersection in
Fig. 17(b) may not correspond to single QMPE in temperature
in region (e). We have to further look for other parameters’
values which can lead us to intersections after the initial

stage of negative temperatures so that thermal QMPE can be
obtained unambiguously like Figs. 5, 10, and 14(a).

APPENDIX E: DIFFERENT TYPES OF EIGENVALUE
REGIONS IN d̃-�̃ PARAMETERS’ PLANE

In this Appendix we explicitly show the different regions
(a1), (a2), (b), (c), (d), and (e), appearing in the parameters’
plane d̃-�̃, characterized by the nature of the eigenvalues of
the Lindbladian [Eq. (2)]. For this purpose, we present Fig. 18
that is reproduced from Ref. [96]. In Fig. 18, we observe that
the exceptional points [regions (c), (d), and (e)] occur at rela-
tively higher values of �̃ compared to d̃ and δ (=1). The same
is true for region (a2) with complex eigenvalues and region (b)
with all real (and unequal) eigenvalues. On the contrary, the
region (a1) with complex eigenvalues (discussed in Sec. V)
corresponds to lower values of the dissipation strength (<1)
compared to driving amplitude and the detuning (=1).
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