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The exact Green’s function for a harmonic oscillator interacting with an oscillatory external electric
field in the dipole approximation is used to evaluate the transition probabilities in closed form. The
case of a particle in crossed electric and magnetic fields is also considered.

We shall investigate the behavior of a charged

particle in a strong, time-dependent external field.

InSec.I, we considerachargedoscillatorinahar-
monically varying but spatially constant electric
field; in Sec. II, an electron in a constant magne-
tic field and an orthogonal, harmonically varying,
and spatially constant electric field. We shall use
the exact Green’s function for these systems in or-
der to study these systems.

I. FORMALISM

The unitary time-displacement operator U(f)sat-

isfies

13U /ot =H()U (¢) . (1)
The Green’s function® for the system is given by

Glx, x"; ) =(x[U )| ) . (2)
If the “Heisenberg” operators

20O =UTRU =f, (7, p7, 1)

xP() =UxPU T =f_(x°°, pP, 1)

®)

can be found as explicit functions of x°%, p°°, and ¢,
then we can find a set of partial differential equa-
tions for G:

XG =(x| x°PU | %"y =(x | Ux ()] x")
=(x| Uf + (x°7, p°P, £)]x")
=f+(x,, —(l/i)a/ax,) )G ’ (4)

%' G =(x| Ux ¥ )= (x| x2U | x")
=fAx, (1/i)8/0x, )G , (5)
and
180G /8t =H(x, (1/i)8/0x,1) G . (6)

These partial differential equations can be
solved for many simple systems and the G ob-
tained explicitly when subjected to the boundary
condition

G(x,x';0)=06(x=x") . (7)

It is clear that we can also obtain G(p, p'; £),

G, p';t)=(p|U| DY), (8)
by similar considerations, i.e.,
pG=g,(p',(1/1)8/8p', ) G ,
P'G=g(p,~(1/i)3/3p,8)G ,
189G /at=H(-(1/i)8/0p, p,1) G ,
G(p,p';0)=0(p=p") .

Linear systems, i.e., those for which the differ-
ential equations for x%° or p{’ are linear, can al-
ways be solved explicitly.

9

II. HARMONIC OSCILLATOR

We first consider the case of a harmonic oscil-
lator?® interacting with an oscillatory external elec-
tric field in the dipole approximation. Since the
motion normal to the field is unaffected, this is a
one-dimensional problem with Hamiltonian

H=3[(p°P) + w?(x°P)2] — eEx*PcosQt . (10)

We shall treat the case 2 =w separately even
though, as we shall see, the Green’s function and
other quantities are given correctly as Q—w,

From

10x9V/dt = [x$P, H(x3P, poF, 8)] (11)
op
op op__ —aj
xy (x Fo >coswt+ o Sinwt
eE
+m‘ cos§t (12)
and using
UxPUT=xP | UxryT = | (13)
we obtain

pr . R _eE . :
p sinwi- P sinwt sin#

xXP=x°Pcoswit —

eE
+W(1 — cosQ coswi) ; (14)

for Q=w
x¥=x°Pcoswt + (p°P/w) sinwt + (eE /2w)t sinwt

(15)
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x®=xcoswt — (p°P/w) sinwt + (eE /2w?) sinwt .
(16)

After substitution into the partial differential
equations, the Green’s function is found to be of

the form
ety (—2 )" i exp (=2
G, x5 1) = (Zm'sinwt ) g(l) exp <z sinw?

x[x% coswt — 2xx’

+x'2coswl+a(f)x +B(t)x"] , (17)
where

lgt)l=1
and

g = - [2eE/(w? - @%)][(R/w) sinwt sinQ¢

- (1 -cosQtcoswt)],

18)
Byr = [2eE/(w? — Q2)](cosQt ~ coswi) ,
or for Q=w
ap=(eE/w?)sinwt |,
(19)

Br=(eE/w)tsinwt .

(NR means nonresonant and R means resonant.)
It is to be noted that

lim e =ag, lim B =Bg .
Q- w Q- w

The transition amplitude from a state » to a state
m is given, as usual, by

J

; w
Gun= 07 e (~ iy

_ —iwt/2 W e —iwt a
=g(t)e exp( T6sintor (a®+2apBe +Bz)) (2,,,

where L7™™ and L7™" are associated Laguerre
polyncmials.
If we let

T==2e WO

= (w/8sin*wt)(a®+ 2aBcoswt + f2) @1
then
Py =] a,,(t)]?
=e~"(m! /nl )T"=m Lo (7)R
=e~"(n! /m! )T LEN(T) (28)

(@®+2aBe™iv? +Bz)> <
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0= [ drax y3 (060, %, 000)  (20)

with
P(%) = (w/ﬂ.)ucz [1/(2nn! )1/2] ‘e—wlez hn(wuzx), (21)

which can be readily evaluated from the generat-
ing function for Hermite polynomials?:

h,,(w”zx) .

—s2+a(w)l/2 =
D Dhe (22)
n=g
If we define
A ,(t)=e—(s2+s’2)f wdxdx/eztul/z(sxi»s’x')
SS
- 24,12
X g=x"tx'2)/2 G(x, x'; 1)
S sms ) (23)
m, n=0
then
@\ [l gl \ /2
am,,=<-1}-> <2n2m> bmn ,
(24)

7 \i2
Ass,=g(t) (Z) emiwitl2
xexp [- (w/16 sin*wi)(a? + 2aBe =1Vt + B)]

xexp[2e~i¥(ss’+ s +s'1)]

where
A= (iw'? /4 sinwt)(ae’“t +B) , (25)
' 25
A=(w'? /4sinwt)(Be’ ¥t + @) ,
which leads to*
m 1 \1/2 i
3—57) AL (= 2e 7))
n 1 1/2 i
__}:;L_'_) .A/n—er’zu-m(_ 22‘“‘”7&)\’) s (26)

r

e*F? Q2 - w? | .
TNR = Ao ( e sin®Q¢ + (2 + w) sin®3(w — Q)¢
- (2 - w)sin?s(w + Q)t) s (29)
&2 F?
TR= (W% + 2wt sinwt cosw! + sin?wt) . (30)

8w?

There are several points to be noted. First, if
Q #w the state n is never permanently depleted
although the time taken for P, , to return to zero
(from its initial value of zero) may be quite long.
On the other hand, if Q=w then the state is rapid-
ly depleted with all probabilities -0 as t—~ =, i.e.,
transitions to all states become infinitesimal but
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in such a way that the total probability remains
one. That this must be so follows from the uni-
tarity of G, but an explicit proof will be given in
the Appendix. Second, if © is an integral multiple
of w, contrary to usual expectations, there is no
resonance with states » away from the initial
state. This is the result of assuming a dipole in-
teraction: It seems reasonable to expect that if
higher multipoles were taken into account, then
resonance would occur with frequency # times

the fundamental frequency for the case of a 2"
multipole interaction. Third, the time dependence

at resonance does not go like e~ but rather like
-t
e .

III. CROSSED FIELDS

Let us now consider a particle in a magnetic
field in the z direction and an oscillatory electric
field in the x direction. The Hamiltonian is

H=(1/2m)[5- e(& 2] - eEx{’cosQt .  (31)
In this case, we shall obtain G, D; #). We shall
use the symmetric form for A:

A=-1%xB .
Thus, the behavior in the z direction is that of a
free particle and

J

(1) o
immw sin(wt/2)

G(p’ P'; )=

G®, D'; ) = G(p1py, D155 1)GO(Ps, D3 1) (32)

and in what follows we shall only be concerned
with G. (We shall drop the bar for simplicity.)
We shall only deal with the resonant case: If
w=eB/m and Q =w (note that this is double the
Larmor frequency),

% = = gmwxy’(l — coswl) — ymwx;Psinwt
+3p3° sinw? +3p°P(1 + coswt)
+(eE /4w)(3 sinw? + wt coswt) , (33)

0P = gmwx (1 ~ coswt) — smwxP sinwt

- 3PP sinwt +3pP(1 + coswt) — jeEt sinwt |

(34)
P = imwxPsinwt — smwa?(1 — coswt)
+3pP(1 +coswt) — 3PP sinwt

— (eE/4w)(wt +2 sinwt +sinwfcoswt) , (35)

sP = smwriPsinwt + gmwx(1 - coswt)

+3pPsinwt +3pSP(1 + coswt)
- (eE/4w) sin*wt . (36)

Inserting the above to obtain the partial differen-
tial equations and solving them, we finally obtain
for G

P (mw sié(wt/Z)) {eos(wt/2)[(p, = p1)° + (b2 = P1)]+2(p}p, - p,P}) sin(wt/2)

—(eE/2w)[(p, — p}) cos(wt/2)(wt + 3 sinwt) + p, sin(wt/ 2) (wt - 3 sinwt) = p, sin(wt/2 +sinswt)]} ,

with g(¢) a complicated phase factor. For -0, G
is so chosen that it goes to 5(p; — p})6(p, — p3).
Physically, G is the probability amplitude that
a particle entering the crossed fields at £ =0 with
momentum (p;, p5, 0) has momentum (p,, p,, 0) at
time /. As can be seen, the wave packet spreads
as time progresses. But let us consider the times
t,=2mm/w=nT, i.e., integral numbers of Larmor
periods. Under these circumstances sin(w¢, /2)=0
and we must take the appropriate limit. Then

G, p';t,) =2 (,)0(p, = p;)0(p, — py - €El,) , (38)

where g (t,) is a phase factor. Thus, the packet
collapses and becomes sharp in momentum again
but with the x component of momentum increased
by just the amount expected classically. Hence,

a particle in crossed electric and magnetic fields
behaves in a manner very similar to that of a
classical particle, and this clearly shows why

the electrons in a cyclotron emerge with relative-

(37)

r
ly well-defined energy.

Finally, if one considers the nonresonant case,
i.e., Q+#eB/m, then we find that once again after
an integral number of Larmor periods, we return
to sharp values of p, and p,, but in this case

G, p'5tn) =8  (t.)0(b, = P2)0 (D, = P7)

and there is no gain in energy. This is true for
any Q+#eB/m including integral multiples of eB/m.
For there to be an effect of an integral multiple
frequency, the spatial variation of E must be sig-
nificant;i.e,, nonlinear interaction terms must be
present.

APPENDIX

We present a proof that

Z P, .(f)=1 for arbitrary =,t. (A1)

m=0
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We proceed by induction with respect to #:

Z Pm n_l_e—r Z (nm‘]-) Tm+1-n(Lm+l-n)2 ,

P, @) =e"(1/ml)T" | (a2) (A4)
s o _ 2 1
since Ly =1. Hence, Z P, =e" }: % pmen(Lmn (A5)
- 1 m m=0 :
D Pg=e™ Y =1 (A3)
m m=0 m Bl.lt‘1
We assume Lix)y=Q1/n)(n+a)L§_, —xL 1], (A6)
)R E @D e ety - Lt
© ~1)!
=™ ( 2 ((:1_ Rv monprn - 3 B o ‘"”L;"‘"L;":f”) ; @an
m=1 m=0
and?®
Lp=r=Lp-mto oo (a8)
Therefore,

- -r(z (n— 11))‘

m—n+1(Lm—n+1 2

-T - (n_' 1)
€ Z ml
m=0

if we change summation variables in the first tensor.

ZPmn=Z Pm,n-1=1 *

Tm-"L':_"L;"_-" Z (n - 1) -n+LLm-n+le-n+1 2 (7[ - 1) Tm-n+1(Lm -n+1 2>

=0

(a9)

(A10)

Thus,
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