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Quantifying the effect of noise on unitary operations is an essential task in quantum information processing.
We propose the quantum Wasserstein distance between unitary operations, which shows an explanation for
quantum circuit complexity and characterizes the local distinguishability of multiqudit operations. We show
analytical calculations of the distance between identity and widely used quantum gates including SWAP, CNOT,
and other controlled gates. As an application, we estimate the closeness between quantum gates in a circuit
and show that the noisy operation simulates the ideal one well when they become close under the distance.
Further, we introduce the W; error rate by the distance and establish the relation between the W, error rate and
two practical cost measures of recovery operations in quantum error correction under typical noise scenarios.
These applications allow the distance to quantify the effect of noise on unitary operations from the perspective
of experiment resources, which cannot be achieved by existing distance.
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I. INTRODUCTION

Recent progress in quantum information processing has
led to prominent applications, such as simulation [1], control
into computation [2], and machine learning [3,4]. Real-world
imperfections exist and current quantum computers are in-
evitably noisy. So it is essential to quantify how much noise
can influence a quantum operation. It is necessary to analyze
the similarity measure between ideal and actual operation in a
noisy environment. Generally, the similarity measure between
operations can be induced by that between quantum states.
Some prominent measures for states, including trace distance
[5], quantum fidelity, and relative entropy [6], are unitary
invariant. The unitary invariance property makes the distance
between any couple of states with orthogonal supports max-
imal, which is not desirable for some quantum information
processing tasks, such as quantum error correction. Recently,
some nonunitarily invariant Wasserstein distances of different
orders has been proposed [7-9]. In particular, the quantum
Wasserstein distance of order one (W; distance) [7] derives nu-
merous applications, including quantum differential privacy
[10] and quantum circuit complexity [11]. This paper aims to
construct the similarity measure for unitary operations by the
Wi distance between states.

Various distances, or similarity measures, between opera-
tions have been proposed. Although no distance is generally
suitable for all quantum information processing tasks, each
kind of distance characterizes operations in a specific ap-
plication. The Schatten 1-norm-induced distance is used
to discriminate unitary operations [12], and the Schatten
2-norm-induced distance can be efficiently estimated in quan-
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tum circuit [13]. Gate fidelity is experimentally convenient
[14], but the connection with fault-tolerant computation is not
direct. An alternative is the diamond norm-induced distance
that yields tighter estimates of operation performance. These
widely used distances are unitarily invariant and characterize
global properties of quantum operations, while their local
distinguishability may not be depicted. With regard to the
nonunitarily invariant distance, recently the W, distance be-
tween channels has been analyzed by proposing the notion
of “neighboring channels” [15], while its relation with quan-
tum information processing tasks remains to be established.
Following a different approach, the W, distance between op-
erations can also be defined by the maximum deviation of
their effects on overall quantum states. The formulation is
inspired by the discrimination of unitary operations [12].
Compared with the existing distance, it characterizes the local
distinguishability of operations and relates to quantum cir-
cuit complexity and quantum error correction (QKD). These
properties allow it to quantify the effect of noise on unitary op-
erations from the perspective of experiment resources, which
cannot be realized by existing distances. This is the motivation
of this paper.

In this paper we introduce a similarity measure of unitary
operations, named the quantum Wasserstein distance between
unitary operations. We show the properties and analytical cal-
culations of the distance. Compared with the existing distance,
it characterizes the local distinguishability of operations and
shows explanations for circuit complexity. By these char-
acterizing properties, two applications of the distance are
presented. First, the distance is applied to estimate the close-
ness between two sequences of gates in a quantum circuit,
where the noisy operation simulates the ideal one well when
they are close under the distance. Next, the W; gate error rate is
introduced by the distance, which quantifies the performance
of quantum gates in a noisy environment from the perspective
of physical resources. The relation between the W, error rate
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and two practical cost measures of recovery operations is
established, which makes the W; error rate a figure of merit
concerning a specific gate and the experimental requirement
to eliminate noise acting on the gate.

The rest of the paper is organized as follows. In Sec. II
we introduce the notations, some properties of the quantum
W, distance between states, the formalism of gate error rate,
circuit cost, and experiment cost. In Sec. III we show the
definition, properties and calculation of quantum W; distance
between operations. In Sec. IV we show the estimation of the
closeness between operations in quantum circuits. In Sec. V
we introduce the W, gate error rate and show the noisy imple-
mentation of arbitrary single-qubit gate and CNOT gate under
typical noise scenarios. We conclude in Sec. VI.

II. PRELIMINARIES AND NOTATIONS

In this section we show the notations and some facts used in
this paper. In Sec. Il A we present the notations of this paper.
In Sec. IB we show the definition and some properties of
quantum W distance between states. In Sec. II C we introduce
the definition of the average gate fidelity and gate error rate
induced by different norms. In Sec. IID we introduce two
practical circuit complexity measures, the circuit and exper-
iment cost.

A. Notations

Let {|1),]2),...,|d)} be the canonical basis of C?, and
H, = (C?)®n be the Hilbert space of n qudits. We denote the
set of quantum states on H, by S,, the set of traceless, self-
adjoint linear operators on H,, by M,, and the set of unitary
operations acting on S,, by U,,.

Some well-known single-qubit gate include the Hadamard
gate H = L[i jl] and the Pauli matrices o, = [(1) (1)],
oy = [? Bi], o, = [(1) Bl]. The two-qubit gates include

1 0 0 O
: 8 (1):| , the controlled-
1 0

V2
the CNOT gate Ucy = |:8 0
0 0

0 0 0
1 0 o0
0 1 0:|, the SWAP gate Usy =
0 0 -1

SO o~

z gate Ucyz :|:

1 0 0 0
|:8 (1) (l) g], and the generalized controlled phase gate
0 0 o0 1
1 0 0 0
0 1 0 0 . . .
Upr=1|9g o 1 o | The single-qudit Pauli gate X =
0 0 0 ¢

gm0 la ® 1)(gland Z = 370 lq) (gl for = &1,
The Schatten p-norm for arbitrary matrix A € CM>** and

p €[l,00) is defined as ||A|, = [TrATA):]". By setting

p = 1into the definition of || - ||,, one has the Schatten 1-norm

(trace norm) given by ||A|; = Tr ~/AA, which is equal to the
sum of singular values of A. For two states p, 0 € S,, %Hp —
o1 is typically denoted as the trace distance between p
and o.

B. The quantum Wasserstein distance of order 1 between states

The well-known similarity measures between quantum
states characterize the global distinguishability of states. For

specific applications, such as quantum error correction and
quantum machine learning, it is desirable to show the local
distinguishability and robustness against local perturbations
on the input states. The quantum W distance between states
[7] is a good candidate for this task. We show the definition
and some essential properties of the quantum Wasserstein
distance, which will be used in this paper.

First, we show some basic definitions. The quantum
Wasserstein norm of order 1 is a kind of unique norm on M,,
[7]. Following the quantum W; norm, the quantum Wasser-
stein distance between states p and o is naturally obtained.
They are defined as follows.

Definition 1. We define the quantum W; norm on M, as,
for any X € M,

1 ' n ' ‘
”X”Wl = Emm <Z ”X(l)”l X ¢ M,,

i=1
n
x "l;rX(i) =0,X = ZX‘“), (1)
i=1

where Tr;[-] denotes the partial trace over the ith subsystem.
By choosing X = p — o, the quantum Wasserstein distance of
order 1 between two quantum states p, o € S, is defined as

WI(IO’ G)
n n
= min { Yciieiz0p—0=Y c(p?—0o?),
i=1 i=1
x pP o® e S, "Ii‘r p = "l;r O’(i)}. 2)

We list the properties of the available quantum W, distance
below. They will be used for the derivation and applications
of the quantum W, distance between operations.

The following fact shows that the quantum W, norm keeps
the upper and lower bounds in terms of the trace norm.

Lemma 2. (relation with the trace norm, [7]) For any
X eM,, %||X||1 < X llw, < 51X |l1. Moreover, if Tr; X = 0
for some i € [n], then || X ||w, = %||X||1.That is, forany p, o €
S, such that Tr; p = Tr;o for some i € [n], ||p —ollw, =
sle—alh.

Lemma 3 and Corollary 4 show that the quantum W; dis-
tance is additive with respect to the tensor product and partial
trace. It is a characteristic property that cannot be satisfied by
the trace distance. In this paper, they are used for calculat-
ing the quantum W; distance between unitary operations and
deriving its properties.

Lemma 3. (tensorization, [7]) For any X € M,,,
||X||W1 > ” Trm+l...m+nX||W1 + ” Trl...mX”Wl’ and for any
00 € Spins 1o —ollwy Z o1 m—01 mllw, + 1 Pmt1.min —
Um+1...m+n||W1 ’ where M..m = Trm+1,m+2 ..... m4n 1] and
Nm+-1,m+2,....m4+n = Trl...m n with ne {pa G}' MOFCOVCF, for
any p’',0' €S, and p”, 6" €S, [P @ p" —0' @ |w, =
16"~ &"llw, + 10" — 0" llwi-

Corollary 4. (lower bound for W distance, [7]) For
any p,o €S, lp—ollw, > 3 iy lloi — oill1, where 7; =
,,,,, 20 with n € {p,o}, and the equality holds
whenever both p and o are product states.

Try, . io1,iv1
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The following observation states that the quantum W, dis-
tance recovers the Hamming distance for the quantum states
described by a canonical basis. It contributes to the calculation
of the quantum W) distance between unitary operations.

Lemma 5. (recovery of Hamming distance, [7]) The quan-
tum W, distance between vectors of the canonical basis
coincides with the Hamming distance ||[x)x| — [y)y|llw, =
h(x,y), with x,y € [d]". Here the Hamming distance be-
tween x,y € [d]" is the number of different components,
h(x,y) = |{iT€ [n] : x; # yi}| withx = (x,...,x,)T and y =

Iy «ves yn) .

C. Average gate fidelity and gate error rate

In practice, noise is inevitable during the implementation
of quantum gates. It is important to quantify how much the
noise affects quantum states in a system. Average gate fidelity
[14] is first proposed to accomplish such a task. Suppose the
ideal and actual implementation of quantum gate U is denoted
by channels G;;(:) =U(-)U" and V(-) and their resulting
states are p;; and p,., respectively. Averaging over pure state
input with respect to the Haar measure derives the average
gate fidelity,

ni= / du(p) Te[(U pU V()]

Then the gate error rate [16—18] is proposed, whose upper
bound is an appropriate measure to assess progress towards
fault-tolerant quantum computation. It is derived by the error
rate of probability distributions for an arbitrary set of POVM
[16],

e1(U, V) :=maxdi(puc, pia) = 3 max |UpU" = V(p)lls.

The above definition is amended by maximizing over the orig-
inal space #,, and ancillary space 7{,. Besides the notations in
Sec. II A, we denote by S, and U, the set of quantum states
and operations on auxiliary space #,,. The diamond norm
is then defined as [ X|ls := supy, sup,cs,gs 1X & I(0)ll1,
where X € U,, I € U,. Another definition of gate error rate
is derived by [18],

eo(U. V) =do(Gig, V) := HIUpU" = V(p)lls.

The error rate e,(U, V) has a better explanation in fault-
tolerance quantum computation than fidelity and e, (U, V).
However, neither of the existing error rates shows explana-
tions for quantum circuit complexity and QKD. To deal with
it, we propose the W) error rate and establish its lower bounds
with the help of W; distance between operations. It will be
presented in Sec. V.

D. Circuit and experiment cost

Quantum circuit complexity of a unitary operation is de-
fined as the minimal number of basic gates required to
synthesize a desired unitary operation [19]. Computing the
circuit complexity of unitaries is challenging, and no effi-
cient algorithms are known [20]. It has been proved that
the circuit complexity of a unitary is equal to the cir-
cuit cost, up to polynomial factors and technical caveats
[21,22]. Here circuit cost is defined as the length of the

shortest path between two points in curved Riemann ge-
ometry. To be specific, for traceless Hermitian operators
hi, hy, ..., h, supported on two qudits and normalized as
[2]leo = 1, the circuit cost of a unitary U € M, is defined

by C(U) := inf, 0.1-r fol Z;f;l |rj(s)|ds where r; satisfies

H(s) = ZT:I ri(s)hjand U = Pexp[—ifol H (s) ds] with the
path-ordering operator P. Another important complexity mea-
sure is experiment cost, which shows the quantum limit on
converting quantum resources, including energy and time,
to computational resources [23]. For a circuit with a se-
quence of gates U = I Uy, Uy = exp(—iHT;), where T;
is the runtime of the kth gate, and the time-independent
Hamiltonian acting on m;, qubits with spectral decomposition
H, = le:kl hi\hi)hi|, h; > hi_;. Using the seminorm Ej :=
(hom — hy1)/2, the experiment cost of implementing the gate
Uy from the perspective of physical resources is defined as
Ry =Yy Ru, = Y, mkExTi. Recently, the lower bounds
for circuit cost and experiment cost have been obtained in
terms of the quantum Wasserstein complexity measure [11].
The fact will be used in Sec. V.

III. DEFINITION, PROPERTIES, AND CALCULATION
OF QUANTUM W; DISTANCE BETWEEN
UNITARY OPERATIONS

In this section we propose the quantum W) distance be-
tween unitary operations U, V by the quantum W; norm. In
Sec. III A we present some properties of the distance. In
Sec. III B we show some analytical calculations, including the
distance between the identity and some widely used unitary
operations.

We show the definition of D(U, V). It is given by taking the
maximization over all input states in terms of the W, distance
in Definition 2.

Definition 6. Given two unitary operations U,V € U,,
their quantum Wasserstein distance D(U, V) : U, x U, — R
is the maximal quantum W) distance between the states they
have performed on,

D, V) =max |UpU" =V pVllw,. 3)
PES,
By the convexity of the quantum W, norm, we need only take
the maximization over all pure states,

- T i
D(U,V)—W%ﬁgsnllUllﬁ)(lﬁlU VIYXeVillw. @

where the maximum is over all normalized pure states
V) € S

A. Properties of D(U, V)

For the convenience of deriving the applications of the
quantum W, distance between operations, we present some
basic properties of D(U, V).

Proposition 7. The  quantum  Wasserstein  distance
D(U,V) between unitary operations U and V satisfies
the following properties:

(1) Faithfulness: D(U,V) =0if and only if U = V;

(2) Symmetry: D(U,V) =DV, U);

(3) Triangle inequality: D(U,V) < DU, M)+ DM, V),
forU,V,M € U,;
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(4) Right unitary invariance: D(UM,VM) = DU, V),
forU,V,M € U,;

(5) DINU,NV)=DU,V),forU,V € U, and N € UE",

(6) Bounds: 0 < DU, V) < n,forU,V e U,;

(7) Conjugate transpose invariance with
DU, U)=DU, U, .

®) DUy, VaVi) < DU, Uy) + DV}, Va);

(9) Superadditivity under tensorization: D(U; ® U,, V; ®
V2) 2 DU, Vi) + DU, Va);

(10) DWW @ U, Vi®@V) < DU, ®1,Vi®I)+DU®
U, 1 @ Vy).

The proof of Proposition 7 is shown in Appendix A.

In addition to basic properties, the W, distance shows two
physical properties from the perspective of circuit complexity
and local distinguishability of unitary operations. The quan-
tum W, distance shows the explanation for quantum circuit
complexity [11], i.e., the distance D(U, V') shows the lower
bound for the minimum number of gates (smallest circuit) that
is required to transform operations U and V to each other.
This property of D(U, V) will be explained in Sec. V. On
the other hand, the quantum W, distance between operations
characterizes the local distinguishability of operations in mul-
tiqudit scenarios. Other unitarily invariant distances cannot
show such a property [7]. This viewpoint is supported by
calculation results, and some comparative examples will be
shown in the last paragraph of Sec. III B.

identity:

B. The analytical calculation of D(U, V)

By the definition of quantum W, distance between states,
calculating the distance analytically is a challenge [7]. The
analytical calculation of the W, distance between operations is
more challenging than that of two states. We show the analyt-
ical results of the quantum W; distance between single-qudit
operations, some two-qubit operations, and the multiqubit
operations. Their proof is given in Appendix B.

Although the quantum W, distance shows benefits mainly
in multiqudit scenarios, it is worth mentioning the quantum
W, distance between arbitrary single-qudit operations.

Proposition 8. The quantum W, distance between single-
qudit operations U, V shows

(1) For U,V in two-dimensional Hilbert space, it holds
that D(U,V) =« %(1 — cosa), where {1, ¢} are the eigen-
values of VU™.

(2) For U,V in d-dimensional Hilbert space with d >

2, it holds that D(U, V) = \/1 —mingr, 13, pre P,
where p; > 0 and {e™®, e, ..
of VUT.

Remark 9. According to the results presented in Ref. [24],

., €1} are the eigenvalues

OWTV)

- o[ _ Jeos =52 0<OUTV) <7,

OU'V)>m, ®)
where ®(UTV) denotes the length of the smallest arc contain-
ing all the eigenvalues of unitary operation UV on the unit
circle.

Next we consider the W, distance between two-qubit uni-
tary operations U and V. Using Property 4 it holds that
DWU,V)="DU,VUT), which implies that it is of great

importance to consider D(I, M), where M is a unitary opera-
tion. First, the W distance between I and the controlled-phase
gate is considered. Let Ue(k) be a two-qubit diagonal operation
whose kth diagonal entry is e and other diagonal entries are
1, for k =1, 2, 3, 4. We have the following fact.

Proposition 10. The quantum W, distance between / and
the gate U is equal to +/2 sin g, ie. D, Uy = V2sin g.

The CNOT and controlled-Z gate are widely used controlled
gate in computation. One can see that the controlled-z gate
Ucz = U™ in Proposition 10. On the other hand, it holds
that Ucz = (I @ H)Ucn(I ® H). We have the following fact
based on the two facts and the single-qubit unitary invariance
of || - llw,-

Corollary 11. The quantum W; distance between / and
controlled-Z and CNOT gate is equal to V2, ie., DU,CZ) =
D(I, CNOT) = /2.

The operations M described by four-order permutation
matrices are also widely used in quantum computation, for
example, SWAP gate. We consider D(I, M) and the following
result is obtained.

Proposition 12. Any two-qubit unitary gates switching
|0, 10, 1] to |1,0%1,0], or equivalently |1,0)1,0| to
|0, 1)0, 1], have the same quantum Wasserstein distance with
the identity /, i.e., D(I, Uy) = 2, where

0 *x *x x* * 0 * %
* ok ok ¥ 0 x %

U=lo « « «| 2o 1 0 of ©
_1 0 0 0_ | * 0 =x * |
[« % 0 x| [0 0 0 1]
0O 0 1 0 ¥ x % 0

Us = * % 0 x| Us = * % % 0 D
¥ x 0 % ¥ x % 0

For any unitary operations U, V, the unitary operations M
satisfying M = (U ® V)U(U ® V)T show the same distance
with identity 7, i.e., D(I, M) = 2.

Obviously, the SWAP gate is included in Proposition 12.

Corollary 13. The quantum W, distance between I and the
SWAP gate is equal to 2, i.e., D(I, swap) = 2.

Finally, we show a fact considering the W; distance
between I and a multiqudit operation. It shows the local dis-
crimination of quantum operations, which is a characteristic
property of the quantum W; norm between operations.

Proposition 14. For an n-qudit operation consisted of ten-
sor product of k Pauli gate X and n — k identity /, the quantum
W, distance between it and identity I is equal to k%, i.e.,
DU®", [0 @ X®k) = k fork = 1,2, ..., n, up to permu-
tations of the qudits.

Using the calculation results above, we illustrate that
DU, V) characterizes the local distinguishability of oper-
ations. Further we compare D(U, V) with some unitarily
invariant distance in the following examples.

(1) Local operations: From Proposition 14, we have
DUI®, I ®X) =1 and DU®?, X®?) = 2. Adding the Pauli
gate X on the second qudit increases the W; distance
between identity and the total operation. Such a local
distinction cannot be detected by unitarily invariant
distance, as unitary invariance makes the distance between
any couple of quantum states with orthogonal supports
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maximal. In particular, one has max, %Hp —(I@X)p(I®
X))l = max,, 5llp — (X ® X)p(X @ X)| = 1, and
min, F(p, (I ® X)p(I ® X)) = min, F(p, (X @ X)p(X ®
X)) =0.

(2) Nonlocal operations: We consider two nonlocal
gates CNOT and Q = (I ® o, )Ucy(0, ® I) differing locally
from CNOT gate. From Propositions 11 and 12, we have
D, cnot) = +/2 and DI, Q) = 2. Their local distinguisha-
bility cannot be described by trace distance fidelity, as we
have max, 1]lp — UcypUcy|l1 = max, 5o - 00|l =1
and min, F (p, Ucy pUcy) = min, F(p, QpQ") = 0.

IV. ESTIMATION OF THE CLOSENESS BETWEEN
OPERATIONS IN QUANTUM CIRCUIT

In this section we show that the W, distance between uni-
tary operations is vital in estimating the closeness between
operations in quantum circuits. A small D(U, V') implies that
any measurement performed on the states U|y) shows ap-
proximately the same measurement statistics as that of V|yr),
so U and V plays almost the same role in quantum circuits.
The noisy operation simulates the ideal one well when they
become close under the W; distance.

In a noisy scenario, we denote the ideally and actually
implemented unitary operations by U and V, respectively. The
W, distance between them characterizes how close their mea-
surement outcomes will be in terms of POVM. It is realized
by deriving an upper bound of the difference in probability
between measurement outcomes.

Proposition 15. Given two operations U and V performed
on the same initial state |¢). Let M,, > 0 be an element
in a POVM performed on U|y) and V|y), with P and
P‘(,m) being the probability of obtaining the outcome m in the
measurements, respectively. The difference between Pl(,m) and

P‘(,m) is upper bounded by the quantum W, distance between U
and V as

|PY" — P{™| < 200(M,) DU, V),

where Ao(M,,) € (0, 1] is the maximal eigenvalue of M,,.
Proof. Since P and Py is the probability of obtaining
the measurement outcome m, we have

P = PY| = (WU MU Y) — (@ VM,V ).

The POVM operation M,, is positive with the unique positive
square root, denoted by N,,, i.e., M,,, = NmN,E and Y M, =
1. Hence,

7 - )

= | Te[N, (U Y Xy |UT) = VY Xy VN,

m

= DML UIWIUT = VIV N,
k

<Y NS WIGIUT = Vg X1V N
k

= INJ UG IUT = VI VNI,

where A;(X) denotes the kth eigenvalue of the operator
X, and Aop > Ay =2 --- 2 At.... The last equality comes

from [|X|l; = Y, |A(X)| for normal operators. Using the
fact that [ABC||; < [[AllsclIBll1IClloc and |p — olli < 2llp —
o |lw,, we have

INLUIYXEIUT = VI X VNl
<IN oo IU [ XYAU™ = VIY K IV 111Nl oo
< 20N oo Nl 1T 1Y X 1UT = VYK IV g
< 2N, oo INmll DU, V)
=21 WM, )D(U, V),

where the last equality follows from ||N,|eo = So(NVy) =
VAo(M,,). Here 5o(X) denotes the maximal singular value of
operator X . ]

Proposition 15 implies that if a kind of noise takes the
ideal operation to another one and they are close under the W
distance, then the noise has little effect on the ideal operation.
From the perspective of unitary operation discrimination, a
small D(U, V) also implies that U and V cannot be perfectly
distinguished.

In a quantum circuit, the realization of target operations
always includes a sequence of unitary gates. So it is important
to obtain the distance between two sequences of gates. In
analogy to quantifying the distance between an entangled state
and a product state, one may be interested in the distance
between nonlocal quantum gates and tensor product gates.

Proposition 16. Two sequences of multiqubit unitary gates
UU,—y .. .U and V;V,_; ...V} acting on S, where where V;
can be decomposed as the tensor product of single-qubit gates,
for j =1,2,...,t. The quantum W, distance between them
adds at most linearly with respect to the distance of each
couple of gates,

t
DU -1 ... Ur ViViet .. V) < ) DU Vo).
k=1
Proof. We prove it by induction. First we show the case for
t =2,

D(U>U1, VaVi) < max IU(Us pU)U) — VaUy pU[ V)
+ max [VaUy pUV, —VaVipV, 'V I,

= DU, Vo) + DV, U, Vo).

Using property, one has D(WU;, V,V;) = DUy, Vi). So

we have D(U,U,, V,Vy) < D(U,, V,) + D(Uy, Vy). Suppose

the case for r+ — 1 holds, ie., D(U;_y...U;,Vi_;...V}) <
2;11 D(Uy, Vi). Then we have

DU Ui~y ... U, ViV ... V1)
<DW, V) +DWUi1Ui—» ..U, Vi Via ... V1)

t
<Y DU V),
k=1

which is the desired result. ]

Propositions 15 and 16 can be applied to estimate the
measurement outcome of the circuits containing different
sequences of gates Uy, Ua, ..., U; and Vi, V,, ..., V. In prac-
tice, we set a tolerance o > 0 of the probability that two
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circuits show the same measurement outcome. We can esti-
mate how close the effects of these gates are in the circuits,
i.e., whether the probability of different measurement out-
comes is within the tolerance, only by the distance D(Uy, Vy).
Specifically, to make the probability of different measurement
outcomes be within the tolerance «, it suffices that

P(m)U

Pém) | < ZAo(Mm)ZD(Uk,Vk) (8)

k=1

where P((]m) U P(’")V and Ao(M,,) have been defined in Propo-
sition 15. The 1nequa11ty (8) holds when

1

o
PO S 2 o M) ®

fork =1,2,...,t. An example of the above process is given.
Example 17. A sequence of ideal qubit gates
Uy, Us, ..., Us in the quantum circuit is subject to the unitary
noise process & = diag{e’, e}, where 6 € [0, 7] is the
parameter related to noise. The ideal gates are transformed

into a sequence of noisy gates Vi, Vs, ..., Vs, where
i 0 el +0)i 0
Uy = [ 0 eﬁk,':|, Vi = Uiy = |: 0 B0

fork =1,2,...,5. Using Proposition 8, one has D(Uy, Vi) =
| sin 6|. Suppose the following POVM {M,, : m = 1,2, ..., 8}
is carried out in the circuit,

(L 1 LI ¥ 1
M, = 18 18 » M= 81- 81 » M= ?
| 8¢ B st 3 B
1 1 1 1 w4
_| 8 8 _ 8 8
My=\ " | Ms= 1 ,—7i/4 L
8 8 8 8
B 1 1 5mi/4 1
= 2€ 0
— 8 8 |2
M6 - 8757.”-/4 é ]5 M7 - [O 0}7
y [0 0
8§ = 0 1|

We set the probability error tolerance o = 30%. To make the
probability of different measurement outcomes be within the

00| — 0o|—

tolerance « for any initial state |y), i.e., | PL(,:")U \(/m)v.l <
o, it suffices that
o
DU, Vi) = |sinf] < =0.12.
G V0 = 15001 S g s Gro )

It implies that each noisy gate V; simulates the ideal gate Uy
within the tolerance effectively if the parameter of local noise
0 € [0, arcsin(0.12)] or 6 € [ — arcsin(0.12), ].

V. THE W; GATE ERROR RATE UNDER NOISE

In this section we introduce a measure quantifying the
effect of noise on quantum gates, named the W, gate error
rate. We establish the relation between the W) error rate
and two real cost measures of recovery operation, including
circuit and experiment costs. Further we show two exam-
ples considering the implementation under depolarizing and
unitary noise for arbitrary single-qubit gate and CNOT gate,
respectively.

Following the idea of proposing the gate error rate in
Sec. I1 C, we define the error rate of a quantum gate as follows.

Definition 18. The W, error rate of the implementation of
n-qubit unitary gate U is given by

e(U,V) = V()lw

1 max |UpU" — (10)
nop

where p € S, and V is a channel that describes the noisy
implementation of U.

For two states p, o0 € S,, we have ||p — ollw, € [0, n] by
Definition 2 and hence the error rate e(U, V) € [0, 1]. Com-
pared with the error rate induced by Schatten 1-norm and
diamond norm in Sec. IIC, the following relation can be
obtained, e(U, V) < e1(U, V) < e.(U, V), where the first in-
equality comes from Lemma 2, and the second one follows
directly from their definitions.

We show the benefits of W; error rate from the perspec-
tive of QEC and circuit complexity. These results imply that
e(U, V) is a figure of merit quantifying the effect of noise
on a specific unitary operation, from the perspective of ex-
periment cost to recover the influence of noise. We consider
the noise process described by the channel V = G o £, where
G(-) = U(-)U" with U € U, denotes the ideal implementation
of gate, and £(-) = ZkN:1 kak(-)VkT denotes a general noise
process described by the mixed unitary channel [25], with a
probability vector (pi, pa, ..., py) and Vi, Vo, ..., Vy € U,.
The error rate of gate U and its upper bound is given by

N
1 .

e(U,V) = —max |UpU" —U(Zpkvkpv;)U' (11
nor — W,
1 N

<= DU UVUY, (12)

e

where the inequality follows from the convexity of || - ||w,.

From (12), analyzing the upper bound of e(U, V) suffices
to consider the noise process described by each unitary er-
ror V;. We set the noise channel &y, (-) = Vk(-)VkT and noisy
implementation of gate Vy, = Go &y, =U Vk(~)VkTU ¥, Using
Properties 4 and 7, one has e(U, Vy,) = %D(l , PY), where
P =U V;U T is the recovery operation of ideal gate U under
noise Vy,, as performing P" on the noisy gate UV can correct
the influence of noise, i.e., P*(UV,) = U

As we all know, quantum error correction (QEC) in-
cludes the error detection and recovery step [19]. Recovery
operations in the second step are to eliminate the noise on spe-
cific qubits, such as P = UV, U™ above. Compared with the
existing error rate introduced in Sec. IIC, the W; error rate
has an explanation in terms of the physical resource cost
for recovery operations. Since D(U, V) characterizes lo-
cal distinguishability, the local alteration for operations will
proportionally change the total distance, while no unitarily
invariant distance has this property [7,26]. For example, an
ideal gate U;; = o, ® o, is performed on p = [00)00|. Two
noisy implementation of U;; shows U{) =1®? and U® =
I ® o,, which generates the resultlng state o®) . The dis-
tance d(-, -) induced by unitary-invariant norms or fidelity
shows d (Ui, UY) = d (Ui, U?), while DUy, UD) =2,
and D(Uyq, UP) = 1. In the recovery step of QEC, two gates
o, ® o, are required for p'), and only one o, is required for
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2. So UV is farther away from Uy than U2 in terms of
experiment resource, which is characterized by W; distance
and error rate.

Next we introduce a fact considering the quantum W, dis-
tance and circuit complexity. The main results of Ref. [11]
show the lower bounds for circuit cost C(U) and experiment
cost R(U) for an unitary operation U. We rephrase them by
quantum W distance as follows:

C(U) > 42D, U), (13)

RU) > 1D, U). (14)

It shows that D(I/,U) provides the lower bounds for the
minimum number of basic gates and resources to realize the
operation U. Hence, D(U, V) provides the lower bounds to
transform the unitary operation U to V.

We establish the relation between W error rate and circuit
complexity based on the above fact. We choose U as the
recovery operation P%, and thus C(P") and R(P") are the
practical cost to recover the influence of noise 1y, on the ideal
operation U. We consider all possible unitary errors in the
mixed unitary channel £(-). Combined with (12)—(14), it can
be obtained that

e(U.V) < Z

eU,V) < Z 2’” PER (P, (16)
k

C< P"), (15)

It implies that the W, error rate e(U, V) provides a lower
bound of circuit and experiment cost for recovery operation
of U under arbitrary noise V. That is to say, e(U, V) is related
to the minimal quantum resources required to eliminate the
influence of noise £(-) during the realization of operation
U. Thus, the W, error rate is a figure of merit concerning
the noisy gate and the experimental requirement to eliminate
noise acting on the gate. So it quantifies the effect of noise
from the perspective of physical resources.

Finally, we show two examples of noisy implementation of
CNOT gates.

Example 19. We consider the depolarizing noise and uni-
tary noise acting on a single qubit. The noise process is
glven by the channels respectively, £ ep )= -pp+
p = 8““‘(,0) = Eg,oEo, where p € [0 1] and Ey is a unitary
operator with eigenvalues e for € [0, r]. The error rate
of a single-qubit gate U shows

e(U, V) = VT —cos20. (17

The average gate fidelities for depolarizing noise and unitary
noise are, respectively [18],

e(U, Vdep,l) = gs

p o ,_1 2
(p;epzl_z’ ¢9=§+§c0529. (18)

The error rate induced by the diamond norm is [18]
3
e (U, Vdep 1)==p, es(U, Vi) =sinb. (19)

Generally, the advantage of quantum W, norm appears for
the multiqubit case. We show the example for the W) error rate

of noisy implementation of the CNOT gate in the presence of
two typical kinds of noise.

Example 20. We consider the noisy implementation of the
CNOT gate under unitary and depolarizing noise as follows.

First, we consider the W; error rate of noisy implementa-
tion of the CNOT gate under unitary noise channel Ecp(p) =
Ucp,oUgP, for Ucp = diag{1, 1, 1, €%}, 0 € [0,2m). We de-
note the actual implementation of the CNOT gate under unitary
noise as Vuni2 = Gen o Ecp, for Gen(-) = Uen(-)Ucn. From
Proposition 10, we have

Vv 1 D 1 .6

€(CNOT, Vyi2) = 5 (I, UcnUcpUcn) = 7 sin .
Using (15), the lower bounds for circuit cost and experiment
cost are, respectively,

0
C(UcnUcpUcy) = 8sin 5 (20)
1 .6
R(UCNUCPUCN) = ﬁ sin 5 (21)

It is the minimum quantum resource required to eliminate
the influence of noise Vi » during the implementation of the

CNOT gate.
Next, we consider the depolarizing channel acting
on S as EPHp)=U-pp+pL=0-pp+

% Zf,tzo(X‘Z’)(p)(X Z)', where X =3Y_lg® 1)(g]
and Z = ZZ:O i1lg)(gl. We denote Vyep > = Gen © Edepz
the actual implementation of the CNOT gate. The W, error rate
of the CNOT gate can be estimated as follows:

1
e(CNOT, Viep) = 5 max [|[Gen(p) = Gen © 72 (),

3 3

where the range is derived from Lemma 2, ie.,
3p = S max, %”UCNPUCN - H—4||1 < €(CNOT, Vgep.2) <
£max, |UcypUcn — —||1 = 4p Using (12), we have

e(CNOT, Vaep2) < 2 Z DI, UenX*Z'Uey).  (23)
32 5,t=0

From (15), the average lower bounds of circuit cost and ex-
periment cost concerning the depolarizing noise are

£ Y CWenx z'Uew) > 3v2p, (24)
5,t#0
PN RWUNX'Z'Uen) > 3 (25)
16 CN CN) =2 817,
5,170
respectively.
VI. CONCLUSION
In summary, we have introduced the quantum Wasserstein

distance between unitary operations, we presented its proper-
ties and analytical calculations. The characterizing properties
of this distance is that it characterizes local discrimination and
shows an explanation for circuit complexity. The closeness
between operations can be estimated in quantum circuits with
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W, distance. The smaller the distance is, the similar their mea-
surement outcomes will be in the circuit. As an application,
we introduced the W, error rate by the distance. We showed its
estimation and established the relation between the W, error
rate and two practical cost measures of recovery operations,
including circuit cost and experiment cost. We showed two
examples considering the implementation under depolarizing
and unitary noise for an arbitrary single-qubit gate and CNOT
gate, respectively. So the W, distance quantifies the effect of
noise on unitary operations from the perspective of experi-
ment resource.

Many problems arising from this paper can be further ex-
plored. The analytical calculation of the W, distance between
arbitrary operations is left as an open problem. It may be
efficiently approximated by sampling method in [13]. As a
similarity measure of operations, the W; distance may be
employed to design the loss functions in quantum operation
learning. On the other hand, we have shown that D(I, CNOT)
= /2 and D(I, swaP) = 2. In [27], it has been obtained that
the entangling power of CNOT and SWAP gates are one and
two ebits, respectively. So this distance may be developed to
characterize more properties of unitary operations, such as
entangling power.
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APPENDIX A: PROOF OF PROPERTIES FOR D(U, V)

Here we show the proof of Proposition 7.

Proof. Properties 1 and 2 follow from the faithfulness and
symmetry of the quantum W, norm, respectively.

Property 3 follows from the triangle inequality of the quan-
tum W, norm,

IUpU" =V pVilw < VoV —MpM'|w,
+MpM" — U pU" |y,
The equality holds when M = €U, M = €*V or VpV' —
MpM'™ = k(MpM'™ — U pU™), for k > 0.
Property 4 can be proved as follows:
DUM,VM)
= max IUMY Xy MU = VMg )Xy 1MV |y,

= max IUIEXEIUT = VIEXEIV lw,,

where |£) = M|yr) is a pure state. Thus, the maximization
takes over all pure states. The last equality is equal to
DWU,V).

Property 5 can be obtained as the quantum W, distance
is invariant concerning unitary operations acting on a single
qudit.

Property 6 is obtained with Property 4 by choosing
M=U",

n T t
DWU,V) < r?£>X{2IIU|W)(WIU VIyXy |V |I1}

= r?£>x{n¢ 1= [(YIUTVIY) 2} =n,

where the inequality comes from the fact in Lemma 2. On
the other hand, D(U, V) > 0 is obtained directly from the
nonnegativity of the quantum W) norm. So the desired result
is obtained.

Property 7 is proved as follows:

D{I,U) = max Y)W = Ul Xy U lw,

_ _yt
= max lENE] = UTENEIUw

= D, U").

Property 8 is proved with the help of Properties 3 and 4.
One can obtain that

DUy, Va2V1)
< max [U2U1 U U = pllw, + llp = VaVioVi Vi,

=D(, UUy) + DU, VaVy) = DU, Us) + DV, V2).

The equality holds when U,U; =¢e"I, V,V; =€¥l, or
UUi pU U — p = k(p — VaVi pV[' V), for k > 0.

Property 9 holds from the tensorization of the quantum W,
norm in Lemma 3. We have

I ® Unp U @ U)) = (Vi @ Va)p(V @ VD)llw,
> UipiU) = VipiV lw, + 1U202U5 — VapaVy Il
where p; denotes the corresponding reduced state. Take the
maximum of all pure states p, p;, p» on both sides of the
above inequality. Then the property can be proved.

Next, we prove property 10 by the triangle inequal-
ity of the W; norm. Let o = (U, ®U2)p(UlT ®U2T) and
£ = WU ® o UV, ®I). One has

I @ U)pU] @ U) = Vi @ Va)p(V @ V) lw,
= o — (Vi @ V)] @ U)o (Uy @ Us)
x (V[ @ V)llw, < llo = €llw,
+ 15— ® VaU)WU{ ®D)a (U V' @I @ UsVy)llw,
= W @ DU @ ) — (Vi @ Dn(Vy @ Dlw,
HIT@U)IuI @ U)) — U @ Vo) @ V,)llw,
SDULVI®ID+DUIRU,IQ V),

where = (U ® Do (U, ®I), and p = (I QU] )V\U{ ®
Do U1V, @ I)(I ® U). Hence it holds that D(U; ® Us, Vi ®
VSDUQLVIQN+DUIRU, I®W). n

APPENDIX B: THE ANALYTICAL CALCULATION
OF W; DISTANCE

We present the calculation of the distance between / and
some well-known gates. In Sec. B1 we show the proof of

012412-8



QUANTUM WASSERSTEIN DISTANCE BETWEEN UNITARY ...

PHYSICAL REVIEW A 110, 012412 (2024)

Proposition 10. In Sec. B 2 we show the proof of Propositions
8,12, and 14.

1. The W, distance between I and generalized
controlled phase gate

We denote the generalized controlled phase gate as Ug(k)
which is the diagonal two-qubit operation whose kth diagonal
entry is ¢ and other diagonal entries are 1, fork = 1,2, 3, 4.
First we consider D(I, U0(3)), where Ucp and Ucy are given
in Sec. Il A. We rephrase Proposition 10 from Sec. III B for
convenience.

Proposition 21. The quantum W) distance between [
and controlled-phase gate Uem = UcnUcpUcy = diag{l, 1,
e”, 1} is equal to +/2sin%, ie., DU, UcnUcpUcy) =
\/E sin %

Proof. We calculate D(I, UcyUcpUcy ) by finding its upper
and lower bounds. If the upper bound coincides with the lower
bound, we obtain the desired value.

For a pure state |¢) = Z)ln,n:O am.nlm,n)  with
Yonlamn* =1, we set the state p=|[y)¥| and
0 = (UenUcpUcn)p(UcnUcpUcy)'. From Corollary 4, it
can be obtained that

1 1
lo—ollw = §||,01 —oill + §||,02 —ozlli  (BD

= 2sin §|611,0|(|ao,0| + lai1), (B2)
where p; and oy, are the reduced density operator of p and o,
respectively. From Zm’n |am.n|> = 1, we have 2|a; o|(|ag.0l +
laii]) < \/E, and the equality holds for the input state
Pint = Y1 X¥1] and oins = (UcyUcpUcn)pint(UenUcpUcn )T,
where |;) = Zm,n am.n|m, n) with the coefficients satisfying
lao.ol = la11| = %, lap1l =0, |aiol = «/LZ From Definition
6, D, UcnUcpUcy) is obtained by taking the maximiza-
tion over all input states. From (B1), we have obtained that
| oint — Oint llw, = /2 sin % Hence we have

6
D, UcyUcpUcn) > ~/2sin R (B3)

According to Definition 2, one has

DU, UcnUcpUcy)

2

= max min ciici =0, TtFY =0,

0eS) {21: i i = ;
=

2
p — (UenUcpUcn)p(UenUcpUcn)' = Z CiF(i)},
i1

(B4)

where F = p@ — o ¢ M, satisfying Tr; F® = 0. Since
DU, UcnUcpUcy) is derived by taking the minimization
of ¢; + ¢, over all F (i)/s, the coefficient ¢; + ¢, induced
by a particular set of F) and F® is the upper bound
of D(I, UcnUcpUcy). We consider the particular case for
FO = p® — Mp®DM € M, satisfying Tr; F© = 0, for M =
diag{1, 1, —1, 1}. Here p® is any two-qubit pure state. We
aim to show that the upper bound of (B4) is equal to ~/2 sin %.

It can be realized by finding a couple of F" and F® such
that ¢; + ¢, < +/2ssin £ for all pure states p.
For any pure state p =}, ., @;a; |, k)s, t], one has

p — (UcenUcpUcn)p(UenUcpUcn)' = [di pnlaxa,

where d1’3 = Clo’oaT,O(] — e“e), d273 = Clo’laT,O(] — 6_18),

d3 1 = aggaio(l — e, dy,= ag 1aro(l — ), dya=
aroaj (1 —e?), dyz = afgar,1(1 —e ™) and other entries
are equal to zero. Any F® e M, satisfying Try F® = 0 can

be written as

i 0 2800879 O]

F = " “o1giy O , (B5)
2850810 2851810 0 0
L 0 0 0 0|
[0 0 0 0

F® = 0 0 2ho.1hio 0 , (B6)
0 2k hio 0 2hy 0k
0 0 20 o 0 |

where the entries satisfy Y~ |gjxl*> = 2, 4 kx> = 1.
We need to find the g i, Ak, and ¢y, such that

p — (UenUcpUcen)p(UenUcpUcn)" = et FD + e2F@, (B7)

4= «/Esing (B8)
holds for any p, i.e.,
aop,1a7 a _26_10) = €180.181 0 t C2ho.1 M} (B9a)
ot o = — cygonsi (B9b)
alyla’fqo(l_Te_io) = c2hy 1k, (B9¢)
D gkl =) hulF =Y lajul> =1, (B9
Jk Jik Jk

0
c1+c = «/Esinz, e =20, fork=1,2
(B9e)

holds for any a;i. We consider two margin cases for the
coefficients a;, which will be used later.

(1) From (B5), one ~can obtain that |p —
(UcnUcpUcn)pUcnUcpUcn)'llw, =0 when  a;0=0
or ajg=1. Using (B4), it can be obtained that

¢+ < ﬁsin%.

(2) Ifapp = a1 =0, we can choose ¢c; = ¢; = % sin %,
goo=hi1 =0, g1 =hio=aip

exp{i(§ —2)} and g1 =hoo= V1- slao11* = larol?,

such that (B9a)-(B9e) hold.
Next, we only consider the case for

ao#0,1, apo#0 or

P o1
810 =ho1 = a1,

ap; #0. (B10)
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Using the normalization condition in (B9d), we can
parametrize the coefficients g; and & by «;, B; € [0, 71,

20.0 = COs g Sina €™, gy = cosagcosay, (B11)
g10 = sinagsinaze™®, g =sinagcosaze™, (B12)
ho,o = sin By cos ﬂ3ei’54, ho,1 = cos B cos By, (B13)
hy.o = sin By sin Bze'e,  hy ;= cos By sin B, (B14)
such that
L (—e) o
aO,lal,oT = ] COS () COS ¥ SIn ¢ Sinoize °°
4¢3 cos By cos B sin By sin ,33e_iﬂf’,
(B15a)
* (1 - e_ig) : ioy .t . —i
aO»UaI,OT = c] coS g Sinaje'™? sin g Sinoze” 0,
(B15b)
1 —e . iy - . i
alflaT.()% = ¢, cos fy sin B¢ sin By sin Bz Pe,
(B15c)
.0
c1+c = V2 sin 3 (B15d)

For any a; € C, we can always choose appropriate phase
as, Bo, o, Be so that the phase of a; x can be satisfied. Without
loss of generality, we can only consider the case that a;; are
nonnegative real values,

ajx >0 and Zaikzl. (B16)

Using (B10), we assume that a; o € (0, 1), and ago € (0, 1)
orap; € (0, 1) here.
Now we show that (B15a)—(B15d) is viable by choosing

appropriate parameters. We set o, = 0 and «; = B, for j =
0,1,2, 3, 6. From (B15b)-(B15d), we assume
«/§sin %q ﬁsin %q
o = 2200 o S X2 AT (B17)
ap,0 +ai ap,0 +ai

Using (B15b), (B15c¢), and (B17), Eq. (B15a) can be equiva-

lently transformed into
appcotoy +ajcotf =ap;- (B18)

It holds by choosing appropriate parameters «; = 8. Next,
we show that Egs. (B15b) and (B15c¢) can also be satisfied.
First, we use (B18) to obtain that

apo +ai

\/0(2),1 + (a0 +ai)?

sina; = sin B = (B19)

Then based on (B17) and (B19), we perform the transforma-
tion on (B15b) and (B15c) to put the free parameters g = By
and a3 = B3 on the Lh.s. alone. They become the same equa-
tion as follows:

COS g sin o sin aze ™"

x_0yd1,0
) \/6101+(6100+a11)2

(B20)

Note that ’f‘/ﬂx/am + (aoo +ar.1)* € (0, 2] So Eq. (B20)
can always be satisfied for any a;; in (B16) by choosing

= B¢ = 5 — % and appropriate parameters &, &3, Bo, B3.
Hence (B15b) and (B15c) can be satisfied.

Based on (B5) and (B11)—(B14), the above analysis prove
the existence of the ¢*) and F® in (B5) and (B8) for any p.
It means that there is a kind of decomposition following the
rule in (B4), such that ¢; + ¢, = \/5 Recall that the quantum
Wasserstein distance between operations D(I, UcyUcpUcy) is
defined by taking the minimization of ¢; + ¢, over all decom-
positions in (B4). One can obtain that D(/, UCNUCPUCN) <
ﬁsm— Combining with (B3) it holds that D(/, U )_

DU, UcnyUcpUcn) = V2 sm , which is the desired result.
By applying appropnate local unitary operation, the
Ug(k)/s can transform to each other, (o, ® Uy 3)(0, @ I) =
5 (0 ® 0 )U (0, ®0) =U?, I @)U U ®
oy) = Ue(4) . Since || - |lw, is invariant under single-qubit uni-
tary transformations, we obtain that D(/, Ug(k)) = /2sin %,
which is the result of Proposition 10.

2. The W, distance between I
and single-qudit and permutation matrices

The proof of Proposition 8 is given here.

Proof. Using Lemma 2, we have D(U, V) = D(I,VU") =
max yyyjes, V1 — [(W|VUT|[y) 2, where the first equality
holds from Property 7, and the second equality comes from
loaw* — Bov* ||y = V(@ + B)* — 4o Bl(u, v) .

First, we consider the case for d =2, i.e., the op-
erations act in the two-dimensional space. In order to
obtain D(U,V), it suffices to compute the minimum of
(W |VUT|¥)|. Let VU" = R'D,R be the spectral decom-
position of VUT, where D, = diag{l, ¢®} and R is an
unitary matrix. The state |§) := R|l/f> is a single-qubit state.
Suppose |§) = cos —|O) + €/ sin 2|1) for 0 <O <m,0<
¢ < 2m. From miny 4 [{£]D|€)|* = ming |cos4 ¢ +sin* ‘% +

2 cos? 5 ¢ sin? g cosa| = (1 4+ cosa)/2, we have

DW.V) = \/1 — min |(£1Da1¢) ? = \/l_ﬁ. (B21)

Then we consider the case for d > 2. As we have shown
above, we assume that VU T = RZDde is the spectral decom-
position of VU, where D; = diag{e’®, e, ..., ¢/®-1} and
R;jis ad x d unitary matrix. Suppose |{) is an arbitrary qudit
state and |n) = Ry|¥) = Zj ajlj), for Zj laj]?> = 1. We have

DWU.V) = \/I—T;;lumbmnz

= [1— min |Z la;|>e®|?.
> lajlP=1 F .

The optimization is equivalent to minimizing the convex sum
of the eigenvalues of VU . ]
The proof of Proposition 12 is shown as follows.
Proof. Obviously, D(I, Uy) = 2 can be obtained from 2 >
D, Uy) = 1110, 1X0, 1| — |1, 0X1, Ol|lw, = 2. From the local
unitary invariance, we have ||[(U ® V)|0, 1)0, 1|(U ® V)" —

(B22)
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(U@ V)1, 0%1,0[(U ® V) llw, =2, where U,V are single
qubit unitary operations. From Property 5, D(I,M) =2 is
obtained. Next we show that the W; distance between iden-
tity and all order-4 permutation matrices can be derived.
We consider the representation of order-4 permutation group
{P1, P, ..., Py}, where 15 permutation matrices are included
in (6). By Proposition 12, one can obtain that the W, distance
between every one of them and identity is equal to two. Other
nine permutation matrices are listed below:

01 0 0
1 0 0 0
H =1,H,=Uc, H= 00 1 ol
0 0 0 1
[0 1 0 0] [0 0 1 0]
1 0 0 0 0 0 0 1
He=1o 0 o 1" ®=|1 0 0 o
0 0 1 0] 0 1 0 0]
1 0 0 0] [0 0 1 0]
0 0 0 1 01 0 0
Ho=1o o 1 o] =|1 0 0 o
0 1 0 0] 0 0 0 1]
[0 1 0 O] [0 0 1 0]
0 0 0 1 1 0 0 0
Hs=11 09 0o o ®=]0 0 0 1
0 0 1 0] 0 1 0 0]
We analyze the distance for D(I, H;). We have

(0x ® DH3(0, ® 1) = Hy, so D, Hy) = DI, H3) = /2.

The fact that D(I, Hy) = D(I, Hs) = 1 has been obtained in
Proposition 14. Using the fact that (I ® o,)Hs(I @ 0,) = H;
and UswHgUswy = Hy, one has D(, Hy) =D, Hg) =
DU, H;)=~2. By (I®oy)Hs(I ® oy) =Hoy, one has
DI, Hg) = D(I, Hy). Using Lemma 3, we find that their
lower bound is equal to two. Combined with Property 6, we
have D(I, Hg) = D(I, Hy) = 2. We have now obtained the
W, distance between identity and all the order-4 permutation
matrices. |

The proof of Proposition 14 is shown below.

Proof. We show the claim for k = 1, 2, and the claim for
k > 2 can be obtained similarly.

First, we show that D(/®", X ® I®"~D) =1 up to per-
mutations of the qudits. For any pure states p € S, and 0 =
X QI D)p(X @ I®™~D), it holds that Tr; p = Tr, 0,
i.e., p and o are neighboring states. From Definition 2, the
quantum W, distance assigns the distance at most one to any
couple of neighboring states, so D(I®", X ® I®"~1D) < 1.0On
the other hand, DU®", X ® I®" V) =max, |p —ollw, =
[[100...0%00...0] —|10...0X10...0||lws, =1 by Lemma
5. Hence, DI®", X @ I®"~D) =1, Using the fact that
| - llw, is invariant with respect to permutations of the qudits,
DU IRX QI D)=...=DU®", I®" DV X)=1
is obtained.

Next we prove that D(I®", X®2@[®"2)=2 up
to permutations of the qudits. From Definition 2, it holds
that DU®", X®2 @ I®"=2)) > [1000...0%000...0| —
[110...0)(110...0||lw, =2. By Property 10, we have
D(1®",X®2 ®I®(”’2)) < D(1®",X ®]®(n71)) + D(I‘X’", I®
X ® I®"=2) =2, The invariance under permutations can
also be derived as the above case. |
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