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Superoscillations occur when a globally band-limited function locally oscillates faster than its highest Fourier
component. We generalize this effect to arbitrary quantum-mechanical operators as a weak value, where the
preselected state is a superposition of eigenstates of the operator with eigenvalues bounded to a range, and
the postselection state is a local position. Superbehavior of this operator occurs whenever the operator’s weak
value exceeds its eigenvalue bound. We give illustrative examples of this effect for total angular momentum and
energy. In the latter case, we demonstrate a sequence of harmonic oscillator potentials where a finite-energy state
converges everywhere on the real line, using only bounded superpositions of states whose asymptotic energy
vanishes—"‘energy out of nothing.” This limit requires postselecting the particle in a region whose size diverges
in the considered limit. We further show in this example that the superenergy is associated with superoscillations
in time with a rate given by the local superenergy divided by the reduced Planck’s constant. This example
demonstrates the possibility of mimicking a high-energy state with coherent superpositions of nearly zero-energy
states for as wide a spatial region as desired. We provide numerical evidence of these features to further bolster
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and elucidate our claims.
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I. INTRODUCTION

The subject of superoscillations has attracted great inter-
est in a variety of communities. Mathematically, issues of
the behavior and convergence of superoscillatory functions
of band-limited functions have been studied in great detail
[1,2]. Physically, their connections with optical phenomena
and quantum mechanics continue to be a fruitful research en-
terprise [3,4]. Applications of superoscillations have recently
begun, with the realization that this phenomenon enables
super-resolution beyond the Rayleigh criterion of optical
imaging systems, relying on the subwavelength structures of
the point spread function [5-10]. Superoscillations began with
the investigation of Aharonov and colleagues into the physics
of weak measurement [11-13], and the current paper is taking
this line of research full circle, to generalize this notion to
arbitrary observables in quantum mechanics. While we focus
here on a quantum treatment, the effects we describe can be
applied to differential equations and operators more generally,
and can naturally be extended to other wave equations, such
as optical phenomena.

The present paper generalizes the notion of superoscilla-
tion by noticing that it may be viewed a special type of weak
value of the momentum operator. Consequently, generaliza-
tions of the concept can be had by replacing the momentum
operator by an arbitrary operator. By preselecting on a state
that is a superposition of eigenstates associated with bounded
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eigenvalues of the operator of interest, and postselecting on
position, the suitable generalized notion of superoscillation
is obtained. Whenever the weak value exceeds its eigenvalue
range for some position, we define this to be a point of su-
perbehavior of the operator. Examples of this phenomena are
given in the case of total angular momentum and energy.

An outstanding issue in the field is the tradeoff between
the range of superoscillation and the intensity (or power) of
the function. Recent work has proven that mathematical limits
exist where a superoscillating sequence converges to a func-
tion that can superoscillate everywhere in its domain, despite
remaining band limited at every value of the sequence [14,15].
This motivates the question of whether this feature can also
be extended to other examples. We will answer this question
in the affirmative, and explicitly construct an example where
a finite-energy state can be created out of asymptotically
zero-energy states. This situation also demands that the wave
function superoscillate in time with a rate given by the same
superenergy divided by the reduced Planck’s constant.

We organize the paper as follows: In Sec. II, we recast
the phenomenon of superoscillations as a weak value of
momentum in a quantum-mechanical context. In Sec. III,
we generalize this phenomenon of superoscillations to any
observable in quantum physics. In Sec. IV the illustrative
examples of total angular momentum and energy are given.
In Sec. V a sequence of potentials is given such that in the
limit as the iterator goes to infinity, a finite-energy state is

©2024 American Physical Society
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seemingly created out of zero-energy ingredients. In Sec. VI,
further insight is given by calculating the energy two ways—
the first is the weighted energy in the spectral basis, which
indeed goes to zero. However, if the expected energy is cal-
culated in a finite spatial domain—whose width diverges as
the sequence limits to infinity—the expected energy is in-
deed finite. This situation corresponds to postselecting the
particle within this spatial region. In Sec. VII we demon-
strate that a necessary consequence of superbehavior of an
operator is the superoscillation of its generating variable. We
illustrate this fact with superoscillations in time for the rigid
rotor (demonstrating super—total angular momentum) and for
the harmonic oscillator sequence (demonstrating superenergy)
both exhibiting superoscillations in time. In the last case, the
wave function superoscillates everywhere in time in a suitable
limit. Our conclusions are given in Sec. VIIL.

II. SUPEROSCILLATIONS AS A WEAK VALUE OF
MOMENTUM

We begin our analysis by revisiting what a superoscillation
is and consider another way to think about it. Consider plane
waves in one dimension as eigenvectors of the momentum
operator, p, p|k) = hk|k), with an un-normalized position rep-
resentation of ¢ (x) = ¢™**. The coordinate x is taken to be any
real number, and we restrict the wave numbers, bounded be-
tween (Kmin, kmax)- A new state of the form ¥ (x) = > i€ je”‘f"
can be constructed, where j labels the permitted wave num-
bers. This is by definition a band-limited function. We now
define the local wave number:

k(x) = Imiln ¥ (x). (1
dx

If the state ¥ (x) is the eigenstate of momentum, then k(x) =
k. However, instead if we choose a general superposition
as above, it is possible that k(x) can exceed the band limit
[Amins kmax]- When k(x) exceeds this range, it is called a
superoscillation. While this is true for quantum states, it is
equally true for any function, viewed from the perspective
of Fourier analysis. Let us take, for example, the commonly
found superoscillation function [3]

X x N
fx) = [cosﬁ + iasin ]V:|

N
=) G, )
n=0

where C, are the Fourier coefficients. The wave numbers k,, =
1 —2n/N of the superposition are bounded between ki, =
—1 and kyax = +1, while the the local wave number is given
by

k(o) = sin(x/N) + acos(x/N)
Y= Cos(e/N) + asin(x/N)’

In the vicinity around x = 0, k(x =~ 0) = a, which can be
much larger than 1.

The local wave number k(x) can also be seen as a weak
value [16—18] of momentum,

3)

(x1plyr)

hk =R ,
() =Re v

“4)

once we note that the position representation of the momen-
tum operator is given by p = —ikd,. Consequently, the local
wave number may be viewed as a weak value of momentum,
where the preselection is on state |i) (a band-limited super-
position of eigenstates of momentum) and the postselection
is on position x (a projection on the particle’s position). This
quantity may also be interpreted as the Bohmian momentum
for the initial state, which we can now interpret operationally
as the average momentum conditioned on the subsequent mea-
surement of a particular x in the ideal limit of no measurement
disturbance [19-22].

If instead of the real part of the weak value, we take the
imaginary part, then when the function exceeds the band limit,
the function is defined to exhibit supergrowth—where the
local rate of growth of decay of a function exceeds the band
limit. The imaginary part of the weak value is related to the
“osmotic velocity” [23-25]. This supergrowth effect leads to
another approach to realize super-resolution in optical physics
[26-28].

Notice there is a sum rule—if we weight the local wave
number (momentum) with the probability of the postselection,
and integrate over the result x, we find

/dxlllf(x)lzﬁk(X) = /dXI//(X)*(XIﬁIIﬁ)

= /dX(WIXHXIﬁIl/f)
= (¥1ply), ®)

which is the expectation value of the momentum operator
in state |¥), as in the weak value case. Here we used the
completeness of the position states.

III. GENERALIZATION TO ANY OBSERVABLE

The above analysis suggests how to generalize the notion
of superoscillation to any observable. Let us define the eigen-
system of the Hermitian operator O as @|¢,) = A|¢;), where
A; are the eigenvalues and |¢;) are the eigenstates. Let us
choose to form a new state |¢) using only the eigenstates of
O corresponding to eigenvalues such that Ay, <A < Apax.
That is, we bound the considered eigenvalues to a range—
the analog of a band limit. We consider a state of the form
)y =>" il where c; are complex coefficients, and the
sum j is bounded as described above. We define the local
superobservable function as the weak value:

Sy = HlOW) ©

(x[yr)

Taking the real part typically corresponds to the value read off
from weak measurement experiments [17], but the imaginary
part also has significance in the measurement disturbance
[25]. Here the postselection state is the position, in corre-
spondence to the superoscillation case, but other postselection
states can also be considered, as is customary in weak values,
such as the momentum eigenstates, or another complete basis.
Notice the sum rule of the previous section generalizes to
[ dx|¥()]*0(x) = (¢|O|¥), which gives an interpretation
of the weak value as a conditioned average. We call the
function O(x) the local superobservable function, because
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there are certain positions x, where this function can exceed
the eigenvalue range Apin < Aj < Amax. The superobservable
function may be interpreted as the value we can assign to the
observable at position x, given a state |{/).

IV. ILLUSTRATIVE EXAMPLES

Let us illustrate the superobservable function with some
examples. Quantum observables such as the angular momen-
tum of a particle on a ring, or the energy levels of a particle
in a box, map directly on the superoscillation phenomena, so
we consider here two examples outside that category—total
angular momentum, and the energy of a massive particle in
a potential.

A. Total angular momentum
Let us begin with (rescaled) total angular momentum, de-

fined with the operator I.°//? = —d5 — cotfdy — csc 9.
Here (6, ¢) are the polar and azimuthal angles. The eigen-
states of this operator |/, m) have eigenvalues [(/ + 1) with a
degeneracy 2/ + 1, and have a coordinate representation as the
spherical harmonics. According to our prescription above, the
rescaled super—angular momentum is given by (8, ¢) by

95y —cotf dgy — csc 6 d Y
v, o)

where ¥ (0, ¢) is an angle-space wave function composed
only with eigenstates of [/, m that are bounded to a fixed
range. Using just the m variables gives the same physics as
superoscillations, so we consider an example with |) o |/ =
0,m =0) + c|l =1, m = 0), where c is an arbitrary constant.
In the case m = 0, the spherical harmonics reduce to the Leg-
endre polynomials with the argument cos 6. In this case, we
find the result L2(9)/h* = 2ccos /(1 + ccos@). This func-
tion takes on negative values for the range 6 € [ /2, ] for
0 < ¢ < 1, whereas the eigenvalues of the states are 0 and
2. Thus, we see superbehavior in this simple example. For
the case ¢ = 1, a divergence appears at 6 = 7 which persists
for ¢ > 1—this results from the zero in the wave function,
which is a generic feature of this sort of superbehavior—the
same as the weak value divergence when the preselection and
postselection states’ overlap is zero [16].

L@, ¢)/W° = —

. (D

B. Energy

Consider the Hamiltonian of the system as the observable
in question. We take the canonical form H= ﬁ2 /@2m) + V(%)
for a particle of mass m moving in a one-dimensional potential
V for simplicity, which can have an unbounded spectrum. The
local energy, E (x), is defined from (6) to be

L W29
2m yr(x) dx?

This basis-dependent result has a simple interpretation as the
sum of the potential energy and a kinetic-energy term given
in terms of the curvature of the wave function. If ¥ (x) is
an energy eigenstate |E;) of the system, then by the energy-
space Schrodinger equation, we obtain simply E;, the correct
energy eigenvalue which is the case for all positions x. This

E(x) =

+ V(). (8)

definition of the local energy has the appealing form of a
rewritten time-independent Schrédinger equation, giving an
interpretation to the local energy of any wave function v (x).
We now consider a state given by a superposition of energy
eigenstates, |¢) = ) j ¢;j|E;), where the maximum energy is
given by Ep,. Simple examples can be constructed, similarly
to the previous one, where the local energy can exceed this
range, and even generally diverge when the wave function hits
a zero. This divergence would disappear if one postselected
on a smeared-out position state (for instance a Gaussian state
centered on x, with a small width).

V. ENERGY OUT OF NOTHING?

It has been previously shown that in the superoscillation
case, a limit may be considered where the range of considera-
tion also extends to the whole domain of the function, so the
range of superoscillatory behavior also extends everywhere in
this singular limit, despite the function remaining band limited
at any finite value of the sequence [14,15]. We can obtain an
energetic analog of this effect by considering a sequence of
potentials Vy (x), indexed by a positive integer N. We wish to
sum up energy eigenstates with suitably chosen coefficients
that have a maximum value of E\,,x. As more eigenstates are
allowed in the sum, we change the index N, such that in each
term of the sequence, the maximum energy is still Eyax. In this
way, we can consider a formal limit of N — oo and seek to
extend the range of superbehavior. In the case below, we can
even let E,, decrease with N and still obtain a convergent
result, as we will now show.

Let us illustrate this strategy with the quantum harmonic
oscillator. The Hamiltonian is given by Hy = % + %ma)jz\,fcz.
The energy eigenvalues are given by EN) = hiwy(n + 1/2).
Let us fix the maximum energy we are allowing to be some
constant energy Em.x = hoy(N + 1/2), so we allow only the
quantum index n to extend to N defined by this relation. This
indicates we should scale the sequence of frequencies to be
oy = Enax /[A(N + 1/2)] = w/N for large N, where wy is
related to Eyax as above. We recall the energy eigenfunctions
of the harmonic oscillator are given by

2
mwyXxX mawpy
H, , 9
20 ) ( T x) 2
where A,, is the normalization constant and H,(z) is the nth
Hermite polynomial. These states are also indexed by the

label N.
We now consider a state constructed as

M (x) = A, exp (—

N
() =Y ey M), (10)
n=0

where we let the complex coefficients (also indexed by N) take
the form

1 (NY.,,
C,(1N) = —( )l HN—n(g)' (11)
A, \n

Here g is an arbitrary parameter. We can sum the series using
the identity [29], which may be known but we provide a proof
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Local Energy
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10 =

FIG. 1. Plot of the real part of the scaled local energy (8) for
the scaling wy = wy/N. Values exceeding 1 are in the superenergy
range. As N increases, both the value of the superenergy as well as
the region of the superenergy behavior increase. We choose g = 0.5,
mwy/h = 1.

in the Appendix for lack of an appropriate reference,

N

2 (Z) *Hy(@H(b) = 2@+, (12)

k=0

to find the un-normalized state is given by
mawyx> . [mowy N
o ) |:g +1 5 xj|
N mawyx2 i [mwy N
= (2g)" exp <— T )|:1 + é\/jx:| .(13)

In the limit where N is getting large, wy = wo/N becomes
increasingly small, so we can approximate:

2 .
hy ~ 2g)" exp (—m‘”” )exp (i %ﬁx) (14)
8

hy(x) = 2 exp (—

2Nh

In the range |x| < ~/Ng«/fi/mwy, we have a local superenergy
that grows with N as Es = hwgN/ (2g2), corresponding to a
super-wave number of ks o /N /g. Thus, both the value and
range grow as N is increased. Plots of the real part of the local
energy (divided by the largest allowed energy) are shown in
Fig. I as N increases.

It is both physically and mathematically interesting to
choose a different scaling of the frequency of the oscillator
with respect to the N index: w) = wo/N?. In this case, the
maximum energy of the component states decreases as E, =
liwo(n + 1/2)/N?, where we keep only n values up to N, so
the energy maximum decreases inversely with N. This scaling
choice helps to prove convergence, as well as corresponds to
finding the limit of an infinite number of states all with asymp-
totically zero energy, combining to give a state of seemingly
finite energy, a point that we will discuss further below. The
limiting state (14) becomes

o) = i mwgy /4 mwox®>  x [mwy
=G ) P\ Ty T )

5)

Re[h(x)]
3 —

FIG. 2. Real (top) and imaginary (bottom) parts of &y (x) as N is
increased. The limiting form is given in gray for both plots. Here we
take g = 0.5.

where we renormalize the state, resulting in a Gaussian
regularized plane wave with wave number kg = /mwy/hi/g.
The width of the Gaussian regularization is N./%i/(mawy),
which diverges as N — oo, leaving a finite-energy plane
wave. Convergence to this solution (plotted in gray) is shown
in the Fig. 2 as N is increased for the real and imaginary part
of Ay (x).

VI. QUANTUM MIMICRY

The above situation is paradoxical: We have proven the
convergence of the sequence of states to a finite-energy plane
wave, when every finite element of the sequence has an energy
that decreases as 1/N. That is, for any fixed value of x, the
limit as N — oo is given by Eq. (15).

Further insight into this situation can be had by computing
the expected energy in the state in two different ways. The
first way is to make the eigenfunction decomposition as done
in Eq. (10). From this point of view, the normalized expected
energy of the state is given by

SN M P+ 1/2)hwy

Zf’lvil |C'(1N) |2

N = (16)

The decay to zero of the energy expectation value of the
sequence of states is illustrated in Fig. 3, and is bounded from
above by Ey/(hwy) < (N + 1/2)/N2.
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FIG. 3. The scaled energy expectation value (16) of the coeffi-
cients (11) are plotted vs N for different values of g for the choice

w)y = wo/N*. The solid curve is the bound of the upper energy
eigenvalue in the superposition, (N + 1/2)/N2.

On the other hand, we can also calculate the expected
energy in a finite interval (—L, L) of space as

f_LL dxhy (x)Hyhy (x)
Jh xR

When we take L — oo for fixed N the two calculations will
converge; however, if instead we set L = Ly < g/ hAN/mawy,
then in the limit where N — oo, (17) gives the local energy
of h, hiwy/(2¢%). This effect is shown in Fig. 4. There we plot
Eq. (17) as function of N for different values of g. The interval
is fixed between (—2, 2) in units where mwy/h = 1, which
satisfies the above condition on Ly for the chosen parameter
values at the upper end of the N range.

We note that Eq. (17) has the natural interpretation of the
conditional energy of a particle when it is postselected in
the spatial region (—L, L). The denominator represents the
postselection probability of finding the particle in the spatial
region. The postselection suppresses the undesired growth of
the function outside the interval (—L, L), which restores the

Emim,N = (17)

Emim,N

h wg

- sl g=03 A g=04 @ g=0.5

5
4
3k
2

5

1,

' ' - N
50 100 150 200

TR

FIG. 4. The scaled local energy Enyim v (17) is plotted as a func-
tion of N for different values of g. The range is taken to be (—2,2)
in this plot, where mw,/h = 1. Convergence to the local energy
hwy/2g*, shown as horizontal lines, is seen for large enough N.

low-energy behavior of the entire function. This viewpoint is
reminiscent of the “red to gamma” claim of Aharonov and
colleagues [11]. This claim can now be more dramatically
put as the energetic “zero to hero”: a coherent superposition
of a diverging number of asymptotically zero-energy states
conspire to make up a finite-energy state in a given spatial
region. It has been shown elsewhere that such a postselection
resulting in a much larger energy than can be seen from the
component states comprising the superposition came from the
preparation step and requires a quantum reference frame [30].
This other source of energy resolves the energy conservation
puzzle.

We have nevertheless shown something remarkable: for
any finite N in the sequence, the Schrodinger equation is sat-
isfied, and the constructed function using negligible amounts
of energy is able to mimic a high-energy state for as large a
spatial region as desired. The cost for this mimicry is that out-
side that region the function must blow up, such that the total
energy of the function is actually very small when normalized
properly. On the scale of the whole function, the super—energy
portion is exponentially small in magnitude, similar to the su-
peroscillation case. Nevertheless, the size of the spatial region
of superbehavior can become arbitrary large.

VII. SUPEROSCILLATIONS IN TIME

In this section, we show that superbehavior of the
quantum-mechanical observable leads to superoscillation in
the complimentary generating variable. Considering the time
dynamics of the state gives additional insight into the super-
behavior of the dynamics. Allowing the local energy E(x, t)
defined in Eq. (8) to be time dependent through the pres-
elected state, ¥ (x,t), we have the following result by the
time-dependent Schrodinger equation:

1 9 a
—Y(x,t) =ih— Iny(x,t). 18
w(x’t)atlﬂ( )=1i o vix,r). (18)
Thus the time-dependent local energy is equivalent to the
weak value of the operator i%10;, preselected on the state [y (¢))
and postselected on position x (see also Ref. [31]):
x|iho, |y (¢
E(u.1) = xlind [y () (19)
(x| (D))
Here we note an internal consistency with the discussion
and results of Sec. II. We note that a superposition of time-
dependent energy eigenstates |¢;) is of the form

V@) = cie ™ Mg)). (20)
J

E(x,t) = il

Consequently, for a single energy eigenstate, we have
iho;|¢p;(t)) = Ej|¢;(t)). Therefore it is natural to ascribe the
real part of the weak value (18) to the local (time- and
space-dependent) energy. We note that this is similar to
the concept of the local wave number (1), so the super-
posed wave function locally behaves in time like ¥ (x, ) ~
expl—itE(x,t)/hly¥ (x, 0).

When the local energy exceeds the energy eigenvalue
bounds of the superposition, it immediately follows that the
wave function superoscillates in time. That is, the local os-
cillation frequency in time exceeds energy eigenvalue bounds
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of the superposition. The mathematics of this observation is
exactly the same as the usual superoscillation case, but applied
to time rather than space.

This is a specific case of a more general phenomenon.
Consider the generating function of an observable 0, given
by Z(x) = (¢] exp(ix @)|1/f)/(¢|1//), so successive derivatives
of Z with respect to y generate all weak valued moments of
the observable. We now consider the preselected state to be a
superposition of eigenstates of o corresponding to eigenval-
ues bounded between Api, and Ap,x. In the weak generating
function, we can approximate

Z(x) ~ exp(ixOy), (21)

where O, is the corresponding weak value. Therefore, when
the weak value exceeds its eigenstate bounds for specific
choices of preselected and postselected states, the generating
function superoscillates as a function of the generating vari-
able x. That is, the oscillation frequency of Z with respect to x
exceeds that of the maximum eigenvalue or is lower than that
of the lowest eigenvalue. The previous example corresponds
to setting (¢| to a position eigenstate, the operator to be the
Hamiltonian, and the generating variable to be the time.

A. Application to total angular momentum

We can apply the previous examples of superphenomena
to illustrate the effect of connecting the super—angular mo-
mentum or Hamiltonian to the superoscillation in time. We
consider the quantum mechanics of a three-dimensional ro-
tor of mass m and fixed length a. The Hamiltonian is then
given by H = 1.2/(2ma®). We consider the same example
in Sec. IV A, and examine the time dependence of the local
Hamiltonian, controlled here by the squared total angular
momentum. In this case, the dependence of the postselected
state in time is given by

ith 2ccos 6
— . (22)
2ma? (1 + ccosB)

J

v, 1)~ W(G,O)exp(

. ad
hy(x, 1) & @ 2T g g
ou av

The preselection of a superposition of / = 0, 1 implies that the
postselected wave function will superoscillate in time when-
ever there is superbehavior in the total angular momentum,
when the oscillation frequency exceeds the range [0, /i/ma?].

B. Application to superenergy in the harmonic oscillator
sequence

Let us now examine the time dependence of the state (13).
We consider the un-normalized state

2 (N
hy(x) =€) (n>i"HN_n(g)Hn(z), (23)
n=0

where z = \/@ - Time dynamics can be inserted by multi-
plying each eigenstate inside the sum by exp(—iE, /i), where
E, = hoy(n+ 1/2) and ¢ is the time. Thus, the time-evolved
state is
Y (N
hy(x, 1) = e~ /2w /2 37 ( )efWHN,, @H (), (24)
n=0 n
where ¢ = /2 — wyt. We see immediately that the state is
in fact periodic as is typical of harmonic oscillator solutions,
when wyt is an integer multiple of 27 and the function is the
complex conjugate of itself when wy? is an odd multiple of =
(up to an overall phase). Recalling our second scaling @y =
wy/N?, this cycle period diverges as N — oo.

For a fixed time ¢, the limit N — oo seemingly removes the
time dependence in the above equations. This is because ¢ =
two/N?, while the highest power is N, so the time dependence
is at best ¢'/V, which is eliminated as N — oco. However,
this estimate is incorrect, because there is a superoscillation
effect in time, so the sums of these seemingly negligible terms
constructively add to survive in the large N limit, as we will
now prove. This effect is a reflection of the sums of eigenstates
with energies that limit to zero giving a finite-energy state. We
consider the first-order correction in time to Ay (x, t). Taking
wy = wy/N?, we apply the results of the Appendix to find

N
wot aj| e2gu—u2+21U—U2 (25)

N? v

u=v=0

We now make a binomial approximation to leading order, treating the term wot /N? as small to find

N-1
l’lN()C, )~ e,ZZ/Z,,’th/Z <2N(g + iZ)N + a)_()li|: 9 +i d i| 828u7u2+21v7v2

N ov

1—

u v

) ) (26)
u=v=0

The second term can be calculated by using result (A4) with n = N — 1 and taking a final v derivative before setting u, v = 0.

The result is

. t
hy(z, 1) & ¢~ /27ont /2 <2N(g +iz)" + %OzN-l[zz(g +ig)V T — iV = (g + iz)N_z]). 27

Importantly, one of the terms has an (N — 1) which together
with the N from the binomial expansion compensates the
1/N? term, leaving a finite first order in time correction
as N is taken to infinity. We can expand this observation
to higher orders in the power series expansion in time to
find that the contribution remaining in the large N limit is

[
given by
hy(z, 1) ~ e <22V (g + iz)V]

N/2

N! —iwot "
. 28
x gn!(N—Zn)!N2”<2(g+iz)2> (25)
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FIG. 5. Real (top) and imaginary (bottom) parts of hy(0, 1) (24)
are plotted vs time as N is increased, for x = 0. The solution con-
verges to exp(—2iwyt ) for the choice g = 0.5.

To simplify this result, we note that when ¢t < /i/E(x,1) =
2g%/wy (given we are in the super—energy range of |z| < g),
this series converges rapidly. The combination of prefactors
N!/[(N — 2n)!\N*"] is approximated by exp(—2n2/N), where
we used the Stirling approximation. Therefore this part of
the prefactor can be neglected for n < N, leaving only the
1/n! term. The series is therefore well approximated by an
exponential series, giving the result

hy(z 1) ~ (2g)" exp[—22/2 + izN/g — iwot /(287)].  (29)

showing the time dependence of state (15). Here we display
the superenergy near the origin of Eg = hw,/(2g) that was
derived independently in Sec. V. Restoring the definition z =
Jmawy/hx/N, we see this solution describes a plane wave in
time and space with a phase velocity of v, = 4/fiwg/m/(2g).
Convergence to the superoscillation in time is shown in Fig. 5
as the index N is increased, up to N = 1000. Therefore, we
also have superoscillations in time near t = 0, with the su-
perenergy, as was shown in general in the beginning of this
section. Before concluding, we note the numerical simulations
show that the region in time where there is good convergence
to the superoscillation in time expands as N increases, sO we
expect a good approximation is had for time much less than
2N g?/wy, similar to the range of superenergy in space, which
produces a superoscillation everywhere in time as well.

VIII. CONCLUSIONS

By returning to the origins of superoscillations, we recog-
nized their form as a weak value of a momentum operator,

which in turn motivated a general definition of superbehavior
for any quantum operator: A preselected function is prepared
that is a superposition of eigenstates of the said observable
with a bounded spectrum of eigenvalues. The operator is then
postselected on the particle’s position. When the resulting
weak value exceeds the eigenspectrum of the operator at a
given position, superbehavior occurs. It is natural to further
define generalizations such as postselection on momentum or
energy eigenstates; however, we have focused in this paper on
position, as the natural extension of the superoscillation case.
Examples of local super—angular momentum and energy were
discussed. Notably, we found a sequence of potentials and cor-
responding states such that the mathematical limit produced
a finite-energy state everywhere on the real line, constructed
from states whose asymptotic energy went to zero in the limit.
This construction demonstrates that finite-energy states can
be mimicked by states of asymptotically zero energy, for as
large a spatial region as desired. We also saw that superenergy
behavior in space implied superoscillations in time, with a
frequency given by the superenergy, divided by the reduced
Planck’s constant.

The connection to generalized superoscillations may be
reestablished by pointing out that although we have fo-
cused on quantum-mechanical effects, our findings may be
applied quite generally to spectral theory in mathematics.
More specifically, differential operators have a spectral de-
composition in terms of eigenvalues and eigenfunctions in the
theory of differential equations. By superimposing the eigen-
functions of such operators with a bounded spectral band,
solutions may be constructed that mimic an eigenfunction
of the same operator corresponding to an eigenvalue outside
that spectral band over an arbitrarily large range, and that
converges everywhere in a suitable mathematical limit.
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APPENDIX: PROOF OF HERMITE
POLYNOMIAL EQUATIONS

This Appendix shows how to simplify Ay (x, ¢) in Eq. (24),
and also proves Eq. (12). We recall the Hermite polynomials
are generated by the function

n

d
Hy(x) = — 2| (A1)
du” u=0
Using two copies of the generating function, we find
hN()C, t) — efzz/Zfint/Z
N N—
x Z N £ion om " ﬁeZgufuzwLszfvz
n ouN—" gu*
n=0 u=v=0
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The binomial sum can now be carried out to find

; 0
hy(x,t) = e_ZZ/Z—'wNZ/2|:_ I
ou

37V s :
e — eZgu—u +2zv—v
v

u=v=0

(A2)

When ¢ = i the result (12) is straightforward to prove by
induction. It may also be seen by defining a complex vari-
able ¢ = u + iv, so the quadratic term in the exponent is
—¢¢, where ¢ denotes the complex conjugate of ¢. The
differential operator in the preceding equation then becomes

2NN 732N so

n

ZnBZ" expl¢ (g —iz) + (g +iz) — ¢C]
n—1
=2 = (g+ iz —¢)expl¢(g —iz)
+2(g+iz) — 2], (A3)

=2"(g+iz—¢) expl¢ (g — iz) + {(g +iz) — ¢E1. (Ad)

In the calculation above, we used the fact that 3¢ /9 = 0.
Setting ¢ = 0 proves the quoted result (12).
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