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The calculation of higher-order binding corrections to bound systems is a fundamental problem of theoretical
physics. For any nonrelativistic expansion, one needs the Foldy-Wouthuysen transformation, which disentangles
the particle and the antiparticle degrees of freedom. This transformation is carried out here to eighth order in
the momenta or to eighth order in the momentum operators, which is equivalent to the eighth order of the fine-
structure constant. Matrix elements of the eighth-order terms are evaluated for F5,, and F7, states in hydrogenlike
ions and compared with the Dirac-Coulomb energy levels.
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I. OVERVIEW

The Foldy-Wouthuysen transformation [1] is one of the
most essential ingredients of the bound-state formalism [2].
Specifically, the Foldy-Wouthuysen transformation enables
one to disentangle the particle and antiparticle degrees of free-
dom and write separate particle and antiparticle Hamiltonians
for spin-1/2 particles coupled to electromagnetic and gravita-
tional fields [3]. In the case of a free Dirac particle, the Foldy-
Wouthuysen transformation can be carried out to all orders
in the momentum operators, and the transformed Hamiltonian
takes the simple form [see Eq. (11.17) of Ref. [2]]
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where p is the momentum operator. In other cases,
where the electron is subjected to nontrivial couplings to
electromagnetic or gravitational fields [3], it is possible to
carry out the Foldy-Wouthuysen transformation only up to a
finite order in a chosen expansion parameter, which can, in
many cases, be chosen as a typical momentum scale of the
physical problem. Here we are concerned with an electron
coupled to a general electromagnetic field, described by a
vector potential A and a scalar potential ®.

For bound systems, including bound Coulomb systems and
electrons bound in a Penning trap [4,5], one can identify the
typical momentum scale as amc, where m is the electron mass,
c is the speed of light, and « is the fine-structure constant
or a generalization thereof. Henceforth, we will use natural
units with /i = €g = ¢ = 1 and ¢? = 4ra. Specifically, for
electrons bound in Penning traps, one can define a general-
ized cyclotron fine-structure constant according to Eq. (35) of
Ref. [5]. We define the kinetic momentum

7 =p—eA, )

where e is the electron charge. For the electric field £ and
the magnetic field B, as well as its time derivative ed;E, we
assume the scaling [see Eq. (47) of Ref. [5]]

eB ~ o?,

~a, eA~uwa,
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For the fourth-order Foldy-Wouthuysen transformation, a par-
ticularly instructive derivation is presented in Ref. [6]. The
sixth-order Foldy-Wouthuysen transformation has been con-
sidered extensively in the literature [see Eqs. (36)—(38) of
Ref. [7], Ref. [8], Egs. (15) and (20) of Ref. [9], Eq. (7) of
Ref. [10], and Ref. [11]].

One might be surprised about the scaling eB ~ o2, e.g.,
when comparing to Eq. (30) of Ref. [12]. Our assumption here
is that both terms j and eA in the relation 7 = j — €A carry
the same power of «. Let us consider the vector potential for
a homogeneous magnetic trap field in the symmetric gauge,
A= %(E x 7). In view of the fact that the position opera-

tor fulfills the scaling |F| ~ «~!, we require that eB ~ o>

to restore the scaling of 7. This particular scaling is rele-
vant, for example, for the strong field encountered in Penning
traps [5,13,14], where the fine-structure constant « finds a
natural generalization in terms of a cyclotron fine-structure
constant o,.

Here it is our goal to extend the formalism to the eighth
order in the fine-structure constant. We venture to obtain the
general Hamiltonian for electromagnetic coupling in Sec. II
and apply the obtained results to subsets of bound states in
hydrogenlike systems in Sec. III, which leads to a verification
of the results against the analytically known Dirac-Coulomb
energy. Extensive use is made of computer algebra [15]. Con-
clusions are given in Sec. IV.

II. DIRECT CALCULATION

A. Unitary transformation

We start with the well-known Dirac Hamiltonian Hp cou-
pled to a general electromagnetic field,

N (m+€q>)]12X2 -7
Hp =a -7+ Bm= oL ,
o -7 (—m 4+ ed)1lry0
. 0 & Loxo 022
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The Dirac Hamiltonian couples upper and lower compo-
nents of the Dirac bispinor. The aim of the (unitary)
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Foldy-Wouthuysen transformation is to separate the upper
(particle) from the lower (antiparticle) degrees of freedom,
through an iterative procedure. We write the Hamiltonian as
a sum of even terms £ and odd terms O in bispinor space (see
also Chap. 11 of Ref. [2]),

Hp=E+ O, (5a)

1 1
E=5H+BHB), O= (H—BHP), (5b)
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The aim is to eliminate the odd terms O through unitary
transformations. These transformations, necessarily, in order
to preserve the physical interpretation of the operators, need
to conserve parity [see the remarks following Eq. (7.33) of
Ref. [16] and the comprehensive discussion in Ref. [17]].
In short, it has been shown in Ref. [17] that, if one uses a
unitary transformation which breaks parity, the Dirac Hamil-
tonian can be disentangled into what seems to be particle
and antiparticle Hamiltonians, but the operators inside the
disentangled (diagonal) Hamiltonian have changed their phys-
ical interpretation. Spurious terms [18] which could otherwise
break particle-antiparticle symmetry in gravitational fields
were shown to be absent in Ref. [17], if the parity-conserving
standard Foldy-Wouthuysen transformation is used (see also
Ref. [19]). One defines the Hermitian operator S and the
unitary operator U = exp(iS) as

@) .
S=—-ifp—, S=8", U=¢e". (6)
2m

The odd operator O defined in Eq. (5d) is proportional to
the kinetic momentum 7, and hence the Foldy-Wouthuysen
transformation eliminates the odd terms order by order in an
expansion in the momenta. The transformed Hamiltonian is
written in terms of nested commutators,

Hew = exp(iS)(H — i9;) exp(—iS)

1
=H+[iS,H —i9,] + 5[iS, [iS, H —10,]]
1
+ y[iS, (S, [iS, H —19,11]

+ %[iS, [iS, [iS, [iS, H — 9, J1]1 + - - - , )

where we note the identity [iS, H — id,] = i[S, H] — 9,S.
Though the intensive use of computer algebra generalized

to the symbolic commutation relations [15] of kinetic momen-

tum operators with the four-vector and scalar potentials, it is

J

HE =K+D+Q+L, K=-B——(-7), D=
128m7
1B - o ma o = 3B - -
=——[X - 7,2 - E|[X -7, X -E]— Yo7,
Q 192m5[ 7, = 7, ] 64m5{ 7,
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possible to carry out the transformation through eighth order
in the fine-structure constant, under the proviso of the scaling
implied by Eq. (3). The result of the iterative eighth-order
transformation [17] can be written as

Hiw = HO + 12 4 1 4 104 708, (8)
The superscript denotes the power of the coupling parameter
at which the term becomes relevant. The coupling parameter
is usually denoted by «. From the zeroth to the third order in
«, the terms read

o _ o (6 0o
HY =pm, ¥ = (OM 5 ) 9
HP = p (-7 +V (10)

The o* terms can be expressed very compactly and are found
to be in agreement with Refs. [6,20],
W= _p Ls a2 s a8 Bl ()
8m?3 8m? ’ '

For the «® terms, we indicate three alternative representations

. ,
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H Toms r i RN AR DR 1
b S AR S A S Bl + Bl
8m* ’ ’ 8m?3
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- $.7)% (5B 5.
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64m* ’ ’ 8m3
B(E-7)°  3ie o _4 o =
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_ I s ar a5 B B (1)
128m# ’ ’ 8m3

Here {A, B} = AB + BA denotes the anticommutator. The last
form of the sixth-order terms in Eq. (12) is in agreement
with the sixth-order terms from Eq. (8) of Ref. [11]. The
sixth-order terms are also compatible with Eqgs. (36)—(38) of
Ref. [7], with Eq. (7) of Ref. [10], and with the approach from
Ref. [8]. Alternatively, the result in Eq. (18) can be obtained
by applying the unitary transformation outlined in Eq. (19)
of Ref. [9] to the Hamiltonian given in Eq. (15) of Ref. [9],
which is tantamount to the Hamiltonian obtained by adding
the terms given in Egs. (15) and (20) of Ref. [9].

The eighth-order term are naturally written as a sum of a
kinetic term K, a term D involving temporal derivatives of the
electric field, terms quadratic in the electric field, denoted by
Q, and linear terms in the electric field, which we denote by
L. The result is

ie?

32m?
. Be?
24m>

[£-E. 5 0B+ ——p{(3 7). 5 8B},
48m>

-7 [2 7, (E-E),

012808-2



EIGHTH-ORDER FOLDY-WOUTHUYSEN ...

PHYSICAL REVIEW A 110, 012808 (2024)

) Lt e o | o . e Lo L o= Lo =
L=- 1024m6[2-ﬂ,[2~ﬂ,[2~ﬂ,[2 7L [Z-7, 2 ENN - 32mG{E SR PREC DR 28 DI 3 IR RN AT}
— S AT RS AT A S 2 S B (13)
48m®
For alternative representations, we note the identities
BE o 2 4s a0s A aR RS a2 S nd FE a
Q= (8 E A4S 7VS E+48 -EE 7+ % 2% EL 7}, (14a)
65ie _ o - > 5 TTie o -
= a7, 2 EN - Y7y, % -E
3072m6[( ) A 1 1536 7 L( ) ]
43ie o L3 2 Luoe 2 o= me Lo = Lo me o
~ e NG AYE E+ S EC A+ 5 A% ER 7] (14b)
[
The particle-antiparticle symmetry implies that the terms are ~ We find
invariant when the following transformations are simultane- 2] 1 _,
ously applied: (i) multiplication by an overall factor —1, H™ = %(‘7 )V, (16)
(ii) replacement 8 — —p, (iii) replacements 7 — —7 and 1 ie
9 — —d, (iv) replacement & — —%, and (v) replacements HY = — F(t? Ay — 8—2[5 7,0 - E], (17
e—> —e,V—>—-V,andE — —E. . ~’z ) n
g = O TV € 6 5y (5.E.5 7))
16m° 128m* ’ ’
: 272
B. General particle Hamiltonian + 63164 (G- 7)Y, [6-7#,6 El}+ ;E3 . (18)
m m

The upper left 2 x 2 submatrix of Hpw constitutes the
particle Hamiltonian, while the lower left 2 x 2 submatrix
of Hpw constitutes the antiparticle Hamiltonian. Here we
concentrate on the particle Hamiltonian. Formally, the particle
Hamiltonian can be found from the results given in Egs. (10)—
(13) under the replacements S — G and B — 1,42, The
general Foldy-Wouthuysen transformed particle Hamiltonian
Hpw under the presence of the external electric and magnetic
fields is obtained as

In order to fix ideas, we point out that the expression (& -
#)* = 7% —eG - B contains both the orbital and the spin
coupling to the magnetic field. If A = %(B x 7) and the homo-

geneous trap field B is directed along the z axis, we have (6 -

Y =p2—elL-B+ m24w§p2 — ¢5 - B, where w, = % is the
cyclotron frequency and p? = x* + y? is the coordinate per-
pendicular to the axis of the magnetic field.

The eighth-order term comprises the kinetic term K, a term
D involving temporal derivatives of the electric field, terms

quadratic in the electric field, denoted by Q, and linear terms

Hpw = Bm + H? + HW + 51O 4 g81, (15) in the electric field, which we denote by L,
J
HY —K+D+0+L K=-——> G 7). D=— ie? (6 -E,6-0E]+——{@-7).5 - 0,E)
- ’ T 128m7 ’ 32m* R 48m° ek
0= (6.5.6 Fl6 7.6 -F— (67,5 - E)& - 7.6 -F) = ——[5 -7.06 - 7.5 - EYI]
=——|o-7m,0 - o-T,0 - s o-T,0 - — o -m,lo-m, (0 - s
192m5 64m> 24m5
L M (5. 5.[6 7,06 -7.[6 - 7. [0 ENN - = (6 - 7.6 - 7,16 - 7,16 - 7,16 - 7.0 - ET))
= — o-w,lo-#,lc -7w,l0- -7, |07, — o -1, n,l0 -7,[0-7,0 -
1024mS ? 32m6 ?
{67,675 -7, (6 - 7,[6 - 7,0 - EIN. (19)
48mb
For alternative representations, we note identities analogous to Egs. (14a) and (14b),
2
Q=516 -E.4G 775 -E+45 -EG-#) +5 75 - E5 - 7), (20a)
1
O (6 7) (57,5 Yl — [ - 7)., 5 - E]
— o-w),{c- -7, 0 - — ,O0
3072m® 1536m®
43ie . L3 L L9n = o4 omn o2 s me ma o
—— (6 -7),(c-t)y6-E+6 -E(G-7)+6-7A6-EG - 7). (20b)
1536m6
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III. APPLICATIONS

A. Coulomb field coupling

One of the important applications of the Hamiltonian (15)
concerns Coulombic bound states, which are relevant to one-
electron ions in the central field of a nucleus of charge number
Z. In this case, we have the relations

21

eE = —eVA" = —VV, #=p. (22)
The scalar potential and electric field are time independent in
this case. One ends up with the following leading term, where

the subscript C indicates the relevance for the Coulomb field:

the identities
ie[g - p,3-El=—-V?V =25 -(VV x p),
elg-p,6-E}=—{6-p.G-VV}=—i[p

(24a)
2 V1. (24b)

For the Coulomb field, the well-known leading relativistic
correction to the Foldy-Wouthuysen Hamiltonian reads

P A S IR
H: =_F+8_ V+470~(VVXp)
ﬁ 7 (Za) 3) Za _ -
8&m?3 2m? iy )+ 237" L @5)

where L is the orbital angular momentum operator. The sixth-
order corrections attain the form

P° 3pALVIVE 3{p% 5 - (VV x p))

. . H[6] —
HA =P Ly P2 23) ¢ T lemS 6dm 32m
2m 2m r (%V)z
This is the Schrodinger-Coulomb Hamiltonian in the 128 4[ P2 VIT+ P (26)
nonrecoil approximation (Chap. 4 of Ref. [2]). For - n
the evaluation of the fourth-order corrections, we need With 0,FE = O, we have, for the eighth-order corrections,
|
HE = Kec+Dc+ Qc+Le, Ke= > ﬁg Dc=0 (27a)
c ’ C128m77 ’
_TIVRV 425 (VY x PIIVAV 426 - (VV x p)] | 32 VIIFAL V]  [6-5.[6 - p. (VV)*] @7h)
© 192m’ 64m> 24m> ’
L. 16516516516 -5V +26 - (W x PN, 6 5.6 -p.[6 - .16 - 5. V2V +26 - (VV x p)II)
- 1024m6 32m6
1 Sl o2 =S . e _
+ g5t0 PG B AT PG B VIV 425 - (VY x B (27¢)

B. Application: Fs, states

We now compare the eighth-order corrections to the bound-state energy obtained from Eq. (27a) to the bound-state energies
of the Dirac-Coulomb problem. It is well known that the Dirac-Coulomb problem can be solved exactly (Chap. 8 of Ref. [2]),

with the result

(Za)?

—1/2 2
E 14— i~ 1) zap
=m —_— ,n=n—j— —, = — o).
P n + 77 Ty YEyU T

(28)

For nFs, states, the presence of large spin-orbit coupling implies the emergence of nontrivial corrections to the energy from the
corresponding higher-order terms in Eq. (27a). One expands as follows:

Ep(nFs)2) @om | ayim( 2 zaym( Ly L L3
n =m— — — — | = (Za)’m —_— =
DY/ 202 8n*  6n 206m3 ' 24n*  4nd ' l6n®
+ (Za)¥m| — LR S + > 3 + + 0(Za)'° (29)
388813 432n% 43215 | 48nS  16nm7 | 12848 '

Within the Foldy-Wouthuysen method, the eighth-order terms
comprise several effects, namely, the combined effect of the
third-order perturbative terms E® = E8 generated by the
fourth-order Hamiltonian H'*, the mixed fourth- and sixth-
order terms E!3), and the diagonal element of eighth-order
ED,

E® =E® + g8 4+ EIF. (30)

(

The terms will be further examined in the following. Let G’
be the reduced Green’s function

1 ’
G = ,
Es — Hg

where Ejs is the Schrodinger-Coulomb energy Es =
and Hg

€1y

_(Zoz)2m
) 2n?
=Hé] is the Schrodinger-Coulomb Hamiltonian.
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Then
EB = (HYG (HY — (HY)G'HY), (32a)
E¥ = 2(HWG H), (32b)
EP = (H™) = (Kc) + (Qc) + (Lc). (32¢)
After lengthy algebra, we obtain the results
(K)ury 2 L6 159 35
(Za)3m 693n3 ' 1386n5  5544n” ' 128n8’
(33a)
(Qchry, 4 LB
(Za)®m 3118503 ' 9979205  13860n7’
(33b)
(L 281 5975 599
(Za)Ym — 249480m3 ' 3991685 138600
(33c)
EF(nFsp) 1033 L 25219 8989
(Za)*m 24948003 3991685 2772017
422 (33d)
128n8°

For absolutely clarity, we should emphasize the all matrix
elements are calculated with nonrelativistic Schrodinger-Pauli
two-component reference-state wave functions (Chap. 6 of
Ref. [2]). Summing up the results for the combined third-order
perturbation theory term and the mixed term, we obtain

EB(nFs))) 169721 19 4560727
(ZaYm 2395008073  1728n* ' 419126401
955 1052 21

* 30040 T 69307 T 16n® (34
EBI(nFs))) 262729 5 3652871
(Za)®m 2395008013 ' 576n* 20956 3201
40 28271 21
T 189m0 T 184800  Ton® (35)
E[g](nFs/z) _ 1 _ 1 _ 1 T 5
(Za)dm 3888n3  432n*  432n°  48n
5 35
TRy (36)

The latter terms confirm Eq. (29).

C. Application: F;/, states

The calculation proceeds in full analogy with nFs;, states.
The Dirac-Coulomb energy finds the expansion

Ep(nFy ) @m | gaym( 2~ !
n =m—- —— m| — — —
pUtt2) =1m 2n? “ 8nt  8nd

a3 3

512n3 128n*  16m5  16m°

1 3 1

Za)m( — _ _

+ () m( 16384n%  4096n* 10241

n 15 15
256n%  64n7

I 28n8> +0Za)"°. (37)

After lengthy algebra, we obtain the results

(Kohnpp 2 N 65 1549 35
(Za)®m 693n3  1386n5  5544n7  128n8’
(38a)
(Qc)nr 5 247
(Za)8r7r/z2 = 181448 T 907205  315n7° (38b)
(Le)nry, 13261 156 853 9589
(Za)m 798336013 798336005 ' 2217600
(38¢)
EfnFp) 121 L2417 965 35
(Za)3m 80640n3 = 80640n5 403277 ' 128n%°
(38d)

The combined third-order terms E!®!(nF;/,) and mixed terms
EBl(nF;)y) find the representations

m

EFnFp) 548047 253 | 2636603
(Za)*m 2322432003  61440n* ' 5080320015
1427 22847 21
- ) (39)
8064n° 2016007 ' 16n8
EBnFp) 55147 L 13 8417851
(Za)dm 1451520003 ' 3840n* 1016064005
1909 7649 21
1612876 ' 672007 l6n%" (40)
The sum
E®nF ) EBnFp)  ERnFp)  EF(nFyp)
Zay¥m  (Zaym (Za)®m (Za)®m
1 3 1
T T 16384n  4096nF 102415
15 15 35
t256n5 a7 T 12808 @1

reproduces the terms of order (Zer)® from the Dirac-Coulomb
bound-state energy (37).

IV. CONCLUSION

In this article, we have extended the treatment of the
Foldy-Wouthuysen transformation to eighth order, based on
the scaling of the operators outlined in Eq. (3). The re-
sults were obtained by a straightforward application of the
elimination of odd operators by repeated unitary transforma-
tions of the form outlined in Eq. (6). The sixth-order terms
[Egs. (12) and (18)] were obtained in full agreement with
the literature (Refs. [7-11]). For the eighth-order terms, we
gave results in Egs. (13) and (19). We applied our general
results to the relativistic bound Coulomb problem in Sec. III.
An application to nfFs;, and nF;, states, which present large
spin-orbit couplings, confirms, analytically, that the Dirac-
Coulomb bound-state energy can be obtained, within the
Foldy-Wouthuysen formalism, as a sum of combined third-
order perturbative effects generated by the leading relativistic
corrections [Eq. (32a)], mixed fourth-order and sixth-order
Hamiltonian terms [Eq. (32b)], and diagonal elements of the
eighth-order Hamiltonian [Eq. (32c)]. The latter terms are

012808-5
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obtained as diagonal elements of our eighth-order terms for
the Coulomb field, evaluated on Schrédinger-Pauli wave func-
tions (Chap. 6 of Ref. [2]). As outlined in Ref. [8], the results
are important in a wider context, in view of the fact that
the Foldy-Wouthuysen Hamiltonian determines (part of) the
matching coefficients in the Hamiltonian of Nonrelativistic
Quantum Electrodynamics (NRQED).
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APPENDIX: COMPARISON WITH THE LITERATURE

We compare our results with those of Ref. [11]. We note
that the Foldy-Wouthuysen Hamiltonian derived in Ref. [11]
is derived based on the Douglas-Kroll-Hess [21,22] approach,
which treats the kinetic-energy term in the relativistic Hamil-
tonian on a special footing and differs from the approach
chosen here. The result for the eighth-order terms given in
Eq. (8) of Ref. [11] can be written as the sum H'® = K +
D + Q + L, where

pfz_w[&. .G - &E], (Ala)
2
Q=-—2(6-F.206 7 E+25 EG #)
32m?
+6-76-E5 - 7}, (Alb)
, 11lie 5 o (o o o B
L = 1024mﬁ[(cf a),{o-7,0-E}]
e &.5y.5.E]
s12me T
Oie

((G-7),(G-7)6 E+6-E@-7)

+6 -7 -Ed - 7. (Alc)
Here, D' is the term from Eq. (8) in Ref. [11] which contains
temporal derivatives, Q' is the term from Eq. (8) in Ref. [11]
which is quadratic in the electric fields, and £ is the term from
Eq. (8) in Ref. [11] which is linear in the electric fields. The
kinetic term /C of eighth order agrees with the corresponding
term from Eq. (13) here.

Specifically, the term D’ lacks the terms proportional to the
anticommutator {(& - #)%,5 - ,E}in comparison to our result
for D given in Eq. (13). The results for Q" and £’ differ from
those given in Egs. (14a) and (14b) in the prefactors of the
individual terms.

One can easily specialize the four operators given in
Egs. (Alb) and (Alc) to the case of a Coulomb field, on the
basis of Eq. (21). This leads to the operators Q. and L. The
diagonal matrix elements for nFs,, evaluate to

(OC)nFs), 37 779 29

P o= - , (A2
(Za)dm 249480 4989605 13860n7° 2
(Leary, 23 1399 593 (AZb)
(Za)dm — 20790n3 9504015 13 860n7

For nF; , states, we have the results

(QC)nF, 131 1301 16
= - - , (A2¢)
(Za)8m 33264003 33264005 346517
L )nr), 947 7921 1101
Ll _ + (A2d)

(Za)dm — 532224n>  380160n5 = 24640n7

These results differ individually from those given in Eqgs. (33)
and (38), for the diagonal matrix elements of the operators
Qc and L¢, but their sum reproduces our results for both
fine-structure components Fs, and 7/, investigated here. We
have carried out similar calculations for states with a dif-
ferent angular symmetry (e.g., G states) and find a similar
behavior. These observations support the conjecture that the
eighth-order Hamiltonian derived here and in Ref. [11] lead to
equivalent diagonal elements for hydrogenic reference states.
However, the Hamiltonians derived here and in Ref. [11]
are not equivalent for time-dependent problems. Let us con-
sider a binding Coulomb field added to an external plane-wave
laser field (in the length gauge), polarized along the z axis,
with
e = 22 _ b sin(wrt), (A3)
r wy,
where Ej is the peak laser field during a laser period and
wy is the laser angular frequency. The vector potential still
vanishes, so that the relation 7 = jp is retained. The spa-
tially homogeneous, but time-dependent, laser field is EL(t) =
&,Er cos(wrt). The total E field (Coulomb plus laser field)
fulfills eE = 627" + eé,E; cos(wrt). The commutator [G -
E N B,E ] vanishes, but the term
e
48m>

from the D term in our Eq. (19), generates a contribution
proportional to sin(w,t), in view of the time derivative of the
laser field. Its sinusoidal (as opposed to cosinusoidal) time
dependence cannot be compensated by any term proportional
to the laser field itself, £, (t) o« cos(wyt), i.e., the sinusoidal
term cannot be compensated by any other term in H8! which
is free from time derivatives of the electric field. Hence, the
Hamiltonians derived here and in Ref. [11] cannot be com-
pletely equivalent for time-dependent problems.

The eighth-order Hamiltonians derived here and in
Ref. [11] could potentially be equivalent up to a unitary
transformation, in a somewhat distant analogy to the uni-
tary transformation given in Eq. (19) of Ref. [9], which
was applied in Ref. [9] to different forms of the sixth-order
Foldy-Wouthuysen Hamiltonian (see also the nonstandard
Foldy-Wouthuysen transformation used in Refs. [20,23]). A
potential unitary transformation which brings the results com-
municated in Ref. [11] and those derived here into agreement
would only need to affect the eighth-order terms because the
sixth-order terms indicated here and in Ref. [11] are identical.
The special form of the S operator, which generates the Foldy-
Wouthuysen U transformation via the relation U = exp(iS)
for the nonstandard approach from Refs. [20,23], was recently
highlighted in Eq. (17) of Ref. [24]. In general, when two
Hamiltonians are related by a unitary transformation, their
matrix elements are identical provided one also applies the
unitary transformation to the wave functions. Within this

H® ~ D~ ((G-p).6-8EL (), (A4)
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context, we mention that unitary (gauge) transformations of
the wave functions can change their physical interpretation.
This (perhaps surprising) fact is relevant for the quantum dy-
namical formulation of laser-induced processes off-resonance
(see the footnote on p. 268 of Ref. [25] and the elucidating
discussion in Ref. [26]).

Another indication that the Hamiltonians derived here
and in Ref. [11] cannot be completely equivalent stems
from the calculation of off-diagonal matrix elements of the
Hamiltonian. As an example, we calculate off-diagonal el-
ements of the operators Qc, O, Lc, and L., sandwiched
between |4F5,,) and |6F5,) states, with the results

(4F5/2|Qc|6F5)2) _ 761 (ASa)
(Za)®m 1417500000’
4F: " |6F: 23
( 5/2|Qc8| 5/2) __ 7 (A5b)
(Za)3m 40500000
(4F52|Lc|6F50) 3 5007493 (A50)
(Za)¥m ~ 1134000000000’
4F5,|L|6F: 1627151
(4F5 | C8| 5/2) __ . (A5d)
(Za)®m 378 000 000 000
The sums of these terms are
(4F52|0c + Le|6F5pp) 5616293 (ASe)
(Za)®m ~ 1134000000000°
(4F521Q¢ + Li:|6F5 ) _ 5525453 (ASD)
(Za)®m 1134000 000 000"
Numerically, the difference between  (4F5,|0c +

Lc|6F5/2> = —4.952 x 10_6(Zoz)8m and (4F5/2|Q/C +
L{|6Fs)2) = —4.873 x 107%(Za)3m is about 1.6%. Because
the kinetic terms derived here and in Ref. [11] agree, this
observation implies that the off-diagonal matrix elements
derived from the total H'®1 and H'®! differ.

For off-diagonal matrix elements of |4F;,;) and |6F;),)
states, the following results are obtained:

4F 6F 3587
(4F;210c|6F7,2) __ ’ (A6a)
(Za)bm 2 835000 000
4F " |6F 49
(4F;2|10¢|6F72) __ , (A6b)
(Za)dm 27000 000
4F; 5| Lc|6F 14493239
(4F7/2|Lc|6F72) _ ’ (A6c)
(Za)d¥m 1134 000 000 000
4F;,|L.-|6F- 1731391
(4F; 2| L |6F72) _ ' (AGd)
(Za)®m 252000 000 000
The sums of these terms are
(4F72|Qc + Lc|6F72) _ 11623639 (Abe)
(Za)dm ~ 2268000 000000°
(4F;|Qp + Lp|6F; ) 3822173 (AGD
(Za)®m = 756000000000

We observe that, numerically, the difference between
(4F7/2|QC +Lc|6F7/2) =5.125 x 10_6(Z0l)8m and
(4F; 2|0 + L |6F; 2) = 5.056 x 107%(Za)®m  is  about
1.4%.

In the very recent paper [24], the standard approach to
the Foldy-Wouthuysen transformation was applied to obtain
a result for the eighth-order terms communicated in Eq. (16)
of Ref. [24]. The result from Ref. [24] differs from our result,
given in Eq. (19), in the sign of the term ﬁﬂ{(i 73, T
8E}. In view of the aspects discussed in this Appendix, we
leave the final clarification of the eighth-order terms derived
here to those communicated in Refs. [11,23,24] as an open
problem for future investigations.
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