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Two-component systems consisting of mutually interacting particles can demonstrate both intracomponent
transport effects and intercomponent entrainment (or drag) effects. In the presence of superfluidity, the intracom-
ponent transport is characterized by dissipative conductivity and superfluid weight in the framework of two-fluid
model, and intercomponent entrainment gives rise to normal and nondissipative drag effects. We present unified
treatment of all these effects for spatially homogeneous two-component atomic Bose-Einstein condensates
based on the Bogoliubov theory, focusing specifically on the drag effects. Calculating finite-frequency intra-
and intercomponent conductivities with taking into account quasiparticle damping, we derive and numerically
check analytical Drude-like approximations applicable at low frequencies and Lorentz-like approximations
applicable at higher frequencies in the vicinity of the resonant energy of spin-to-density Bogoliubov quasiparticle
conversion. As possible physical realizations of two-component atomic systems, we consider three-dimensional
Bose-Bose mixtures and closely spaced two-layered systems of magnetic dipolar atoms.
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I. INTRODUCTION

Understanding of many-body phenomena in ultracold
atomic gases helps to shed light on the properties of con-
densed matter systems. For example, studying Bose-Einstein
condensation (BEC) of ultracold atomic gases provides deeper
insight into physics of superconductors, superfluids, and
strongly correlated systems [1–4]. One of such phenomena,
which might occur in semiconducting, superconducting, and
ultracold atomic systems, is drag effect, the transport phe-
nomenon which reveals both single-particle and many-body
physics.

The Coulomb drag effect in closely spaced two-layer sys-
tems, which is caused by frictional entrainment of particles
in one layer in response to a current in the other layer, is
extensively studied in solid-state electronic systems [5]. Ex-
perimentally, this effect is detected by measuring nonlocal
transresistance between layers. In superfluid or superconduct-
ing two-component systems, a nondissipative counterpart of
the drag, or Andreev-Bashkin effect, can also emerge, when
superfluid or superconducting components of the constituents
entrain each other without dissipation. This effect was pre-
dicted for 3He - 4He mixtures [6], superconducting systems
[7–9], ultracold atomic gases [10], superfluid mixtures of
nucleons in the cores of neutron stars [11], and for supercon-
ducting layers interacting with polaritons [12].

Both Coulomb and Andreev-Bashkin drag effects are con-
ventionally studied in the dc regime (at ω = 0). Recently there

*Contact author: afaminov@hse.ru
†Contact author: asokolik@hse.ru

appeared an interest in studying the ac (ω > 0) drag effect
[13]: An alternating force at nonzero frequency acts on one
component, and the alternating current of the other component
is detected. This effect is described by the conductivity ma-
trix σi j (ω) resolved over the components i, j = a, b. The key
feature of ac drag effects in a superfluid system is interplay
of dissipative and nondissipative current responses, when the
Coulomb drag and Andreev-Bashkin effects in their pure dc
form can be extracted from analysis of the low-frequency limit
of ac drag conductivity σab(ω).

In this paper we calculate, using many-body theory, the
ac mass conductivities σi j (ω) of a two-component atomic
BEC at nonzero temperature, considered as a homogeneous
three-dimensional (3D) mixture [see Fig. 1(a)]. We analyze
both intracomponent conductivities (or intraconductivities)
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FIG. 1. Schematic depiction of systems considered. (a) Three-
dimensional atomic mixture. Alternating force Fa imposed on the
constituent a gives rise to both intracomponent ja ∼ σaaFa and
intercomponent jb ∼ σabFa response currents. (b) Dipolar atomic
quasi-2D system. Atoms in two pancake-like Bose-condensed clouds
have their dipole moments aligned with the z axis, and the drag
effects are induced by long-range interaction across the interlayer
distance L.
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σaa, σbb, which characterize normal and superfluid responses
of each component, and intercomponent conductivity (or
transconductivity) σab, which is responsible for normal and
superfluid drag effects. In contrast to Ref. [13], we con-
sider generally nonsymmetric two-component system with
different masses and densities of constituents and assume
nonzero damping γ of the Bogoliubov excitations, which can
be caused by interatomic interactions with thermally excited
quasiparticles [14,15] or by scattering on impurities or disor-
der [16–19]. The external disorder potential can arise due to
experimental imperfections or can be introduced intentionally
[20,21].

Besides three-dimensional mixtures, we study spatially
separated magnetic dipolar atomic gases [see Fig. 1(b)],
where the interlayer drag can appear due to long-range
dipole-dipole interaction. Such systems are gaining popularity
nowadays: BEC of dipolar atomic gases was realised in recent
experiments [22], and mutual friction (i.e., normal drag effect)
in a noncondensed phase was detected in the two-layered
geometry [23].

We calculate and analyze frequency dependencies of dis-
sipative (or real) and nondissipative (or imaginary) parts of
the conductivities σi j (ω), which characterize the current re-
sponses in phase and with the π/2 phase shift with respect to
the driving force, respectively. At large-enough temperatures
the dissipative and nondissipative response currents may be
of the same order, leading to nontrivial phase shifts (besides
0 and π/2) between currents and driving forces. At low fre-
quencies both intra- and transconductivities σi j (ω) are well
approximated analytically by a kind of two-fluid Drude model
[24,25] with a mixture of nondissipative response (giving rise
to superfluidity of each component and Andreev-Bashkin ef-
fect between the components) and dissipative response caused
by quasiparticle decay (which gives rise to a normal con-
ductivity of each component and normal drag between the
components). At higher frequencies of the order of atomic
chemical potentials, σi j (ω) in certain conditions can reveal
the Lorentz-type resonance originating from interconversion
between spin and density Bogoliubov quasiparticles, which
is also analytically approximated. For dipolar atoms with
interlayer interaction, we predict similar behavior of transcon-
ductivity, although the resonance frequency may be tuned by
changing the interlayer distance.

The paper is structured as follows. In Sec. II the outline
of the theory is presented, providing the general expressions
for conductivity calculations and parameters of the atomic
systems we consider. Then in Sec. III we derive analytic
approximations for ac conductivities in the Drude (low-
frequency) and Lorentz (high-frequency) regimes, followed
by Sec. IV, where the results of numerical calculations are
presented and compared with the analytical approximations.
Sec. V concludes the paper with discussion. Appendixes A,
B, C, and D present details of calculations.

II. THEORY

A. Intra- and transconductivities

Superfluid, dissipative and drag transport effects in a two-
component system are characterized by ac intraconductivities

σaa(ω), σbb(ω), and transconductivity σab(ω), which relate the
force F je−iωt imposed on the component j to the current den-
sity (or flux density of particles) induced in the component i:

ji(t ) = σi j (ω)F je
−iωt . (1)

Such conductivities have dimensionality of h̄−1 cm−1 (h̄−1)
for a 3D (2D) system. In experiments on ultracold atomic
gases, they can be determined by measuring velocities and
coordinates of atoms using time-of-flight expansion imaging
[26] or temperature change due to dissipation-induced
heating [27].

In the linear response theory, the ac conductivities can
be related to the retarded correlation functions of currents
[13,28],

σi j (ω) = i

ω

[
δi jni

mi
+ lim

q→0
χT

i j (q, ω)

]
. (2)

Here the first term is diamagnetic response present only in the
intracomponent channel i = j, with ni and mi being the atomic
density and mass of the ith component; χT

i j is transverse part
of the retarded paramagnetic current response tensor. In Mat-
subara representation at nonzero temperature T , this tensor is
given by

χ
νη
i j (q, iω) = − 1

A

∫ 1/T

0
dτ eiωτ

〈
Tτ jνi (q, τ ) jηj (−q, 0)

〉
, (3)

where jνi (q, τ ) is the Heisenberg-evolved (in imaginary time)
operator of the qth spatial harmonic of the ith component cur-
rent density along the axis ν, A is the system volume (area) in
the case of 3D (2D) geometry, and hereafter h̄ = 1 is assumed
in the formulas. The retarded correlation function of currents
entering Eq. (2) can be obtained from the Matsubara one (3)
by taking transverse tensorial part over ν, η, and performing
analytic continuation iω → ω + i0 from the upper half of the
complex plane. Since we are interested in response of currents
on a homogeneous force Fi, we take q = 0 in Eq. (3). Note,
however, that the ω → 0 limit has to be taken carefully in dc
conductivity calculations. It can be shown [29], that in order
to correctly calculate the superfluid drag density [30] in a
system without quasiparticle damping, the dc limit ω → 0 has
to be taken before the q → 0 limit, although in the presence of
damping these two limits commute, which will be used below.

The induced current can be divided into the in-phase (with
respect to the driving force) part, which is responsible for dis-
sipation, and π/2 phase-delayed part, which is nondissipative.
The latter can be additionally divided into the diamagnetic and
paramagnetic contributions. By this reason, imaginary part of
each conductivity,

σ s
i j (ω) ≡ Im σi j (ω) = δi jni

miω
+ σ

sp
i j (ω), (4)

which consists of dia- (δi jni/mi) and paramagnetic (σ sp
i j ) parts,

will be referred to as superfluid conductivity, and the real part

σ n
i j (ω) ≡ Re σi j (ω) (5)

will be referred to as normal conductivity. Note that the dis-
tinction between superfluid and normal responses is strictly
defined only in the dc limit ω = 0 [24,25,31], where the 1/ω

singularity of σ s
i j indicates superfluidity in both inter- and
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intracomponent channels. In particular, the theory of dc su-
perfluid drag [30] deals with the superfluid drag mass density

ρdr = mamb lim
ω→0

ωσ s
ab(ω), (6)

and the intracomponent superfluid mass density is related to
the low-frequency divergence of the intraconductivity

ρs
i = m2

i lim
ω→0

ωσ s
ii(ω). (7)

In contrast, σ n
i j (ω) tends to a constant in the limit ω → 0, and

its intracomponent part σ n
ii (0) provides dissipative dc conduc-

tivity, while the intercomponent part σ n
ab(0) is related to the

dc drag coefficient, or transresistivity σ n
ab(0)/[σ n

aa(0)σ n
bb(0) −

σ n
ab(0)2], which is usually measured in drag experiments [5].

At ω > 0, the strict distinction between superfluid and
normal responses becomes elusive because even in normal
systems both σ n

i j and σ s
i j are finite and nonzero. Detecting

the dissipative response of a normal current against the su-
perfluid background is harder task for Bose systems than for
conventional s-wave superconductors, where the dissipative
part of conductivity is suppressed at ω < 2� [32,33]. In con-
trast, Bose-condensed systems lack gap in the quasiparticle
spectrum, so the normal conductivity is generally nonzero
at any ω > 0 [33]. This is why analysis of ac conductivities
σi j (ω) provides unified and more detailed information about
both the superfluid entraintment (Andreev-Bashkin) effect and
normal drag effect, as well as about normal (dissipative) and
superfluid (nondissipative) responses of each component, than
conventional dc calculations commonly accepted in the theo-
ries of drag and superfluidity.

As specific examples of 3D mixtures [Fig. 1(a)], we con-
sider spinor atomic BECs: the symmetric mixtures of 87Rb
and 23Na in atomic states F = 1, mF = ±1 [34], and the
nonsymmetric mixture of 39K in the states F = 1, mF = 1
and F = 1, mF = 0 [35]; here mF are magnetic sublevels
of hyperfine state with total angular momentum F . Besides,
we consider the mixture of atoms with different masses,
174Yb - 133Cs [36]. As the spatially separated quasi-2D dipolar
system [Fig. 1(b)], we consider pairs of parallel clouds of
either 52Cr or 168Er atoms with the long-range magnetic dipole
interaction [37].

The realistic parameters used in numerical calculations are
listed in Table I. Each intra- or intercomponent interaction
constant gi j = 2πas

i j (1/mi + 1/mj ) is related to the s-wave
scattering length as

i j , and we neglect the processes which per-
mit population transfer between different magnetic sublevels
mF of the state with total angular momentum F . In the case
of spatially separated dipolar atomic clouds, we take into
account both s-wave scattering and dipole-dipole interaction
within each cloud, and only the dipole interaction between
atoms from different clouds (see details in Appendix D). In
accordance with the recent experiment [23], the thickness of
both clouds is assumed to be wz = 20 nm, and the distance
between clouds is L = 60 nm.

In this paper we consider systems with large conden-
sate fraction, when the temperature is much lower than the
BEC critical temperatures of both constituents, T � T i

c , but
nonzero, since we are interested in the normal drag effect as
well. For 3D homogeneous atomic gases, the condensate den-
sities n0

i are found with taking into account their thermal and

TABLE I. Upper table: Parameters for 3D spinor mixtures,
namely intra- as

ii and intercomponent as
ab scattering lengths in the

units of the Bohr radius a0 ≈ 0.529 Å, critical temperatures Tc,
and sums of chemical potentials μi of the components at T = 0
(separated by a comma for nonsymmetric mixtures). Lower table:
parameters for dipolar atoms including magnetic dipole moments di

in Bohr magneton μB units.

Non-dipolar atoms

Parameter 87Rb 23Na 39K 174Yb - 133Cs

as
ii(a0 ) 100 55 30, 100 105, 150

as
ab(a0 ) 95 51 −50 −75

Tc (nK) 170 1000 150 460, 200∑
i μi/2π (kHz) 2.7 10.8 1 12.7

Dipolar atoms

Parameter 52Cr 168Er

di(μB ) 6 7
as

ii(a0 ) 103 137
Tc (nK) 700 410

quantum depletions from the system of equations n0
i (T ) =

ni − nnc
i (n0

a, n0
b, T ), i = a, b, where nnc

i is a density of noncon-
densed fraction given by Eq. (A8), ni is the total density of the
i component, which is assumed to be temperature independent
and estimated from the experimental critical temperature as
ni = ζ (3/2)(miT i

c /2π )3/2. The sums of chemical potentials∑
i μi = ∑

i giin0
i listed in Table I, which provide character-

istic energy scales of excitation energies, are taken at zero
temperature.

B. Current response function

In order to calculate the current response function (3), we
use diagrammatic technique to express it in the single-loop
approximation through the intra- and intercomponent matrix
Green functions Ĝi j . Explicit formulas for the Green functions
are provided in Appendix A, and calculation details for the
current response are given in Appendix B.

It is known [30,38], that in a two-component BEC two
types of quasiparticles emerge, which correspond to density
and spin collective modes, with dispersions Ed (q) and Es(q),
respectively [see Figs. 2(a) and 2(b)]. Calculating the total cur-
rent response function χ

μν
i j , we express it through the response

functions S(Eα, Eβ ) resolved over the quasiparticle branches
α, β = d, s and weighted with Bogoliubov coefficients. For
the transverse part of the current response tensor (3), we
obtain

χT
i j (q = 0, iω) =

∑
p

p2

2Admimj

∑
α1α2s1s2

s1s2

× (
us1

iα1
us2

iα2
− u−s1

iα1
u−s2

iα2

)
× (

us1
jα1

us2
jα2

− u−s1
jα1

u−s2
jα2

)
S
(
s1Eα1 , s2Eα2

)
,

(8)

where u+
iα and u−

iα play the role of u and v Bogoliubov co-
efficients for the ith component and the αth branch. The

013318-3



AMINOV, SOKOLIK, AND LOZOVIK PHYSICAL REVIEW A 110, 013318 (2024)

(c)

(e)

(f)

ω d

d

ω s

d

ω s

d

≈ μa+ μb

∝ p2

(d)
ω s

s

(a)

(b)

Δ

Δ

FIG. 2. Left panels: Bogoliubov quasiparticle dispersions Ed,s(p)
in the cases of close (a) and distant (b) atomic masses. Green arrows
indicate energy differences Ed (p) − Es(p) at the relevant momenta
p ∼ p̄. Right panels [(c)–(f)]: Excitations of pairs of the Bogoliubov
quasiparticles contributing to conductivities.

sums are taken over d-dimensional momentum p, positive and
negative energy indices s1,2 = ±, and quasiparticle branches
α1,2 = d, s. The response function

S(Eα, Eβ ) = −T
∑
iωn

1

(iωn − Eα + iω)(iωn − Eβ )
(9)

corresponds to the loop-diagram constructed from two Mat-
subara Green functions 1/(iωn − Eα ) of Bogoliubov quasi-
particles, which have infinite lifetime. Since we aim to
analyze both normal and superfluid drag effects, we ought
to account for their nonzero damping γ by replacing the
quasiparticle Green functions 1/(iωn − Eα ) with the broad-
ened ones

∫
dx ρα (x)/(iωn − x), where ρα (x) = (γ /π )[(x −

Eα )2 + γ 2]−1 is the Lorentzian spectral function. For sim-
plicity of the forthcoming analytical calculations, we assume
γ to be momentum and energy independent and to be the
same for both spin and density modes. In this approximation
the sum over Matsubara frequencies in Eq. (9) can be taken
analytically:

S(Eα, Eβ ) =
∫

dxdx′ ρα (x)ρβ (x′)
nB(x′) − nB(x)

iω + x′ − x
, (10)

where nB(x) = (ex/T − 1)−1 is the Bose-Einstein distribution
function. To approximate this integral, we perform Taylor ex-
pansion of nB(x) and nB(x′) near the maxima x = Eα, x′ = Eβ

of the spectral functions. After that, integration over x, x′ and
analytical continuation iω → ω + i0 yield the approximate
retarded S function

S(Eα, Eβ ) = nB(Eα ) − nB(Eβ ) − iγ [n′
B(Eα ) + n′

B(Eβ )]

Eα − Eβ − ω − 2iγ
,

(11)
which will be used in the following. Numerical verification
of this approximation proves its accuracy in the considered
parameter ranges for α �= β. In contrast, at α = β this ap-
proximation lacks quantitative accuracy in the Hagen-Rubens
regime ω � γ , although it provides qualitatively correct
results and becomes exact in the clean dc limit γ = 0,

ω → 0 (assumed, e.g., in the superfluid drag calculations in
Ref. [30]).

We will limit ourselves to the case of relatively weak damp-
ing γ to maintain applicability of the quasiparticle description.
Similarly to the Mott-Ioffe-Regel bound [39], validity of
quasiparticle description requires the mean free path l =
ci/γ of quasiparticles (with their characteristic velocities ci =√

μi/mi) being larger than the mean interparticle distance
n−1/3

i . Expressing ni through the T i
c , we obtain restriction

for the damping rate γ � √
μiT i

c . Fortunately this condition
allows us to consider the system in ballistic regime and neglect
the vertex corrections, because the ballistic approximation is
appropriate whenever p̄l > 1 [40], where p̄ is the characteris-
tic momentum of quasiparticles defined in the next section.
Roughly estimating this momentum as p̄ ∼ √

mT (see Ap-
pendix C), we obtain p̄l ∼ √

μiT /γ . At low-enough damping
rate assumed above, we obtain p̄l much larger than the ratio√

T/T i
c , which is expected to be of the order of unity at moder-

ate temperatures T ∼ 1
3 T i

c taken in our calculations. Thus our
neglect of the vertex corrections is consistent in the assumed
range of parameters.

III. ANALYTICAL APPROXIMATIONS

A. Contributions of quasiparticle branches

In this section we develop analytical approximations for
frequency-dependent conductivities σ n

i j (ω), σ s
i j (ω), which re-

semble the familiar Drude and Lorentz models. Our analysis
is applicable to 3D atomic mixtures with short-range inter-
actions in the temperature range μi < T � Tc. Inserting the
approximate S function (11) into Eq. (8) and performing mo-
mentum integration, we obtain

σi j (ω) ≈ i

ω

{
δi jni

mi
− D0

i j − (−1)δi j

mimj
[�+(ω) + �−(ω)]

}

+ iD0
i j

ω + 2iγ
. (12)

Here the D0
i j terms describe processes where quasiparticles

are scattered from one branch into the same branch [density-
to-density and spin-to-spin, see Figs. 2(c) and 2(d)], and the
corresponding conductivity weights are defined as

D0
i j = −

∑
p

p2

2Admimj
[Pid Pjd n′

B(Ed ) + PisPjsn
′
B(Es)]. (13)

The coefficients Piα , quantifying contribution of the ith com-
ponent to Bogoliubov excitation branch α, are defined by
Eq. (A5). The expression (13) is the counterpart of conven-
tional Landau formula for density of the normal component
[41,42] generalized for a two-component superfluid system.

Two other terms �±(ω) depend on frequency and can-
not be calculated analytically, so we derive approximations
for them. The function �+(ω) is responsible for the pro-
cesses of quasiparticle scattering with interconversion from
one branch to the distinct one [spin-to-density and vice versa,
see Fig. 2(e)]. The second function �−(ω) corresponds to
creation or annihilation of two quasiparticles of different
branches [Fig. 2(f)]; note that similar same-branch processes
are forbidden at q = 0. These functions can be written as
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momentum integrals

�±(ω) =
∫ ∞

0
d p[ f±(p)R±(ω, p) + f ∗

±(p)R∗
±(−ω, p)],

(14)
where f±(p) are defined in Appendix B and will be called
envelope functions, while the resonant functions are defined
as

R±(ω, p) = 1

Ed (p) ∓ Es(p) − ω − 2iγ
. (15)

The envelope functions f±(p) endure power-law increase at
low momenta and decrease exponentially at Ed,s � T thanks
to the Bose-Einstein distribution functions, so they have ex-
trema at some momentum p̄ where the quasiparticle energies
match the temperature. Therefore it is convenient to define
the characteristic momentum p̄, whose neighbourhood pro-
vides the major contribution to the integral, as solution of
equation Ed ( p̄) + Es( p̄) = 2T (see more detailed discussion
in Appendix C). Thus the characteristic sum of quasiparticle
energies entering R− is of the order of T . The characteristic
difference of energies entering R+ is the important energy
parameter

� = Ed ( p̄) − Es( p̄), (16)

which has a meaning of resonance frequency for quasiparti-
cle inter-conversion processes [Fig. 2(e)] giving rise to the
Lorentz-type response at moderately high ω. Depending on
relationship between ω and �, we can separate the Drude and
Lorentz regimes.

B. Drude regime

The Drude regime occurs when ω is far lower than the
resonance frequencies Ed ± Es in denominators of R±. Ac-
cording to the estimates above, it corresponds to the frequency
range ω � �, T shown by green shading in Fig. 3. In this
limit we assume R±(ω, p) ≈ R±(0, p) in the integrals (14), so
the functions �±(ω) become almost frequency independent,
and we obtain the simple expression for conductivities in the
Drude regime:

σi j (ω) ≈ i

ω

(
δi jni

mi
− D0

i j + D+
i j + D−

i j

)
+ iD0

i j

ω + 2iγ
. (17)

Here

D±
i j = − (−1)δi j

mimj
�±(0)

= ∓ (−1)δi j

mimj

∫ ∞

0
d p Re

2 f±(p)

Ed ∓ Es − 2iγ
. (18)

Note that the terms D±
i j , being almost real, contribute

mainly to the nondissipative part of the conductivities (17),
because low frequencies ω are far off-resonant from the
absorption processes, corresponding to these terms and de-
picted in Figs. 2(e) and 2(f). Totally, the diamagnetic ni/miω

and paramagnetic −D0
i j + D+

i j + D−
i j terms in the braces of

Eq. (17) do not cancel each other in the Bose-condensed
regime giving rise to the uncompensated i/ω singularity of
both intra- and transconductivities in the dc limit ω → 0.

γ << T, μiγ << T,T μi

10

1

0.1

Lorentz 
regime

ω Δ << T

ω

γ

Δ

Drude
regime

ω << Δ,T

10

0.1

~

κ

F(
p)

p

F(
p)

p

F(
p)

|f + (p)|

|F(p)|
|R+(ω,p)|

F(
p)

p

(a)

(c)(d)

Strong-damping 
case, κ>1

∞
p

(b)

3

0.3

1.5

FIG. 3. Schematic depiction of different regimes on the ω, γ

plane: The Drude regime at low frequencies and the Lorentz regime
at higher frequencies. According to the values of the dimensionless
damping parameter κ shown by color and contour lines, we sep-
arate the Lorentz regime into weak- (κ < 1) and strong-damping
(κ > 1) cases whose boundary is shown by thick black line. Insets
(a)–(d) show how f+(p), R+(p), and the total integrand F (p) =
f±(p)R±(ω, p) + f ∗

±(p)R∗
±(−ω, p) in Eq. (14) behave, by absolute

value, as functions of p.

Amplitudes of such singularities are characterized by su-
perfluid weights [29] (which are proportional to the density
of superfluid component or to the inverse square of the
London penetration depth in the case of superconductors)
Ds

i j = π (δi jni/mi − D0
i j + D+

i j + D−
i j ). On the other hand, the

Drude weights, characterizing an integral low-frequency abil-
ity of a conductor to maintain the dissipative conductivity
and defined as 2

∫ ∞
0 dωRe σi j (ω), in our case are equal to

Dn
i j = πD0

i j .
The example of temperature dependencies of Drude and

superfluid weights is shown in Fig. 4 for the mass-imbalanced
Yb-Cs mixture. As expected, Drude weights vanish at T = 0,
when the mixture is fully in superfluid state, and superfluid

FIG. 4. Temperature dependencies of the Drude (left panel) and
superfluid (right panel) weights for Yb-Cs mixture at γ /2π = 1 Hz.
Solid lines correspond to the intracomponent, and black dashed line
to the intercomponent conductivities. Thin red line shows the approx-
imation Ds

ab ≈ πρdr/mamb, where ρdr is the drag density calculated
at γ = 0 [30]. Calculation parameters are listed in Table I.
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weights involving Cs subsystem vanish at T = T Cs
c when it

becomes normal. We also notice that our results at low γ

are in agreement with the theory of dc superfluid drag devel-
oped for clean systems (red thin line) by Fil and Shevchenko
[30]. The recession of the intercomponent Drude weight Dn

ab
down to zero near T = T Cs

c is the artefact of our one-loop
approximation, which neglects more complicated diagrams
contributing to drag in the normal state [40]. However, they
can be neglected at low-enough temperatures T � T i

c [43].

C. Lorentz regime

The Lorentz regime occurs when ω is close to the reso-
nant energy � of the spin-to-density quasiparticle conversion.
In this regime only R+ demonstrates a resonance behavior
and becomes dominant, and the other function R− can be
neglected, because Ed + Es  Ed − Es at typical momen-
tum p̄. Also we may notice that the f+(p)R+(ω, p) term
in the integral (14) is dominant over the off-resonant term
f ∗
+(p)R∗

+(−ω, p).
We subdivide the Lorentz regime into weak- and strong-

damping cases, depending on the dimensionless parameter
κ = �p/p̄, defined as the related to p̄ momentum width �p ≈
4γ /[E ′

d (p+) − E ′
s(p+)] of the resonant function R+(ω, p)

around its maximum at p = p+, which characterizes both
the maximum and the typical width of the envelope function
f+(p). As shown in Fig. 3, the weak-damping case κ � 1
[Fig. 3(d)] means that R+(ω, p) is very narrow along the
momentum axis, in comparison with f+(p). In the strong-
damping case κ  1, as depicted in Figs. 3(a)–3(c), the
situation is opposite. We assign the frequency region ω >

μa + μb, where R+ is never resonant and monotonously in-
creases (so �p is undefined), to the strong-damping case as
well, setting formally κ = ∞ in this region.

1. Weak-damping case

In the weak-damping case, when R±(ω, p) is very narrow,
we can bring γ in its denominator to zero and find �+(ω)
analytically by integration of the resulting Dirac delta function
in Eq. (14) to obtain

Re �+(ω) ≈ 2
∫ ∞

0
d p f+(p)

Ed (p) − Es(p)

[Ed (p) − Es(p)]2 − ω2
, (19)

Im �+(ω) ≈ − π f+(p+)

E ′
d (p+) − E ′

s(p+)
, (20)

where p+ is solution of equation Ed − Es = ω dependent
on ω, i.e., the momentum where |R+(p, ω)| attains sharp
maximum; we also assume γ = 0 in the expression (B6) for
f+(p). The result (20) for the function Im �+(ω), related to
the dissipation spectrum Re σi j (ω), may be interpreted as the
sharp resonant function R+(ω, p) scanning the broad envelope
function f+(p) when ω is changed. The derivative d p+/dω =
[E ′

d (p+) − E ′
s(p+)]−1 determines the scanning speed along

the p axis and hence magnitude of Im �+(ω). The resonance
maximum of Re σi j (ω) is located at p+ = p̄, where the max-
ima of two functions R+(ω, p) and f+(p) coincide. Shape of
this resonance depends on the ratio of atomic masses ma, mb of
two components. As discussed in more detail in Appendix C,
we outline two cases: when atomic masses are close to each

other (and, in particular, equal in the case of spin mixtures)
and when they are distant. These cases are distinguished by
how the energy difference Ed − Es depends on p in the rel-
evant range of momenta p ∼ p̄. In case of close masses this
difference is almost constant [Fig. 2(a)], Ed − Es ≈ μa + μb,
thus the scanning speed d p+/dω is high, and the resonance
is sharp (see Fig. 5 in the next section). In the case of distant
masses the energy difference retains an essential momentum
dependence, Ed − Es ∝ p2 [Fig. 2(b)], so d p+/dω is low, and
the resonance becomes strongly smeared or vanishes com-
pletely (see results for Yb-Cs mixture in Fig. 6 below).

2. Strong-damping case

In the strong-damping case, the resonant function R+(ω, p)
is much wider than the envelope f+(p) [κ  1, see Figs. 3(a)–
3(c)], so we approximate R+(ω, p) by R+(ω, p̄) to obtain

�+(ω) ≈
(

1

� − ω − 2iγ
+ 1

� + ω + 2iγ

) ∫ ∞

0
d p f+(p).

(21)

Here we neglected the γ n′
B terms in the f+(p) function (B6),

since their order is γ /T � 1 (however, in the Drude regime
these terms should be retained, see Appendix B).

The conductivity in this case is predominantly determined
by the first term in the parentheses of Eq. (21) which is res-
onant near ω = � with the width 2γ . The role of the second
nonresonant term is to red-shift and broaden this resonance.

IV. NUMERICAL CALCULATIONS

In this section we present numerical results for the conduc-
tivities for various systems and compare them with analytical
approximations. The numerically calculated conductivities
are found using Eqs. (2) and (8) with the approximation (11)
for the S function, which proves to be quite accurate in the
considered range of parameters. The analytical approxima-
tions are given by Eq. (17) in the Drude regime and Eq. (12) in
the Lorentz regime, with �− = 0 and �+ given by Eqs. (19)
and (20) in the weak-damping case (κ < 1) and by Eq. (21) in
the strong-damping case (κ > 1). With the considered atomic
gases, the weak-damping case is realized at typical damp-
ing rates γ /2π < 10 Hz, and the strong-damping case arises
at γ /2π > 100 Hz. For each atomic mixture, we take the
temperature T = 1

3 min[T a
c , T b

c ], which is low enough for the
Bogoliubov approximation to be applicable yet still experi-
mentally feasible.

In Fig. 5 we show the trans- and intraconductivities for
the symmetric Rb-Rb mixture at weak [Figs. 5(a) and 5(c)]
and strong [Figs. 5(b) and 5(d)] damping. At low frequencies
ω � γ , the superfluid conductivities σ s

i j are positive and di-
verge as 1/ω (in the intracomponent channel i = j the positive
diamagnetic part na/maω dominates the negative paramag-
netic part σ

sp
aa). It is a signature of nonzero and positive

drag (6) and superfluid (7) densities. The normal conduc-
tivities σ n

i j tend to constants in dc limit in conformity with
traditional normal Coulomb drag effect and Drude theory of
conductivity, although in the weak-damping case [Figs. 5(a)
and 5(c)] their levelling off at ω → 0 is not visible at the
chosen scale, because the Drude peaks are much higher than

013318-6



FINITE-FREQUENCY NORMAL AND SUPERFLUID DRAG … PHYSICAL REVIEW A 110, 013318 (2024)

γ/2π = 1 Hz γ/2π = 300 Hz

γ/2π = 300 Hzγ/2π = 1 Hz

Rb-Rb(a) (b)

(c) (d)

FIG. 5. Trans- [(a) and (b)] and intercondictivity [(c) and (d)] for
Rb-Rb spinor mixture at weak (left panels) and strong (right panels)
damping γ . Solid and dashed lines show numerical calculations,
and symbols show analytical approximations for appropriate regimes
depicted by the same color shadings as in Fig. 3: Drude regime
(squares, green), weak-damping Lorentz regime (circles, blue), and
strong-damping Lorentz regime (triangles, red). Vertical dashed lines
indicate the frequency ω = μa + μb, which is close to the reso-
nance frequency �. In the intracomponent channel [(c) and (d)]
the superfluid conductivity σ s

aa is separated into dia- (na/maω) and
paramagnetic (σ sp

aa ) parts. Calculation parameters are listed in Table I.

the Lorentz-regime features which we are concentrating on.
At higher frequencies near ω = � (which is � ≈ μa + μb

when ma = mb), absolute value of the normal conductivity
σ n

i j exhibits absorption peak, while the superfluid transcon-
ductivity σ s

ab and paramagnetic part σ
sp
aa in the intracomponent

channel change sign. Such features resemble resonant behav-
ior of the Lorentz model [Figs. 5(c) and 5(d)], although in
the intracomponent channel this resonant-like behavior of the
paramagnetic superfluid conductivity (4) is masked by the
large and monotonously decreasing diamagnetic term.

At frequencies near the resonance �, the conductivities are
related to each other via m2

i σ
sp,n
ii (ω) ≈ −mambσ

s,n
ab (ω). This

is evident in Fig. 5 where σ
sp
aa (ω) ≈ −σ s

ab(ω) and σ n
aa(ω) ≈

−σ n
ab(ω) near the resonance, since ma = mb. This feature

follows from Eq. (12) if we omit the terms iD0
i j/(ω + 2iγ )

and −iD0
i j/ω, whose contribution is diminished at large

frequencies.
To get more insight into behavior of transconductivities, in

Fig. 6 we show them for equal-mass K-K, Na-Na mixtures
and for mass-imbalanced mixture Yb-Cs. It can be seen that
the transconductivity of the nonsymmetric spin mixture K-K
with relatively low resonance energy � exhibits the same
features as for Rb-Rb mixture: Drude peak at low frequencies
and resonance at ω ≈ �. In the case of symmetric spin mix-
ture Na-Na, the resonance frequency � is higher (more than
10 kHz) and presumably out of reach of present experiments
capabilities. For the mass-imbalanced mixture Yb-Cs, the res-

Yb-Cs

γ/2π = 1 Hz

γ/2π = 1 Hz

γ/2π = 1 Hz

K-K

γ/2π = 100 Hz

Na-Na

γ/2π = 600 Hz

γ/2π = 600 Hz

FIG. 6. Transconductivities of K-K, Na-Na, and Yb-Cs mixtures,
each calculated at two values of γ , where the weak- or strong-
damping cases develop in the Lorentz regime. Designations of curves
and symbols are the same as in Fig. 5. Calculation parameters are
listed in Table I.

onance frequency � turns out to be much lower than μa + μb,
but the resonance itself is degraded in both weak- and strong-
damping cases by the reasons discussed in Sec. III C 1.

In Fig. 7 we present numerically calculated transconduc-
tivities for the pairs of dipolar atomic gases Er-Er and Cr-Cr
arranged into quasi-2D two-layered systems [see Fig. 1(b)].
The analytical approximations are not applied in this case
due to different form of intercomponent dipole-dipole in-
teraction which retains essential momentum dependence, as
discussed in Appendix D. In contrast to 3D mixtures with
short-range interactions, here we can tune the resonance
frequency � by varying the interlayer distance L. This fre-
quency, found as the maximum of the quasiparticle energy
difference � = max[Ed (p) − Es(p)], approximately follows
the � ∝ L−1 trend, as shown in the insets in Fig. 7. The
intraconductivities in this case are not shown, since the re-
lation between total ni and condensate n0

i densities, needed to
describe partial compensation of the diamagnetic term with
quantitative accuracy, is not well defined in 2D systems in
the framework of Bogoliubov theory, and more complicated
approaches, such as quasicondensate analysis [44], should be
applied, which is beyond the scope of our paper.
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Er-Er

γ/2π = 10 Hz

Cr-Cr

γ/2π = 1 Hz γ/2π = 100 Hz

γ/2π = 300 Hz

FIG. 7. Transconductivity between spatially separated clouds of
dipolar atoms Er-Er and Cr-Cr in the systems at weak (left panels)
and strong (right panels) damping with L = 60 nm. Vertical dashed
lines indicate the resonance frequency ω = �. Insets show depen-
dence of � on interlayer distance L. Thicknesses of both clouds are
wz = 20 nm, and other calculation parameters are listed in Table I.

V. DISCUSSION

In this paper, we studied intra- and transconductivi-
ties σi j (ω) of a homogeneous two-component superfluid
Bose-condensed systems at nonzero frequencies ω. We cal-
culated the conductivities in one-loop approximation using
the Bogoliubov theory of a two-component BEC at finite
temperature and with taking into account the phenomeno-
logical damping γ of spin and density quasiparticle modes.
Two possible setups of the two-component atomic system are
considered: three-dimensional spinor atomic mixtures (Rb-
Rb, K-K, Na-Na, Yb-Cs) and spatially separated two-layered
systems with magnetic dipole-dipole interactions (Er-Er and
Cr-Cr).

We separate each conductivity σi j (ω) into the real part
σ n

i j (ω), which is responsible for dissipative response (current
in phase with a driving force), and imaginary part σ s

i j (ω),
which corresponds to nondissipative response with the π/2
phase delay. Our analysis shows that, at frequencies much
lower than the characteristic energy gap � between spin and
density quasiparticle modes, the conductivities are well de-
scribed by the two-fluid Drude model [24,25] where σ n

i j (ω)
exhibits the Drude peak ∝ [ω2 + 4γ 2]−1 like the normal
metallic conductivity (in the intracomponent channel i = j)
or normal drag effect (in the intercomponent channel i �= j),
while σ s

i j (ω) demonstrates the 1/ω singularity indicating su-
perfluidity (at i = j) or superfluid drag effect (at i �= j). Thus
our theory describes dissipative conductivity, superfluidity, as
well as normal and superfluid drag effects on equal footing.

At higher frequencies near ω ∼ � the dissipative part of
conductivity σ n

i j (ω) exhibits peak, while nondissipative part
σ

sp
i j (ω) changes sign, which is qualitatively similar to the

Lorentz model of resonant response. However in our case
the resonance shape is asymmetric and can essentially differ

depending on the damping rate γ and whether the atomic
masses in a mixture are close to each other or distant enough.
In a symmetric mixture with equal masses, � is close to the
sum μa + μb of atomic chemical potentials, and the general
case is considered in Appendix C. For two-layered quasi-2D
system of dipolar atoms, � can be tuned by varying the
interlayer separation L. For 3D mixtures [Fig. 1(a)], we derive
the analytical formulas which approximate the conductivities
in both Drude and Lorentz regimes rather accurately.

All considered examples of 3D and quasi-2D atomic two-
component systems demonstrate similar features of their
conductivity spectra: 1/ω singularities of Im σi j (ω) signal-
ing superfluidity and superfluid drag, Drude-like peaks of
finite heights in Re σi j (ω) at low frequencies responsible for
normal dissipative conductivity and normal drag on top of
superfluidity, and deformed Lorentz-like resonances at higher
frequencies, which significantly broaden at high quasiparticle
damping rate or at large atomic mass imbalance. These fea-
tures are well described both qualitatively and quantitatively
by the obtained analytical approximations for σi j (ω).

In our calculations we assumed the momentum- and
energy-independent damping rate γ , which allowed to obtain
analytically tractable results. Theoretical analysis show that
Beliaev and Landau damping of Bogoliubov quasiparticles,
which is caused by scattering on other thermally excited
quasiparticles, increases with momentum [14,15]. Damping
due to scattering on external disorder generally increases with
momentum as well [16–19], however at strong-enough disor-
der the relaxation kernel, which plays the role of damping rate
in the Drude-like formula for conductivity, acquires the 1/ω

singularity signifying transition to Anderson insulating phase
[45]. Our calculations show that dominating contribution to
the conductivities is provided by quasiparticles with charac-
teristic momenta p ∼ p̄, so we can approximate γ by the
damping rate of quasiparticles in vicinity of this momentum.

The drag effects predicted in our paper can be observed
in experiments with two-component or two-layered atomic
BECs by detecting currents arising in response to an alter-
nating force, which selectively drives one of the components
(or drives them in opposite directions). The currents can be
determined by measuring atomic velocities via atomic cloud
imaging after trap release or by time-of-flight measurements.
The driving force can be imposed by magnetic field gradi-
ents [46], optical lattices [47], magnetic trap shaking [27],
or sudden displacement of optical trap [23]. Such methods
can provide oscillation frequencies up to several kHz, and
achievable frequency ranges are often dictated by properties
of the atoms themselves [33].

Let us estimate a magnetic field gradient required to in-
duce strong-enough oscillations, which could be observed by
standard atomic cloud imaging. Consider the Yb-Cs atomic
mixture [36], where 174Yb lacks magnetic moment, so its
Lande factor is zero (gF = 0), and thus only 133Cs is affected
by magnetic field (gF = −0.25 [48]). In a homogeneous sys-
tem the field gradient, required to induce oscillations of the
133Cs atomic cloud with the amplitude xCs and frequency
ω, is |∇B| = mCsω

2xCs/mF gF μB, where mCs is the mass of
133Cs atom, mF is the magnetic sublevel of hyperfine state
with angular momentum F . Assuming the detectable ampli-
tude xCs ∼ 10 µm and using parameters from Ref. [36], we
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obtain |∇B|(G/cm) ≈ [(ω/2π )(Hz)]2 × 10−4. The gradients
up to 3000 G/cm used in experiments [49] are sufficient to
create oscillations in both Drude (ω/2π ∼ 100 Hz, |∇B| ∼
1 G/cm) and Lorentz (ω/2π ∼ 5000 Hz, |∇B| ∼ 2500 G/cm)
regimes. The presence of harmonic trap alters relationship
between xCs and ∇B, and we may hope to use the mechan-
ical resonance effects to enhance the oscillation amplitude
even more.

For reliable detection of the drag effects, we need to
achieve large-enough amplitude xYb of oscillating motion of
the 174Yb atomic cloud in response to the magnetic field
gradient force applied to 133Cs atoms. The ratio of oscillation
amplitudes can be estimated as xYb/xCs = jYbnCs/ jCsnYb =
(nCs/nYb) × |σab(ω)/σaa(ω)|. At plausibly low damping rate
γ /2π = 1 Hz, we obtain xYb/xCs ∼ 0.01 at ω/2π = 100 Hz
and xYb/xCs ∼ 0.05 at ω/2π = 5000 Hz. Such ratios are not
restrictingly small, so we may hope to detect oscillations of
the passive 174Yb component at high-enough oscillating force
and large-enough oscillation amplitudes xCs of the active com-
ponent. For Rb-Rb mixture (see Fig. 5) this ratio is generally
larger: xa/xb ∼ 0.06 at low frequencies and xa/xb ∼ 0.4 at the
Lorentz-like resonance.

Plane-parallel systems of magnetic dipole atoms [22,23]
possess several additional controllable parameters: thickness
of the clouds wz, intercloud separation L, and dipole moments
orientation. The theory presented in our paper allows us to
calculate the transconductivity between dipolar atomic clouds
in the setup of Ref. [23]. However, direct comparison of our
calculations with results of this experiment is hindered be-
cause atomic gases in Ref. [23] were not Bose condensed, and
harmonic traps used to hold them made the atomic clouds in-
homogeneous and prone to mean-field repulsion not described
by our theory. It is of interest to extend our approach to take
into account the normal-state drag diagrams [5,40,43] which
would allow to describe the ac drag in wide temperature range
both below and above Tc.

An alternative way to infer information about trans- and in-
traconductivities can rely on measuring temperature changes
after several oscillations [27]. Mutual entrainment of two
components can also affect dispersions and damping rates of
first and second sounds in the two-component BECs, which
can be detected in sound velocity measurements [50]. Our ap-
proach of conductivity calculations is aimed on homogeneous
systems corresponding to flat traps [50–52]. In harmonic traps
the resonance in center-of-mass motion of atomic clouds al-
ters the behavior of conductivity [27], and the mean-field
repulsion effects mimicking intrinsic interlayer conductivity
can appear [36,53–55], so the problem of mutual entrainment
becomes more complicated.

To conclude, the theory of conductivities of Bose-
condensed two-component systems developed in this paper
unifies calculations of the normal drag effect, Andreev-
Bashkin effect, as well as intracomponent dc conductivity and
superfluid density. Investigation of frequency dependencies of
the conductivity tensor allows us to study interplay of dis-
sipative and nondissipative current responses. Our approach
can be generalized for spin conductivity calculations [13,33]
and for coupled 1D atomic gases [4]. Besides, similar ac
entrainment effects, both dissipative and nondissipative, can

be expected in Fermi-atom and condensed-matter supercon-
ducting systems.
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APPENDIX A: GREEN FUNCTIONS

The Hamiltonian of homogeneous two-component atomic
system is

H =
∑

ip

εipa†
ipaip + 1

2A

∑
i jpp′q

Vi j (q)a†
i,p+qa†

j,p′−qa jp′aip,

(A1)

where aip is the destruction operator of the atomic particle of
the component i = a, b with momentum p, εip = p2/2mi is
atomic dispersion, and Vi j (q) is the Fourier transform of the
interaction between particles i and j. For 3D atomic mixtures
we approximate the interactions by momentum-independent
constants Vi j (q) ≈ gi j = 2πas

i j (1/mi + 1/mj ) related to the
s-wave scattering lengths given in Table I. For magnetic
dipolar atoms we take into account additional long-range in-
teractions as shown in Appendix D below. Replacing each
zero-momentum operator ai,p=0 by square root of the number
of condensate particles (An0

i )1/2, we obtain the mean-field
Bogoliubov Hamiltonian, which can be further diagonalized
by the transformation

aip = u+
id Bdp + u−

id B†
d,−p + u+

is Bsp + u−
is B†

s,−p (A2)

into usual form
∑

p(Ed B†
dpBdp + EsB†

spBsp), where Bdp, Bsp
are destruction operators of density and spin quasiparticles.
Their energies read

E2
d,s = E2

a + E2
b

2
±

√(
E2

a − E2
b

2

)2

+ 4εaεbn0
an0

b|Vab|2,
(A3)

and Ei is the energy of Bogoliubov excitation of isolated
ith component: Ei =

√
εi(εi + 2n0

i Vii ). Here the chemical po-
tentials μi = n0

i Vii of both components cancel the Hartree
mean-field self-energies making both Ea,b and Ed,s gapless.
The Bogoliubov transformation coefficients are

uζ
aα = εa + ζEα

2
√

εaEα

√
Paα, uζ

bα = ±εb + ζEα

2
√

εbEα

√
Pbα, (A4)
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where

Piα = ± 4n0
an0

b|Vab|2(
E2

d − E2
s

)(
E2

α − E2
i

) (A5)

is the positive weight fraction of the ith component in the αth
quasiparticle mode. The upper and lower signs in Eqs. (A4)–
(A5) correspond, respectively, to the density (α = d) and spin
(α = s) modes, and ζ = ±1 correspond to those coefficients
which are conventionally denoted by u and v, respectively.

We define the matrix Green functions in the imaginary-
time domain as

Ĝi j (p, τ ) = −
〈

Tτ

[
aip(τ )

a†
i,−p(τ )

]
(a†

jp(0) a j,−p(0))

〉
. (A6)

In a two-component Bose-condensed system, these functions
can be found from the Dyson-Beliaev equations [56], and in
the frequency domain they can be written as combinations

Ĝi j (p, iωn) =
∑

α=d,s

∑
s=±

s

iωn − sEα

(
us

iα
u−s

iα

)(
us

jα u−s
jα

)
(A7)

of positive- and negative-frequency Green functions 1/(iωn ∓
Eα ) of Bogoliubov quasiparticles weighted with the transfor-
mation coefficients (A4).

The density of noncondensate fraction of the ith com-
ponent can be calculated as nnc

i = A−1 ∑
p �=0〈a†

ipaip〉. Using
the Bogoliubov transformation (A2) and taking the thermal
averages, we obtain

nnc
i = 1

A

∑
p

∑
α=d,s

[
(u−

iα )2 + (u+
iα )2 + (u−

iα )2

eEα/T − 1

]
. (A8)

APPENDIX B: CURRENT RESPONSE FUNCTION

We define the Fourier harmonic operator of current as
ji(q) = m−1

i

∑
p(p + 1

2 q)a†
ipai,p+q. In the simplest one-loop

approximation, which is also used by other authors to describe
the conductivity and superfluid drag effect in multicomponent
ballistic systems [13,28], the transverse part of the current re-
sponse tensor (3) in Matsubara representation at q = 0 reads:

χT
i j (0, iω) = −T

∑
pωn

p2

2Admimj

× Tr [σzĜi j (p, iωn + iω)σzĜ ji(p, iωn)]. (B1)

Using here the Green functions (A7), we obtain Eqs. (8)–
(9) for the current response function. Separating terms with
α1 = α2 and α1 �= α2, we obtain

χT
i j (0, iω) = ϒi j (iω) − (−1)δi j

mimj
[�+(iω) + �−(iω)]. (B2)

The function ϒi j (ω), responsible for intrabranch scattering
processes [see Figs. 2(c) and 2(d)], is defined as

ϒi j (iω) =
∑

p

∑
α=d,s

p2PiαPjα

2Admimj
[S(Eα, Eα ) + S(−Eα,−Eα )].

(B3)

After introducing the quasiparticle damping and performing
analytical continuation iω → ω + i0, we obtain S(Eα, Eα ) =

2iγ n′
B(Eα )/(ω + 2iγ ) from Eq. (11), so this function can be

written as

ϒi j (ω) =
∑

p

iγ p2

Admimj

Pid Pjd n′
B(Ed ) + PisPjsn′

B(Es)

ω + 2iγ

= − 2iγ D0
i j

ω + 2iγ
, (B4)

where we defined the conductivity weight (13).
The functions �+ and �− are defined as

�±(iω) = ±
∑

p

p2

8Ad

√
Pid PisPjd Pjs

(Ed ± Es)2

Ed Es

×
∑

α=d,s

[S(Eα,±Eα̃ ) + S(−Eα,∓Eα̃ )], (B5)

where d̃ = s and s̃ = d . Using the identity Pad Pas = Pbd Pbs for
the weight factors (A5), we obtain for 3D systems the final
expression (14) with the envelope functions

f±(p) = ± p4Pid Pis

8π2d

(Ed ± Es)2

Ed Es

× {nB(Ed ) − nB(±Es) − iγ [n′
B(Ed ) + n′

B(Es)]}.
(B6)

In the Lorentz regime we omit the terms γ n′
B, because γ n′

B ∼
γ /T , which is much smaller than 1 in realistic systems (since
1 nK ≈ 2π × 138 Hz, so Tc ∼ 102–103 nK corresponds to
∼105 Hz). However, these terms should be taken into ac-
count in the Drude regime: The conductivity weights (13) and
(18) should be calculated as accurately as possible, because
their combined contribution to the intercomponent superfluid
weight Ds

ab = π (−D0
ab + D+

ab + D−
ab) can be close to zero due

to almost complete canceling of intra- and inter-Bogoliubov
branch excitation processes. For instance, for the Rb-Rb mix-
ture with γ /2π = 300 Hz and T = 1

3 Tc, the Drude weights
are D+

ab ≈ 1.02D0
ab and D−

ab ≈ 0.04D0
ab, and, consequently,

Ds
ab ≈ 0.06πD0

ab. Therefore, even small errors in calculations
of D0,±

i j can significantly affect conductivity in the low-
frequency limit.

APPENDIX C: APPROXIMATIONS FOR �

The envelope functions (B6) increase at low momenta,
when Ed,s < T , due to the power-law factor p4, and then expo-
nentially decrease at large momenta, when Ed,s > T , thanks to
the Bose distribution functions. Therefore, f±(p) reach max-
ima near some intermediate momentum p̄ where Ed,s ∼ T . We
restrict ourselves to the case when Ed − Es � Ed + Es and
hence Ed ≈ Es near p = p̄, so that we are able to formally
define p̄ as a solution of equation Ed ( p̄) + Es( p̄) = 2T . In
the parameter range we consider, when T > μa,b, the disper-
sions Ed,s are almost quadratic near the momentum p̄. Using
Eq. (A3) in the this quadratic regime, we can approximate it
as p̄ ≈ √

2T mamb/(ma + mb).
To comprehend behavior of the integrands in Eq. (14),

we should consider Ed + Es and Ed − Es in denominators of
the R± functions (15) near p = p̄. The sum of energies, by
definition, is about Ed ( p̄) + Es( p̄) = 2T near this momentum.
The difference of energies, denoted as � = Ed ( p̄) − Es( p̄),
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can be estimated using quadratic approximation of dispersions
(A3): � ≈

√
(E2

a − E2
b )2 + 16r2εaεbμaμb/(εa + εb), where

r2 = g2
ab/gaagbb should be less than 1 for stability of the

two-component BEC [30]. The first term under the square
root can be rewritten as E2

a − E2
b = (ε2

a − ε2
b ) + (2εaμa −

2εbμb). It is straightforward to show, that � ≈ |εa − εb| when
|ε2

a − ε2
b |  εiμi at p = p̄, which happens when masses of

atoms are distant enough: Such a condition can be writ-
ten as |ma − mb|/mamb � μi/T mi. Otherwise, when masses
are close to each other, |ε2

a − ε2
b | � εiμi, we obtain � ≈√

μ2
a + μ2

b + 2(2 − r2)μaμb ≈ μa + μb.
Overall, near p = p̄, where the envelope functions f±(p)

attain the maximum, we obtain the following estimates for
sum and difference of the quasiparticle energies:

Ed + Es ∼ 2T, Ed − Es ∼ �, (C1)

where

� ∼
{

T |ma−mb|
ma+mb

if |ma−ma|
mamb

� μi

T mi

μa + μb if |ma−ma|
mamb

� μi

T mi
.

(C2)

The first and second lines in Eq. (C2) correspond to the
case of distant and close masses, respectively. The symmetric
mixtures ma = mb are obviously related to the second case.
The aforementioned condition Ed − Es � Ed + Es, taken at
the most relevant momenta p ≈ p̄, reduces to � � 2T . In the
case of distant masses it reads |ma − mb| � ma + mb (thus
implying that the mass difference in this case is bounded
both above and below), and in the case of close masses it is
μa + μb � T (which is fulfilled in the parameter ranges we
consider).

APPENDIX D: INTERACTIONS BETWEEN
DIPOLAR ATOMS

In a system of magnetic dipolar atoms, total interatomic
interaction

Vi j (r) = gi jδ(r) + V dd
i j (r), (D1)

consists of conventional isotropic interaction due to short-
range atomic scattering gi jδ(r) and long-range magnetic
dipole-dipole interaction

V dd
i j (r) = did j

1 − 3 cos2 θ

|r|3 , (D2)

where di is a magnetic dipole moment of the ith atomic specie,
and θ is the angle between r and magnetic dipole moments of
all atoms which are assumed to be directed along the z axis.

We consider quasi-two-dimensional atomic clouds with an
effective thickness wz. In this case 2D Fourier transform of the
full intracomponent (i.e., in the same planar cloud) interaction
(D1) can be approximated as [57–59]

Vii(q) = gii(1 − Ci|q|), (D3)

where Ci = 2πd2
i wz/gii at low-enough momenta (full mo-

mentum dependence was analyzed in Ref. [57]). This
interaction potential is evaluated with assumption r∗q � 1,
where r∗ = mid2

i is the characteristic range of dipole-dipole
interaction. This assumption is valid for the parameters used
in our calculations: r∗ = 12 nm and 2.6 nm for 168Er and
52Cr atoms respectively is much smaller than interlayer dis-
tance L = 60 nm, which determines the scale of inverse
momentum q−1.

The Fourier transform of interaction between particles in
different spatially separated atomic clouds is found as fol-
lows. First, we rewrite the interaction (D2) for the two-layer
geometry:

V dd
ab (ρ, z − z′) = dadb

r2 − 3(L + z − z′)2

r5

×
(

π

2wz

)2

cos

(
πz

wz

)
cos

(
πz′

wz

)
, (D4)

where ρ and L + z − z′ are in-plane and out-of-plane dis-
tances between two atoms, while r =

√
(L + z − z′)2 + ρ2 is

the total distance; z and z′ are their vertical coordinates relative
to the cloud centers ranging from −wz/2 to wz/2. The cosine
functions model atomic density profiles in the z-axis direc-
tion, and (π/2wz )2 is normalization factor. Two-dimensional
Fourier transform of Eq. (D4) in the xy plane reads

V dd
ab (q, z, z′) = −2πdadbqe−q(L+z−z′ )

×
(

π

2wz

)2

cos

(
πz

wz

)
cos

(
πz′

wz

)
. (D5)

We assume thinness of atomic clouds, wz � L (which was
achieved in the recent experiment [23]), so out-of-plane mo-
menta of interacting particles are almost unchanged by the
interlayer interaction. Therefore we can integrate the interac-
tion (D5) over z and z′, arriving at the formula

V dd
ab (q) = −2πdadbqe−qL

[
cosh(qwz/2)

1 + q2w2
z /π

2

]2

, (D6)

which is used in numerical calculations for Fig. 7. The
two-dimensional condensate density of each component is es-
timated as n0

i wz, where the typical three-dimensional densities
ni = ζ (3/2)(miT i

c /2π )3/2 are related to the critical tempera-
tures T i

c taken from Table I.
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