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Standard perturbation theory in quantum mechanics is employed to calculate the mass shifts of 2 'Sy —2 35, and

23S, —2 3P, transitions in 7% 101112142+

ions. These mass shifts are determined with high precision, typically

having uncertainties of 1-2 ppm. The sensitivity of the isotope shifts between "1*!11214Be?* and ‘Be’* to
differences in nuclear charge radii is examined. Moreover, we present the fine-structure splitting isotope shifts,
which serve as valuable tools for testing the consistency of experimental results. The study presented here will
provide valuable insights for future measurements aimed at extracting atomic physics values of Be nuclear charge

radii differences with an accuracy of 5% or higher.
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I. INTRODUCTION

The quantum mechanical three-body problem and, in par-
ticular, the heliumlike atomic systems constitute a prime
testing ground for quantum electrodynamics (QED) and
searches for new physics beyond the standard model. The
bound-state properties of the nonrelativistic three-body prob-
lem can be solved to arbitrary accuracy [1-3], and the QED
corrections included by perturbation theory to achieve spec-
troscopic accuracy for low values of the nuclear charge Z
[4-12]. Depending on the particular states and transitions in
question, a comparison with high-precision measurements can
then be interpreted either as a test of fundamental physics or as
a probe of nuclear properties such as the nuclear charge radius
and the Zemach radius [13—17]. Long sequences of isotopes,
such as the beryllium isotopes studied in the present work,
can be used to construct a King plot where nonlinearities
might reveal evidence for light bosons that would mediate an
electron-neutron interaction [18-20].

As an example, Pachucki et al. conducted a comprehen-
sive examination of the isotope shifts and the differences
in nuclear charge radii between *He and “He [21-23]. By
combining various experimental measurements, the nuclear
charge radii differences were determined to be 1.069(3) fm?
[24] and 1.061(3) fm? [25] from the 23§, —23P; transition
and 1.027(11) fm? [26] from the 2 'Sy —2 35, transition. Very
recently, van der Werf et al. and Schuhmann ef al. determined
the squared nuclear charge radii differences as 1.0757(15) fm?
[27] and 1.0636(31) fm? [28,29] using the spectra of He and
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uHe™, respectively. However, a discrepancy of 3.60 persists
between these two latest results, and a plausible explanation
is currently lacking.

The present paper focuses on a sequence of two-electron
Be?* isotopes: *10:1112.14Be2+ For the sole stable isotope
9Be, several spectroscopic measurements [30-36] have been
conducted to investigate its nuclear structure. Scholl et al.
[32] measured the 235, —2 3P, transition of the *Be*" ion by
applying the fast-ion-beam laser fluorescence method with an
accuracy of 1 part in 108, which represents 3 orders of mag-
nitude improvement over previous measurements. Puchalski
et al. [37] calculated the hyperfine splittings of *Be using
explicitly correlated Gaussian functions and extracted the
nuclear quadrupole moment accurately by combining the
hyperfine-structure measurements of Blachman and Lurio
[30], although it was inconsistent with most of the previous
determinations. Jansen et al. [38] measured the nuclear charge
radius through electron scattering experiments, and the result
is 2.519(12) fm. Based on this result, the isotope shifts be-
tween 10-11:12Be* and Bet were measured by Nortershiuser
et al. [33,34] using collinear laser spectroscopy, and their
nuclear charge radii were determined.

The radioactive "Be has many important applications in
atomic physics, nuclear physics, astrophysics, and other fields.
Friedrich et al. [39] used the decay-momentum reconstruction
technique in the decay of "Be to search for the sub-MeV
sterile neutrinos, which are natural extensions to the standard
model of particle physics and can provide a possible portal
to the dark sector. Since ®B produced via the "Be(p, y)*B
reaction will generate the solar neutrinos that can be observed
in the laboratory [40,41], the nuclear properties of "Be are
critical to the study of the sun’s core. "Be is a special nucleus
whose magnetic moment cannot be obtained by the 8y-NMR
method, and thus atomic spectroscopy is a preferred choice

©2024 American Physical Society
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TABLE I. Nuclear parameters of beryllium isotopes, { = |[§AR?/AR?|.

Isotope M/m, [50] Half-live [35,51,52] I™ [34] w/un [52] AR? in fm? [34] ¢
"Be 12787.0793(1) 53.2d 3/2° —1.399280(4) 0.66(6) 9%
°Be 16424.2055(1) Stable 3/2- —1.177430(5) 0

10Be 18249.5579(2) 1.5 Myr ot —0.77(5) 6%
Be 20087.2599(5) 13.8s 1/2+ —1.6816(8) —0.26(4) 15%
2Be 21919.739(4) 21.5 ms ot —0.08(5) 63%
“Be 25594.6(3) 4.5 ms ot

for reliably measuring the nuclear moment. Okada et al. [42]
determined the "Be nuclear magnetic dipole moment to high
precision by laser-microwave double-resonance spectroscopy.
Furthermore, as of now, the nuclear quadrupole moment of
"Be has not been accurately determined.

In addition to the isotopes mentioned above, other isotopes
of Be also exhibit intriguing properties [33,34,43,44]. For
instance, the one-neutron halo nucleus !'Be can be viewed
as a composite system consisting of a !°Be nucleus and a va-
lence halo neutron. This unique structure results in a magnetic
radius that is significantly larger than the electric radius. With
advancement of experimental techniques, especially the emer-
gence of new light sources with narrow linewidths in the XUV
region [45—47], it is now possible to improve the measurement
of Be?* to a new level of accuracy. The intriguing nuclear
properties of these isotopes can be probed and characterized
through spectroscopic techniques.

In the present work, we calculate the mass shifts of
2180 =235, and 235, —23P, transitions for 7-10-11.12.14g g2+
ions, in which the recoil corrections are considered to the or-
der of m2a® /M, where m and M are the masses of the electron
and the nucleus, and « is the fine-structure constant. These
theoretical results can be integrated with future high-precision
experimental measurements to extract the nuclear charge radii
differences and explore nuclear structure. Atomic units (a.u.)
are used throughout unless otherwise stated.

II. THEORETICAL METHOD

We use nonrelativistic quantum electrodynamic theory
(NRQED) to accurately calculate the isotope shifts in he-
liumlike beryllium ions [21-23,48]. Below, we outline the
theoretical framework employed, including the basis set used
for our numerical calculations.

The isotope shift Ejg between two isotopes is composed of
the mass shift Ey;s and the field shift Egg:

Eis = Eyvs + Efs, (D

where Ejg can be obtained by experimental measurement and
Eys requires high-accuracy calculation. The last term Epg
contains the information on the nuclear charge radii difference
AR?. Neglecting the influence of nuclear polarization, it can
be expressed as

Ers = CAR?, 2

where C = Cy — Cy, and Cx and Cy are the coefficients for
the states X and Y involved in the transition. These coeffi-

cients can be determined in the lowest order by

2nZ
Cyy = %<Z 53<?,->> : 3)

XY

where Z is the number of nuclear charge, and the summation
is over the two electrons.

We employ NRQED to calculate the mass shift term Eys.
An atomic energy level can be expanded in powers of the fine-
structure constant «:

E(@)=E®P+EY+EY+EO+ED +.... (4
where E™ = mae™ and
g™ =gl 4 e e ..., (5)
with 85") representing the ith-order correction in m/M.

In this work, we use the Hylleraas variational technique
to construct the high-precision wave function associated with
the nonrelativistic Hamiltonian in the limit of infinite nuclear
mass:

=) =2
py P, Z Z 1

H=—+—%————4+—, 6
0 2+2 1 r2+r ©

where ¥ = ¥} — 7,. The Hylleraas basis set [49] is

Yimn(F1, F2) = riry'r"e " PRy Ry Ry, (7)
where Y[}/ (71, 7,) is the vector coupled product of spherical
harmonics for the two electrons, and «, B, and y are the
nonlinear parameters.

Subsequently, we systematically calculate the higher-order
corrections arising from the QED effects associated with
the nuclear mass, in a perturbative manner. The operators
corresponding to each order of correction are provided in
Appendix A.

III. ISOTOPIC SHIFTS AND NUCLEAR CHARGE
RADII DIFFERENCES

The primary aim of this section is to achieve precise de-
termination of mass shifts through numerical calculations,
while simultaneously assessing the impact of field shifts
on isotopic shifts. The nuclear parameters of beryllium iso-
topes are given in Table I, and the numerical results of
various operators responsible for isotope shifts are presented
in Appendix B. In the calculation, the Bethe logarithm
In(ko/Z?) is 2.973976 911 2(3) for 2 'Sy, 2.971 735578 90(7)
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TABLE II. Spin-independent contributions to the mass shifts between "1%11-1214Be?* and “Be?*, in MHz. “ST mixing” stands for singlet-
triplet mixing. The anticipated numerical uncertainty typically lies within a range of less than 1 on the last significant digit, unless explicitly

stated otherwise.

TBe2t _9Be2t+ 102+ 92+ g2+ 92+

2§ -27% 2% -2°P 2§ -27% 2§ -2°P 2§27 2% -2°P
e’ —12793.777 13921.793 4499.003 —4895.676 8202.510 —8925.718
pe* (/M) 668.227 83648.898 —234.991 —29416.291 —428.434 —53631.577
e (/MY -12.713 19.047 3.718 —5.571 6.485 -9.717
e (u/My? 0.0001 0.002 —0.00002 —0.0005 —0.00004 —0.001
ot —72.786 188.998 25.596 —66.465 46.667 —121.180
pet (/M) 52.615 —206.227 —18.504 72.525 —33.736 132.227
et (u/M)? 0.014 -0.017 —0.004 0.005 —0.008 0.019
e (/M) —0.415 2.960 0.146 —1.041 0.266 —1.897
e (/M) 0.030(15) —0.31(15) —0.011(6) 0.11(6) —0.019(10) 0.20(10)
ST mixing 0.092 0.026 —0.224 —0.063 0.597 0.168
Sum —12158.713(15) 97575.17(15) 4274.729(6) —34312.47(6) 7794.328(10)  —62557.48(10)

12Be2+_9Be2t 14Be2t 9Bt

21§ -27% 2% -2°P 21§ -27% 2% -2°P
pa’ 11277.176 —12271.475 16116.441 —17537.414
pe* (u/M) —589.033 —73735.389 —841.804 —105377.426
e (/M 8.581 —12.856 11.509 —17.244
pa*(u/M)? —0.00005 —0.001 —0.00006 —0.001
par’ 64.161 —166.605 91.694 —238.102
pet (/M) —46.382 181.793 —66.287 259.808
et (/M —0.009 0.011 -0.012 0.015
e (/M) 0.365 —2.609 0.522 —3.728
e (/M) —0.026(13) 0.28(14) —0.038(19) 0.40(20)
ST mixing —0.224 —0.063 —0.224 —0.063
Sum 10714.609(13)  —86006.91(14)  15311.801(19)  —122913.76(20)

for 235, and 2.982 443 598 4(3) for 2 3P, [53]. The first-order
perturbation by the mass polarization operator of the Bethe
logarithm % In(ko)ss is 0.359014(1) for 215y, 0.076 932 9(1)
for 235;, and 0.161 594(1) for 2P, [53].

Table II shows the contributions of spin-independent terms
to the mass shifts of 2 'S —235 and 23§ —2°P transitions be-
tween 710-1L12.14g 624 414 9Be?t . From the table, it is evident
that the primary sources of error in the final results stem from
the uncertainties associated with m?a®/M. Given the signifi-
cant challenge in evaluating this part, we resort to employing
Eq. (A26) as an approximation to assess its impact on the mass
shifts. For instance, let us examine the 'Be’t—"Be?" mass
shifts for the 2'S —235 and 23§ —2°3P transitions. Applying
Eq. (A26), we obtain values of 0.030 and —0.31 MHz, re-
spectively. Since the high-precision calculation results for this
contribution in helium are known to be 2.73(15) and —9.4 kHz
[22,23], while the values obtained from Eq. (A26) are 1.8140
and —13.1411 kHz, we can observe that the differences be-
tween them are approximately 50% and 30%, respectively.
Consequently, we estimate the error to be 50% of the afore-
mentioned approximate values for Be?*. In addition, owing
to discrepancies in the definition of nuclear charge radii for
various nuclear spins [54,55], we specifically include the Dar-
win term Eq. (A17) for the nuclear spin-1/2 isotope ''Be**
in our calculation. Meanwhile, we assume that the remaining

terms, such as the contribution of the anomalous magnetic
moment in ' Be?t and the entire Darwin term in 7’()Be:”, are
encompassed within the nuclear charge radii.

The contribution of spin-dependent terms is exclusively
manifested in the 2 P state, and the corresponding results are
presented in Table III. The m?a® /M order correction presented
in the table is an approximate outcome that is solely due to
the Douglas-Kroll (DK) operators and their recoil corrections.
We assign a 100% error estimate, which also constitutes the
primary source of error in the sums. Detailed numerical results
for the DK operators and their recoil corrections can be found
in Appendix B. Furthermore, the impact of the singlet-triplet
mixing effect on the 2 ’P| state surpasses significantly that on
the 2°P, and 2 °P, states. By utilizing the values provided in
Table III, we can determine the fine-structure splitting isotope
shifts (SIS) [56,57], as shown in Table IV. These SIS values
can serve as a standard for assessing the self-consistency of
experimental findings.

Table V presents the outcomes of the mass shifts, field
shifts, and isotope shifts, with the mass shifts being accurate
to within 1-2 ppm. Particularly noteworthy is the influence of
the singlet-triplet mixing effect, causing the weighted average
of the spin-dependent mass shift for the 2P state to deviate
from 0. The coefficient C in Eq. (2) is exclusively linked to the
8 function, and its values for the 2 'S, —235, and 235, —23P,
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TABLE III. Spin-dependent contributions to the mass shifts of 2 >P; states between "-1%11-1214Be2* and *Be?", in MHz. “ST mixing” stands
for singlet-triplet mixing. The anticipated numerical uncertainty typically lies within a range of less than 1 on the last significant digit, unless

explicitly stated otherwise.

7Bez+_9BeZ+ lOBe2+_9Bez+ 11B62+—9B62+

2°P 2°P, 2°P, 2°P, 2°P, 2°P, 2°P, 2°P, 2°P,
nat —3.127 14.783 —8.245 1.100 —5.199 2.899 2.005 —-9.478 5.286
wot (/M) 12.877 —5.780 0.893 —4.529 2.033 —-0.314 —8.257 3.706 —-0.572
wat(u/M)>? 0.002 —0.002 0.001 —0.001 0.001 —0.0002 —0.001 0.001 —0.0003
nad (/M) 0.008 0.028 —0.018 —0.003 —0.010 0.006 —0.005 —0.018 0.012
e (/M) 0.014(14) 0.009(9) —0.008(8) —0.005(5)  —0.003(3) 0.0033)  —0.009(9) —0.006(6)  0.005(5)
ST mixing 0.001 —-0.129 0.0002 —0.004 0.047 —0.0004 0.009 0.077 0.001
Sum 9.775(14) 8.909(9) —7.377(8) —3.442(5) —3.131(3) 2.593(3) —6.258(9) —5.718(6) 4.732(5)

12Be2+_9Be2+ 14ge2t_9Be2t

2°P, 2°P, 2°P, 2P, 2°P 2°P,
ot 2.756 —13.031 7.267 3.939 —18.623 10.386
uat(u/M)  —11.352 5.095 —0.786 —16.223 7.281 —1.124
nat(u/M)?  —0.002 0.001 —0.0004 —0.002 0.002 —0.0006
o (/M) —0.007 —0.024 0.016 —0.010 —0.035 0.023
uab(u/M) —0.012(12)  —0.008(8) 0.007(7)  —0.017(17)  —0.012(12) 0.011(11)
ST mixing —0.004 0.115 —0.0004 —0.004 0.163 —0.0004
Sum —8.621(12) —7.852(15)  6.503(7) —12.317(17) —11.224(12)  9.295(11)
transitions are calculated to be tainty can be computed using

2
C(2'Sy—235,) = —4.005 MHz/fm> (8) _|9AR SEws | an
AR2 Ers

and Table V further elucidates the outcomes of |Eps/Es| and ¢,

; 3 5 revealing that the impacts of field shifts on different isotopes

C(2°S; —2°P;) = 36.031 MHz/fm". )

From Table V one can see that the uncertainties in the field
shifts mainly arise from inaccuracies in the differences of
nuclear charge radii, which also serve as the primary source
of errors in isotope shifts. In accordance with Eq. (1), we
can establish the relationship between the uncertainty of the
nuclear charge radii differences and the errors in isotope shift

and mass shift:
VOEX + SEL

C

SAR? = (10)

If the accuracy of the isotope shift measured in the experiment
matches that of the mass shift, i.e., |8Es/Eis| = |6Ems/Ewms|
or |§Es| = |6EMms| since Eis & Eys, then the relative uncer-

TABLE IV. Spin-dependent contributions to the mass shifts of
the 2P, fine-structure splittings between "!%111214Be?* and *Be?*,
i.e., the SIS, in MHz.

Isotope pair 23p, =2°p, 23p, —2°p,
"Be?t2Be?" —0.866(17) —16.286(12)
0Be+ Be?+ 0.311(6) 5.724(4)
1Be2+ _Be?* 0.540(11) 10.450(8)
2Bt IBe?t 0.769(19) 14.355(17)
14Be?* Be?* 1.093(21) 20.519(16)

span from tens to hundreds of ppm. Consequently, achieving
experimental precision comparable to or exceeding that of the
mass shift facilitates the determination of nuclear charge radii
differences with an accuracy of 5% or greater. This enhance-
ment in precision elevates the accuracy of AR? by up to 1
order of magnitude when contrasted with current values (see
Table I).

IV. SUMMARY

In this study, we employed perturbation theory to calcu-
late nuclear mass corrections for the 2 'Sy, 23;, and 2P,
states in 7% 10-11L12.19Be2+ jons. The resulting mass shifts for
the 2 'Sy —235; and 235, —23P; transitions demonstrate un-
certainties of approximately 1 to 2 ppm. Additionally, we
determined the fine-structure splitting isotope shifts, offering
a valuable method to cross-check experimental results.

To assess the contribution and accuracy of the field shift,
we utilized the available nuclear charge radii differences de-
rived from the Be™ ion isotope shifts, as listed in Table L. It
was observed that the uncertainty of the field shift surpasses
the error in the mass shift, with its impact on different isotopes
ranging from tens to hundreds of ppm. Therefore, by attaining
experimental precision comparable to that of mass shifts, we
can substantially enhance the accuracy of the differences in
nuclear charge radii, potentially by an order of magnitude,
yielding an uncertainty of approximately 5% or better. This
underscores the importance of refining experimental measure-
ments to advance our comprehension of nuclear properties.
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TABLE V. Mass shifts, field shifts, and isotope shifts between 7'1%11:1214Be?* and Be?", in MHz. WA: Weighted average.

215y —27, 2%, -2°P, 2%, 2P, 2%, -2°P, 275, —2°P (WA)

"Be?—Be?"  Eys (without spin)  —12158.713(15) 97575.17(15) 97575.17(15) 97575.17(15) 97575.17(15)

Es (spin) —9.775(14) —8.909(9) 7.377(8) 0.043(6)

Eus —12158.713(15) 97565.40(15) 97566.26(15) 97582.55(15) 97575.21(15)

[8Ems/Ewms| (ppm) 1 2 2 2 2

Egs —2.64(24) 23.8(2.2) 23.8(2.2) 23.8(2.2) 23.8(2.2)

Eis —12161.35(25) 97589.2(2.2) 97590.1(2.2) 97606.4(2.2) 97599.0(2.2)

|Egs/Eis| (ppm) 217 244 244 244 244

¢ (ppm) 0.8% 0.9% 0.9% 0.9% 0.9%
0Be2*Be**  Eys (without spin) 4274.729(6) —34312.47(6) —34312.47(6) —34312.47(6) —34312.47(6)

Eys (spin) 3.442(5) 3.131(3) —2.593(3) —0.014(2)

Eus 4274.729(6) —34309.03(6) —34309.34(6) —34315.06(6) —34312.48(6)

[6Ems/Ewms| (ppm) 1 2 2 2 2

Ers 3.08(20) —27.7(1.8) —27.7(1.8) —27.7(1.8) —27.7(1.8)

Eis 4277.81(20) —34336.7(1.8) —34337.0(1.8) —34342.8(1.8) —34340.2(1.8)

|Egs/Exs| (ppm) 720 807 807 807 807

¢ (ppm) 0.3% 0.3% 0.3% 0.3% 0.3%
UBe?*Be’t  Eys (without spin) 7794.328(10) —62557.48(10) —62557.48(10) —62557.48(10) —62557.48(10)

Es (spin) 6.258(9) 5.718(6) —4.732(5) —0.028(4)

Ews 7794.328(10)  —62551.22(10) —62551.76(10) —62562.21(10) —62557.51(10)

[6Ems/Ewms| (ppm) 1 2 2 2 2

Ers 1.04(16) —9.4(1.4) —9.4(1.4) —9.4(1.4) —9.4(1.4)

Eis 7795.37(16) —62560.6(1.4) —62561.2(1.4) —62571.6(1.4) —62566.9(1.4)

|Egs/Exs| (ppm) 133 150 150 150 150

¢ (ppm) 1.4% 1.5% 1.5% 1.5% 1.5%
12Be?* IBe?t  Eps (without spin) 10714.609(13) —86006.91(14) —86006.91(14) —86006.91(14) —86006.91(14)

Es (spin) 8.621(12) 7.852(15) —6.503(7) —0.038(6)

Eus 10714.609(13)  —85998.29(14) —85999.06(14) —86013.41(14) —86006.95(14)

[6Ems/Ewms| (ppm) 1 2 2 2 2

Egs 0.32(20) —2.9(1.8) —2.9(1.8) —2.9(1.8) —2.9(1.8)

Eis 10714.93(20) —86001.2(1.8) —86002.0(1.8) —86016.3(1.8) —86009.9(1.8)

|Ers/Eis| (ppm) 30 34 34 34 34

¢ (ppm) 5.7% 6.8% 6.8% 6.8% 6.8%
14Be?*—Be**  Eys (without spin) 15311.801(19)  —122913.76(20)  —122913.76(20)  —122913.76(20)  —122913.76(20)

Es (spin) 12.317(17) 11.224(12) —9.295(11) —0.054(8)

Eus 15311.801(19)  —122901.44(20)  —122902.54(20)  —122923.06(20) —122913.81(20)

[6Ems/Ewms| (ppm) 1 2 2 2 2

For future work on this and higher-Z atomic systems, it

APPENDIX A: VARIOUS CORRECTIONS

would be advantageous to extend the unified method [58-60]
to the calculation of isotope shifts. This approach sums to
infinity the leading «Z expansions for relativistic corrections
with 1/Z expansions for electron correlation effects to give
enhanced accuracy over the entire range of nuclear charge.
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1. Nonrelativistic recoil

In the center-of-mass frame, the nonrelativistic Hamil-
tonian Hlf;) for a two-electron atomic (ionic) system is
represented as a sum of two parts:

2
H = pHY + —HQ (A1)

rec’
where Ho(g) = H,, as defined in Eq. (6), u = rﬁ—% is the re-
duced mass, and
2 —

m - -
Hrec - Mpl : p2 (Az)
is the mass polarization term. Since the nuclear mass M is

much larger than the electron mass m, the influence of H2)

can be treated perturbatively. The normal mass shift comes
from uHég), which has the following form:

E®

M,nor — (V - 1)(H£)>a (A3)
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= =i i i i - ) arig@ 2 2 2 2 2

whgre y = u/m = p in a(lzt)omlc units. The second recoil cor Epy=y [<Hr(ec)’ H? H¢ C)) _ (Hr(e C))(H;e ) HY C)>2]’ (A6)
rection is induced by H ), which is known as the specific
mass shift or the mass polarization. In principle, all order ~ Where we define
corrections of m/M in the nonrelativistic case can be obtained 1

. . . R (A,B) =(A———B), (A7)
by calculating the eigenvalue difference of the nonrelativistic (Ey — Hp)'
Hamiltonian with and without H?) included. However, using
this method, it becomes difficult to analyze the contribution of _ 1

) . (A,B); ={A———B), (A8)
each order in m/M. Consequently, we derive the mass polar- (Ey — Hp)?
ization corrections using standard perturbation theory, which
extends up to the third order. The perturbation corrections are (A, B,C) = < A F B E A C>, (A9)

E[f/IZ’)1 — VZ(Hr(eZC))’ (A4) 0 0 0 0
with Ej being the associated eigenvalue of the nonrelativistic
E, =y (HZ HY), (A5)  Hamiltonian in the nonrecoil limit.

J

2. Relativistic recoil

The expectation value of the Breit-Pauli Hamiltonian H® is the leading relativistic correction of order ma* beyond the
nonrelativistic energy. The Breit-Pauli Hamiltonian with the full reduced-mass dependence is [21]

4 4 ij i)
py+p n . . L, (8" rr/ ; N o\ 2T 4
H® =)/3{ _ J/# + 7[83(7’1) +83(r2)] — =P (T + r_3 pé — (S2 _ Si)—53(1’)

8 2 3
1, ... o8 rird 3. 7 1. 7
3= j S o S o
-8 (F) + Z(S’S’ —S},SA)<V—3 - 3r_5) 85 (P2 —p1)+ ZSA g (P2 + P1)
pZs (D 2 m) 425 (Moxp -2 x5 (A10)
B R R = x —Si- | = xp1— = x ,
4 rl3 P1 r; P2 2 A ’”? P1 r23 P2

where S = (6, + &>)/2 and Sy = (31 — 32) /2 are the electron spin operators of the triplet and singlet states. The recoil correction
due to the reduced mass in Eq. (A10) is
Sl(ljlt,)nor = <H(4)> o <H<£g)> ’ (ALD)

where H'2 is the Breit-Pauli Hamiltonian with infinite nuclear mass. The expression for the first-order recoil correction 8](;;)1

encompasses both the recoil correction to the Breit Hamiltonian and the second-order perturbation correction of the nonrecoil

Breit Hamiltonian by the mass-polarization operator H2):

4
e = v (Hl) + 27 (H i) A12)
where H) is the recoil correction to H®, defined as
Zm| (7 2 S 71 72 S 8 i . (8 g .
HY=""|[5+ =3 )xP-S+ (5 -5 ) xP-Sa—pi| =+ 5L )P/ = po( =— + 52 )P/, (A13)
e oM\ T A P ATPHE TS P\% T3

with P = B; + p. The second-order recoil correction is divided into three parts:

@ _ 4 “4) )
Epvo = Ema t Epop T Enaces (Al4)

where
4 4 2 2 2 4 2 4 2 2 ) 4 )
cith, =2, HD. HE) + (1. B, 1E) - (HOYH2. H2), ~ Au)HD, HR), (a15)
‘91(13,)2b = 2(Hy. H). (A16)
m\>Zn
Exoe = <1\_/I> 7(53(71) + 8 (). (A17)

In the above, the first part ej(é)m is the third-order perturbation of HE with two mass polarization operators H'?), the second

rec
part 8;3?21’ is the second-order perturbation produced by Hrg‘c) and the mass polarization operator Hr(ezc), and the third part 8[(‘3?25
corresponds to the Darwin term as described in Refs. [21,55], which is included in the calculation only for the case of nuclear
spin 1/2.
The higher-order relativistic corrections mainly arise from the second-order perturbation of H® and the first-order per-
turbation of the effective ma® Hamiltonian. Calculating this aspect, as detailed in Refs. [22,23,53], is inherently challenging.

Thankfully, although complex, their contribution is relatively minor, enabling us to estimate its impact on the final uncertainty.
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3. QED recoil

In the nonrecoil limit, the leading-order QED correction Hég) is

g = [m(zm N k—}[a (F)+ 53] + [Em(zq) + @}33( ) - E[

HinZ Al
0N = (M) 1n } (A18)

473
where the Bethe logarithm In kq and the singular integral (+—3) are defined in Ref. [21]. High-precision calculations of In k, are
available for hydrogen, helium, heliumlike ions [53,61,62], lithium [63,64], and beryllium [65]. If the In Z? scaling is subtracted,
then the value to better than 0.5% accuracy is 2.982 from the inner 1s electron, independent of the atomic state or the degree
of ionization [63]. Its calculation for the ground state has been extended to many-electron atoms up to argon in a mean-field
approximation [66] with results that are similarly in the narrow range of 2.98 to 3.12 (after subtracting In Z?). In our calculations,
we use the more accurate results in Ref. [53], including the finite nuclear mass correction.
The leading-order QED recoil correction consists of three parts:

eMaED = 3, 26D +60) 46, (A19)
where
47 14
ey = = (HD)+ 5 (7)) + 8 7)) — S (S, (A20)
62 8 77211 1
(5) 2 3
Eya =2 [ =In(Za) + e glnko} (B F) + 8 (7)) — §<r—? + r—23> (A21)
and
& gon Y. (kY G- 3
= (HD, H) = < In 23 )07+ 8°(2). (A22)

In the above, the In k|, term is the first-order perturbation of the Bethe logarithm due to the mass-polarization operator H.2).

The QED correction sﬁffs caused by the electron anomalous magnetic moment is of order m?a’ /M. This correctlon only
contributes to every fine-structure splitting and has no effect on the energies of spin singlet states or the spin-orbit averaged
levels. It is given by

651 = —3 ) + (1, HE2) + (), a2
where
HO = %(Sisz Y Sf)(‘i: - 3%) - %ﬁ (:—% X i+ :_3 x ﬁ2>
+£§ (?_l X P - xﬁ2>+i§'zx(ﬁz—ﬁ,)—l-i@.zx(ﬁz—l-ﬁ,) (A24)
47 ri r A~ 3 b r3
and
i (5 7)< 75+ (5= 5) <75 s
aM | \r; 1 oo

are the corrections to the spin-dependent part of HY and its recoil term, respectively.

The subsequent QED recoil correction, of order m2a® /M, is fully detailed in Ref. [22] [Egs. (29), (50), (58)—(61)] and
Ref. [23] [Egs. (19)—(33)]. Due to the inherent complexity of computing this correction, we opt for the utilization of the following
formula as a practical approximation:

SS)QED = SM 1+ 8(6) + 8(6) + 8(6) + eﬁ)DK, (A26)
where
427 697 1099
eh =" - 1)[2271(% —2In 2) () + 8 7)) + n( —¢03) - n W)W(?»} (A27)
2179 10 631 29 -
e =(° — 1)[271 <_648712 —5 T —1 2 — —5(3)> (8°(F1) + 8 (7)) +n( n E) (33(V))},
(A28)
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6) _ 2m 35 448 6 3,5 3.
ez =2 M(%_ﬁ—zmz‘F;C@) (87(F1) + 87 (7)), (A29)
7
ey = 231%(4 In2 — 5) (83 (7)) + 8 (7). (A30)

These four terms originate from three sources: the reduced-mass scaling of the one-loop QED contribution, the radiative recoil
contribution, and the pure recoil contribution. The last term 81(\3)])]( in Eq. (A26) encompasses the contributions from the Douglas
and Kroll operators and their recoil corrections, which only appear in the fine-structure splitting isotope shifts. Expressions for

these operators are given by Egs. (7) and (24) in Ref. [67].

4. Singlet-triplet mixing

The computation of fine and hyperfine mixing effects poses a challenge. Nevertheless, a useful approximation is available
where we only need to consider the dominant contribution. This contribution is notably amplified by the slight energy difference
between 23y and 2 'y (x € S, P) states in the denominator of the second-order perturbation:

Eimix = Evts T+ EM i (A31)
where
3, 1= 1|2
© _ |(2 P |ch(:)|2 P >| (A32)
"B - ER )
and
o _ IRl ) .

MIRTEQ) —EQ@Y)

In the above, the initial state resides on the left while the intermediate state is positioned on the right. Also, Héf) denotes the
spin-dependent component of Eq. (A10) and H}S?S) is responsible for the leading-order hyperfine-structure splitting [68]. The
hyperfine mixing effect has implications for both the isotope shift and the fine-structure splitting. We employ the methodology
outlined in Ref. [68] to quantify the impact of this effect. The formulas pertaining to "Be**" are as follows:

1 5 3. 1o
(6) 3 1 2 2
2°§-2'S)=C 1278 2 8)|7, A34
0 )= Chizas—pars 3 @ SRS (A34)
1 15 = 3o
(6) 1 3 2 34 9
e 2S5-28=cC —2 S 28, A35
Monts ) SEQTS) — EQ2S) 4 [(2 S10412°S)| (A35)
e 2P-2'P)=C; 1 [§|<23ﬁ|QA|2]13)|2+l|<23ﬁ|QA|2]ﬁ)|2j| (A36)
M.bs YEQP) —EQ'P)|4 4 ’

for the isotope shift, and

R o o A 3. 3 .. L
60 2P —2'P) =% 2 P10al2'P)(2 P|0al2 *P><5<S‘Sf><2><L’Lf><2>>

E@2°P) —E(21P)[

- A > 9. - 21 .. o
+1(2P 10412 'P) |2<—3—25 L+ %<S’Sf><2><L'LJ)<2>>], (A37)
for the fine splitting. In the above,
i 4
On = 7[83(?0 — 8 (M), (A38)
A Z{1 /[ . rir! 1/ . rir]
=2 =6V =31 ) — (6 —322 )|, A39
Oa 2 |:r13 ( rl2 ) rg ( r% ( )

and Cy, = w*[(1 + «)/mMPa?, with « being the anomalous magnetic moment of the nucleus. It is noted that the shorthand
notations for the matrix elements are (qg |01®) = (¢:1Q]¢;) and ((5 1013) = (¢:]0; ile;) [68]. To obtain the corresponding formulas
for ''Be?*, Egs. (A34)—(A37) need to be multiplied by 1/5.
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APPENDIX B: NUMERICAL RESULTS OF THE OPERATORS

The numerical results of various operators presented in Appendix A are shown in Tables VI, VII, and VIII, with the spin
component of each operator being isolated. The uncertainties in these results are less than 1 on the last significant digit.

TABLE VI. Numerical results for the listed operators, in a.u.

215, 239, 2°3p,
(P1 - P2) —0.0339863275 —0.0281203967735767 0.7061793301726
(—(pt + p3)/8) —171.9648867 —175.471125643 —159.6845025
(A 83 (7)) 136.48598599 137.764260098 126.2632574
((F1 x p)/r?) 0 0 1.81415566328
(A 83(7)) 2.68833271 0 0
(=P8 r 4 rir i) ph) —0.17081080896 —0.032886649690788 1.6449770148240
((87/r* = 3r'ri [r°)/2) 0 0 —0.40170253649149
((Fx p)/r) 0 0 1.8257545814431
((Fy x Pa)/r?) 0 0 —2.6022931049
(=P8 /ry + rirl PPy —70.24185804 —71.3599914501 —62.483637250
(r3) —1.40249480783093 0.54831971020 0.950274475722
) —283.797138449977 —286.937255459872 —261.7169910
(P1- P2, P1 - P2) —1.1709929292296 —0.3686188390285 —1.570757568
(P1 - P2, — (P} + P3)/8) —0.7925199 —0.091816 —3.01084
(P1 - P2, 48 (7)) 0.07581100 —0.083555 4.86170
(Pr - P, (P x p)/r}) 0 0 —2.63785143
(P1 - P, 4783 (F)) —0.699233 0 0
(Pr - Par —PL (81 Jr 4 rird [P ph) —3.132639127 —0.36197837924 —2.910393591
(B1 - Par (89 /13 = 3riri /1) /2) 0 0 0.450335901
(Br - P2, (F x pr)/r) 0 0 —2.51088407
(Br - P2, (71 x Po)/r}) 0 0 2.986255
(1~ Py — P\ (87 /1y + Fir] /P3P —5.876988586 —1.27394377 —5.876251
(P1- P2, 7% 0.435600547423066 —0.0012684319 —0.98703610
(P1 - P2, P1 - P2)2 0.0570717250377 0.04179700877497 0.6797524346
(P1 - Pas —(Pt + P3)/8)2 0.98726144 0.3758242 0.2206889
(P1 - Pr, A3 (F1))2 —0.68968520 —0.2127474 —1.8739424
(Br - P2, (B x p)/ri)a 0 0 1.641073735
(P1 - P, 4183 (F))2 —0.125798353 0 0
(1~ Par =P85 Jr + rird r)pl), 0.25499198257 0.0403143288447 1.5707126689
(B1 - Pas (89 /1 = 3r'r [r°)/2), 0 0 —0.319845164
(Br - P2y F x p)/r)s 0 0 1.601397134
(P1 - P2» P1 - P2, D1 - D2) —0.075166922215 —0.0188272461484 1.63003441
(P1 - P2 — (Pt 4 P3)/8, 1 - Pa) —16.028869 —3.6573831 —102.28280
(P1 - P2, 4183 (7)), P1 - P2) 0.4810214 0.11973960 68.344099
(B1 - Pas (F1 x P/}, Pr - Pa) 0 0 4.0422559
(D1 - P2, 418 (7), pr - Pa) 0.9805150 0 0
(1~ P =P\ (85 [r + Fird P)pl, By - Ba) 0.445064898 —0.011424379601 4.12352935
(D1 - Pas (89 /1 = 3r'r [r9)/2, Py - o) 0 0 —0.65142874
(Br - B, F x p1)/r?, pr - P2) 0 0 3.58475277
(=Pt + P)/8. P1 - P2, Pr - Pa) 2323242 ~8.504903 ~20.8844
(4783 (F1), P1 - P2, Pr - Pa) 13.584080 5.2698695 10.31364
((F1 x p)/ri, P1 - Pa, P - P2) 0 0 3.8973150
(4 83(F), 1 - P2, Pr1 - Do) 3.07242 0 0
(=PL @Y r 41 [1)ph, By - Bay Pr - Pa) —0.07205064 —0.017343761040 4.25455452
((89/r* = 3r'ri [r3)/2, By - P2, P1 - Pa) 0 0 —0.82972640
((Fx p\)/r*, P1 - Pa, P1 - P2) 0 0 4.2357980
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TABLE VII. Numerical results for the DK operators of the 2 *P; state, in a.u.

7BeZ+ 9Be2+ IOBe2+ llBeZ+ ]2Be2+ I4B62+
Hy - V2R x p)/r —41.892910  —41.892266 ~ —41.892038  —41.891852  —41.891697  —41.891452
HZ : (Fy x F)(F - po)/rr —0.154182 —0.154206 —0.154214 —0.154221 —0.154227 —0.154236
H3y : rirl /373 —0.266580 —0.266546 —0.266534 —0.266524 —0.266516 —0.266503
Hb (7 x py)/r —4.579659 —4.579718 —4.579738 —4.579755 —4.579770 —4.579792
H3y : riri /r0 —1.870440 —1.870475 —1.870487 —1.870497 —1.870506 —1.870519
HS, : V2(F x py)/r3 —23.648444  —23.648655 ~ —23.648729  —23.648791 —23.648841 —23.648921
H] - V2(F x py)/r 27.453657 27.454724 27.455099 27.455409 27.455665 27.456070
Hpy : V(1 x po)/r 2.005268 2.004981 2.004881 2.004798 2.004729 2.004620
HO : V2(F - o) (F x p1)/r 2.299297 2.299019 2298922 2298842 2298775 2298670
HY < [F x (F- po)p/r —3.939624 ~3.939714 —3.939745 —3.939771 ~3.939793 —3.939827
HIL - (7 x (F x pr)pa)i/r 0.084484 0.084529 0.084544 0.084557 0.084568 0.084584
HY : B pi/r —5.564346 —5.564439 —5.564471 —5.564498 —5.564521 —5.564556
HE - V2riri /S 28.687671 28.688767 28.689153 28.689472 28.689734 28.690149
HE - V2ripl 14.396789 14.397253 14.397417 14.397552 14.397663 14.397840
HE - V2riph /s 4725143 4725319 4.725381 4725432 4725474 4725541

TABLE VIII. Numerical results for the recoil corrections of the DK operators of the 2 3P, state, in a.u.

BeZ+
Vi pi(pr x pa)/ri —80.329981
Va o piF - (R x PO (B + B/ 22.849326
Va1 pity x (B + Pa)/ri ~52.163174
Vi i Fx (P + p2)/nir? —2.026876
Vs i F X F[F - (B + 1/ —0.600664
Vo : Fi X Fa(Fy - pr)/rirs 2.872267
Vi i Fy % (B + B/ 8760823
Vit ripd i 3.133534
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