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Equivalence between positive partial transpose (PPT) entanglement and bound entanglement is a long-
standing open problem in quantum information theory. Limited progress has been made so far, even on the
seemingly simple case of the bound entanglement of Werner states. The primary challenge is to give a concise
mathematical representation of undistillability. To this end, we propose a decomposition of the N-undistillability
verification into log(N) repeated steps of 1-undistillability verification. For Werner states’ N-undistillability
verification, a parameter interval for N-undistillability is given, which is independent of the dimensionality of
Werner states. Equivalent forms of inequalities for both rank 1 and 2 matrices are presented, before transforming
the 2-undistillability case into a matrix analysis problem. A new perspective is also attempted by seeing it as a
nonconvex multivariable function, proving its critical points and conjecturing Hessian positivity, which would

make them local minimums.
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I. INTRODUCTION

Entanglement [1] is what distinguishes the quantum world
from classical worlds. Unfortunately, our understanding of
it remains quite limited to this day. Entanglement exhibits
varying degrees of strength, the highest of which falls into
a subclass called “maximal entanglement.” The Bell state
is one such example. No consensus has yet been reached
about what qualifies as a “weak entanglement.” Quantum
states with small Schmidt numbers are generally seen as
weakly entangled, since quantum states with Schmidt number
1 are separable. Undistillable entanglement is another kind of
widely accepted weak entanglement. Relationships between
these two kinds of weak entanglements are discussed in [2].

Entanglement distillation [3] is the process of obtaining
pure Bell states only by local operations and classical com-
munication (LOCC) from multiple copies of an entangled
bipartite state. If N copies of a given entangled bipartite state
can be transformed into pure Bell states through LOCC, then
the entangled bipartite state is referred to as N-distillable. If
not, then it is N-undistillable. If a particular entangled bipar-
tite state is N-undistillable for arbitrary N, it is considered
undistillable and is also referred to as a bound entangled state.

Another property we are concerned with here is “pos-
itive partial transpose” (PPT), which refers to a bipartite
quantum state whose partial transpose is positive semidefinite.
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It is established in [4] that PPT entanglement implies bound
entanglement, and therefore weakly entangled in terms of
distillability. However, the question of whether the converse
is true remains an open problem, which is usually referred
to as the nonpositive partial transpose (NPT) bound problem,
or the distillability problem [5]. The popular conjecture re-
garding this problem is that the converse is not true, and that
NPT bound entanglement exists. A number of special circum-
stances have been worked out in [6—10]. Indirect approaches
to this problem include expansion of distillation operations
to k-extendible operations [11], catalysis-assisted distillation
[12], and dually nonentangling and PPT-preserving channels
[13]; linking the problem with squashed entanglement [14]
and linear preserver [15]; studying the transformation of
bound entangled states under certain dynamic process [16];
or considering the problem in a broader scenario such as
hyperquantum states [17].

In three separate attempts to directly tackle the distillability
problem [6,18,19], they each had a subset of quantum states
singled out, and they proved that for any finite number of
copies N, there exist undistillable states in this subset. How-
ever, as N approaches infinity, the subset shrinks to emptiness.
It has been shown in [20] that N-undistillability does not
imply (N + 1)-undistillability by demonstrating a set of states
that are distillable only by an arbitrarily large number of
copies, thus ruling out the easy route of concentrating on
distillation of only a few copies.

For the Werner states [21], a family of single-parameter
states, the existence of NPT bound states implies the existence
of NPT bound Werner states [22]. Therefore, it is sufficient

©2024 American Physical Society
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to study Werner states only. Due to the inherent complexity
of addressing N-distillability of Werner states, over the past
decade direct attempts to solve the problem have been focused
primarily on the seemingly straightforward problem of 2-
distillability of Werner states, but so far only limited progress
has been made. In an attempt to attack the 2-distillability of
the Werner-states problem, the special case of 4 x 4 bipartite
states is considered in [23]. In that special case, the distill-
ability condition can be reduced to a convenient form of a
“half-property,” and subsequently the distillability problem
can be reformulated into a matrix analysis problem. For a
special case in which the matrices are normal, a proof was
given.

In [24] the problem is reformulated, and it was established
that for d x d bipartite Werner states, the 2-undistillability
is equivalent to a certain 2d?> x 2d*> matrix being positive
semidefinite. Positive definiteness of the block matrices in the
upper-left and lower-right corners has been proven.

In this work, we introduce a method that decom-
poses N-undistillability verification into repeated steps of
1-undistillability verification before giving a new parameter
interval for N-undistillability that is independent of quantum
state dimensions d, and therefore different from that given
in [6,18,19]. However, similar to the problem encountered
in [6,18,19], our set of N-undistillable states also shrinks to
emptiness for N — oco. Also, an equivalent matrix analysis
inequality form is presented, which is applicable to all finite
dimensionalities, as opposed to the case in [23] where only
the d = 4 case is considered. Another equivalent version of
inequalities regarding only rank-1 matrices is also included,
which takes on a form reminiscent of Cauchy-Schwartz in-
equality. Finally, we take on a brand new perspective of
considering it as a multivariable function problem, find-
ing critical points, proving nonconvexity, and conjecturing
Hessian positivity.

We will be using H,4 and Hp to denote Hilbert spaces per-
taining to A and B subsystems, and X; to denote matrices with
rank less than or equal to i. Throughout the paper, we will be
considering multipartite quantum states with identical dimen-
sions, i.e., quantum states on H4 ® Hp, where dim(H,) =
dim(Hp) = d. This is justified by noticing that any quantum
state of d| x d, can be equivalently transformed into a quan-
tum state of identical dimensions max{d,, d,} x max{d,, d,},
with all unnecessary elements set to zero.

The structure of this paper is as follows: In Sec. II, we in-
troduce a matrix transformation that takes the N-distillability
problem into a higher-dimensional 1-distillability problem. In
Sec. III, the process of N-undistillability verification is trans-
formed into log(N) repeated steps of 1-undistillability veri-
fication. In Sec. IV, parameter intervals on N-undistillability
are given, yielding a result similar to that of [6,18,19], effec-
tively finding shrinking families of N-undistillable quantum
states. In Sec. V, equivalent partial trace inequalities are pre-
sented before turning them into a matrix analysis problem.
The rank-2 matrix analysis problem is also reduced to a rank-
1 matrix analysis problem, resulting in a Cauchy-Schwartz
inequality look-alike. The inequalities can be generalized to
infinite matrix inequalities in an infinite-dimensional Hilbert
space, all of which remain unsolved in mathematics. In
Sec. VI, we take on a new perspective by treating the problem

as a multivariable function, proving critical points, noncon-
vexity, and conjecturing positive-semidefinite Hessians.

II. STATEMENT OF THE DISTILLABILITY PROBLEM

Since NPT is a sufficient condition for entanglement [25],
the open problem of equivalence between PPT entanglement
and bound entanglement can be resolved by finding bound
entangled states with NPT. Compared to ascertaining posi-
tive semidefiniteness of a certain matrix, the major difficulty
usually lies in finding a concise mathematical interpretation
for undistillability, and asserting it for two types of arbi-
trariness: arbitrary LOCC operation and an arbitrarily finite
number of copies of the entangled state. This will be the
main focus of this section, and the analysis of mathematical
structure will eventually lead to a transformation that reduces
N-undistillability verification to 1-undistillability verification
of a transformed state.

Let us recall the concept of Schmidt decomposition,
Schmidt coefficients, and Schmidt rank [26]. Schmidt decom-
position of a pure state |) in Ha Q@ Hp is

d
W) =Y ailuvy), (1)
i=1

where H, and Hp are both d-dimensional Hilbert spaces,
with {|u1), ..., lug)} and {|v1), ..., |vg)} as their respective
orthonormal bases. Schmidt coefficients «; are real, non-
negative, and unique up to reordering. The number of nonzero
Schmidt coefficients is called a Schmidt rank of pure state |y/),
denoted by SR(|¥)).

A bipartite quantum state is called N-distillable if pure Bell
states can be obtained using LOCC from N copies of the state.
It has been proven in [27] that all entangled 2 x 2 bipartite
quantum states are distillable, therefore all we need to do is
transform the original quantum state into a 2 x 2 entangled
state by LOCC. This is demonstrated in the following result:
A bipartite quantum state p on H4 ® Hp is N-undistillable iff
for any d" x d bipartite pure state |/58<2) on HZN @ HEY
with Schmidt rank < 2 the following holds:

(Y SRS2| (p™)®N |y SRS2) > 0, 2)

where p” = (T ® I)p is the partial transpose of p, with T
being the transpose operator. The above expression overlooks
the pairing between different subsystems, and so an additional
operator My from (H, ® Hp)®V to H?N ® H?N is intro-
duced to make it meaningful:

Definition II.1. Operator My : (Ha ® Hp)®" — HEN ®
HEV is defined as

MN = Z |iA1 e iANiB] cee iBNXiAliB] e iANiBN|’ (3)

where H?N = HAI ® HAz ®--® /HAN, ’H?N = 7‘[31 ®
Hp, ®---®Hp,, and is,ip, stands for the index
corresponding to system A;, B;. The sum is taken over
all indexes A B Js k € {1,..., N}, with each index in the
range {0, ...,d — 1}.

Operator My then takes the A|BjA>B; - - - AyBy structure
of (p")®" and merges the A-subsystems and B-subsystems,
resulting in a structure of A1A; - - - AyB1 B> - - - By that suits the
pure quantum state, thus explicitly demonstrating the process
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of system pairing, which is essential to any further calcula-
tions derived from this representation of undistillability.

For a better representation of undistillability and further
use in following sections, we use a certain state-operator iso-
morphism introduced in [23]. We notice that it is in essence a
Choi-Jamiolkowski isomorphism followed by a transposition
on the resulting matrix.

Definition I1.2. State-operator isomorphism [23]. A state-
operator isomorphism W is one that takes a pure bipartite state

|¥r) of

d—1
W) = aylij) )
i,j=0
to a matrix form of
o0 01 o0,d—1
wipp=| “°0 T e
ad;l,o ad;l,l Old—i,d—l

Note that Schmidt decomposition of a pure quantum state
|[1) is related to the singular value decomposition of W(|y/))
through state-operator isomorphism. In fact, Schmidt coeffi-
cients of |y) are the same as the singular values of W(|y)),
and a Schmidt rank of |y) is equal to the rank of W(|yr)) [26].

The following is a more concise mathematical represen-
tation of N-undistillability: A bipartite quantum state p is
N-undistillable iff

(W X My (0™ M w1 (X,) > 0, (6)

where X, is any dV x d" matrix with rank < 2. Note that
U~l(X,) is equivalent to |SRS?), a pure bipartite quantum
state with a Schmidt rank no larger than 2. For the case of
N = 1, l-undistillability is

' XD "W (X)) = (PRS2 pT |y SRSy > 0. (7)

Effectively, the problem of p being N-undistillable
is equivalent to the problem of My(p®V )M;{, being 1-
undistillable, but on a Hilbert space with higher dimensions
Ha @ H'p, dim(H'y) = dim(H'p) = d.

Since discussions of the I-distillability problem rarely
involve specification of finite-dimensional Hilbert space di-
mensionality, and most of the theorems and methods are
applicable to arbitrary dimensions, this transformation poses
an advantage. In the next section, a specific symmetry of M~
transformations is utilized for decomposing the increasingly
complicated structure of M,v into identical steps repeated
N times. In fact, verification of 2V -undistillability, as N ap-
proaches infinity, is enough to assert bound entanglement.

III. N-UNDISTILLABILITY PROBLEM
AS REPEATED STEPS

From the observation that (N + 1)-undistillability implies
N-undistillability, we can get the following result, which re-
laxes the N-undistillability requirement for all N to only an

infinite sequence of N diverging to infinity:

Proposition I11.1. {g;} is a sequence of positive real num-
bers diverging to infinity. A bipartite entangled quantum
state is g;-undistillable for arbitrary i iff the state is bound
entangled.

In the 2-copy case, M, transformation is simply

E =M= |ia,iin in,)ia,in,in,in, | ®)

which is merely an exchange of the second and third parts of
B; and A;. The sum is taken over all indexes iy, , ia,, ip,, ip,»
with each index ranging in {0, ..., d — 1}. From now on we
will always refer to the 2-copy case of M, as E, emphasizing
that it is only a simple exchange as opposed to complicated
My of a larger number of copies.

According to Eq. (6), the quantum state p is 2-undistillable
iff E(p @ p)ET is 1-undistillable.

In the 4-copy case, M4 can actually be decomposed into
two steps:

A131A232A3B3A4B4 — A1A23132A3A4B3B4
— A1A2A3A4BleBgB4. (9)

Step 1: Do the 2-copy exchange on subsystems 1,2
(A]B]A2B2 — A]AzB]Bz) and subsystems 3,4 (A3B3A4B4 —
A3A4B3By). This step is no different from in the 2-copy case,
except that it is done on two systems simultaneously. Group
every neighboring 2 subsystem (in terms of A, B), so that the
eight parts are now seen as four parts (A1A,, B1B, AzAy4, B3By
to ABAB). To separate this newly obtained four-part state from
2-copy Werner states, we denote this state as p(e) ® p(e),
where p(e) = E(p @ p)ET.

Step 2: Do the 2-copy exchange E again, obtaining p(e?) =
E(p(e) ® p(e))E", where E is taken with regard to the
“merged” parts. This step takes once-transformed Werner
states into twice-transformed Werner states.

The above steps are equivalent to doing the M, translations
directly. The original state p is 4-undistillable iff p(e?) is 1-
undistillable.

Similarly, in the 2V-copy case, M,v is decomposed into N
steps, with each step taking state p(e’~!) ® p(e/~!), producing
a state p(e') = E(p(e™") ® p(e~1))ET, verifying its positiv-
ity on Schmidt rank < 2 states and effectively ascertaining
2/-undistillability, before passing two copies of this state on,
as a starting state for the next step. The following theorem
demonstrates the process.

Theorem II1.2. Defining p(e”) = p to be the initial state,
and

p(e) =E(p(") ® p(e* " NET, (10)

then p(eX) being 1-undistillable is equivalent to p being 2¢-
undistillable.

In other words, we are essentially searching for an infinite
sequence of points connected by the operation E, with the
first point being p = p(e®), the second point being p(e') =
E(p(e”) ® p(e))ET, and the (i + 2)th point being p(ei*!) =
E(p(e') ® p(e"))ET. If points of this infinite sequence always
fall within the set of 1-undistillability, then we can safely say
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that the starting point p is N-undistillable for arbitrary N, or
that it is a bound state.

IV. PARAMETER INTERVALS FOR N-UNDISTILLABLE
WERNER STATES

A. 1-undistillability and NPT condition for Werner states

It has been shown in [22] that it is sufficient to consider
Werner states for an NPT bound problem only, namely if
an NPT bound state exists, there must be an NPT bound
state within the family of Werner states. In this section, we
obtain necessary and sufficient conditions of Werner states’
1-undistillability and partial transpose negativity.

We first introduce a lemma that would assist further at-
tempts concerning inner products with Schmidt rank < 2 pure
states:

Lemma IV.1. Let |Y) be an arbitrary pure quantum state,
and s; are the Schmidt coefficients of |/) arranged in descend-
ing order. Then

k
Z = max [(¥|¢5%<K) P, (1)

|¢SR<k

where |¢SR<K) is an arbitrary quantum pure state with Schmidt
rank being less than k, namely SR(|¢SR<)) < k.

Proof of this lemma is provided in Appendix A.

A Werner state is as follows:

pw = ————( + BF), (12)

d*+ Bd

where F = Z?{];l() lij)(jil, I is the unnormalized identity ma-
trix, d denotes the dimensionality of both parts of the system,
and B is a parameter characterizing the “portion” of swap
operator F, rangingin —1 < g < 1

Its partial transpose is

1
Ty _

where G = ij;lo |ii) (j j|, which is in fact the unnormalized
density matrix of a pure maximally entangle state |®), namely

d—1
1
G=dio)@l, 19 =) —=lii). (14)
i=0
When B > 0, pIs is always positive semidefinite, hence we

consider the 8 < 0 case only. Combining Eqs. (6) and (11),
we obtain

(YSRS2 | pla |y SRS2)

LIV1 1428

SR<2y (27
[1 4+ Bd[(@[y>")"] 2> 1 pd 15)

1
- d*+Bd
A Werner state p,, is 1-undistillable iff (ySR<2|pla|ySRS2) >
0 for any |¥SR<?) pure bipartite quantum state of Schmidt

rank no larger than 2. Therefore, a Werner state is 1-
undistillable iff B > —3.

Furthermore, for arbitrary quantum state |v), we have

1+ p8d
d*>+ Bd’

(16)
with the equality achieved when |y) = |®). Therefore, a
Werner state is NPT iff 8 < —%. Any NPT 1-undistillable
Werner states can therefore only be found within the parame-
ter range of —% < B < —1 providedd > 2.

Wlp 1Y) = ———=I[1 + BdI(@|y)*] >

1
d2+ pd

B. Sufficient conditions for N-undistillable Werner states

We derive new parameter intervals for N-undistillable
Werner states in this section. As a result, for any finite N,
a set of N-undistillable states can be found, but similar to
the circumstances encountered in [6,18,19], the set of N-
undistillable states shrinks to emptiness as N approaches
infinity.

In the previous section, it has been established that the N-
undistillability of Werner states is equivalent to

N o o
(WSR2 My (0™ M 1y SR<2) > 0, (17)

where [SRS?) is an arbitrary quantum pure state with
Schmidt rank being no larger than 2.
Take the 2-copy case as an example, recalling operation £
defined in Eq. (8):
E(py ® p,})E"
— (- 2{E(I ® DE" + BIEI ® G)E'
- \d?+pBd
+E(G®DE+ B*E(G® G)ET). (18)

The normalization factor of (m)2 can be ignored since
it does not affect positivity. The first and last terms remain
unchanged in the sense that

d—1

EIQDE! = > lijkiyijkl| |EF
i,j.k,1=0
d—1
= Y likjl)(ikjl| = I(e), (19)
i,j.k,1=0

with I(e) still being the identity matrix, only it exists on a
higher dimensionality of d* x d*. Similarly,

d—1
EG®GE =E[ Y likk)(jjll| |E"
i,j,k,1=0
d—1
= Y likik)(jljll = G(e),  (20)
i, jk,1=0

with G(e) =
matrix of unnormalized |®(e)) = Y

|®(e))(P(e)| still being the pure state density
ld; o lijij), only it exists

on a higher dimensionality of d* x d*.
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Regarding the positivity of the middle part E(I ® G)ET +
E(G® DE" on |ySRs?),

d—1
D lijkkyijll|

i,j,k,1=0

EI®GE =E

d—1

Ef = Z |ik jk) (il jl|

ijk,1=0
=d(|vos v |+

X < It |)

—d Z }1![52—34

i,j=0

V)

32—34} 21

§2=S 1 d—1 .7 . . ..
where W;Ir ) = 7 > i likjk) is the superposition of all
multipartite states with identical states on the second and
fourth subsystems, while their first and third subsystems are
of states i and j, respectively. WYZ %) is a normalized pure

state of Schmidt rank d, and all Schmidt coefficients are «/LE'

Do a decomposition of |SR<2) in the following way:

d—1

2 pifl i), (22)

i,j=0

[y =

where |1//iSjR<2) represents the normalized extraction of all

li — j—) terms from the state of [ySR<?). More specifically,
for a state |SRS?) of

d—1
W) = " pacalabed), (23)
a,b,c,d=0
the correspondin SR<2 is
p g
YRS = Z Piajsliajb), (24)
ab 0

d—1
where N, = /30 o Piajo|*-

It can be proven that the normalized extraction of all |ixjy)
terms must also have Schmidt rank < 2. Consider the state-
operator isomorphism in Def. I1.2; the Schmidt rank of |r)
is equivalent to the rank of the matrix W(|¥)). The normal-
ized extraction of all |i — j—) terms composes a new state
of |1//l~S]-R<2), therefore its corresponding matrix is a submatrix
of W(|ySRS?)), composed of rows i x d +x and columns
Jj x d +y, with x, y taking values from {0, ..., d — 1}. Since
the rank of a submatrix is never larger than the rank of the
whole matrix, |wSR<2) must have a Schmidt rank less than or

equal to that of |1,05R<2).
Using Lem. IV.1 again, it is then clear that

- LIVl D
|< SR<2|W2 )l 5!’1’8]4 < E‘Sipsjq-

(25)

5=l =

It follows that

(WREU @ GET Y™

—d Z |Pu|2| SR<2 €2 .v4>|2

i,j=0

<2 Ipyl =2 (26)

i,j=0
A similar analysis is applied to E(G ® I)ET, getting

(W IE(G @ DET |y ™)

—d Z |qu|2| SR<2 s,—s;)|2

i,j=0

d—1
<2 ) gl =2 27)

i,j=0

A sufficient condition for the 2-undistillability of Werner
states is

(YR |I(e) + B*G(e) + BEUI ® G + G @ DE'|Y5*<?)
> 14 2(WE)YSRHP2 448> 1448 >0.  (28)

Therefore, we can conclude that when 8 >
2-undistillable.

A similar process is followed in the arbitrary N case,
yielding a lower bound regarding all the odd terms in (1 +
B)N. Since the odd terms in (1 4+ B)" can be expressed by

w, a lower bound can then be obtained for the
N-undistillability case:

Theorem IV.2. Let By be the zero point of 1 + (1 4+ )N —
(1 — BN within [—1, 0]. When B > By, Werner state p,, is
N-undistillable.

Proof of this is presented in Appendix B. By calculating the
zero point, a lower bound is obtained where the corresponding
Werner state is N-undistillable. Note that unlike in previous
works, this bound gy is also independent of dimensionality d.
By subsequently raising the dimensionality of Werner states
within the set, thus raising —-, we can always obtain a set
of Werner states that falls 1nt0 [Bo, — d), which means that
they are both NPT and N-undistillable for any finite N. How-
ever, as N increases, higher dimensionality is required for
undistillability, and so the subset of N-undistillable NPT states
shrinks to emptiness as N approaches infinity, which is similar
to the circumstances encountered in [6,18,19]. Therefore, this
method fails to find a state that is undistillable for arbitrarily
many copies, while being NPT at the same time.

—1, p, must be

V. THE PROBLEM AS A PARTIAL TRACE INEQUALITY

The problem of Werner states’ N-undistillability can be
equivalently written as inequalities regarding the Frobenius
norm of partial traces of a rank-2 matrix.

Take 2-undistillability as an example. (YSRS2|E(I ® G +
G ® IET|ySRS2) can be written with regard to the Frobenius
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norms of two partial traces:

(WSRSYE(T @ G)ET|YSRS?) = [T (G (w12, (29)

(YR2EG @ DET[Y™S%) = [T CeW))IF,  (30)

where || - || denotes Frobenius norm:

d>—1

> IXi2 = VTr(XX). 31

i,j=0

I1X1lF =

Xo(y) is a d? x d? matrix with rank < 2, obtained by state-
operator isomorphism, from |ySR<2), a pure bipartite d> x d?
state with Schmidt rank < 2. For simplicity, we will be writing
it as X, from now on.

The normalization of [yYSRS?) requires that ||Xa||7 =
Tr(X; X;)=1. Now the problem of Werner states’ 2-
undistillability is equivalent to the following: Find a range
of B that makes the following inequality always hold for
arbitrary X, with rank no larger than 2 (the requirement of
||X2]|% = 1 can be lifted due to homogeneity):

X7 + B2 Te(X)1* + B[11Tr )| 7
+ T (X)l7] > 0. (32)

N-undistillability has a similar form:
Theorem V.I. Werner state p,, is N-undistillable iff the
following holds for all d¥ x d™ X,:

Y BUIITsCO)IIE > 0, (33)

where Try takes partial traces of the subsystems in set S.

S is taken to be the subsets of {1, ..., N}, including the
case of ¢, where |S| = 0, ||Tr5(X2)||12F = ||X2||12,, and the case
of {1,..., N}, where [S| = N, ||Trs(X2)|% = [|Tr(X2)||%.

The proof of this is presented in Appendix C. A similar
result is obtained by [28].

The partial trace inequalities are with regard to a matrix
X, with rank 1 or 2. From now on we consider the case in
which g is taken to be —% according to a popular guess. For
the 2-undistillability problem, the rank-1 case can be trivially
proven by making use of the following lemma:

Lemma V.2. The inequalities

Ty (XDIE < 1X 115, I T&X)IE < 11X )% (34)

hold for any d? x d? square matrix X; with rank 1.
Proof of this lemma is presented in Appendix E. For X,

with rank 2, the inequality of concern when 8 = —% is

TG [7 + 1T )17 — ST 0)* < 2/1X:[F = 2.
(35)

For any square matrix X, with rank 2, the singular decompo-
sition can be applied, decomposing the matrix as the sum of
two rank-1 matrices:

X, = 01X, +02X; = opu'v'T + oV, (36)

where 012 —1—022 =1, and both o, and o, are positive. We
introduce d x d matrices Uy, U,, V, V, that are the result of
state-operator isomorphisms, corresponding to ul,u?, v, v2,
respectively.

Equation (35) then becomes
o [Tr(VU UV, + Te(U ViV U))]
+ SF[Te(V2U, UsVy ) + Tr(U, ViV, Un)]
+ 01022 Re[Tr(V\U, UV, ) + Tr(U, ViV, Us)]
_ o TWV) + TV

5 2. 37)
For simplicity, the above is rewritten as
O']2P + 022Q + o103R < 2, (38)
where P, O, R are
P =Tr(U/V\V,'Uy) + Tr(VU{ U V) — w
(39

- N LA
0 = TrUIBV, Uy) + Te(VaUS UnVy ) — 222l

(40)
R =2Re [Tr(Vl U V) + TeU ViV, Un)
B Tr*(UIVlzTr(Uzva)]. )

Maximization regarding variables o}, o, reduces the question
to proving

R*<42-P)2-0), (42)
with normalization and orthogonality conditions requiring
WUIIF = IVillp = Il = IVallz =1 (43)
and
tr(V, Vi) = (U, Uy) = 0. (44)

The special case of U; = V), in other words X, being the
sum of a normal matrix and a rank-1 matrix, has been proved
in [28].

In fact, by a slight change of representation, we can also get
an equivalent expression of Werner states’ N-undistillability
inequality, regarding only rank-1 matrices:

Theorem V.3. Werner state p,, is N-undistillable iff

Rel fv(X1. XDI < fv (X[ XDfw(X1. X)), (45)
where
XD = ) ITHTXDTsXDI > 0, (46
Scfl,...,N}

where X; = w'x, X{ = y'z are d" x d" rank-1 matrices, and
their component vectors w, X, y, z satisfy w L y,x | z.

Similar to the previous theorem, S is taken to be the sub-
sets of {1,..., N}, including the case of @, where |S| =0,
Trs(X;) = X», and the case of {1,...,N}, where |S| =N,
Trs(X2) = Tr(Xs).

Proof of this equivalence is presented in Appendix D.

It is then established that the N-undistillability problem
for arbitrary N can be written as inequalities concerning
rank-1 matrices. Although the above form looks like a
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Cauchy-Schwartz inequality, fy(Xi,X|) cannot be regarded
as an inner product and enable the direct application of the
Cauchy-Schwartz inequality. fy(X;, X;) is obviously conju-
gate symmetric, and for rank-1 matrices X; and X;, positivity
of fv(X1,X1) and fy(X{, X{) can be ascertained. However,
rank-1 matrices do not compose a vector space, since the
sum of two rank-1 matrices can be a rank-2 matrix. Although
arbitrary finite-rank matrices do compose a finite-dimensional
vector space, proving positivity of fy(A, A) for arbitrary rank
matrix A is both beyond our ability and our need, since prov-
ing positivity of fy (X3, X») for arbitrary rank-2 matrix X; is,
in fact, equivalent to Eq. (33), and is enough for proof of
N-undistillability.

VI. CONVERSION TO A MULTIVARIABLE FUNCTION

We make another attempt at this problem by seeing it as
a multivariable function. For simplicity, we consider only
the real case of the 2-distillability problem, that is, X;, X/
are d* x d?* real matrices. For convenience of expression we
use f(C,D) = fo(X;,X{) to denote the function concerned.
Thus, the 2-undistillability problem is equivalent to proving
the following inequality for all d*> x d*-dimensional rank-1
matrices C, D:

f*(C, D) < f(C,C)f(D, D), (47)
where
f(C,D) ="Tr(C" D) + B[Tr(C{ D) + Tr(C] D)]
+ B2Tr(CT)Tr(D), (48)

where we have used Tr;(C) = G, Trp(C) = Cy, Tri(D) =
D;, Tr(D) = D for simplicity. A multivariable function g(C)
is defined if we see D as a constant Dy:

g(C)p, = f(C,C)f(Dy, Do) — f*(C, Dy), (49)

where Dy is an arbitrary (d* x d?)-dimensional real matrix
with rank 1. Both C and Dy can be written as outer products
of d?-dimensional real vectors w, X, y, Z:

C=wx',Dy=yz. (50)

The multivariables of function g(C) are taken to be the com-
ponents of vector w, X, represented by w;;, x;;. Indices i and
j take their values in [0, 1,...,d — 1], and are combined
together to represent the (i X d + j)th component of the vec-
tor. The problem is therefore transformed into proving that
multivariable function g(C)p, is always non-negative for all
variables w;;, x;; and all possible parameters y;;, z;;. It is clear
that when C = Dy, g(Do)p, = f*(Do, Do) — f*(Do, Do) = 0,
and we conjecture that these are global minimums.

We first prove that the gradients at these points are zero
regardless of the parameters y, z by calculating the Jacobian
matrix, therefore showing that the C = Dy points are indeed
critical points. Then the Hessian matrix at this point is pre-
sented, in particular its three block parts, since the Hessian
matrix is Hermitian. We conjecture that it is positive semidef-
inite. An additional proof of nonconvexity is also given in
Appendix F, thus eliminating the easy case where any local
minimum is also a global minimum.

A. The gradient at C = D, is zero

For simplicity, all g(C)p, are written as g(C) in the follow-
ing text. Define

d—1
2
hyij(w, x) = 2w;; E X
p.q=0
d—1 d-1
+28 Z XpjWigXpg + E , XigWpjXpq
p.q=0 P.q=0
d—1
2
+2B%x;; E WpgXpg | (51)
p.q=0
d—1
ha.ij (v, 2, X) = yij Z XpgZpq
p.q=0

d-1 d-1
+ 8 Z XpjYigZpg t Z XigYpjZpq

p.q=0 P,q=0
d—1
+ :Bzxij Z Ypglpq |- (52)
p.q=0

The partial derivatives of f(C, C) and f(C, D) are

af(C,C af(C,C
EC) hyij(w, x), A haije, w), (53)
aw,-j axij
af(C,D af(C, D
M = hz,ij(y» Z,X), M = hzﬁij(z,y, w). (54)
Bw,-j axi,i

Notice that
2hyi(x, w, w).
Therefore, at the critical points where C = Dy,

hyij(w, x) =20y ;5(w, x,x),  hy (e, w) =

af(C, Do) _1af(c.o) ’ (55)
owij  le—p, 2 Owij |c—p,

df(C, Do) _1f(c. o) (56)
0x;; C=Dy 2 ox C=Dy

It then follows that the Jacobian at the C = Dy point is zero:

0g(C of(C,C
SO _ oy, pp2EC)
Owij le=p, dwij |c=p,
df(C, D
_zy F(Do. Do) =0, (57)
Wi C=D,
0g(C f(C,C
SO oy, 2 EC
9xij |c=p, 0xij  le=p,
df(C, D
4# F(Do. Do) =0. (58
Xij C=Dy

It is then established that the gradients at the C = Dy points
are zero, and the points are indeed critical points.
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B. Hessian matrix

Hessian matrices at the critical points are presented. Define

-1 -1
s ik (x) = 2848 j1 Z xiq +2p |:5ik prjxpl
p.q=0 p=0
d-1

+ i inquq:| + zﬂzxijxkz, 59
q=0

d—1
haijr(w, x) = 4w;jxy + B |:25jl< wiquq)

q=0

d—1
+ xpjwi + 205k ( Z ijxpl) + X wk/:|

p=0

B d—1
+ 2,32 8ik8jl< Z wpq-qu> +xijwkl:|a

p.q=0

o /d-1
=yijzu + B| i < yiqqu>
L q=0

d-1
+ ik ( Zy,;,zp1>:| + ,325ik5j1( Z yqupq)~

p,q=0

(60)

hs,ijk (v, 2)

(61)

The Hessian matrices at C = Dy can be explicitly written as

9°5(C) 9°8(C)
aw,-_,-awk, C=D(] aw,-_,- 3Xk[ C=D()

3%g(0) 3%4(0) ’ (62)
0x;; 0wy =Dy 00X Cc=D,

where the three independent parts of the Hessian matrix are

3%g(C)
ag— = f(Do, Do)h3 ijii (x)
w,'ijk[ C=Dy
—2hy ;;(w, x, x)hy (W, x, x), (63)
3%g(C)
ag_ = f(Do, Do)h3 ijir (w)
)C,'jaxk[ C=D,
—2hg ;i (x, w, wWho (x, w, w),  (64)
3%g(C)
S8 = f(Do DoYhaiju(w, x)
8wij8xk1 C=D,

— 2hs ki (w, x) f (Do, Do)
—2hy i (w, x, why g (x, w, w).  (65)

We conjecture that this Hessian matrix is positive semidef-
inite, thus making the critical points local minimums. In

Appendix F we prove that the function is nonconvex, which
means that further scrutiny is needed for characterization of
this function.

VII. CONCLUSION AND DISCUSSION

We have broken down the process of verifying N-
undistillability into iterative steps of 1-undistillability verifi-
cations by noticing that N-undistillability for arbitrary N is
equivalent to 2" -undistillability for arbitrary N, and then uti-
lizing specific symmetric properties. In the Werner states case,
new parameter intervals for N-undistillability of any finite N
are presented, a result similar to that of [6,18,19], but differ-
ent in the sense that our parameter intervals are unaffected
by the dimensionality of the Hilbert space in which Werner
states lie. Alternative expressions for inequalities applicable
to both rank-2 and rank-1 matrices are given. Subsequently,
the problem of 2-undistillability is converted into a matrix
analysis problem. Both the finite and infinite versions of the
above inequalities remain unsolved problems in mathematics.
If we manage to find necessary and sufficient conditions for
these inequalities, then the bound entanglement problem can
be fully solved. The multivariable function treatment is also
attempted, as well as proving critical points, nonconvexity,
and conjecturing about Hessian positivity.

Recently, in [28], the N-undistillability of Werner states
has been reformulated into a set of partial trace inequalities,
which coincided with our Theorem V.1. In the regime of the
2-distillability of Werner states, a special case of the matrix
being the sum of a rank-one matrix and a normal matrix is
proved.

We believe the new perspectives presented here will assist
further attempts at this famous open problem.
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APPENDIX A: PROOF OF LEMMA 1V.1

LemmaA.l. Let |) be an arbitrary pure quantum state, and
s; are the Schmidt coefficients of |/) arranged in descending
order. Then

(¥ 1p°R<h) |2, (A1)

k
E = max
|¢SR<1<

where |¢SR<¥) is an arbitrary quantum pure state with Schmidt

rank being less than k, namely SR(|¢SR<)) < k.
Proof. State-operator isomorphism translates the problem
to an equivalent form of proving

k
ITr(A'B)> < ) sHA)., (A2)
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where both A and B are d x d matrices, and are the result
of state-operator isomorphism from |v) and |¢SR<K). Specifi-
cally, for

d—1
W) = alif),

(A3)
i j=0
Qoo Qo o0, d—1
o o e wg
a=| " b UL
Qg—1,0 g—1,1 Ad—1,d—1
Similarly, for
d-1
58Ky = Bisli), (AS5)
i, j=0
Boo Bot Bo,d—1
B /3.10 5.11 lgl,fl—l (A6)
Ba-10 Bi-11 Ba-1,d-1

Therefore, A and B are both of Frobenius norm 1 due to
normalization conditions, with B having the same rank as
the Schmidt rank of |¢SR<K), namely < k. We use s;(A) and
|X;(A)| to denote the singular values and absolute values of
eigenvalues of A arranged in descending order,

ITr(A'B)* < (Z I/\i(A"'B)I) < (Z»(ATB)>
i=1 i=1
k 2 k 2
< (Zsi(AUsl-(B)) = (Zs,-(A)si(B)) :

i=1 i=1

(A7)
where the second and third inequality are from Theorem
3.3.13(a) and Theorem 3.3.14(a) in [29], and d — k change

of index holds because the rest of B’s singular values are all
zeros after d. Then by Cauchy-Schwartz inequality,

k 2
ITr(A™B)|* < (Zsi(A)si(B))

i=1

< (ijs%w) (isﬁm)

j=1

(A8)

where the last equality follows from the fact that B is of rank
< k, and therefore only has k nonzero singular values. ]

APPENDIX B: PROOF OF THEOREM 1V.2

Theorem B.1. Let By be the zero point of 1 + (1 + g)N —
(1 — BN within [—1, 0]. When B > By, Werner state p,, is
N-undistillable.

Proof. We can overlook the - factor since it does not

d>+Bd
affect positivity,

N
(pgA)®N:1®N+ZIBm Z Gi] ®Gi2®~'~®GiN,

m=1 seq(m,N)
B1)

where seq(m, N) denotes all possible binary iy, ..., iy se-
quences with m ones and N —m zeros. For convenience,
denote Zy = {n|i, = 0}, Z, = {nli, = 1},

MyG' @ G2 ®---® GVM},

=My Z |- ooty - N oo - MY

Jijon
= > |t oy )
Jijon
X <-~-j2n—l+i,,--~a~~-j2n~--|
=d" Y Wpiwnezo) Wiz, (B2)
Jon—1sJ2nNEZy

where the sum is taken over all indexes in the subscript within
the range of {0, ..., d — 1} (the same goes for all similar sums
below), and

1
|¢j2n—|quu,neZo> = W Z | BN LT R j2n7i,l cee )

Joan—1,n€Z,

(B3)

Any pure quantum state |/S8S?) of Schmidt rank no larger
than 2 can be decomposed into

PR = Y

Jon—1,jan,NEZy

SR<2
P jon-i.jonn€Zy |sz,,_1 ,jz,L,neZo>’

(B4)

SRE2 . . .
where sz"_h jzn,’lEZ(1> is the normalized extraction of

all ... jomteeereeijom...)sn€Zy terms in |YSRS2),
namely, if
SR<2y _
v ) = Z Chy ooty | K15 o5 KaN), (BS)
ki,..., kon
then
SRL2 _ 1 . )
|1//j2n71,.i2n,nezo> - . Z Colontoc o
pjzn_],jzn,nez() Jan—1sjan,NEZ
X|...j2n_]...,...j2n...>, (B6)
where
Pjr-1,jonn€Zy = Z Lo S JZn---|2' (B7)

Jon—1sJjan,NEZ)

It can be proven that WZ‘:_?ZM nezo) also has Schmidt rank
less than or equal to 2. According to state-operator isomor-
phism, the Schmidt rank of a state is equal to the rank of the

corresg)onding operator. In fact, the operator corresponding to

< . . .
|¢j52R_\] W neZo> is the extraction of d” rows ... jo,_1...,n €
Zy, and d™ columns ... jo,...,n € Zy. The row and column
numbers ... jy,—;... and ... jo,... are written in base-d

numeral systems. Therefore, the operator corresponding to
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SRL2
1V annezo

|SRS2) The rank of a submatrix is no larger than the rank of

the entire matrix, therefore |1pj$2R§2j, nez,) Must have Schmidt
1o foms

rank no larger than 2. Using Lem. IV.1, it is then clear that

) is a submatrix of the operator corresponding to

2
| <w_lszl:§.2jzn,nezo | I/ijn—l JJansn€Zy > | 2 < d_m N

(B8)
and so

(W IMY G © G @ - ® GYMY 1Y)

m 2
<d"— >

Jan—1,Jan,NEZy

|pj2n-1,j2,,,nezo |2 =2 (B9)

S . N
Considering the fact that all even terms in (,o,f*)® are non-
negative and using the above inequality on all odd terms, a
lower bound is obtained:

QN
(WSRS2 My (012) ™" M |y SR<?)

1
> 14+ 2087 =1+ (1 + )Y — (1 - Y.
k=1

(B10)

For 8 € (—1,0), any B greater than the zero point 8y would
make 1+ (1 + 8)Y — (1 — B)V greater than zero, thus ensur-
ing the positivity of (ySRS?|My(pl )®NM;(,|¢SR<2). [ |

w

APPENDIX C: PROOF OF THEOREM V.1
Theorem C.I. Werner state p,, is N-undistillable iff the
following holds for all d¥ x dV X,:

Y BYITOR)IE > 0, n

where Trg takes partial traces of the subsystems in set S.
Proof. We have already established that N-undistillability
is equivalent to

(I//SR<2|MN(,OTA )®NM;]W,SR<2> >0. (C2)
In the Appendix B, it has been established that
N
(pgA)(@N — J®N + Z:Bm Z Gh ® G" Q- ® GiN,
m=1 seq(m,N)
(C3)
M]\](;iI ® Gi2 K- Q GiNM]-tl
=d" Z |sz»m,jz,l,neZO><1//j2”7| joamsn€Zo i , (C4)
Jan—1,Jan,NE€Zy

where the sum is taken over all indexes in the subscript within
the range of {0, ..., d — 1} (the same goes for all similar sums
below), and

|w.f21171 5j2nvn€z())

1
=— | jonet e oy o). (CS)
\/d_ijN—];EZ]

For a pure quantum state of the form

)N S TN [V SURTUURS SUR S
N

SR<2\
[y =
Jseens

(C6)

(wSRSZlMNGil ® Giz ® L ® GiNML|'(//SR<2)

=d" )

Jon—1,jan1€Zy

SR<2y 12
I<¢j2/171,j2nsnezo|w )l

2

§ § C...j2n71 ....... .]'2,,,,’”

Jon—1,J2n-M€Zy | jon—1,n€Z

= || Tr (i, jnez) X2 I3 (C7)

In the last equality, X is the result of state-operator isomor-
phism from |SR<?). Noticing that

(WSR2 M IEN M SRS = 1 = BY)1X, 112, (C8)
it then follows that
(WSS My (™) S M 1 5RS2) > 0 (C9)

is equivalent to

> BT ()11 > 0.

(C10)
sc{l,...N}

|

APPENDIX D: PROOF OF THEOREM V.3

Theorem D. 1. Werner state p,, is N-undistillable iff
Re[fv (X1, XDI* < fv(X], X)) fv (X1, X1), (D1)
where

W& XD = Y BITHTGX) T > 0.y

where X; = w'x, X = y'z are dV x d" rank-1 matrices, and
their component vectors w, X, y, z satisfy w L y, x L z.

Proof. It has been proven that N-undistillability is equiva-
lent to

> BTN > 0. 3)

Since any rank-2 matrix can be decomposed via singular value
decomposition:
X> = 01X; + 0o X], (D4)

Eq. (D3) can be written as

> BT (O)IIF

+ 2010,Re(Tr(Trs (X)) Trs (X])))]
= ol fv(X1. X)) + o5 fu(X{, X))
+ 20100Re[ fv (X1, X1
> 0. (D5)
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The above should hold for all singular values o7, 05, which is
then equivalent to

Re[fv(X1, X)1* < fivX1, X)X, X)),  (D6)

always holding when X; = w'x, X| = y'z are d" x d" rank-
1 matrices, and their component vectors w, X, y, Z satisfy w L
y.x Lz ]

APPENDIX E: PROOF OF LEM. V.2
Lemma E.I. The inequalities

[T (XI5 < X 11E 1T &XDIE < 1Xill7 (E1)

hold for any d? x d? square matrix X; with rank 1.
Proof. A rank-1 matrix X; can always be written as the
outer product of two vectors (in this case, bipartite):

XDij = wijxi. (E2)
Its partial traces can be computed accordingly:
d-1 d—1

[Tra(X)lik = Y wijnis [Tri(X0)]ju = Y wijxa.  (E3)
j=0 i=0

A direct calculation and application of Cauchy-Schwartz
inequality yields the desired result:

d—1 | d—1 2 -1 d-1 d—1
2 2 2
ITXDIE = Y | D wixg| < Y2 Y lwyl* Y vl
i,k=01 j=0 i,k=0 j=l =0
d—1
2 2 2
= Y lwylPlal® = 11X, (E4)
i,j,k,1=0
d—1 | d—1 2 4-14d-1 d-1
2 2 2
T XDIE = Y | D wixa| < DD wi? Y Il
ji1=01 i=0 j,1=0 i=0 k=0
d—1
2 2 2
= Y lwylPlal® = 11X (ES)
i, j.k,1=0

APPENDIX F: PROVING NONCONVEXITY

We now prove that the function of g(C)p, is nonconvex by
showing that its local minimum set is not a convex one. For

C=wx', Dy=yz, (F1)
we set vectors y and z to identical forms of
Yij = Zij = 8iod;1. (F2)

For simplicity, we first write the variables w, X in a matrix

form of

Woo  Woi Wd—1,d—1

Xoo  Xol Xd-1.d-1 )’
where the two rows correspond to two vectors w, X, respec-
tively. We take the middle point combination of the following

two points:
0o 1 ---0 1 0 ---0
o1 -0\t o ---0)
Both of these points can be proven to have zero Jacobian
matrix and positive-definite Hessian, effectively making them
local minimums.
For a convex function, its local minimum set must be

a convex set, so that a middle point combination of any
two points should stay in the set. Their middle point

combination is
1 1 0 ---0
1 1.0 --.0)

The normalization factor does not change whether the Jaco-
bian matrix is nonzero or not, and therefore is interchangeable
and omitted here. At this particular point, the Jacobian matrix
is nonzero and proportional to

(1,1,0,0,0,0,0,0,0,1,1,0,0,0,0,0,0,0] (F3)

which suggests that the middle point is not a local minimum,
thus proving the nonconvexity of the set of local minimums.
It then follows that the function of g(C, D) is nonconvex.
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