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The characterization of multi-time correlations in open quantum systems is of fundamental importance. In
this work, we investigate multi-time processes using the process matrix formalism and show that the presence
of a quantum-memory environment acts as a resource in enhancing the communication capacity in sequential
prepare-transform-measure quantum random access codes (QRAC). The correlated environment enables a quan-
tum advantage to multiple parties, even with projective measurements. In particular, we show that Markovian
and classical-memory processes, i.e., non-Markovian quantum processes with classical feedback from the
environment, do not yield a sequential quantum advantage. In contrast, it is possible to achieve an advantage
in the presence of a quantum-memory environment. Therefore, this approach allows a semi-device-independent
certification of quantum non-Markovianity. As opposed to entanglement-detection criteria which require knowl-
edge of the complete process, this method allows to certify the presence of a quantum-memory environment
from the observed measurement statistics. Moreover, quantum memory ameliorates the unambiguous certifiable
region of unsharp instruments in a semi-device-independent manner.
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I. INTRODUCTION

Realistic quantum systems are not isolated and are sub-
ject to decoherence due to presence of an environment [1,2].
To develop error mitigation protocols, noise characterization
in multi-time processes is of fundamental importance. Cur-
rent error correction techniques rely on the assumption that
the noise across different time steps is uncorrelated, i.e.,
the process is Markovian [3-6]. However, it turns out that
non-Markovianity is the norm rather than an exception, and
correlated noise has been identified in the state-of-the-art
quantum devices of IBM and Google [7-9].

Characterization of non-Markovianity in a quantum sce-
nario is a nontrivial task, with past approaches lacking a
necessary and sufficient condition [10-15]. Although cer-
tain works in literature [16,17] argue for a necessary and
sufficient condition for Markovian processes, these claims
are true only within specific formalism of dynamical maps
which capture only two-time correlations. The completely
positive (CP) divisibility criteria for dynamical maps do not
provide a necessary and sufficient condition [18]. Moreover,
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channel description fails to hold in the presence of initial
system-environment correlation [19]. Recently, an opera-
tional approach to quantum non-Markovianity was developed
using process matrices (also known as process tensors or
quantum combs for the multi-time causally ordered scenario)
[20-23] which surpass the above-mentioned limitations for
dynamical maps. The formalism uses the concept of causal-
break interventions at each time step to check for conditional
dependence of statistics of the future evolution of the sys-
tem on previous time steps. A Markovian process has a
specific structure—the process matrix is a tensor product
of channels connecting the labs [20,24]. This characteriza-
tion was recently used to divide the set of non-Markovian
processes into two subsets: classical-memory processes and
quantum-memory processes [24]. In the former subclass, the
process can be simulated with a classical feedback mecha-
nism, whereas in the latter, such simulation is not possible
due to coherent correlation in noise across the time steps. This
division of non-Markovian quantum processes is motivated
by the fact that for classical correlated noise, it is easier to
identify the source and mitigate it compared to coherently
correlated noise [25-27]. The study of this division is of both
fundamental and practical importance.

Recently, it was shown that entanglement across the rel-
evant bipartition of a process matrix corresponds to the
presence of coherently correlated noise [24]. However, this
is a sufficient but not necessary criterion for certifica-
tion of quantum memory [28]. In addition, the certification
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relies on knowing or having a good guess for the process
matrix, which is obtained through a resource-expensive pro-
cess matrix tomography [7,29]. In this work, we provide
an alternative criterion for certification of quantum-memory
environment that relies only on the joint statistics with mi-
nor assumptions on the dimensions of input-output Hilbert
spaces and the sharpness of measurements performed at the
intermediate time steps. It therefore provides a semi-device-
independent certification of quantum-memory environment.
This form of certification is possible without trusting the
preparation and measurement devices in the labs, making it a
stronger certification criterion as opposed to one that requires
process tomography, where trust in instruments is essential.
Device-independent certification techniques have been used
widely—for example, in secure quantum key distribution
[30,31], randomness certification [32,33], dimension witness-
ing [34,35], and communication complexity [36,37], which
relies on the violation of some form of Bell’s inequality [38].
This enables a certification scheme from nonlocal quantum
correlation without considering anything about the internal
functioning of the preparation or measurement apparatus. As-
suming an upper bound on the Hilbert space dimension, the
certification schemes have been extended in a semi-device-
independent manner to prepare-measure scenarios [39-48],
where the quantum advantage has been shown to violate
the preparation-noncontextual [48-50] or Kochen-Specker-
noncontextual bound [51].

Here, we use a three-party sequential (2 — 1) quantum
random access code (QRAC) game [43,44,52,53] with rank-
one projective (sharp) measurements at the intermediate party,
to find a bound on the success probability of the third party
which is satisfied by all Markovian and classical-memory pro-
cesses. Due to the fact that valid process matrices obey linear
constraints [54,55] and that the success probability of a QRAC
game is a linear function of the process matrix, we cast our
problem of finding processes that yield sequential advantage
as a semi-definite program (SDP) that can be solved effi-
ciently [56,57]. We show that there exist multi-time processes
yielding a sequential advantage and that a higher success
probability at the third party is associated with a larger quan-
tum correlation across time steps. Therefore, the technique is
a measure of the “quantumness” of the memory in the non-
Markovian environment through the statistics of measurement
results in a semi-device-independent manner. Moreover, we
relax the sharp measurement constraint in the intermediate
laboratory and perform a robustness analysis for the certifi-
cation. In particular, we show that, assuming a lower bound
on the unsharpness parameter, it is still possible to certify the
presence of a quantum-memory environment. In addition, we
find a region to unambiguously certify unsharp instruments
at the intermediate laboratory. To our knowledge, this is the
first approach that provides a semi-device-independent cer-
tification of a class of system-environment interactions, in
particular, processes with coherently correlated noise across
the time steps.

Our work is organized as follows: In Sec. II, we briefly
review the process matrix formalism and the characteriza-
tion of Markovian and non-Markovian processes (and their
subclasses) within this formalism. In Sec. III, we review
standard prepare-measure QRAC games in two-party and

sequential scenarios. In Sec. IV, we provide our results
on semi-device-independent certification of quantum-memory
environment. First, we provide a bound on the success prob-
ability in the sequential QRAC for Markovian (Sec. IV A)
and classical-memory processes (Sec. IV B) and provide a
feasibility problem to search for quantum-memory processes
violating the bound (Sec. IV C). Then, we show the existence
of processes yielding sequential advantage by using an SDP
(Sec. IV D). We discuss the relationship between the amount
of quantum memory and the sequential quantum advantage
in Sec. IVE. We provide robustness analysis for certifying
quantum memory in Sec. IVF. In Sec. IV G we improve the
conditions required to unambiguously certify unsharp instru-
ments and provide a tighter bound. In Sec. V we discuss
how our results compare with prior works and discuss various
extensions.

II. PRELIMINARIES

A. Process matrix formalism

The process matrix formalism is a natural way of study-
ing multi-time processes [3,21,24,58,59]. It captures the most
general type of quantum processes that involve the evolution
of a system and intervening parties at each time step, which
measure and transform the system, to analyze a quantum pro-
cess. The process matrix gives us a prescription on acquiring
the joint probability distribution of results of each party by a
generalization of Born’s rule [60].

Each party is represented by a quantum instrument {/\/l?lx},

where Mﬁx is a completely positive (CP) trace nonincreasing
map associated with each outcome i of the party and their sum
is a completely positive trace-preserving (CPTP) map for all
setting x, M4 =Y. ./\/lﬁx. The joint probability distribution
is then given by the generalized Born’s rule,

PG, j,k,...1x,9,2,...)

=Tr[W (M2 eMiP @M% )], (1)

where M\** is the Choi-Jamiotkowski (CJ) matrix [61,62]
for the map M4, and W € L(HY @ H2 @ HE @ HE: ®

ilx
HE @ HE ® - - - ) is known as the process matrix. Here, HS1®
represents the input (output) Hilbert space associated with
the laboratory S. Note that we have chosen to associate a
transpose with the W matrix as compared with some other

formulations, e.g., Ref. [24]. The CJ matrix M;TX'AZ e L(HM ®
HA2) is defined as

M =T ®@ M (11)(1)), 2

ilx ilx

where Z is the identity map, M?lx t L(HAY) — L(H*), and

1) = Y% 1i)i) € HA' @ HAY is the un-normalized maxi-
mally entangled state with orthonormal basis {|i)} € H*' and
i=1,2,3...,dy,.

The process matrix W captures the information of every-
thing except the intervening parties in a quantum process and
hence makes it a useful tool to study muti-time correlations in
non-Markovian quantum processes.
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B. Markovian and non-Markovian processes

While there are various characterizations of Markovian
and non-Markovian quantum processes in the literature, we
take an operational approach discussed in Ref. [24] using the
process matrix W, which is the general representation of a
multi-time quantum process.

1. Markovian processes

For a classical stochastic process, multi-time correlations
for a random variable X; at time ¢ are given through a joint
probability distribution P(X;, X;_1, ..., Xo), where X; is the
value of the random variable at that time step. A Markovian
process then has the following property:

P(Xi|Xk—1, Xi—2, - - -, Xo) = P(Xi| X—1) (3)
for all time steps. For the causal Markov condition to hold, it is
required that the noise from system-environment interactions
across the time steps remains uncorrelated. It has been shown

that this holds if the process matrix has a factorizable structure
as follows [20,22,24]:

Wi = pY @[T @ - @ [Th 1% 4 @ 1%, (4)

where p is the state entering the laboratory A! and [7;]404!""
is the CJ operator corresponding to a completely positive and
trace-preserving map 7 : AL, — A'!. Therefore, the process
matrix of a Markovian process is a product of the initial state
and channels connecting the labs. It is evident from the struc-
ture of the process matrix that the initial state is uncorrelated
with the environment and that the dynamics between each
laboratory can be simulated using independent environments.
Moreover, this structure yields the classical Markov condition
in the relevant limit [20,21].

2. Non-Markovian processes

A non-Markovian process is one where the environment
exhibits memory effects. In terms of the structure of the
process matrices, these processes are the ones that cannot be
written in the form of Eq. (4). Depending on the type of feed-
back, non-Markovian processes have been further classified
into classical and quantum-memory processes [24].

Classical-memory processes are processes in which the
environment can be simulated using a classical feedback
mechanism that correlates the noise. In a general classical-
memory process the environment can be thought to measure
the system at each time step, say, between ¢; and ¢;,, and
acquire a classical outcome a;. The evolution of the system
after this time can depend on a; but also on the information
stored by the environment up to that point, noted by a clas-
sical variable x;. The most general evolution of this type is
represented by a CP map ’7;]] - Xé — Y/ 1 from party X to
Y, where the sum Zaj 7;1 by must be a CPTP map, i.e., each
CP map has to be an instrument. In the CJ representation, an
instrument satisfies the following:

JopJ+l J
[7:1,'|Xj ]A(’)AI’ 2 O’ TrA{H Z [ﬁ/‘xj ?

Finally, the classical information stored in the environment
is discarded and the process matrix of a classical-memory
process is

., -l j 4i+1
WA =Y Q[T ] PGjlay. %), (©)

xa j=0

where a‘j = {ao, Aly oo vy Cljfl} and f‘j = {X(),xl, e ,)ijl},
and P(x;|dy;, X|;) are the conditional probability of variable
1 1
x;. We also note that {[7;_i|x/,]A11 Yay = {pfi’\xo}%’ where {ijlXo}
are subnormalized states and P(xo|dj, Xj0) = P(xo) is the
marginal probability of initial variable xy. A process matrix
has classical memory if and only if it can be written in this
way. For a more detailed discussion on classical-memory pro-
cesses we refer the reader to Ref. [24].

Quantum-memory processes are the remaining set of
process matrices, i.e., Wom € W/Wem. An explicit charac-
terization of quantum-memory processes has proved elusive
[63]. Owing to the fact that a process matrix can be seen
as a multipartite state W, one can characterize a subset of
quantum-memory processes by checking for entanglement
on the state [24]. This method provides a powerful tool for
checking for quantum memory in a non-Markovian process.
However, entanglement of the process can either be verified
through process tomography or through entanglement wit-
nesses, which requires a good guess of the underlying process.

III. RANDOM ACCESS CODE

Random access codes (RACs) are a special class of com-
munication complexity tasks where a sender has to encode
a message in fewer bits than the original message and the
receiver has to retrieve any subset of the message with the
highest success rate. One can thus think about optimization
over different strategies to find the maximum probability to
retrieve the required message. The success in RAC games
is considered mostly in two types of scenarios, namely,
the average success probability and the worst-case success
probability. From here on, we only talk about the average
success probability whenever we mention success proba-
bility. It has been found that the quantum version of the
game where the message is encoded in qubits instead of bits
yields an advantage in the success probability to retrieve the
message [64,65]. In a typical QRAC scenario, Alice pre-
pares a set of quantum states depending on random input
messages and sends them to Bob. Bob performs a measure-
ment on received states depending on the random subset of
the message to be retrieved. The challenge and interest in
QRAC:s arise from optimizing the choice of quantum states
and measurements to achieve specific objectives, such as
minimizing the error rate or maximizing the amount of in-
formation transferred. There are several settings where one
can study QRACs, such as preparation-measurement [64],
preparation-transformation-measurement [44], entanglement
assisted [66,67], with shared randomness [65], having parity-
oblivious constraint [68], etc. Here, we are interested in a
preparation-transformation-measurement QRAC game in a
(2 — 1) setting, i.e., a two-bit message has to be encoded in a
qubit.
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FIG. 1. A sequential (2 — 1) quantum RAC game. Alice pre-
pares one of four states depending on the bit string she receives
x € {00, 01, 10, 11}, and Bob and Charlie try to guess the random
bity € {0, 1} and z € {0, 1} in the string, respectively.

A. Two-party QRAC

Consider a two-party (2 — 1) QRAC protocol. Alice ran-
domly obtains a two-bit input message x = xpx;, where x; €
{0, 1}, prepares a state py,, and sends it to Bob. Bob is given
arandom bit y, and his task is to guess the yth bit of Alice (see
Fig. 1). They win the game if Bob’s guess is right. In QRAC,
Bob applies an instrument, {Mp,}, on the received system
depending on his input y € {0, 1} where ), My, = 1Vy and
bis a binary outcome corresponding to his guess. They win the
game when b = x,. Therefore, the average success probability
is given by

1
mm=§;kw=man (7)

where the normalization factor arises from inputs xp, x;, and
y being equally probable. Now, if Alice is constrained to
send only a classical bit, the optimal success probability is
3/4. This can be easily seen through the following strategy:
Alice always encodes one of her input bits, say, the first one,
and sends it to Bob. In this scenario, whenever y = 0, Bob
can correctly guess Alice’s first bit, and whenever y = 1, the
guess will be random, i.e., p(b =xp|ly =0) =1 and p(b =
x1ly = 1) = 1/2, which leads to a success probability of 3/4.
Interestingly, if we allow Alice to encode her input in a qubit,
there exist state preparations for Alice and measurements for
Bob which can beat the classical optimal success probability.

If Alice encodes her message in a quantum state p,, the
success probability is given by

1
Psucc = g Z Tr [poxyly]‘ 3)

X,y

If we assume that Alice uses the following state assignments
for the bit string:

1 1 W .
:Oxoxl = 5{1"‘%[(_1) Uz+(_1) Gx]}’ (9)

and that Bob performs the following projective rank-one mea-
surements:

1 -1y ¥ ¥
My, = 3 0+ 5 {1 = (=1)Y]ox+[1+ (=1)]o:} |,
(10)
the optimal success probability is pecee = (2 4+ +/2)/4 > 3/4.

This optimal success probability in prepare-measure QRAC
self-tests that the prepared states form a square on a great

circle of the Bloch sphere and the measurement operators are
projectors on the diagonals [42].

B. Sequential QRAC

In a sequential QRAC game, after performing the desired
instrument on the state, Bob relays the postmeasurement state
to another party, say, Charlie, who has to decode another inde-
pendent subset of the message (see Fig. 1). Alice prepares the
state py,x, and sends it to Bob, who, depending on a random bit
, applies the instrument M, = {M},}. The postmeasurement
state Dy, 1S

pXOX] = %[MO(pXU)C[) + Ml (IO)C(J)([)]ﬂ (11)

which is relayed to Charlie, where M, (p) = Zb Mb\y,oM;V
and y = 0, 1. The factor 1/2 above is due to y being random
(i.e., instrument M, is applied with equal probability). Now,
depending on a random bit z, Charlie performs an instrument
N, = {N,;}. We are interested in the case where both Bob and
Charlie beat the classical optimal success probability (which
is % irrespective of the number of independent sequential
observers). In sequential QRAC, there is a trade-off between
the extracted information and measurement-induced distur-
bance in the postmeasurement state at the laboratory B. If Bob
performs the projective measurement as in Eq. (10) on Alice’s
preparation given in Eq. (9), and the resulting postmeasure-
ment states are sent to C, in the noiseless scenario the optimal
success probability for Charlie is (4 + +/2)/8.

In the process matrix formalism, the statistics obtained
from three parties A, B, and C are given by

pla, b, clx, y,2) = Tr [WT (M4 @ MEP> @ M$)], (12)

alx bly clz

where W is the process matrix, and terms of the form M?'*2 are
the CJ matrices of the operations performed by party P, with
Py and P, representing the input and output Hilbert spaces, re-
spectively. We note that the choice of transpose on W is purely
aesthetic. In this work, we have considered the conventional
definition of a CJ operator as opposed to one with an overall
transpose, like most of the literature. Therefore, this choice
is to ensure a simple form of the process matrix as a tensor
product of a state and channels without any transpose, as in
Eq. (4). Party A performs a deterministic state preparation
conditional on the two-bit setting she receives, x = xpx;. The
CJ matrix for the operation in her laboratory is

Mpt = 1" @ p, (13)
which is equivalent to discarding the state on A and preparing
a state deterministically on A,, which is sent to B. With this
specialisation, Eq. (12) becomes

pb,clx,y,z) =Tr [WT (leﬂ ® ,0;‘2 ® Mf“yBZ ® MCC‘IZCZ)].
(14)

Party B performs a measurement and sends the postmeasure-
ment state to C. If the measurement operator corresponding to
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the setting y and outcome b is Epy, the CJ matrix of B is

M[i;}BZ = |Eh|)‘><Eb|y|, (15)

where |Ep)y) = 1 ® Ep),|1) is the vectorized form of operator
Ey|y, where |1) is the unnormalized maximally entangled state
[see Eq. (2)]. Finally, the party C performs a measurement and
discards the state. If the Positive Operator Valued Measure
(POVM) element corresponding to the setting z and outcome
¢ is given by E,|;, then the CJ matrix for party C is given by

T 1
—. 16
) ® 5 (16)
With these simplifications, we can define a reduced W, matrix,
where
T

p(b, clx, y,2) = Tr {W, [ 0% ® |Eppy) (Epy|*** ® (ECC\;) 1}
(17)

MC1C2 — (EC]

clz clz

and
W, = 1 Trac [W]. (18)

We note that for parties B and C the operations become CPTP
when they are summed over the measurement outcomes. To
obtain the success probability in the QRAC games played by B
and C, we find the reduced statistics from the joint probability
distribution p(b, c, x, y, 7),

Z 1Z
p?uccz p(bZX.V’c’x’y’Z)zg p(bZXY|x9y),
X,y

xyzc

1
pgucc = Zp(b’ C=x;,X,¥,2) = E ZP(C = x;|x, y,2).

xyzb X,02

19)

IV. RESULTS: SEMI-DEVICE-INDEPENDENT
CERTIFICATION OF QUANTUM MEMORY

A. Sequential QRAC with Markovian processes
1. Noiseless Markovian case

In a Markovian process, either there is no noise or the
noise across time steps is uncorrelated. In the process matrix
formalism, such a process is written as a tensor product of
channels connecting the labs [Eq. (4)]. Here, in a sequential
QRAC game with projective measurements for B, we provide
a bound on the success probability of C and show that the
bound is saturated for a noiseless Markovian process.

A three-party noiseless Markovian process, i.e., with iden-
tity channels connecting the parties, is written as

W = pAl ® [I]AZBI ® [I]BZCI ® I]_Cz’ (20)

where [Z]%"" is the CJ matrix of the identity channel connect-
ing the output Hilbert space of party X to the input Hilbert
space of party Y, and p”! is the input state of A (the choice of
which does not affect the joint statistics we are interested in).

The linearity of the success probability in the QRAC game
implies that the upper bound will be for pure state preparations
of py,yx, . In this case, we show that if we perform a rank-one
projective measurement corresponding to all the settings and
outcomes of B and send the postmeasurement state to C, the
success probability of C is upper bounded by 3/4.

The proof is as follows. Consider a noiseless Markovian
process as in Eq. (20) with maximally mixed state as the
input state on A;. Consider A preparing an arbitrary state
Pxox; corresponding to the random bit xox;. The corresponding
operation in the laboratory A will be M2 = 1 ® py,x, . In the
laboratory B, a rank-one projective measurement is performed
corresponding to each setting y, i.e., the operations in the
laboratory B are of the form Mfl;B ? = Py ® Py, where Py,
is a rank-one projector for all settings and outcomes b and
y. Finally, C performs a measurement and discards the state,
which corresponds to the operation Mbcl'yc *=E,, ®1/2. With
these operations and the process matrix in Eq. (20), we obtain
the following probabilities:

p(b, clxpx1, y,z) =Tr [WT(MA'A2 @ MEB: g MC‘C2)]

X0X1 bly clz
=Tr [Eclz (Pb\ypxoxl Pbb‘)]' @h

Now, the success probability of C becomes

1
Phuce =g 2 T [Prox Ec] (22)

X0X1,2

where Py, = Zb’y Pojy pxox Poiy/2 = Cp(pxyx, ). Since Cp(-)
and trace are both linear operations, by using the spectral
decomposition of the incoming states p,y,, it is straightfor-
ward to see that the success probability will be upper bounded
by the cases when B receives pure states. Therefore, we can
restrict py,x, to be pure states to search for a bound on success
probability at C. Using a similar argument, for the optimal
success probability, POVM elements of C must be rank-one
projectors. Therefore, we only need to consider the scenario
where B receives pure states, performs rank-one projective
measurements, and sends the postmeasurement state to C,
who then performs rank-one projective measurements in his
laboratory. We have

’

Pxox; = }I/fgn)(wgn
Poy = |95,V | 23)
Eclz = ’wﬁz><wﬁz .

The action of B results in the following postmeasurement
states:

1
P =5 D Vil | (24)

by

oX1

where Pyy = Tr[ox,x, Poiy] and forms a probability distribu-
tion for the settings xg, x1, and y. Using Eq. (24) in Eq. (22),
and after some simplification, we obtain
1 2 2
c ©)(/,.B |.,.C (|/.; B |.,.C
Prace = ¢ [8 + Y E Wi [wsoll” + Fay 1w |6 }
b,y
(25)
where
(0) 00 01 10 11
Fyy = Py + Ppjy = Poly — Phjy

(1) 00 01 10 11
Fyy = Poly = Pply + Phly — Phy- (26)
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Using the normalization condition )", [(5 [¥o) 1> = 1, we
obtain the following: '

2 2
D Fy v ol + B v | v
by
< max{FY. £} + max{ELD. FY)
+ max F. FQ) + max D PO} @)
Now, consider the terms of following form:
Fb(lo\; + Fb(zl\; = (pg?\y + P(;),(2)|y) + (p?nl\y - pg;ly)
+ (p]b(z)\y - pllz?\y) - (pllJ}\y + péily)’ (28)

which has a maximum value of 2. Therefore, we obtain the
following bound on the success probability at C:

Pluce < 3. (29)

To summarize, we have shown that for arbitrary preparation of
A, if B performs any rank-one projective measurement, C can-
not have a quantum advantage in the noiseless scenario. Next,
we show that the same is true for all Markovian processes.

2. General Markovian case

Consider the state received by C as Py, , and the operation
performed by C corresponding to the setting z and outcome
¢ as E;. Then, the optimal success probability can be calcu-
lated by the following SDP:

1
Max Pl =g D ple = xelx,2)
X,Z

S.t. ZE”Z = ]]_, = 0, 1
i

Ei. 20V iz, (30)
where p(c|x, z) = Tr(Px,x, Ecl;)- We can reduce the number of
constraints in the above SDP by redefining the POVMs as
1+ M, 1-M
L’ E1|7 = Z ,

2 - 2
which along with the positivity constraints E;, > 0 can be
combined into the following constraints:

—1<M, <1 z=0,1. (32)

EO\Z =

€29

Further, writing the objective function in terms of variables
M, now provides the following SDP:

max pS st —1<M, <1 z=0,1, (33)
where the objective function explicitly is
Plice =1 + 1¢ Tr[(Poo + Po1 — P11 — Bro)Mo]
+ 15 Trl(oo + Bro — P11t — Po M1l (34)

Noticing that the trace norm (also known as /; norm) of an
operator A, defined as ||A|| = Tr[vATA], has the following
SDP representation [57]:

lAll; = max Tr(AX)
st. —1 <AL, (35)

X0 Xod1Xx1

| -
ap|x 771 x
Pxo j A - x| B — 5| 2 | C

Az By B, G

FIG. 2. A general classical-memory process explicitly showing
the dependence on the classical variables. The double lines represent
a channel for classical information.

we obtain the optimal success probability at C in terms of /;
norm as

c I 1| poo+ o1 P+ Pro
Pace =5 T g -
28 2 2 !
Ll Poo + P10 P11+ Poi
= - , 36
8 2 2 h (%6)
where || - |, is the /; norm. Therefore, p, . can be interpreted

in terms of distance between states. It is well known that
under a quantum channel (CPTP map), the /; norm distance
is nonincreasing, i.e., for a channel C(-) and states p; and p»,
we always have ||C(p1) — C(p2)|l < |lp1 — p2]- Therefore, in
the presence of a nontrivial channel from B to C, both the
distance terms in (36) can only decrease, leading to a reduced
success probability in C. Analogously, a nontrivial channel
from A to B, i.e., introducing decoherence in the prepared
state before it reaches party B, does not improve the bound
on the success probability of C. This follows directly from
our previous arguments where we showed that for arbitrary
preparation at A, as long as B performs sharp measurement,
pgucc <3 / 4.
Therefore, we observe that for any process of the form

W =p" @ [T11" @ [T2]1%C ® 19, (37)

where p is a state and [7;] are CJ matrices of the channels, i.e.,
for all Markovian processes, the optimal success probability
for party C is upper bounded by the optimal classical success
probability, i.e., p§.. < 3/4.

B. Sequential QRAC with classical-memory processes

A general classical-memory process for three parties has
the following form [starting with Eq. (6)]:

Wom = Y p(xo)p(xi [%0) p(alarxox: )pf
e

]BzCl

® [7:11|X1]AZB] ® [Ez\xz ® ]lczv (38)

where a = (a1, a2), a; is a classical outcome of the en-
vironment measuring the system between times, ,ofol is a
normalized state, and [7,, |, ]*?#' is a CJ matrix of a CP trace
nonincreasing map 7|y, (see Fig. 2). The relevant statistics
depend only on the reduced process from Eq. (18), which
leads to the simplified form

Wom = Y pO)IT;il™" & €17, (39)

Jii
where 7j; is a CP map and when summed over j becomes
a CPTP map, and C;; is a CPTP map V i, j. Now, operations
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in the labs A, B, and C as in (13), (15), and (16) yield the
following probabilities:

p, clx,y,z) = Zp(i)Tf(Ec|zCij{Mb|y[7}|i(,0x)]}), (40)
ij

where we have used the inverse map Tr;((p)" ® 1°[M]/?) =

M(p), and My, (-) = Pyy(-)Pyy, such that Py, is a rank-

one projective operator. Note that 7;;;(py) = p(jli)py’, where

p(jli) = Tr[T;i(px)] and py is a normalized state. Now, to

find the bound on success probability of C, we need p(c|x, z),
which is obtained to be

plelx,2) = pij) Tr {Eq.Cii[M" (07)]}

ij

= plij)ph(clx, 2), (41)

ij
where the superscript on MP represents projective measure-
ments performed in the laboratory B, and pfj (c|x, z) represents

the reduced statistics obtained when preparation p,’ reaches
laboratory B and statistics at C given projective measurements
at B, i.e., for each i, j, it represents a statistics obtained from
Markovian process. Now, p$ .. is a linear function of statis-
tics, therefore, the resulting success probability for a general
classical-memory process will be a convex sum of success
probability obtained through some Markovian processes with
projective measurement at B, i.e.,

PaceWon) = Y plpfulphi(clx, 2)] <3/4,  (42)
ij
where we used the result from the previous section that each
term fL[pf} (c|x, z)] is upper bounded by 3/4, where f; repre-
sents a linear function on p(c|x, z) yielding p< ...

Therefore, we observe that a classical-memory process
does not improve the bound on the success probability of
C, given projective measurements at B: there is no sequen-
tial advantage, even with unconstrained success probability
at B. Hence, a violation of this bound would semi-device-
independently certify quantum memory. We show that this is
possible in the following sections.

C. Feasibility problem for sequential advantage
and quantum memory

We now have a feasibility problem at hand—whether
there exist processes yielding sequential quantum advan-
tage. It is a search over all possible environments and
system-environment interactions. If we approach this prob-
lem traditionally, the possibility of an arbitrary dimensional
environment and arbitrary interactions in different time steps
makes this feasibility problem highly nonlinear and difficult to
solve, even numerically. For the scenario depicted in Fig. 3(a),
the statistics at B are

p(blx,y) = Tr[Uy (pe ® 0)U; (Py, ® 1], (43)

where o is the initial environment state, U, is a joint system-
environment unitary, and Py, is the generalized measurement
operator of B, which we assume to be rank-one projectors. The
reduced statistics for C in terms of the system-environment

Environment

Pxox
X1 ul u2
41 2 e

System

W

e

Al Az Bl CZ

FIG. 3. (a) An environment-system model for the sequential
QRAC game. (b) The process matrix as a “comb” surrounding the
labs.

unitaries are
plelx, z) = Tr[(Ny, ® 1)(Uap U], (44)
with

5= 2 3Py @ U Ul(P; @1 45
px—EZ( b|y® ) 1(Px®0) 1( b|y® )7 ( )
b,y

where U, is the joint system-environment unitary acting be-
tween B and C, and N, is the POVM corresponding to setting
z and outcome ¢ of party C. Hence, the feasibility problem
is a search over all states o and joint unitaries U; and U, in
SU(ds x dg) such that both p = > 3/4 and p,.. > 3/4. The
optimization problem is

max ple.
s.t. p2..>0.75
Uy, U, € SU(ds x dg)
o€ LHE), Tro)=1

Nc\z = 0, ZNC\Z =1, Vz
c
Pb\y € Herm(’HB), ZP[,|y = ]l, Vy
b

Py, =Py, Vb.y, (46)

where dgg) is the dimension of the system (environment).
Note that even though the system dimension is fixed, the
environment can have arbitrary dimensions. As is evident, the
optimization problem in the above form is a highly nonlinear
problem and difficult to solve. In contrast, process matrices
provide a way to approach the problem in terms of linear
constraints, hence allowing for an SDP formulation that can
be solved efficiently, as we discuss next.

D. Process matrix approach to feasibility problem

In this section, we reformulate the feasibility problem with
process matrices as an SDP that can be solved efficiently
[69]. As a process matrix implicitly includes all system-
environment interactions, a search for possible environments
and interactions is equivalent to the search over the set of valid
processes [Fig. 3(b)]. In addition, a process matrix is a linear
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operator on the tensor product of input and output Hilbert
spaces, therefore, the search is over a finite-dimensional
space; 64 dimensional in our case, which reduces to 16 after
discarding A; and C,. A valid process W € A| A, ® B1 ®
By ® C; ® G, satisfies the following constraints:

W >0,
TI‘(W) = dAdezdcz’
Ly(W)=W, (47)
where
Ly(W) =(1 - J] t-%+xw) +AuBucu)W,

X&(A,B,C)
(48)

where (X)W = Trx(W) ® 1% /dx. To restrict the search in a
subspace with a specific causal order, namely, A - B — C,
we have the additional constraint

Lipc(W) =W, (49)
Lipc(W) =[I — (I — A2)B1B,Cy]
x [I — I —By)C)CIW. (50

Note that these linear constraints on W allow for the feasibility
problem to be written as an SDP. To search for processes
yielding sequential quantum advantage, we first fix the oper-
ations of the parties, so the objective function and constraints
are linear with the only variable W,

M;hAz — 14 ® ,0;?2
MPB: _ pBi g pB>

bly bly bly
M@ =EJ @192, (51)

with MA42 %~ Mf‘;,BZ, and ), Mccl‘f are CJ matrices corre-
sponding to CPTP maps for all settings x, y, and z. Here, we
have considered preparation as in Eq. (9) and the projective
measurement in the labs B and C as in Eq. (10). The objective
function is the success probability of C, as our feasibility
problem is concerned with obtaining successive quantum ad-
vantages. In addition, we can set a minimal bound py on
the success probability of B through a linear constraint. The

optimization problem as an SDP is

max pSCucc W)

st. W>0

Tr(W) =38

Ly(W)=W (52)
Lapc(W) =W

B
Psuce 2 po-

The existence of a process with sequential quantum advantage
is guaranteed when the optimal value is greater than 3/4, for
po € [3/4, 2+ ﬁ)/ 4]. Moreover, since the operations by B
are projective measurements, the feasible process must have
quantum-memory environment. We used both MATLAB and
JULIA to run the above SDP and found that the feasibility prob-
lem is feasible, i.e., there exist processes that yield sequential

—— withQM (n=1)
--~- optimal classical prob

0.850 A

o o
[ ©
S N
S [
L L

o
\1
N
i
L

0.750 A

0.725 A

Success Probability of C

0.700 A

0.675 -

0.'50 0.'55 0.'60 0.'65 0.'70 O.'75 O.:SO O.:SS
Success probability of B

FIG. 4. Optimal success probability of C for various success
probabilities of B with sharp measurement (7 = 1) at B. The shaded
regions are where one can certify quantum memory (QM). The blue-
shaded region represents processes yielding sequential advantage,
and in this region, QM can be robustly certified.

quantum advantage. Note that when implementing the SDP
and working with the reduced process matrix W,, it is only
necessary to enforce the condition LgcW = W, where Lpc =
I — C| + B,C}, as by construction W, has C, last and A; first.
Furthermore, it is important to note that we are optimizing
15 (W) over all valid process matrices W, which includes
all possible local deterministic transformations. This means
the process matrix automatically includes a unitary rotation
after state preparation as well as before the measurement.
Hence, all we need to ensure in the beginning is that the
measurements are rank-one projectors, as well as maximally
incompatible [as in Eq. (51)], and regardless of the initial
choice, the search over process matrix will check for various
orientations. The same argument holds for the state prepara-
tion; all we need to keep track of is that the four prepared
states form a square on a great circle of the Bloch sphere, and
the search over processes will cover the optimal case. We have
checked this numerically and the choice of initial preparation
and measurements does not affect the optimal value as long as
the above-mentioned conditions hold.

In Fig. 4, we show the optimal value of pS . for various
lower bounds pg of pB . with projective measurement at the
intermediate party. To compare, for the analogous noiseless,
Markovian or classical-memory scenarios, the success prob-
ability at C is upper bounded by 3/4. Hence, pS.. > 3/4
allows us to validate the presence of a coherently correlated
environment. If the instrument at B is completely trusted,
namely, if B deterministically performs any arbitrary pro-
jective measurement at each round of the game, a quantum
advantage at C would certify quantum memory. The pink
region in the plot is where p% . €[3,3] and pS.. gives
quantum advantage. However, complete trust in the instru-
ment makes the certification device dependent and unreliable.
In particular, there is no robustness bound on the trustabil-
ity of the instrument in this region, as this joint probability
can be simulated in different ways (and consequently loses
its practicality). For example, B performs some suboptimal
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classical strategy without disturbing the system at all, and
C achieves quantum advantage without the presence of any
kind of environment. Alternatively, B can perform projective
measurements in some rounds, but not all, and C can achieve
overall quantum advantage, which can also result in such joint
probabilities without the need for an environment. Therefore,
to semi-device-independently certify quantum memory with
minimum trust on the instrument, successive quantum advan-
tages for both parties are necessary.

Both parties getting quantum advantage enforces B to
perform some nonclassical strategy, which leaves open only
two possibilities that can exhibit sequential success—the
unsharpness of the instrument or quantum memory in the en-
vironment. This permits a practically feasible scenario where,
assuming a minimum trust on the instrument (lower bound
on the unsharpness) of B, we can robustly certify the process
having quantum memory.

In Fig. 4, the blue-shaded region corresponds to a sequen-
tial quantum advantage with a sharp measurement at B and
thus certifies quantum memory with only assumptions that
Alice encoded the message in qubits, and Bob performed
any arbitrary projective measurement. Having a robustness
bound on the assumptions about the type of measurement at
B makes the certification testable in experiments, as we show
in Sec. IV F. Therefore, from the joint measurement statistics,
we are able to certify the presence of a quantum memory in
the environment. The pS . is monotonically decreasing with
P8 ... exhibiting the trade-off relation between the two. As
the success probability of B increases, there is a decrease in
the information loss to the environment in the first time step
(since the operation in the laboratory B is fixed). This leads
to a smaller temporal correlation across time steps and conse-
quently lower contribution of the feedback to make up for the
decoherence introduced by the projective measurements at B,
finally leading to a lower optimal success probability at C.

E. Entanglement in processes and sequential advantage

We have shown that with projective measurement at B, a
process with quantum memory is the only resource allowing
sequential quantum advantage. Importantly, classical-memory
processes, where the correlation across time steps is classical,
fails to yield sequential advantage, and thus coherent correla-
tions (nonclassical) across time steps is necessary. We find that
correlations across time steps increase monotonically with the
optimal quantum advantage at C.

In Fig. 5, we plot a measure of correlations across the
time steps with various success probability of C for fixed
success probability of B. As a measure of correlations we use
entanglement of the bipartite state p*?, where X = A,B; and
Y = B,(Cy, as quantified by negativity, which is an entangle-
ment monotone, and is quantified by the sum of magnitude of
negative eigenvalues of the partially transposed state (pX" )™
[70]. To obtain the process corresponding to the success prob-
ability pS. for a given pB .. we used the SDP in Eq. (52)
with an additional linear constraint p$ . < a, where a is
the success probability required for C. The SDP provides a
feasible process for the given (p5, ., pS...), in which we inves-
tigate the bipartite correlation as described above. We observe
that the amount of entanglement manifests in higher optimal

N
N
!

e psBucc =0.7525
PSicc = 07625
e psBucc =0.7725

Iy = = = g N
o N © © S) =
L L ) L L L

Entanglement across time-step

=
IS
L

0.7'50 0.7'55 0.7'60 0.7'65 0.7'70 0.7'75 0.7'80
Success probability of C

FIG. 5. An increase in the quantum advantage at C corresponds
to higher coherent correlation across the time steps. Here, entangle-
ment is quantified across bipartition A,B;|B,C;.

sequential success probability. We emphasize that the entan-
glement detection in process requires process tomography,
which assumes full trust in the measurement, in addition to
requiring informationally complete measurements. However,
in our approach, the violation of the bound on success proba-
bility of C certifies the presence of quantum memory without
trusting the preparation and measurements in the labs. There-
fore, it is a stronger form of quantum-memory certification.

F. Robustness analysis: Quantum-memory certification
with unsharp measurements at laboratory B

No measurement is perfect in a realistic experimental
setup. Therefore, the assumption that Bob’s instrument per-
forms arbitrary projective measurements is quite restrictive.
Since the optimal success probability for C, with projective
measurements at B, is upper bounded by the optimal classical
success probability (plot in green in Fig. 6), a very small se-
quential quantum advantage would be insufficient to faithfully
certify quantum memory. This is because a sequential advan-
tage could be obtained if B performs unsharp measurements,
causing less disturbance to the measured state, which leaves
more extractable information at C. Hence, we introduce an
unsharpness parameter 1 on the measurement operator for B
[44,53],

[14 (=1)’n 1+ (=1b+lp
My, = TPO\)) + fpllyv (53)

where n € [0, 1], and Py, are arbitrary rank-one projective
measurements. The measurement operator reduces to the
identity (noninteractive) measurement for n = 0 and to sharp
measurements for 7 = 1. We can now calculate pS. in the
case of unsharp measurements.

Consider arbitrary prepared states from laboratory A, oy,
entering the laboratory B. Considering the unsharp mea-
surements as in Eq. (53), the postmeasurement states from
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FIG. 6. The blue and green plots represent the upper bound on
P, for sharp measurement (7 = 1) with and without environment,
respectively. The orange and purple plots represent the upper bound
on p<, . for unsharp measurement (lower bound = 0.93) with and
without environment, respectively.

laboratory B, i.e., Py, Will be

. V1—n?
Pxox; = 'Ofoxl + Tﬁ(px(m), (54)
where

1
P =5 2 P Py (55)
b,y

is the postmeasured state when sharp measurements Py, are
performed and

‘C(px()xl) = P()l()pxo)q P1|0 + Pll()pxojq PO\O
+ Poj1 Lo Prj1 + Prji oxox Pojt (56)

is the correction term containing the cross terms.
Using these postmeasurement states py,y, in Eq. (30) to find
the success probability of C, we obtain

AT
Pace = e+ 20 Tr[Ecellponn)], (57)

X0,X1,2

where E.; are the measurement operators in the laboratory
C and pj. is the success probability at laboratory C if sharp
measurements were applied at laboratory B (n = 1).

A slight rearrangement of L£(py,x, ) gives

L(pxor) = 2(Pxos — Ppy, ) (58)
which upon substitution in Eq. (57) yields

Poce = V1= 02pk+ (1 — /1 —n?)pL, (59)

where pl. is the success probability of C if the prepared state
directly reached C without any disturbance (or B performed
identity measurements). In the above form, success probabil-
ity is a convex sum of success probabilities at C corresponding
to the two extreme choices of B, namely, performing sharp
measurements or performing trivial (identity) measurement.
The probabilities pf. and pg do not maximize for the same

choices of measurements at C, therefore, there will be a non-
trivial trade-off which will be dependent on the unsharpness
parameter 7. It is straightforward to observe that for a given n
and measurements at B and C, p< . optimizes for the optimal
preparations [for example, Eq. (9)]. We numerically optimize
Eq. (59) over measurements at B and C to find the optimal
75, in the absence of environment. In the presence of quan-
tum memory in the environment, the optimization is done
using SDP, starting with a specific choice of measurement
operators. Note, however, this is without loss of generality
as the search over process implicitly optimizes over various
measurements as it includes local unitary transformations.

In Fig. 6 we compare the optimal pS, . for varying p5
with and without the presence of quantum memory as well as
with and without unsharp measurements at B. In particular,
the green plot represents optimal pS .. for n = 1, i.e., sharp
measurement at B in a noiseless scenario. If Bob’s instrument
is unsharp, the upper bound on pS, . increases, as is evident in
the purple plot in Fig. 6, which is for a noiseless scenario with
unsharpness 1 = 0.93. The blue plot represents the optimal
achievable sequential advantage with sharp measurement and
quantum memory. As seen from the blue-shaded area in Fig. 6,
we can still certify the presence of quantum memory through
the violation of the new bound, assuming a lower bound on the
unsharpness parameter, i.e., 2> 0.93. This gives a robustness
bound to experimentally certify quantum memory with partial
trust in the instrument at B. However, the sequential advantage
in the pink-shaded region cannot be achieved only through the
coherent correlation in the environment. Therefore, a sequen-
tial advantage in this region certifies an unsharp instrument
at B. Finally, the sequential advantage in the yellow-shaded
region implies the presence of quantum memory as well as
unsharpness at B, where the upper bound has been obtained
with n > 0.93 (orange plot). Therefore, we observe that as-
suming a lower bound on the unsharpness parameter allows
certification of either quantum non-Markovianity or unsharp
instruments, or both.

Note that whenever the optimal sequential success prob-
ability curve for quantum memory with sharp measurement
is above the curve for unsharp measurement without environ-
ment, one can find a region of joint probabilities that uniquely
attributes the sequential advantage to quantum memory. This
is possible by assuming a lower bound on the unsharpness
parameter. In Fig. 7, we plot optimal p€, .. as a function of the
unsharpness parameter for various fixed pZ ., in the absence
of an environment. The horizontal dashed lines correspond to
the optimal pS,.. for given pB . with a coherently correlated
environment and sharp measurement at B. The intersection
provides the upper bound on 1 — 5, above which optimal
sequential advantage from unsharpness takes over the suc-
cessive advantages from quantum memory. Therefore, the
regions in the plots before the intersection provide certifica-
tion of quantum memory, assuming the intersection point is
the minimum value of the unsharpness parameter. It is evident
that the lower bound on n allowing certification of quantum
memory decreases with an increase in pZ ., i.e., for a larger
success probability of B, the certifiable region for quantum
memory reduces.

In Fig. 8 we plot optimal p. as a function of the unsharp-
ness at B’s instrument in a noiseless setting (blue plots) as well
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FIG. 7. The upper bound on p€. for different unsharpness pa-
rameter 7 given a fixed value of p2 . for process without quantum
memory. The horizontal line corresponds to the optimal feasible
process with quantum memory and sharp measurement at B.

as with a coherently correlated environment (green plots) for
different fixed values of p5 _ in the feasible region and com-
pare it with the optimal case with quantum memory and sharp
measurement (red dashed line in horizontal). Note that the
blue plots being below the reds gives us certifiable regions for
quantum memory, while the regions after intersection certify
unsharpness. In all plots, the optimal achievable sequential
success probability is higher for a correlated environment,
showing that quantum memory is a resource, even with un-
sharp measurements. For the minimum 7 with a feasible
solution for fixed p2 ., the blue and the green plots coincide,
implying the optimal process is the noiseless scenario, i.e.,
where there are identity channels between the different labs.

G. Unambiguous semi-device-independent certification
of unsharp measurement

In the transformation step of standard prepare-transform-
measure QRAC, only measurement-induced reduction of
postmeasurement states has been considered in the literature
[43,44,46,48,52,53]. In a noiseless scenario, any sequential
quantum advantage can certify the unsharpness of Bob’s
instrument. However, more general transformations include
system-environment interactions that can aid in sequential
quantum advantage, as we have shown. To be specific, if
more general transformations are considered, any sequential
quantum advantage cannot unambiguously certify unsharp-
ness in the instrument, as the advantage can come either from
quantum memory or from unsharpness, or both. However,
there are joint statistics that cannot come only from quantum
memory with sharp measurement, i.e., the instrument at B
must perform unsharp measurement. These joint probabilities
are represented in the green-shaded region in Fig. 9. The
red curve represents the joint optimal success probability for
both observers for arbitrary unsharp measurement, while the
blue curve represents quantum memory with only sharp mea-
surement. Evidently, any success probability above the blue
curve semi-device-independently certifies the presence of an
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FIG. 8. The optimal success probability of C with (blue curve)
and without (green curve) quantum-memory environment for varying
unsharpness parameter for fixed values of pZ . in the respective
feasible regions.

unsharp instrument at B in an unambiguous manner with only
assumptions that qubits were prepared. Also, we note that if
the unsharpness parameter is large, precisely for n > 0.97,
the sequential quantum advantage from unsharpness never
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FIG. 9. The optimal joint success probability for B and C for ar-
bitrary unsharp measurement (red curve) as compared to the optimal
success probability with quantum memory and sharp measurement at
B (blue curve) in the region where sequential wins are feasible. The
shaded region is where one can unambiguously certify unsharpness.

goes above the QM curve. Therefore, if the unsharpness
parameter n > 0.97, it can never be unambiguously certified
in a semi-device-independent manner without assumption on
the system-environment interaction.

V. DISCUSSION AND CONCLUSIONS

While QRAC games have been traditionally studied in the
noiseless scenario [43,44,71,72], since the presence of envi-
ronment is usually associated with detrimental decoherence
effects on the system, which worsens the success probabilities,
here we focus on the regime of strong system-environment
interactions. In particular, we show that an environment with
quantum memory can act as a resource to provide sequential
wins at QRAC games with projective measurement at the
intermediate party, something not possible in the noiseless
scenario. We show that with assumptions on the dimension
of the system and a minimum of trust in the intermediate in-
strument, we can unambiguously certify a quantum-memory
environment. Alternatively, we can view the environment with
quantum memory as allowing sequential wins in a QRAC
game despite having intermediate projective measurements.

In addition, we argue that the unsharpness of the instru-
ment can be semi-device-independently certified for certain
joint probabilities even in the presence of quantum mem-
ory. In contrast to previous works [44,53], we show that the
more general setting allowing system-environment interac-
tions leads to tighter bounds on the unambiguous certification
of the unsharpness (see Fig. 9).

In future work, it will be interesting to find the classes
of system-environment interaction resulting in such re-
sourceful non-Markovian processes. For example, a system-
environment interaction model which simulates all the
quantum advantage at laboratory C when success at B is
unconstrained is given by partial swap operations between
the labs. This model exhibits quantum memory but does not
lead to sequential quantum advantage. Importantly, the set of
processes is a convex set, therefore with any finite set of pro-
cesses yielding successive quantum advantage, one can find
an infinite number of resourceful processes through convex
linear combinations.

Furthermore, it is worthwhile to ask if the presence of a
non-Markovian environment allows for an extension of se-
quential quantum advantage to more than two independent
observers. Interestingly, we find that there is no process al-
lowing sequential quantum advantage at another laboratory
D, with rank-one projective measurements at intermediate
labratories B and C. Even allowing unsharp measurements
at intermediate labratories does not permit the optimal suc-
cess probability at D to be more than 3/4. Moreover, when
we lift the causal restriction Ligcp(W) = W, which corre-
sponds to allowing indefinite causal order between labratories
B and C, there is no quantum advantage at D. In the noise-
less scenario, it has been suggested in the previous works
[44,46] that the sequential win in QRAC games cannot pos-
sibly be extended to another third sequential independent
observer, based on its connection to the temporal Clauser-
Horne-Shimony-Holt (CHSH) game. Interestingly, in a recent
article [73] the authors show that even with sharp measure-
ment, nonlocal correlation is extractable for sequential CHSH
game for three independent observers. A rigorous theoretical
investigation of sequential quantum advantage in a prepare-
transform-measure scenario is left for future work. It will also
be interesting to explore whether using higher-dimensional in-
put and output Hilbert spaces leads to extending the sequential
advantage to more than two parties.
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