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Ultracold atomic and molecular systems in the past years have significantly advanced the exploration of
topological phases of matter. Notably, the recent experimental progress achieved in ultracold molecules, partic-
ularly within optical-tweezer lattices and leveraging long-range dipolar interactions, has opened up new avenues
for this prospect. Here, we propose the creation of an ultracold-molecule trimerized Kagome optical-tweezer
lattice to examine the topological phases induced by long-range dipolar interactions. Through a comparison of
topological features in scenarios with and without long-range couplings, we find that the long-range interactions
can induce higher-order topological phases with diverse topological corner modes at each corner, a phenomenon
that can even emerge in nonstandard trimerized Kagome lattices. Furthermore, we develop a dynamic method to
spectrally and spatially detect these topological corner modes. Our research not only underscores that long-range
interactions can engender much richer topological phases but also suggests exciting possibilities for designing
reconfigurable topological lattices.
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I. INTRODUCTION

Ultracold atoms trapped in optical lattices have emerged as
versatile platforms for implementing and investigating topo-
logical phases of matter [1–3]. These systems enable the
realization of various fundamental topological phases, starting
from the generation of synthetic spin-orbit couplings [4–16]
and gauge fields [17–19]. Among the achieved phases are
chiral topological insulator phases [20–26], integer quantum
Hall phases [27], Chern insulator phases [28–30], topo-
logical nodal lines [31], Weyl semimetal phases [32], and
even Floquet topological phases [33–36]. The inherent ac-
cess to momentum spaces in ultracold-atom optical lattice
setups allows for the direct detection of bulk topological fea-
tures [37–39]. However, current systems encounter limitations
in fully exploring topological phases, notably in implementing
long-range couplings to reveal richer topological features and
in creating open-boundary conditions to study landmarked
topological boundary states.

In parallel, significant progress has been made in
the quantum preparation and manipulation of ultracold
molecules within optical tweezer arrays over the past five
years [40–64]. In contrast to ultracold atoms, ultracold-
molecule systems possess unique characteristics, including
rich internal structures and long-range dipolar interac-
tions. Consequently, they offer new avenues for applica-
tions in quantum computation [65–71], quantum simula-
tion [72–81], quantum chemistry [82–86], and precision
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measurements [87,88]. Notably, recent experimental break-
throughs have demonstrated quantum entanglement gener-
ation between two ultracold molecules trapped in optical
tweezers [89,90].

Programmable optical-tweezer lattices of ultracold
molecules also hold promise for implementing topological
phases of matter, including topological flat bands [91,92],
fractional Chern insulators [93], Weyl excitations [94],
Hopf topological insulators [95,96], and symmetry-protected
topological phases [97]. As demonstrated in a very recent
experiment, leveraging the optical-tweezer lattice naturally
with open boundaries, topological boundary states are directly
observed in a one-dimensional optical-tweezer lattice [98].
This feature also provides a convenient way to probe the
fractional topological numbers associated with the topological
boundary [99,100] or defect states [101]. Notably, while
previous investigations into ultracold-molecule topological
phases have focused on nearest-neighbor couplings, the
presence of long-range dipolar interactions in ultracold
molecules calls for exploration of the topological features
induced by such interactions, a capability beyond the reach of
ultracold-atom platforms.

In this paper, we explore higher-order topological phases
(HOTPs) of ultracold molecules induced by long-range dipo-
lar interactions within an optical-tweezer lattice. Unlike
previously studied topological phases, HOTPs have recently
garnered significant interest [102–107], as they feature topo-
logical boundary states at lower-dimensional boundaries that
go beyond the standard bulk-boundary correspondence. How-
ever, existing studies often overlook the long-range couplings.
Our research underscores the importance of considering these
interactions, as shown below they can give rise to new HOTPs.
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FIG. 1. (a) Schematic of trimerized Kagome molecule lattice created by optical tweezers with long-range dipolar interactions. The
separation distances r1 and r2 are controlled by reconfiguring the tweezer positions, enabling us to tune the dipolar interaction strengths.
Panel (b) shows the geometric factor Ji j/V0 between the origin and (x, y). Polarization p3 for the third band as a function of r2/r1 for the
system (c) without long-range couplings and (g) with long-range couplings. The occurrences of topological phase transitions are signified by
the jumps of p3 at (c) r2/r1 = 1 and (g) r2/r1 = 1.1, as manifested by the gap-closing processes respectively in panels [(d)–(f)] and panels
[(h)–(j)]. The parameters are as follows: (d, h) r2/r1 = 0.7, (e) r2/r1 = 1, (i) r2/r1 = 1.1, and (f, j) r2/r1 = 1.2.

Specifically, we investigate ultracold molecules confined in
a trimerized optical tweezer Kagome lattice, which can be
easily fabricated by leveraging the reconfigurable nature of
optical tweezers. Through calculations of band polarizations
and open-boundary-condition (OBC) energy spectra, we ex-
amine the higher-order topological characteristics in both
the absence and the presence of long-range couplings. In-
terestingly, we find that incorporating long-range couplings
can induce novel higher-order topological phases, character-
ized by multiple diverse topological corner modes at each
corner.

Furthermore, we introduce a method for detecting the local
density of states (LDOS) of the ultracold molecular lattice.
Notably, the LDOS measurement technique commonly used
in electronic systems cannot be applied to ultracold-molecule
systems. This progress enables us to spectroscopically and
spatially probe both the topological corner and the edge
modes. Our LDOS detection method is also adaptable for
use in ultracold-atom systems, thereby offering a versatile
probing tool for the field of synthetic ultracold topolog-
ical phases. Moreover, we also find that the numbers of
topological corner modes induced by long-range couplings
can be significantly larger in an extended Kagome lattice.
This underscores the potency and versatility of long-range
dipolar interactions and reconfigurable optical-tweezer lat-
tices in implementing and exploring topological phases of
matter.

The paper is organized as follows. Section II presents
the higher-order topological features of ultracold-molecule
trimerized Kagome optical-tweezer lattice, including the
topological band polarizations and corner modes and the topo-
logical LDOS detection. Section III investigates the case in a
generalized Kagome lattice with larger numbers of topolog-
ical corner modes. Section IV gives a summary and outlook
for this paper.

II. HOTPS IN ULTRACOLD-MOLECULE TRIMERIZED
KAGOME OPTICAL-TWEEZER LATTICES

A. Trimerized Kagome optical-tweezer lattices

We consider ultracold polar molecules trapped in a trimer-
ized Kagome optical-tweezer lattice, as illustrated in Fig. 1(a),
along three directions which has an alternative J1-J2 cou-
pling configuration. The molecular species can be NaCs or
CaF, which both have been trapped in optical-tweezer arrays.
The dipole-dipole interaction Hamiltonian between molecules
reads

Hdd = 1

2

∑
i �= j

κ

R3
i j

[di · d j − 3(di · Ri j )(d j · Ri j )], (1)

where κ = 1/4πε0, di is the dipole moment of molecule i,
and Ri j is the vector connecting the two molecules i and j. In
the spherical coordinates and in terms of spherical tensors, the
long-range dipolar interaction can be further written as

Hdd = −
√

6

2

∑
i �= j

κ

R3
i j

2∑
p=−2

(−1)pC2
−p(θ, φ)T 2

p (di, d j ), (2)

where C2
−p(θ, φ) =

√
4π
5 Y2,−p(θ, φ) and the spherical tensors

are given by T 2
±1 = (dz

i d±
j + d±

i dz
j )/

√
2, T 2

±2 = d±
i d±

j , T 2
0 =

(d−
i d+

j + 2dz
i dz

j + d+
i d−

j )/
√

6. Here, (θ, φ) are the spherical
coordinates of Ri j in the molecule coordinate frame. The
quantization axis setting by external magnetic fields is per-
pendicular to the x-y plane where molecules stay in, as shown
in Fig. 1(a); thus, the angle between the quantization axis and
Ri j is θ = π/2.

Suppose each molecule is a spin one-half. The spin-up and
spin-down are encoded by two molecular rotational states, i.e.,
| ↑〉 = |0, 0〉 and | ↓〉 = |1,−1〉. In the absence of electric
fields, by projecting the Hamiltonian Hdd into the Hilbert
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space spanned by {| ↑〉, | ↓〉}, we obtain a long-range spin-
exchange interaction Hamiltonian:

H =
∑
i> j

Ji j (S
+
i S−

j + S−
i S+

j ), (3)

where S+
i is the spin-raising operator of the molecule at the

lattice site i, and Ji j is the distance-dependent long-range spin-
exchange interaction strength,

Ji j = V0

R3
i j

, (4)

where V0 = −κd2
↑↓/2 and d↑↓ = 〈↑ |d+| ↓〉 is the transition

dipole moment.
As a result, in addition to the nearest-neighbor spin-

exchange couplings J1,2, the trimerized Kagome lattice also
exhibits long-range couplings. Figure 1(b) examines the vari-
ation of the geometric factor 1/R3

i j with the increase of Ri j .
It is evident that this factor rapidly decreases to zero, sug-
gesting that beyond a certain range the long-range couplings
become negligible. For the trimerized Kagome geometry, our
calculations indicate that, compared to J1,2, the long-range
couplings beyond J3,4,5 are very small, at least on the order
of 10−2, and their influence on the topological properties is
minor. Consequently, the long-range couplings considered in
our study are limited to J3,4,5. Moreover, all the spin-exchange
coupling strengths are correlated with each other through the
distance ratio r2/r1. Specifically, J1,2,3,4,5 vary with r1,2 as
given by

J1 = V0

r3
1

, J2 = V0

r3
2

, J4 = V0

(r1 + r2)3
,

J3 = V0(√
r2

1 + r2
2 + r1r2

)3 ,

J5 = V0[√
(r1 + r2)2 + r2

2 + (r1 + r2)r2
]3 . (5)

Therefore, the topological properties for the long-range
trimerized kagome lattice are determined by r2/r1, which can
be easily tuned by moving optical tweezers.

B. Higher-order topological phases induced by long-range
interactions

1. Bulk topology characterization

We employ bulk polarization to characterize the bulk topol-
ogy of the trimerized Kagome lattice within the single spin-up
excitation subspace. Since the trimerized Kagome lattice in
Fig. 1(a) adheres to C3 rotation symmetry, the bulk polariza-
tion value can be derived from the eigenvalue of C3 symmetry
at the C3-invariant point K [105–107]. This takes the follow-
ing form:

2π pn = arg θn(K )(mod 2π ), (6)

where θn(k) = 〈uk,n|R3|uk,n〉, with |uk,n〉 being the Bloch wave
function of the nth energy band and R3 being the C3 rota-
tion symmetry operator (see the Appendix). The C3 rotation
symmetry leads to quantized values of pn as pn = l

3 (l = 0

and ±1) [105–107]. As depicted in Figs. 1(d)–1(f), as J2/J1

varies, the upper gap (between the first and second bands)
experiences a closing-reopening process. Notably, the third
band is a flat band arising from the specific geometric ar-
rangement and symmetry of the lattice couplings. In contrast,
the lower gap (between the second and third bands) remains
closed, which is guaranteed by the C3 rotational symmetry of
the lattice. Consequently, we focus on examining the changes
in topological features associated with the upper gap. To this
end, we utilize the polarization of the third band [the upper
band in Figs. 1(d)–1(f)] as a topological index to characterize
the higher-order topological features. In the absence of long-
range interactions, the polarization is obtained in Fig. 1(c),

p3 =
{− 1

3 , r2/r1 < 1,

0, r2/r1 > 1,
(7)

where the fractional quantization value identifies that the cor-
responding system is in the nontrivial HOTPs. Notice that
the zero value of r2/r1 means that r1 is much bigger than
r2. In practical experiments, it is quite challenging to tune
the system into the configuration with r2 = 0. The jump of
p3 to zero occurs at r2/r1 = 1, signifying the occurrence of
topological phase transition, which is always accompanied
by a band gap closing. As demonstrated in Figs. 1(d)–1(f),
the energy gap closing between the third and second bands
takes places at r2/r1 = 1, agreeing with the topological phase
transition point. In contrast, in the presence of long-range
interactions [Fig. 1(g)], the quantization is calculated as

p3 =
{− 1

3 , r2/r1 < 1.1,

0, r2/r1 > 1.1.
(8)

As shown, the long-range interaction can shift the topological
phase transition point to r2/r1 = 1.1. This is also mani-
fested in Figs. 1(h)–1(j) by the shift of the gap-closing point.
Meanwhile, we also notice that the presence of long-range
couplings breaks the flat band condition and turns the third
band into a dispersive band. In addition to the bulk topological
feature, in the following section, we demonstrate the long-
range interaction can induce the emergence of new topological
corner modes.

2. Topological corner modes

Bulk-edge correspondence is a basic theorem associated
with topological phases. The nontrivial fractional quantized
topological bulk polarization guarantees the emergence of
topological corner modes in the upper gap at the corners of the
trimerized Kagome lattice. To demonstrate this point, Fig. 2(a)
is a study of the energy spectrum of the system within the sin-
gle spin-up excitation subspace in the absence of long-range
couplings under the open-boundary condition. As shown, for
r2/r1 < 1, there emerges threefold degenerate zero-energy
topological modes in the lower gap, dictated and protected
by the nontrivial fractional quantized p3 = − 1

3 in Fig. 1(c).
Specifically, Fig. 2(b) exhibits the OBC energy spectrum for
r2/r1 = 0.5. Besides the in-gap zero-energy type I corner
modes (A), edge modes (B and C) also exist, with their spatial
distributions displayed in Figs. 2(c)–2(e). As indicated, the
zero-energy modes correspond to topological corner modes
maximally distributed at the three outside corners [Fig. 2(c)],
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FIG. 2. (a) OBC energy spectrum of an 84-molecule trimerized Kagome lattice as a function of r2/r1 without long-range couplings. (b) The
specific OBC energy spectrum for r2/r1 = 0.5. A and D respectively mark the type I corner and bulk modes. B and C respectively mark the
edge modes at the edges and the interior of edge bands. [(c)–(e)] Spatial distributions of the modes respectively in A, C, and B. [(f)–(j)] Same
as panels [(a)–(e)] but with long-range couplings. In contrast, here B becomes the type II corner modes induced by long-range interactions.
(k) Sum of the LDOS over all lattice sites, with long-range couplings. [(l)–(o)] Spatial distributions of LDOS integrated over an energy range
respectively covering the type I and type II corner modes, the edge bands, and the bulk bands. Each site is represented as a circle with a radius
proportional to the LDOS. The parameter is r2/r1 = 0.5. We assume 3% disorders in all couplings for showing the robustness.

and the modes in B and C correspond to the edge modes
maximally populating the three edges [Figs. 2(d) and 2(e)].

In contrast, Figs. 2(f)–2(j) examine the scenario when
long-range couplings are present. First, it is observed that
the point at which the zero-energy modes intersect with the
bulk modes shifts from r2/r1 = 1 [Fig. 2(a)] to r2/r1 = 1.1
[Fig. 2(f)], a consequence of the influence of long-range inter-
actions, consistent with the earlier predictions based on the
bulk polarization depicted in Fig. 1(g). Second, it is noted
that in the presence of long-range interactions, the six edge
modes in B depicted in Fig. 2(b) transform into the corner
modes showcased in Fig. 2(g), primarily distributed at the
three internal corners illustrated in Fig. 2(j). Throughout this
study, we denote these modes as type II corner modes. In both
cases, with or without long-range couplings, for the modes
in the three bulk bands, their real-space wave functions are
all extended states and are homogeneously distributed at the
insider bulk sites, as manifested by the LDOS in Fig. 2(o).

3. Topological LDOS detection

In this work, we introduce an experimentally acces-
sible method to detect the LDOS associated with the

ultracold-molecule trimerized Kagome lattice, which allows
us to directly measure the OBC energy spectrum and spatial
distributions of corner modes. Suppose the lattice contains
N tweezers. Initially, all the molecules in the tweezers are
prepared into the state

|ψn〉 = |↓1〉|↓2〉 · · ·
( |↓〉 + |↑〉√

2

)
· · · |↓N−1〉|↓N 〉

= 1√
2

(|G〉 + |↑n〉), (9)

where |G〉 represents the ground state, with all molecules stay-
ing in the spin-down state, and | ↑n〉 represents a molecular
spin-up excitation placed on the lattice site n. After subse-
quent time evolution, the state becomes

|ψ (t )〉 = |G〉 +
∑

α

Cn,αe−iEαt/h̄|φα〉, (10)

where Eα is the eigenenergy of the trimerized Kagome lattice,
|φα〉 is the corresponding eigenstate, and Cn,α is the amplitude
of the single spin-up excitation state projected into the eigen-
state 〈ψα| ↑n〉.
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Such a dynamical response is detected by measuring the
time evolutions of 〈Sx,y(t )〉. Then, we can get an experimen-
tally measurable observable,

〈Sn(t )〉 =
∑

α

|Cn,α|2
2

e−iEαt , (11)

where 〈Sn〉 = (〈SX
n 〉 + i〈SY

n 〉)/2. After that, based on a Fourier
transformation, we obtain a relationship between the LDOS at
the lattice site n and the observable 〈Sn〉,

ρ(n, Eα ) = FT[2〈Sn〉]. (12)

By repeating this procedure and running n from 1 to N , every
energy eigenstate is ensured to have some overlap with one of
the initial single spin-up excitation states, thus the LDOS of
all sites can be detected.

Figure 2(k) presents the sum of the LDOS ρ(n, Eα ) over
all lattice sites, i.e., the DOS. As shown, the distinct peaks
directly measure out the OBC energy spectrum in Fig. 2(g)
with long-range couplings, including pinpointing the location
of the zero-energy type I corner modes and the edge bands.
On the other hand, the integrations of the LDOS over an
energy range containing the corner, edge, and bulk modes
can precisely detect their spatial distributions, as illustrated in
Figs. 2(l)–2(o). As revealed, besides the type I corner modes
[labeled by A in Fig. 2(k)], the edge modes (C), and the bulk
modes (D), there also emerge type II corner modes (B), as a
result of long-range couplings. Due to the finite-size effect,
the type II corner modes are hybridized with the edge modes.
As a result, in addition to the corner-dominated LDOS in
Fig. 2(m), there also exists considerable LDOS in the edges.
However, we still can robustly distinguish the B and C modes
by determining whether the modes are dominantly localized at
the corner or simultaneously maximally localized at the edge
sites. This distinction could become more evident by using a
larger lattice size.

4. Dynamical detection of topological corner modes

Molecular topological corner modes can also be detected
by spin dynamics. First, we show how to detect the type I
corner mode. To detect such a corner mode, the system is ini-
tialized into the single spin-up excitation state |ψ (t = 0)〉 =
|↑↓ · · · ↓↓〉, with the single molecules trapped at the upper
corner tweezer flipped into the spin-up state, as illustrated
in Figs. 3(a) and 3(d). The time evolution for such an ini-
tial state is described by |ψ (t )〉 = e−iHt |ψ (t = 0)〉. For the
trimerized Kagome lattice in the nontrivial HOTPs, according
to the spatial distribution feature of the type I corner mode
[Figs. 3(a)–(c)], such an initial state would have a large over-
lap with the wave function of the type I corner mode, making
such a mode be excited. As a result, the time evolution of
|ψ (t = 0)〉 is mainly governed by the type I corner mode.
As manifested in Figs. 3(b) and 3(c), the dynamics of the
spin-up density is maximally distributed at the upper corner
tweezer. While for the time evolutions in trivial HOTPs [in
Figs. 3(d)–3(f)], such an initial corner-excited state would
evolve into the bulk of the lattice, resulting in there being no
corner modes in this case. In a similar way, as exhibited in
Figs. 3(g)–3(l), by motioning the time evolutions of spin-up

FIG. 3. The single molecules at the (a), (d) type I corner tweezers
are initially excited into the spin-up states. After subsequent time
evolutions, spin-up density distributions for the lattice in nontrivial
[panels (a)–(c)] and trivial [panels (d)–(f)] HOTPs, at (b), (e) t =
10/J2 and (c), (f) t = 20/J2. [(g)–(l)] Same as panels [(a)–(f)] but for
initially exciting (g), (j) type II corner tweezers, with panels [(g)–(i)]
and [(j)–(l)] respectively corresponding to the nontrivial and trivial
cases. The parameter is r2/r1 = 0.5. We assume 3% disorders in all
couplings for showing robustness.

excitation initially placed on the type II corner tweezer, one
can detect the existence of type II corner modes.

As shown, compared with the LDOS method, the experi-
mental technology requirements for the dynamical detection
method are much simpler than those for the LDOS detection
method. However, the LDOS method provides deeper insights
into topological features. It not only detects localization fea-
tures like the dynamical method but also reveals the internal
spatial structure, such as which corner sites are predominantly
populated by corner modes. Moreover, the LDOS method can
also probe the spectral features of the corner modes, uncover-
ing their topological spectral characteristics.

III. HOTPS IN EXTENDED ULTRACOLD-MOLECULE
TRIMERIZED KAGOME LATTICES

A. Extended ultracold-molecule trimerized Kagome lattices

In this section, we further show that HOTPs induced by
long-range interactions can even emerge in a nonstandard
Kagome lattice. Specifically, as depicted in Fig. 4(a), we
generalize the unit cell of the above-studied standard Kagome
lattice to contain four sites. In addition to the nearest-neighbor
couplings J1,2, there are also the long-range couplings J3,4,5,
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FIG. 4. (a) Schematic of extended trimerized kagome molecule tweezer lattice, featuring four tweezers in each unit cell. Polarizations (b),
(h) p4 and (c), (i) p1,12 respectively characterizing the topology of the upper and lower energy gaps, as a function of r2/r1, for the system (b), (c)
without and (h), (i) with long-range couplings. Topological phase transitions occur as p4 and p1,12 jump at (b) r2/r1 = 0.89, (h) r2/r1 = 0.95,
and (c), (i) r2/r1 = 1, as evidenced by the gap-closing processes in panels [(d)–(g)] and [(j)–(m)], respectively. The parameters are (d), (j)
r2/r1 = 0.7, (e) r2/r1 = 0.89, (k) r2/r1 = 0.95, (f), (l) r2/r1 = 1, and (g), (m) r2/r1 = 1.2.

given by

J1 = V0

r3
1

, J2 = V0

r3
2

, J4 = V0

(
√

3r2)3
,

J3 = V0[√
r2

1 + (
√

3r2)2 + √
3r1r2

]3 ,

J5 = V0(√
r2

1 + r2
2 + √

3r1r2
)3 . (13)

Compared to J3,4,5, the much-longer-range couplings are very
small, at least on the order of 10−2, which can be safely
ignored.

B. Higher-order topological phases induced
by long-range interactions

1. Bulk topology characterization

As shown in Fig. 4(a), the extended ultracold-molecule
kagome lattice also satisfies C3 rotation symmetry. As a con-
sequence, its bulk topology can also be characterized by band
polarizations. According to Figs. 4(d)–4(g), we can see that
there are two gap-closing points, corresponding to the up-
per and lower gap closings, respectively shown in Figs. 4(e)
and 4(f). To identify the change of topological phase transition
associated with the upper gap-closing process, we calculate
the polarization of the fourth band p4. While for the lower
gap, before the gap closing, its topology can be identified by
the polarization of the first band p1. After the gap closing, the
first and second bands feature degeneracy, and the topology of
the corresponding lower gap is characterized by a non-Abelian
polarization [105–107],

2π p12 = arg [det 
(K)](mod2π ), (14)

where 
i, j (k) = 〈uk,i|R4|uk, j〉(i, j ∈ 1, 2), with R4 being the
rotation symmetry operator. In the absence of long-range
couplings, Fig. 4(b) shows that the polarization p4 is

calculated as

p4 =
{ 1

3 , r2/r1 < 0.89,

0, r2/r1 > 0.89.
(15)

The jump signifies the occurrence of topological phase transi-
tion at r2/r1 = 0.89, agreeing with the point where the upper
gap closes, as shown in Fig. 4(e). The polarization p4 in the
presence of long-range couplings is numerically calculated in
Fig. 4(h), giving

p4 =
{ 1

3 , r2/r1 < 0.95,

0, r2/r1 > 0.95.
(16)

As indicated, the topological phase transition point is changed
to r2/r1 = 0.95 due to long-range couplings, which is also
in agreement with the upper gap-closing point in Fig. 4(k).
While for the topology of the lower gap, from the calculated
polarizations p1,12 [Figs. 4(c) and 4(i)], we can see that the
topological phase transition point remains at r2/r1 = 1 in the
presence of long-range couplings. This feature is further veri-
fied in Figs. 4(f) and 4(l) in which the lower gap-closing points
coincide at r2/r1 = 1. Notably, according to bulk-boundary
correspondence, the nontrivial fractional quantized polariza-
tion value identifies that this gap is topologically nontrivial,
ensuring the emergence of topological corner modes in this
gap.

2. Topological corner modes and LDOS detection

In this section, we demonstrate that long-range couplings
also can induce topological corner modes in the nonstandard
Kagome lattice, which also can be detected by the LDOS
approach. Specifically, Fig. 5(a) investigates the OBC energy
spectrum in the absence of long-range couplings. As shown,
for r2/r1 < 0.89 (1), there emerge topological corner modes
in the upper (lower) gap. By examining the case of r2/r1 =
0.58 [Fig. 5(b)], we can further see that, besides the three bulk
bands, there are two edge bands and six type I corner modes,
as manifested by their spatial distributions in Figs. 5(c)–
5(e). In particular, the type I corner modes are maximally
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FIG. 5. (a) OBC energy spectrum of a 120-molecule extended trimerized Kagome lattice as a function of r2/r1 without long-range
couplings. Panel (b) presents the case of r2/r1 = 0.58. Besides the three bulk bands (D), there are two edge bands (B and C) and six type
I corner modes (A). B and C respectively represent the edge modes in the edges and the interior of edge bands. [(c)–(e)] Spatial distributions of
the modes respectively in A, C, and B. [(f)–(j)] Same as panels [(a)–(e)] but with long-range couplings. B turns into the type II corner modes
arising from long-range interactions. (k) Sum of the LDOS over all lattice sites, with long-range couplings. [(l)–(o)] Spatial distributions of
LDOS integrated over an energy range respectively containing the type I and type II corner modes, edge bands, and bulk bands. Each site is
represented as a circle with a radius proportional to the LDOS. The parameter is r2/r1 = 0.58. We assume 3% disorders in all couplings for
showing robustness.

distributed at the two outmost sites of each corner [Fig. 5(c)].
As a result of the presence of long-range couplings,
Figs. 5(f)–5(j) show that the 12 edge modes in the edges of
the two edge bands turn into type II corner modes, maximally
populated at six inside sites of each corner [Fig. 5(j)].

Figures 5(k)–5(o) exhibit that both the OBC energy spec-
trum and the topological corner modes can be detected by
our introduced LDOS approach. As presented in Fig. 5(k), the
distinct peaks in the sum of the LDOS ρ(n, Eα ) over all sites
precisely measure out the OBC energy spectrum in Fig. 5(g),
including spectrally identifying the location of the type I and
type II corner modes and the edge and bulk bands. Meanwhile,
the integrations of the LDOS over an energy range covering
the corner, edge, and bulk modes allows us to directly detect
their spatial distributions, as plotted in Figs. 5(l)–5(o). As
demonstrated, in addition to the six type I corner modes max-
imally located at the outmost corner sites, there also emerge
12 type II corner modes dominating at the inside corner sites,
enabled by the long-range couplings. The considerable edge
LDOS in Fig. 5(m) is attributed to the finite-size induced
hybridization between the edge modes and the type II corner
modes.

IV. SUMMARY AND OUTLOOK

In summary, our study reveals that ultracold-molecule
trimerized Kagome optical-tweezer lattices exhibit signif-
icantly richer higher-order topological phases due to the
long-range dipolar interactions. These long-range couplings
induce diverse multiple corner modes at each corner, pre-
dominantly located at both the innermost and the outermost
corner sites. Moreover, we have introduced a dynamic method
for detecting spectral densities, enabling the differentiation of
various corner modes at each corner. Our study underscores
the benefits of utilizing reconfigurable optical-tweezer lattices
and exploiting long-range molecular dipolar interactions to
implement and enhance topological phases of matter.

Looking ahead, our research sets the stage for the ex-
ploration of interacting HOTPs as putting multiple spin-up
excitation into the trimerized Kagome spin lattice [108,109].
Beyond the noninteracting HOTPs, delving into interacting
HOTPs could provide deeper insights into the interplay be-
tween the interaction and the higher-order topology, allowing
entirely unique topological properties to be uncovered. More-
over, as the numerical calculation of physical properties in
two-dimensional interacting HOTPs surpasses the capabilities

013309-7



JIANG, JI, MEI, MA, XIAO, AND JIA PHYSICAL REVIEW A 110, 013309 (2024)

of current classical supercomputers, quantum simulation of
interacting HOTPs also presents an exciting opportunity to
attain a practical quantum advantage.
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APPENDIX: THE DERIVATION OF BULK POLARIZATION

The momentum-space Hamiltonian for the long-range Kagome lattice model can be written as Hk = H0 + H1, where H0 is
the Hamiltonian without long-range couplings,

H0 =

⎛
⎜⎝

0 J1 + J2ei	k·	e1 J1 + J2ei	k·	e2

J1 + J2e−i	k·	e1 0 J1 + J2e−i	k·	e3

J1 + J2e−i	k·	e2 J1 + J2ei	k·	e3 0

⎞
⎟⎠, (A1)

and H1 is the Hamiltonian describing the long-range couplings,

H1 = J3

⎛
⎜⎝

0 ei	k·	e3 + ei	k·	e2 ei	k·	e1 + e−i	k·	e3

e−i	k·	e3 + e−i	k·	e2 0 e−i	k·	e1 + ei	k·	e2

e−i	k·	e1 + ei	k·	e3 ei	k·	e1 + e−i	k·	e2 0

⎞
⎟⎠ + 2J4[cos(	k · 	e1) + cos(	k · 	e2) + cos(	k · 	e3)] · I

+ J5

⎛
⎜⎝

0 ei	k·(	e2+	e1 ) + e−i	k·(	e3+	e1 ) ei	k·(	e2+	e1 ) + e−i	k·(−	e3+	e2 )

e−i	k·(	e2+	e1 ) + ei	k·(	e3+	e1 ) 0 e−i	k·(−	e3+	e2 ) + ei	k·(	e3+	e1 )

e−i	k·(	e2+	e1 ) + ei	k·(−	e3+	e2 ) ei	k·(−	e3+	e2 ) + e−i	k·(	e3+	e1 ) 0

⎞
⎟⎠. (A2)

Here 	e1,2 = (±	ex + √
3	ey)/2, 	e3 = 	ex, and I is the identity matrix. From the above Bloch Hamiltonian, one can obtain the nth

band Bloch wave function |uk,n〉 at the high-symmetry point K . The C3 rotation symmetry operator is defined as

R3 =
⎛
⎝ 0 0 1

1 0 0
0 1 0

⎞
⎠. (A3)

Then, using the formula θn(K ) = 〈uK,n|R3|uK,n〉, we can extract the polarization associated with each Bloch band.
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