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Temperature-heat uncertainty relation in nonequilibrium quantum thermometry
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We investigate the temperature uncertainty relation in the nonequilibrium probe-based temperature estimation
process. We demonstrate that it is the fluctuation of heat that fundamentally determines temperature precision
through the temperature-heat uncertainty relation. Specifically, we find that heat is divided into trajectory heat
and correlation heat, which are associated with the heat exchange along the thermometer’s evolution and the
correlation between the thermometer and the sample, respectively. Based on two types of thermometers, we
show that both of these heat terms are resources for enhancing temperature precision. By clearly distinguishing
the resources for enhancing estimation precision, our findings not only explain why various quantum features
are crucial for accurate temperature sensing but also provide valuable insights for designing ultrahigh-sensitive
quantum thermometers. Additionally, we demonstrate that the temperature-heat uncertainty relation is consistent
with the well-known temperature-energy uncertainty relation in thermodynamics. It establishes a connection
between the information theory and the thermodynamics.
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I. INTRODUCTION

The enhancement of temperature accuracy would help
us better quantify and control various physical, chemical,
and biological processes that are sensitive to temperature
variations [1–4]. Various quantum features, e.g., quantum
coherence [5–11], strong coupling [12–17], quantum correla-
tions [18,19], and quantum criticality [20–23] are proposed
to enhance the temperature measurement precision, which
is known as the quantum thermometry [24–30]. However,
the fundamental limits of the quantum thermometry and the
reasons why these quantum features can enhance estimation
precision are still not fully understood.

Similar to most sensing processes, temperature sensing
consists of three steps: the initial-state preparation, interaction
with the sample and evolution, and the final measurement
and readout [31,32]. Thermometers are divided into two
classes based on the evolution process. One is the equilibrium
thermometer, where the probe and sample reach thermal equi-
librium [33–35]. The other is the nonequilibrium thermometer
[7,8,36–38]. The precision for both classes is constrained
by the Cramér-Rao bound [26]. In the equilibrium case,
when the coupling between the thermometer and the sam-
ple is negligible, this bound is reduced to the well-known
temperature-energy uncertainty relation (UR) in thermody-
namics, �β�U � 1 [39,40]. It reveals that the precision of
temperature fundamentally relies on the fluctuation of internal
energy [41]. Similar to the position-momentum and time-
energy URs, this UR highlights the resources—the fluctuation
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of internal energy—for enhancing temperature precision [42].
Based on this UR, the optimal thermometry has been pro-
posed for the equilibrium thermometer [33]. Beyond this
regime, although various quantum features, such as strong
coupling [12–17] and quantum correlations [18,19], have
been demonstrated to contribute positively to quantum ther-
mometry, no specific UR has been identified. Therefore, the
exact resource for enhancing temperature precision beyond
the weak-coupling equilibrium thermometer is still unknown.

In this article, we reveal a temperature-heat uncertainty
relation (UR) in the temperature sensing process, which fun-
damentally governs the temperature precision. This conclu-
sion holds for both equilibrium and nonequilibrium quantum
thermometers. A detailed analysis shows that the heat can be
divided into the trajectory heat and correlation heat, which
are associated with the heat exchange along the thermome-
ter’s two-point quantum trajectory and the correlation between
thermometer and sample, respectively. Based on two type of
thermometers, we demonstrate that both of these heat terms
are important for temperature sensing. Specifically, with the
heat-exchange thermometer, we demonstrate that enhancing
the trajectory heat through decreasing the detuning or increas-
ing the coupling strength is crucial for the low-temperature
thermometer. On the other hand, we reveal that the dephasing
thermometer utilizes the correlation heat as a resource for tem-
perature estimation. Thus enhancing the correlation between
the thermometer and the sample is important for the dephasing
thermometer. Our findings not only unambiguously reveal the
resources in temperature estimation but also clearly explain
why quantum features, such as quantum criticality, strong
coupling, correlation, and coherence, are essential resources
for enhancing estimation precision.
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FIG. 1. Scheme of temperature estimation. The initial product
state χ (0) = ρ(0) ⊗ ρB evolves to χ (t ) under unitary evolution Ût .
A following projection measurement under a properly chosen basis
�̂l = |l〉〈l| is applied on the thermometer part, which reduces the
sample state to ρB,l (t ) = TrS[�̂lχ (t )�̂l ]/Pl with probability Pl =
Tr[�̂lχ (t )]. Sequential measurements on the sample’s average en-
ergy of initial state and final state yields the average energy εB,l (0)
and εB,l (t ), respectively. The difference εB,l (0) − εB,l (t ) is defined as
the trajectory heat as it depends on the two-point quantum trajec-
tory of the thermometer. The sample’s average energy is measured
from the decorrelated state ρB(t ) = TrS[χ (t )], denoted as εB(t ). The
disparity between εB,l (t ) and εB(t ) is defined as the correlation heat,
as it reflects the fluctuation of the sample’s energy under different
final states of the system. At last, the average

∑
l Pl [εB,l (0) − εB(t )]

over all the system’s final states is defined as the average heat. In the
end, the precision of the temperature estimation is determined by the
fluctuation of the term (Htra + Hcor − Havg).

II. TEMPERATURE-HEAT UR

Consider a general temperature sensing process. The
scheme is illustrated in Fig. 1. The thermometer (denoted as
S) is prepared to an initial state ρ(0). The sample (denoted as
B) is in equilibrium state ρB = e−βĤB/ZB, where β = 1/KBT
is the inverse temperature with Boltzmann constant KB and
distribution function ZB. The thermometer then interacts with
the sample and evolves according to the total Hamiltonian

Ĥ = ĤS + ĤB + ĤI , (1)

where ĤS is the thermometer’s Hamiltonian and ĤI is the
thermometer-sample interaction. After a time t evolution, the
total system reads χ (t ) = Ûtχ (0)Û †

t with χ (0) = ρ(0) ⊗ ρB

and Ût = e−iĤt . Through this evolution process, the tem-
perature information of the sample is encoded into the
thermometer’s state ρ(t ) = TrB[χ (t )]. Properly choosing the
measurement basis �̂l = |l〉〈l|, the probability distribution
Pl = Tr[�̂lχ (t )] is obtained from the projection measure-
ments, which is a function of the temperature. Repeating such
processes many times, the temperature is estimated from the
probability function Pl and the precision is limited by the
Cramér-Rao bound

(�β )2 � 1/(NF ), (2)

where N is the number of the measurements and F is the
Fisher information with the definition

F =
∑

l

PlL2
β. (3)

Here Lβ = d ln Pl
d (−β ) is the score function [43]. Note that different

measurement basis �̂l can cause different Fisher information
and the optimal basis would yield the largest Fisher informa-
tion FQ, which is known as the quantum Fisher information
[44].

It is interesting to note that the Fisher information can be
interpreted as the fluctuation of the score function. Never-
theless, the score function is an information quantity. Here,
we aim to find a physical interpretation of the score function
such that the information inequality reduces to a physical
uncertainty relation. A detailed calculation yields

Lβ = Tr[M̂l ĤBχ (0)M̂†
l ] − Tr[ĤBχ (0)], (4)

where M̂l = 1√
Pl

�̂lÛt denotes the free evolution and the fol-
lowing projection measurement on the system part with output
state |l〉. From the expression, one can find that the score
function is associated with the average energy change of the
sample caused by the coupling with the thermometer and the
following projection measurement applied on the thermome-
ter. To correctly capture the physics of the score function, we
introduce a decomposition Lβ = Htra + Hcor − Havg, which
shows that Lβ is the sum of trajectory heat, correlation heat,
and average heat [45]. The detailed expressions of these heat
terms are

Htra = Tr[M̂l ĤBχ (0)M̂†
l − ĤBM̂lχ (0)M̂†

l ], (5)

Hcor = Tr[ĤBM̂lχ (0)M̂†
l ] − Tr[ĤBχ (t )], (6)

Havg = Tr[ĤBχ (0)] − Tr[ĤBχ (t )]. (7)

Here, we use the term “heat” to name the change of sample’s
average energy [46–49], although there is still controversy
regarding how to define quantum heat in a strong-coupling
system [50,51].

The physical meaning of these terms is explained via the
schematic diagram shown in Fig. 1. First, the trajectory heat
is associated with the average energy change of the sample
during the free evolution of the total system, followed by a
projection measurement applied to the thermometer. To check
such a point, one can express the sample’s Hamiltonian as
ĤB = ∑

m εm|mB〉〈mB|, where |mB〉 is the eigenstate of ĤB

with eigenvalue εm. Given the initial state ρB = e−βĤB/ZB, one
can represent the trajectory heat as the standard heat term in
two-point measurements given by

Htra =
∑
m,n

Tr
[
�̂B

n M̂l�̂
B
mχ (0)�̂B

mM̂†
l �̂B

n

]
(εm − εn), (8)

where �̂B
m = |mB〉〈mB| and equalities χ (0) =∑

m �̂B
mχ (0)�̂B

m and ĤBχ (0) = ∑
m εm�̂B

mχ (0)�̂B
m are

used. Twice measurements of ĤB are conducted on the
initial and the final states, yielding the average energy
εB,l (0) = ∑

m,n Pl;n,mεm and εB,l (t ) = ∑
m,n Pl;n,mεn,

respectively, where Pl;n,m = Tr[�̂B
n M̂l�̂

B
mχ (0)�̂B

mM̂†
l �̂B

n ]
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and satisfies
∑

m,n Pl;n,m = 1. Their difference is defined as
the trajectory heat, which characterizes the loss of sample’s
average energy along the temperature measuring process,
tracing the trajectory of the thermometer from ρ(0) to
|l〉〈l|. Secondly, the correlation heat quantifies the average
energy change of the sample caused by the projection
measurement applied to the thermometer. The sample’s
state with and without a projection measurement of the
thermometer are represented by ρB,l (t ) = TrS[M̂lχ (0)M̂†

l ]
and ρB(t ) = TrS[χ (t )], respectively. Both of them are density
matrices and satisfy ρB(t ) = ∑

l PlρB,l (t ). The correlation
heat is then reduced to

Hcor = Tr[ĤBρB,l (t )] − Tr[ĤBρB(t )], (9)

where the corresponding average energies are denoted as
εB,l (t ) and εB(t ), respectively. Their difference is defined as
the correlation heat Hcor. It quantifies the fluctuation of the
sample’s average energy under different final states of the
system. Here, we refer Hcor to correlation heat because it
depends on the correlation between thermometer and sample.
Otherwise, if there is no correlation, the measurement applied
on the thermometer would not change the average energy
of the sample, resulting in Hcor = 0. One can check such a
point by setting χ (t ) = ρ(t ) ⊗ ρB(t ) as a product state, which
yields ρB,l (t ) = ρB(t ). Finally, the difference in the sample’s
average energy between

∑
l PlεB,l (0) and εB(t ) is defined as

the average heat [49].
By further noting Havg = 〈Htra〉 is the mean of Htra, we get

a simple expression of the score

Lβ = δHtra + Hcor, (10)

where δHtra = Htra − Havg. Hereafter, we use 〈 〉 to denote
the average over Pl . Using these results, we find that F =
〈(δHtra + Hcor)2〉. It is the main result of this paper. It reveals
that it is the fluctuation of heat that fundamentally determines
the temperature precision, i.e.,

�β2〈(δHtra + Hcor)
2〉 � 1. (11)

Here, we set the number of measurements N = 1 for repre-
sentation convenience. As it shares the same expression as the
UR, we refer to it as the temperature-heat UR in the temper-
ature sensing process. From it, we can identify two resources
to enhance temperature precision: one is the sample’s aver-
age energy change along the whole temperature measurement
process. It characterizes the ability for heat exchange [28]; the
other is the sample’s average energy change along the projec-
tion measurement. It characterizes the correlation between the
thermometer and the sample [18,19]. In the following section,
we illustrate these two types of resources based on specific
thermometers.

III. HEAT-EXCHANGE THERMOMETER

The first type of thermometer we considered operates
through the exchange of excitations or heat [23,33,52]. Here,
we take a toy model consisting of two coupled oscillators to
illustrate this type of quantum thermometry. One oscillator is
employed as the thermometer, while the other functions as the
thermal sample. Despite its simplicity, this model captures
many key features of thermometers working through heat

exchange. The Hamiltonians of ĤS , ĤB, and ĤI read

ĤS = ωaâ†â, ĤB = ω0b̂†b̂, ĤI = g(â†b̂ + b̂†â), (12)

where â(b̂) and â†(b̂†) are the annihilation and creation op-
erators of the thermometer (sample), respectively, with the
characteristic energy ωa(ω0) and g is the coupling strength.
We set the initial state of the thermometer as the vacuum
state ρ(0) = |0a〉〈0a|, which is proven to be the optimal for
temperature estimation [33].

We set the Fock state |la〉 as the measurement basis, which
is demonstrated to be the optimal basis for temperature es-
timation [23]. One can exactly solve this model and get the
trajectory heat and the correlation heat. Detailed derivations
are shown in Appendix A. Results are

Htra = lω0, Hcor = n̄b − n̄(t )

1 + n̄(t )
δlω0, (13)

where δl = l − n̄(t ), with n̄(t ) = 〈l〉 being the mean of l ,
and n̄b = 1

eβω0 −1 is the average excitation number in the ini-
tial state of the sample. Detailed calculation yields n̄(t ) =

g2 n̄b

�2+g2 sin2
√

�2 + g2t with the detuning � = (ωa − ω0)/2

and the fluctuation 〈(δl )2〉 = n̄(t )[1 + n̄(t )]. Using these re-
sults, we obtain

�β/β � 1

(βω0)(1 + n̄b)

√
1 + n̄(t )

n̄(t )
. (14)

From Eq. (13), it is evident that the trajectory heat is
directly proportional to the number of excitations absorbed
from the sample, which reflects the ability to exchange heat.
To enhance the fluctuation of the trajectory heat, one needs
to optimize the heat exchange ability by selecting the opti-
mal evolution time, denoted as topt = (i + 1/2)π/

√
�2 + g2,

where i ∈ Z and the optimal detuning is denoted as
�opt = 0. Conversely, a large detuning � � g would obstruct
the heat exchange, rendering the thermometer inefficient. Ad-
ditionally, examining the correlation heat in Eq. (13), it is
proportional to the excitation number in the sample n̄b − n̄(t ).
One can attribute this term to the conservation of the to-
tal particle number N̂ = â†â + b̂†b̂ due to [Ĥ , N̂] = 0. As
the correlation heat shares the same sign with the trajectory
heat, it consistently enhances the temperature precision with a
factor [1 + n̄(t )]/(1 + n̄b). This enhancement becomes partic-
ularly dominant during rapid high-temperature sensing, where
[1 + n̄(t )]/(1 + n̄b) � 1. Through this simple example, we
demonstrate that the ability to exchange heat is the primary
resource for heat-exchange quantum thermometers and the
correlation heat further enhances the temperature precision.

The increase of the heat exchange ability would help us to
realize the high-precision quantum thermometer, especially at
low temperature. In low-temperature quantum thermometry,
there is an estimation error divergence problem [28] caused
by the mismatch between the thermometer’s characteristic
frequency ωa and the sample’s typical frequency ω0 ≈ KBT .
For a multimode sample, Jørgensen et al. revealed a tight
bound (�β/β ) ∼ (β )(1+s)/2 on the finite-resolution quantum
thermometry, where the multimode sample is described by the
spectral density J (ω) := ∑

k g2
kδ(ω − ωk ) = αωsω1−s

c e−ω/ωc ,
with s � 0 [52]. One can understand this result from a
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single mode approximation g2 ≈ ∫ KBT
0 dω J (ω) ∼ (KBT )1+s

with ω0 ≈ KBT . It yields the bound �β/β � (eβω0 −1)3/2

βω0eβω0

�
|g| ∼

β (1+s)/2 according to Eq. (14), which reproduces the result
in [52]. To address the error divergence issue, one can either
reduce the thermometer’s characteristic frequency [20,23,40]
or enhance the coupling strength [12,13,52]. This highlights
the importance of quantum criticality, which effectively pro-
vides a gapless thermometer, and the strong coupling for
low-temperature thermometers.

IV. CORRELATION-HEAT THERMOMETER

There is another type of thermometer that operates based
on correlation heat, which we refer to as a correlation-heat
thermometer. One typical example is the dephasing ther-
mometer [8,10,11,37], which operates based on the dephasing
process. Here, we consider a multimode sample coupled with
a two-level thermometer. By setting ĤS = 0 as it is irrelevant
to the dephasing process, the Hamiltonians read

ĤI = σ̂z

∑
k

gk (b̂k + b̂k ), ĤB =
∑

k

ωkb̂†
kb̂k, (15)

where σ̂z is the Pauli matrix, b̂k and b̂†
k are the annihilation

and creation operators of the kth bosonic mode in the sample,
respectively, with characteristic frequency ωk , and gk is the
coupling strength.

We set both the initial state and measurement basis along
the x direction, i.e., ρ(0) = |+x〉〈+x| and �̂± = |±x〉〈±x|,
which are proven to be optimal for temperature estimation
[37]. Both the trajectory heat and correlation heat are analyti-
cally calculated, leveraging the exact solvability of the system
[53]. Derivations are shown in Appendix B. Results are

Htra = Q − l e−�(t )

Pl
Q, Hcor = l e−�(t )

Pl
(Q + C), (16)

where Pl = 1+l e−�(t )

2 with l = ± is the probability of the

thermometer being |lx〉 state, Q = −2
∑

k
g2

k
ωk

[1 − cos(ωkt )]
is the average heat absorbed from the sample, C =
−4

∑
k

g2
k

ωk
n̄k (1 + n̄k )[1 − cos(ωkt )], and the decoherence fac-

tor �(t ) = 4
∑

k
g2

k

ω2
k
(2n̄k + 1)[1 − cos(ωkt )] with n̄k = 1

eβωk −1
.

Equation (16) reveals that there is an average heat 〈Htra〉 =
Q in the dephasing process, although dephasing is seen as
a process without heat exchange. Detailed analysis reveals
that, rather than the heat exchange, it is the interaction term
ĤI that induces the trajectory heat [49]. It is noteworthy that
this term does not contribute to determining the temperature
due to its fluctuation, denoted as δHtra = − 1

Pl
l e−�(t )Q, being

canceled out by the corresponding counterterm 1
Pl

l e−�(t )Q in
the correlation heat. Thus it is the correlation heat H′

cor =
1
Pl

l e−�(t )C that finally determines the temperature precision in
the dephasing thermometer. A simple calculation shows that
the temperature precision satisfies

�β/β �
√

e2�(t ) − 1/(2β|C|). (17)

From it, we can draw the conclusion that the correlation
heat is the resource for dephasing thermometers. Enhancing

the correlation between the sample and thermometer is es-
sential for achieving precise temperature estimation in this
type of thermometer [18,19]. By setting the dephasing time
as t∗

2 , in the low-temperature limit, the temperature precision
(�β/β ) ∼ β1+s/αω1−s

c (t∗
2 )2 is obtained for the spectral den-

sity J (ω) = αωsω1−s
c e−ω/ωc [11,37]. From it, we can find that

the coherence time t∗
2 serves as a valuable resource for in-

creasing the correlation heat and thus improving temperature
precision [5–11].

V. TEMPERATURE-ENERGY UR

Before concluding this manuscript, it is interesting to note
that the temperature-heat UR, as shown in Eq. (11), converges
to the temperature-energy UR in the steady-state limit. Con-
sidering the total system is time independent, it results in the
conservation of the total energy. Therefore, the change in the
sample’s energy is equivalent to the change in the thermome-
ter’s energy plus a modification induced by ĤI . According to
this conservation law, we have

Htra = 1

Pl
Tr{�̂l [Ĥ

′
Sχ (t ) − Ût Ĥ

′
Sχ (0)Û †

t ]}, (18)

where Ĥ ′
S = ĤS + ĤI . On the other hand, in the steady-state

limit, we know that the thermometer would relax to the equi-
librium state ρs = TrB[χs], where χs = e−βĤ/Z represents the
equilibrium state of the total system. This relaxation occurs
under the assumption that the size of the thermometer is
much smaller than that of the thermal sample [41,54,55]. The
reduced state ρs can be further represented as an effective
Gibbs state ρs = e−βĤ∗

S /Z∗
S [54,55]. Here, Ĥ∗

S is known as the
Hamiltonian of mean force, given by

Ĥ∗
S = −β[ln TrB(e−βĤ ) − ln TrB(e−βĤB )]. (19)

From it, one can derive the thermometer’s internal energy as
US = −∂β ln Z∗

S . Moreover, the internal energy can be repre-
sented by the energy operator Ê∗

S , defined from the following
equation:

d

d (−β )
e−βĤ∗

S = 1

2
(Ê∗

S e−βĤ∗
S + e−βĤ∗

S Ê∗
S ). (20)

One can check that Ê∗
S is Hermitian and satisfies 〈Ê∗

S 〉 = US .
Importantly, it restores to ĤS in the weak-coupling limit that
Ĥ∗

S = ĤS . Note that the effective energy operator Ê∗
S is differ-

ent from the one Ê∗
S = ∂β (βĤ∗

S ) used in Ref. [41]. However,
both definitions satisfy 〈Ê∗

S 〉 = US and share the same classi-
cal correspondence [50].

By selecting �̂l as the eigenstate projector operator of Ê∗
S

with eigenvalue εS,l , one can determine the deviation of the
internal energy as δUS = (εS,l − US ). The detailed expression
is obtained by utilizing Eqs. (19) and (20) (see Appendix C
for details). The result is

δUS = 1

Pl
Tr[�̂l (Ĥ

′
S + ĤB)χs] − Tr[(Ĥ ′

S + ĤB)χs]. (21)

It is exactly the heat term (δHtra + Hcor), noting that
1
Pl

Tr[�̂lÛt Ĥ ′
Sχ (0)Û †

t ] − Tr[Ût Ĥ ′
Sχ (0)Û †

t ] = 0 and χ (t ) = χs

in the steady-state limit. Thus the temperature-heat UR shown
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in Eq. (11) reduces to the temperature-energy UR

�β�US � 1, (22)

where �U 2
S = 〈(δUS )2〉. This result not only demonstrates the

consistency of the temperature-heat UR in the temperature es-
timation process and the well-known temperature-energy UR
in thermodynamics but also establishes a connection between
the information theory and the thermodynamics.

VI. CONCLUSIONS

In summary, we reveal the temperature-heat uncertainty
relation (UR) in the temperature estimation process, which
puts a fundamental limit on quantum thermometry. We find
that the estimation precision is fundamentally determined by
the fluctuation of the trajectory heat plus the correlation heat.
Based on the two types of thermometers, we demonstrate
that both of these heat terms are resources for enhancing
temperature precision. By clearly displaying the resources for
enhancing temperature precision, our work is helpful for de-
signing high-precision quantum thermometers. Additionally,
we demonstrate that the temperature-heat UR converges to the
well-known temperature-energy UR in the steady-state limit.
Thus this result establishes a connection between estimation
theory, or information theory, and thermodynamics, which
could be valuable for studying quantum thermodynamics in
terms of information theory, especially in the strong-coupling
regime [55].
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APPENDIX A: HEAT-EXCHANGE THERMOMETER

Here, we aim to derive the quantum trajectory heat and
correlation heat for a heat-exchange thermometer shown in
the main text. The Hamiltonians of the thermometer, sample,
and the interaction read

ĤS = ωaâ†â, ĤB = ω0b̂†b̂, ĤI = g(â†b̂ + b̂†â). (A1)

Set the initial state of the thermometer state as the vacuum
state |0a〉〈0a| and the initial state of the sample as a thermal
equilibrium state ρB = e−βĤB/ZB. The evolution of the total
system reads

χ (t ) = e−iĤtχ (0)eiĤt . (A2)

By noting that ρB = ∑
m

n̄m
b

(1+n̄b)m+1
1

m! (b̂†)m|0b〉〈0b|(b̂)m, the
evolved state is obtained as

χ (t ) =
∑

m

n̄m
b

(1 + n̄b)m+1

1

m!
[b̂†(t )]m|0a, 0b〉〈0a, 0b|[b̂(t )]m,

(A3)

where b̂(t ) := eiĤt b̂ e−iĤt follows the Heisenberg equation of
motion. The solution of b̂(t ) is exactly obtained as

b̂(t ) = e−iω̄t

[(
cos Et + i

�

E
sin Et

)
b̂ − i

g

E
sin Etâ

]
, (A4)

where ω̄ = (ωa + ω0)/2 and E =
√

�2 + g2 with � = (ωa −
ω0)/2. Applying this result to Eq. (A3), we get

χ (t ) =
∑

m

n̄m
b

(1 + n̄b)m+1

1

m!

× (α∗
t b̂† + β∗

t â†)m|0a, 0b〉〈0a, 0b|(αt b̂ + βt â)m,

(A5)

where αt = cos Et + i �
E sin Et and βt = −i g

E sin Et . Setting
the Fock state |l〉 as the measurement basis, we get the reduced
state ρB,l = 〈l|χ (t )|l〉/TrB[〈l|χ (t )|l〉] as

ρB,l = 1

Pl

∑
m�l

n̄m
b

(1 + n̄b)m+1
Cl

m

( |βt |2
|αt |2

)l

|αt |2(m−l )

× |(m − l )b〉〈(m − l )b|, (A6)

where n̄b = 1
eβω0 −1 is the average excitation number in the

initial state of the sample and the probability is defined as Pl =
TrB[〈l|χ (t )|l〉]. Calculation shows that Pl = [n̄(t )]l

[1+n̄(t )]l+1 with

n̄(t ) = n̄b
g2

E2 |βt |2. Using these results, we obtain the trajectory
heat and correlation heat. Results are

Htra = ω0

Pl

∑
m�l

n̄m
b

(1 + n̄b)m+1
lCl

m

( |βt |2
|αt |2

)l

|αt |2(m−l )

= lω0,

Hcor = ω0

Pl

∑
m�l

n̄m
b (m − l )

(1 + n̄b)m+1
Cl

m

( |βt |2
|αt |2

)l

|αt |2(m−l ) − εB

= n̄b − n̄(t )

1 + n̄(t )
(l + 1)ω0 − εB,

where εB = n̄b−n̄(t )
1+n̄(t ) 〈l + 1〉 is the average energy of the sample.

Thus the final results of δHtra and Hcor are

δHtra = [l − n̄(t )]ω0, Hcor = n̄b − n̄(t )

1 + n̄(t )
[l − n̄(t )]ω0,

(A7)

where the equality 〈l〉 = n̄(t ) is used.

APPENDIX B: DEPHASING THERMOMETER

Consider a dephasing model with a two-level thermometer.
The Hamiltonian reads

Ĥ =
∑

k

gk σ̂z(b̂†
k + b̂k ) +

∑
k

ωkb̂†
kb̂k, (B1)

where the two level of the thermometer is described by the
Pauli matrix σ̂z, b̂k is the annihilation operator of the kth
bosonic bath mode with characteristic energy ωk , and gk is
the coupling strength. The initial state is set to

χ (0) = |+x〉〈+x| ⊗ ρB,
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where ρB = e−β
∑

k ωk b̂†
k b̂k /Z is in the equilibrium state with

β = 1
KBT being the inverse temperature. Bath’s final states

under different projections of the system state read

〈+z|χ (t )|+z〉 = 1

2
e−i(

∑
k gk σ̂z (b̂†

k+b̂k )+∑
k ωk b̂†

k b̂k )tρB

× ei(
∑

k gk σ̂z (b̂†
k+b̂k )+∑

k ωk b̂†
k b̂k )t ,

〈+z|χ (t )|−z〉 = 1

2
e−i(

∑
k gk σ̂z (b̂†

k+b̂k )+∑
k ωk b̂†

k b̂k )tρB

× e−i(
∑

k gk σ̂z (b̂†
k+b̂k )+∑

k ωk b̂†
k b̂k )t ,

〈−z|χ (t )|−z〉 = 1

2
ei(

∑
k gk σ̂z (b̂†

k+b̂k )+∑
k ωk b̂†

k b̂k )tρB

× ei(
∑

k gk σ̂z (b̂†
k+b̂k )+∑

k ωk b̂†
k b̂k )t .

Here, we aim to calculate the trajectory heat Htra =
1
Pl

TrB[〈l|Ût ĤBχ (0)Û †
t |l〉 − 〈l|ĤBχ (t )|l〉], where Ût =

e−iĤt and |l〉 = |±x〉 is the measurement basis and
Pl = TrB[〈l|χ (t )|l〉] is the probability. Before calculating
Htra, let us first calculate these terms:

H++ = TrB〈+|Ût ĤBχ (0)Û †
t |+〉 − TrB〈+|ĤBχ (t )|+〉,

H+− = TrB〈+|Ût ĤBχ (0)Û †
t |−〉 − TrB〈+|ĤBχ (t )|−〉,

H−+ = TrB〈+|Ût ĤBχ (0)Û †
t |−〉 − TrB〈−|ĤBχ (t )|+〉,

H−− = TrB〈−|Ût ĤBχ (0)Û †
t |−〉 − TrB〈−|ĤBχ (t )|−〉.

Here, we take the term H+− as an example to show how to
calculate it. Using the detail expression of Ĥ , we can demon-
strate that

〈+|Û †
t ĤBÛt |+〉 =

∑
k

ωk[b̂†
k + c∗

k (t )][b̂k + ck (t )],

where ck (t ) = gk

ωk
(1 − eiωkt ). Using it, we can derive that

H+− = TrB〈+|Ût

∑
k

[−c∗
k b̂k − ck (t )b̂†

k]χ (0)Û †
t |−〉

−
∑

k

ωk|ck (t )|2P+−,

= 1

2
lim
λ→0

d

dλ
Tr[Ut e

−λ
∑

k ωk (c∗
k b̂k+ck b̂k )ρBU †

−t ]

−
∑

k

ωk|ck (t )|2P+−,

where Ut = T e−i
∫ t

0 dτ
∑

k gk (b̂†
keiωk t +H.c.), T and T̄ indicate the

time ordering and the reverse time ordering, respectively, and
P+−(t ) = TrB〈+|Ûtχ (0)Û †

t |−〉. Such a term can be analyti-
cally obtained by notating that ρB is a Gaussian state, which
yields

H+− = −1

2
exp[−�(t )]

∫
C

dτ 〈B̂(τ )Ĉ〉 −
∑

k

ωk|ck (t )|2P+−,

where �(t ) = 4
∑

k
g2

k

ω2
k

coth βωk

2 (1 − cos ωkt ) and C indicates

the contour integral that contains two branches (0, t )
and (t, 0). Here, we introduce the operators B̂(τ ) =∑

k gk (b̂†
keiωkτ + H.c.) and Ĉ = ∑

k ωk[c∗
k (t )b̂k + ck (t )b̂†

k].

Detailed calculation yields∫
C

dτ 〈B̂(τ )Ĉ〉 =−2
∑

k

g2
k

ωk
|1 − eiωkt |2.

By notating that P+− = 1
2 e−�(t ) and

∑
k ωk|ck (t )|2 =∑

k
g2

k
ωk

|1 − eiωkt |2, we finally get

H+− = 1

2
e−�(t )

∑
k

g2
k

ωk
|1 − eiωkt |2. (B2)

Using the same method, we get

H++ =H−− = −
∑

k

g2
k

ωk
(1 − cos ωkt ),

H+− =H∗
−+ = e−�(t )

∑
k

g2
k

ωk
(1 − cos ωkt ).

Choosing the measurement basis along the x direction, we
derive the trajectory heat as

Htra = Q − l e−�(t )

Pl
Q, (B3)

where Pl = 1
2 (1 + l e−�(t ) ) is the probability of the thermome-

ter in |±x〉 with l = ± and Q = −2
∑

k
g2

k
ωk

(1 − cos ωkt ). The
correlation heat is calculated through the same method. The
result is

Hcor = 1

Pl
l e−�(t )(Q + C), (B4)

where C = −4
∑

k
g2

k
ωk

n̄k (1 + n̄k )(1 − cos ωkt ).

APPENDIX C: DEVIATION OF INTERNAL ENERGY

In this section, we aim to derive the detailed expression of
derivation of internal energy in the steady-state limit. Consider
the case that the size of the sample is far larger than the size
of the thermometer. In the steady-state limit, the reduced state
of the thermometer is given by

ρs = TrB[e−βĤ/Z], (C1)

where Ĥ is the total Hamiltonian and Z = Tr[e−βĤ ] is the
partition function of the total system. It can be represented
as an effective Gibbs state ρs = e−βĤ∗

S /Z∗
S in terms of the

Hamiltonian of the mean force Ĥ∗
S . The definition of Ĥ∗

S is
given by

Ĥ∗
S = −β[ln TrB(e−βĤ ) − ln TrB(e−βĤB )]. (C2)

In the weak-coupling limit, we have Ĥ∗
S = ĤS . Based on this

representation, the internal energy of the thermometer is rep-
resented as

US = d

d − β
ln Z∗

S . (C3)

Generally, the internal energy US can be represented as the
average of the energy operator Ê∗

S , denoted as US = 〈Ê∗
S 〉. It is

important to note that Ê∗
S is different with the ĤS in the strong-

coupling case. Here, we define the energy operator using the
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following equation:

d

d − β
e−βĤ∗

S = 1

2
(Ê∗

S e−βĤ∗
S + e−βĤ∗

S Ê∗
S ). (C4)

By applying a trace operation on both sides of the above
equation, we can prove the equality US = 〈Ê∗

S 〉. This is
achieved by further dividing a factor Z∗

S on both sides of the
above equation. The concept of energy operator originates
from the discussion by Seifert [50], which focuses on a clas-
sical system. In this context, it is defined as

E∗
S = ∂β (βH∗

S ). (C5)

This definition is generalized to the quantum case in Ref. [41],
where it is given by

Ê∗
S = ∂β (βĤ∗

S ). (C6)

Here, we use a slightly different definition of the energy
operator, as shown in Eq. (C4). However, both definitions
satisfy the equality US = 〈Ê∗

S 〉 and exhibit the same classical
correspondence, as shown in Eq. (C5).

By selecting the measurement operator �̂l as the eigen-
state projector operator of Ê∗

S with eigenvalue εS,l , one can

determine the deviation of internal energy as

δUS = (εS,l − US ). (C7)

From Eq. (C4), one can further derive that

δUS = 1

Pl
TrS

[
�̂l

d

d − β

e−βĤ∗
S

Z∗
S

]

= 1

Pl
TrS

[
�̂l

d

d − β
TrB

[
e−βĤ

Z

]]

= 1

Pl
Tr

[
�̂l

d

d − β

e−βĤ

Z

]

= 1

Pl
Tr[�̂l Ĥχs] − Tr[Ĥχs], (C8)

where Pl = TrS[�̂l
e−βĤ∗

S

Z∗
S

] = Tr[�̂lχS] and χs = e−βĤ

Z . This is
exactly the result as shown in the main text Eq. (19).
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