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The Kubo response-function formalism is utilized to obtain expressions for the magnetization created
in a plasma by a circularly polarized electromagnetic wave. This effect, the inverse Faraday effect, has

previously been studied only in the dipole approximation. The present treatment includes plasma
polarization effects and allows consideration of the thermal motion and relativistic effects associated
with high-powered laser radiation. A physical interpretation of the results is presented in which the
angular momentum stored in the plasma is shown to be the basis of the effect.

I. INTRODUCTION

The inverse Faraday effect is the production of a
uniform magnetization in a medium in which a cir-

cularly polarized electromagnetic wave propagates.

This effect and its relation to the Faraday effect
(the rotation of a plane polarized wave propagating
along the direction of an external magnetic field)
was first discussed, in general, by Pershan® using
free-energy considerations. The magnitude of the
effect in solids has been calculated® and observed.®
In plasmas, the effect has been interpreted in
terms of a one-electron dipole approximation cal-
culation® based on the fact that the rotating electric
field associated with the circularly polarized ra-
diation field drives the electrons into circular or-
bits® (the effect of ions can be neglected to a first
approximation). The radius and velocity of the
electrons describing the circular motion are pro-
portional to the electric field of the electromagnet-
ic wave. Hence, a magnetization proportional to
the radiation intensity is obtained. For high radia-
tion-field intensities, relativistic effects are ex-
pected and these effects have been calculated® in
essentially the same approximation as in Ref. 4.
Experiments tending to confirm the existence of
the inverse Faraday effect in plasmas have been
performed.”

In this paper, a general formulation of the in-
verse Faraday effect is given using the Kubo re-
sponse-function formalism. Calculations of these
response functions in the linear theory of the in-
teraction of weak radiation fields with plasmas has
in the past considerably simplified the understand-
ing of relaxation phenomena.®~° However, as was
mentioned above, the effect to be calculated here
is proportional to the intensity of the radiation
field and, hence, is of second order in the field
amplitude. This means second-order response
functions must be considered. The theory of these
nonlinear response functions has formed the basis
of much of the recent interest in response theory.
For example, the interaction of strong electro-
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magnetic fields in dilute gases has been treated
using the Liouville technique to study the nonlinear
response.’ In addition, in certain cases such as
the scattering of radiation by plasmas’? or solids®®
it has been possible to relate these second-order
processes to linear response functions. In these
cases, the theory takes a particularly simple form.
It will be shown here that the inverse Faraday ef-
fect can also be related to the functions that de-
scribe the linear response of the plasma, and
hence, that a simple physical interpretation of the
theory is possible.

In Sec. II, the physical basis of the inverse Fara-
day effect in terms of energy and angular-momen-
tum considerations will be presented. The formu-
lation of the theory in terms of second-order re-
sponse functions and the calculation of these func-
tions in terms of linear-response theory then fol-
lows in Sec. III. The first-principles calculation
presented here permits the explanation of certain
discrepancies among expressions which have ap-
peared in the literature*®7 and is discussed in
Sec. IV. In addition, since the effect will be de-
scribed in terms of dielectric functions and con-
ductivities, this permits, for example, the inclu-
sion of collective effects, thermal motion, ion
contributions and specifically magnetic effects.
Finally, in Sec. IV, the effect of absorption on the
inverse Faraday effect is discussed.

II. INVERSE FARADAY EFFECT

As was mentioned in Sec. I, the physical basis of
the inverse Faraday effect in plasmas can be seen
by considering a textbook problem,® the trajectory
of a particle of charge e and rest mass m, in the
field of a circularly polarized wave of angular fre-
quency w and amplitude E,. Choosing a frame of
reference in which the particle has zero average
velocity and position, the solution for a left circu-
larly polarized (positive helicity) wave propagating
in the Z direction is circular motion with radius

v=|e| Ey/mw, 1
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where y?=1+(eE,/m,cw)? is the relativistic factor,
and with transverse momentum

p.=lelEy/w, (2)

where p=P—(e/c)A =~(e/c)A in the chosen frame
of reference. The motion is such that the particle
velocity is at all times perpendicular to the elec-
tron field and parallel to the magnetic field of the
circularly polarized wave and thus, no work is
done in maintaining the rotary motion. Therefore,
in interaction with the radiation, the charged par-
ticle has acquired angular momentum L, =e?E2/
mow® and hence, N such particles will have a
magnetization per unit volume V given by

lel le| w2 E?

M=~ Gy 1™ "B A (®)

where wi=41Ne?/Vm, is the plasma frequency.

The creation of this magnetization by the circu-
larly polarized wave is the inverse Faraday effect.
However, in ordinary laboratory plasmas the orbit
radius of electrons may attain macroscopic dimen-
sions* and the neglect of electron interactions and
collective effects in the derivation of Eq. (3) may
be unjustified. To include these effects, in the
next section the response-function formalism will
be used to calculate directly the magnetization of
the plasma. For this purpose it will be conven-
ient to use another, but equivalent, physical in-
terpretation of the effect, related to the energy
considerations presented by Pershan.! This inter-
pretation is based on the fact that the interaction
between the circularly polarized radiation and the
material system results in energy (and angular
momentum) being transferred from the radiation
field to the material system. That is, if we con-
sider a rotationally invariant system of particles
in its ground state in the absence of a radiation
field, the angular momentum of this system is
zero. By switching on a circularly polarized ra-
diation field, the angular momentum (and hence,
magnetization) acquired by the systems of parti-
cles will be equal to the angular momentum lost by
the radiation field. In terms of the simple one-
particle calculation presented above, the total en-
ergy of the particle in circular motion (kinetic +
potential) is U,=wL,. Similarly, a circularly po-
larized electromagnetic wave has energy™*

Ug=wL,. (4)

Thus, when energy is transferred from the field
to the particle, angular momentum is transferred
also.

In the method of solution given in Ref. 5 the ini-
tial conditions are chosen such that in the observ-
er’s frame of reference the particle starts out with
the L, of Eq. (3) and since the motion is such that
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no work is done, these energy considerations are
not evident. However, if the initial conditions are
arbitrary, as in the case of a thermal distribution
of initial positions and velocities, the same solu-
tion can be found by adiabatically switching on the
external field and the final angular momentum at
the end of the switching procedure can be ex-
pressed in terms of the work done during the adia-
batic switching. Since the process is adiabatic,
no energy is added to the system, radiation plus
particles, it is simply redistributed.

More precisely, when the radiation field is
switched on currents are induced in the system.
The work done by the fields on these induced cur-
rents during the switching process can be inter-
preted in terms of the energy stored or propagating
in the medium (Ref. 14, p. 197). This is the mi-
croscopic point of view in which the total electric
and magnetic fields are E and B and the energy -
density terms which appear in Poynting’s theorem
are

(E2+B2)/81T+f§‘(j’+<i>>)dt,

where 7 is the true external current and (J) is the
induced current, sometimes written aP/at+V><M
and this last term is the energy density stored in
the medium. Alternatively, and perhaps, more
fam111ar1y, this energy is usually included in the
quantities D and Hand the total electromagnet1c
energy density, written (E-D+B-H)/87. In Sec.

III we shall adopt the microscopic point of view and
calculate the angular momentum (or, more exactly,
the magnetization per unit volume) supplied by the
radiation field when it does work on the induced
currents during the adiabatic switching process.
’_I‘_he basic fields to be used are, therefore, E and
B.

III. RESPONSE-FUNCTION CALCULATION

In this section, a microscopic theory of the mag-
netization created in a plasma by an external cir-
cularly polarized electromagnetic wave will be
presented using the relaxation formalism. This
formalism as will be seen, permits general re-
sults to be derived which do not depend on the usual
dipole or one electron approximation discussed in
Sec. IL

The external electric and magnetic fields, E° and
and B°, are created by an external charge and cur-
rent density p, and J, and satisfy the relevant Max-
well equations'®

ickxB Ok, w) = —iwE(k, w)+47 T4k, w),
ik XE°(k, w) = +iwB(k, w),

(5)

where the Fourier transform,
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Bk, w)=fd3xfdte-i;';eiwtﬁ(x, 5,

has been taken. These external fields induce local
charges and currents {(p),{J), which create fields
(E),(B) that combine with the external fields to
produce the total local fields, E and ﬁ, in the
plasma. Thus, we have

Bk, w) =Kk, w)+(E(k, w)),

Bk, ) =Bk, w)+(B(k, 0)), )

and the corresponding Maxwell equations
ickxB(k, w) = —iwE(k, ) +47[ To(k, w) +(T (&, w))],
- - - 7
ick XE(k, w)=iwB(k, w). M

The problem is thus to calculate the induced
magnetization at time ¢ due to the external fields
E° and B° which are switched on adiabatically in
the plasma starting at /= -«. Due to the presence
of spatial and time dispersion, the fields at 7, ¢
depend on the fields at all ' and previous times
t’. Thus, we divide E° for ¢>0 into two parts’®

EO = E(on) | Fi(02) ,

where E(° depends on the switching procedure
for ¢<0, and E(%2 ig the external fields after the
external sources are turned off at time £=0.

For a uniform time-independent system, these
external fields are linearly related (neglecting
third-order field effects’®) to the total local fields
in the plasma by €, the dielectric tensor of the
medium as follows:

[¢]
B0 (y, t)=fdsxfdt'g(x-x',t—t')ff(‘)(x',t’),

t
E(°2)(x,t)=fd3xf dt'E(x—x' t—tED(x’,1").
0

Thus, E(V is the total field in the medium for ¢<0
and E® the total field after the sources are turned
off. Since the dielectric function is causal (i.e., is
zero for negative values of its time argument),
these fields can be Fourier transformed and sat-
isfy Eq. (5) which becomes for ¢>0, at which time
the sources have been turned off:

PR x[KXE(k, w)ﬁ(z)(k, )]+ w2 E(k, w)E® (B, w)
= ~PRX[RXEO (B, )] — 0B (k, w).
(8)

The dielectric tensor can be written in terms of a
transverse part €, and a longitudinal part € as
follows:

€;;=(kik;/R®)e 1+ (8;; — kyk;/R®)e 1, 9)

and the corresponding transverse local fields sat-
isfy

E@ (R, w)= -EP (b, w)/ep(k, ). (10)

In the following, we shall calculate the magnet-
ization produced in a plasma by turning on the
field E(°Y adiabatically from #=—w to =0 and ex-
press the result for £>0 in terms of the total local
field in the medium E®(k, w). The field E(®V is
turned on adiabatically since the independent sys-
tems of charged particles and external photons
which are present at {= -« are to be brought into
contact in such a manner that the total energy of
the systems remains constant (i.e., a temperature
T can be defined). At #=0, a single system of
particles and field exists with some of the energy
and angular momentum of the external field now
stored in the plasma and the rest present in terms
of local fields.

If a dissipative process is also included, there
is also a certain quantity of field energy dissipated
during the adiabatic switching procedure. This
energy is rejected to an external heat bath, and
must not be considered to be stored in the plasma.
If it were, a unique temperature could not be de-
fined. The object, therefore, of the following cal-
culation is to obtain the difference in magnetiza-
tion of the plasma between ¢ = -« when the external
sources begin to be switched on and ¢=0 when they
are switched off. After {=0 we observe the re-
laxation of the magnetization. Note that the time
t=0 is arbitrary since after the systems are fully
in contact if the sources are not turned off, all the
energy supplied to the system is dissipated to the
heat bath in a steady state process.

Since, as was stated in the Introduction, we are
considering a process proportional to the intensity
of the incident field, the methods which have been
developed for linear response®'” must be carried
to second order. Thus, we calculate, to second
order

(M4(2)) =Trp(t)M, (11)

where M, is the Z component of the magnetization
operator and p(¢) is the density operator for the
system perturbed by a circularly polarized elec-
tromagnetic wave propagating along the Z axis.

In the following, we shall use a wave with negative
helicity (right-hand circular polarization), which
for the electron gas, will yield a magnetic field

in the positive Z direction.

Positive helicity produces the same magnetic
field, but in the negative Z direction. Thus, the
general case can be obtained by an appropriate
combination of the two helicities”. The magnet-
ization operator is taken to be
L df

M, =L

V 2(1 {FXE(V’ t)}Z y (12)
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5 0=3 5o 3 [Bi-S K00, 007 - r i

(13)
is the symmetrized current density operator;
e;, m; are the charge and mass of the ¢th species,
P! is the momentum operator for the ath particle
of the ith species; and A(7, ¢) is the vector poten-
tial in the Coulomb gauge k-A(k, w)=0, which is
related to the transverse fields by

Er=-(1/c)&, B=VxX. (14)

The average in Eq. (11) is calculated using a den-
sity operator obtained from the solution to the
Liouville equation

idp(t)/dt=[H,p(?)],

with the initial condition p(-«~)=p,. In the above,
Po is the equilibrium density operator and His the
total Hamiltonian of the system

(15)

H=H_ +H,+H, +H}. (16)

Here, Hj is the plasma particle Hamiltonian, Hj
is that for the internal radiation field, and H, is
the matter-field interaction which, in the absence
of the external field, can be written in the Cou-
lomb gauge

HI=_%de3(7, £)-K(7, t)

5oz [ aFal, 0Ee 1), an

J

ie?
2m c?

i 2

c

I |
mc® 2Ve

j; ar [ aF f drt [ aE @ xEO o, ) D’ 1), o) ] DA%, =),

651

where #(7, ¢) is the particle-density operator. The
term HY is the extra term added to the Hamiltonian
du(e fo the interaction with an external perturbation
Ko,

Noting that there is an explicit change in the cur-
rent operator when the external field is applied,
so that the total current operator in the presence
of this external field is

- = 2 N
P T e (o1)
3123 - [Gratr, 0RO 1), (18)
the perturbation H{ becomes
o_ 1 =7 *(o1)
H === drJ(7, £)-A° (7, ¢)
e’ A (01) 2
F 1
T fdrn(r, H{K oV (r, 1)}, (19)

Including the explicit change in the magnetization
operator, we must now calculate

(M) =M ;)

e 1

“2mEV [d'f{'fx‘?{(m)(,,’ Hnlr, )}, .

(20)
Solving Eq. (15) to second order in the external

field A(°Y, we obtain, in the usual manner, the
gauge invariant expression

fo “dr [ A M), )] o 4 (7, 1 =) Tn% o f AFEXE D (7, 1)), n),
fm ar de([MZ(T), (1) 1) {A (7, t = 7)}?

+(-> fwdrfd?fwdr'fd'f"([[Mz(T), T )], Tar ', =7 )] Do ALD (7, £ = T)AWD (" t = 7= 7")
o [

(21)

where (* -+ ), is the average taken with respect to the equilibrium density operator (the summation conven-
tion has been used with respect to the indices ¢, 8 of the spatial components).

Since, as can be easily seen, the magnetization operator is simply related to the total angular momentum
operator, it commutes with the unperturbed Hamiltonian of the system. Therefore, the well-known equal
time commutation rules can be used to compute the commutators in Eq. (21). Thus, using

(Mg, J, ]I= (ie/2mc) 1/ V€ zqpds+(FXV)d,), [Mz, n(#)]= =(ie/2mc)(1/ V)(F X V) (),

(22)

where €, is the well-known unit antisymmetric tensor, we find that the first three terms of Eq. (21)
vanish for a spatially homogeneous isotropic system. We now explicitly write the external field in terms
of a monochromatic right circularly polarized vector potential (negative helicity)
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KO (y, t)= (A cos (KF - wt), A sin(KF - wt) 0)e™, (23)

where e" (with the limit 7~ 0 implied at the end) is the adiabatic switching factor which will also maintain
the causality of the response and insure the convergence of the Fourier transforms. The remaining two
terms in Eq. (21) can now be written

Gnsn =gty ["ar [Cav [ a7 fax ()

X {n*'(r —’V', T:)IA(m) Ize-ik(r-r') eiu'r’e-—n'r' _n.-+(7,_ v’ , e ) ] A(01) Izeik(r-r')e-iw-r'e-nr’}ezn(t—r)

+7—Lec_i % _:w dr fv dar fv dF' (TXA OV (7, ) {n*(r =7, T)AD (v’ t - 7)
+r(r=r', A (', t-T)}, (24)
where we have introduced the circular operators
A7, 1) =AY(7, t)£1AY(7, t) = ACe*tRTFIVEENE L g (v, t) = J (7, B)x i, (7, 1), (25)
and where
T (=7, =0 [J.(7, 1), T(v*,0)] )y, 7 (r—7',0)=ib(t)[en(r, 1), J.(r",0)]),. (26)

Note that 7% =7~~=0 for a spatially homogeneous time-reversal—invariant system. Here 6(¢) is the
Heaviside step function, zero for negative times. The retarded commutator functions in Eq. (26) have been
extensively studied in linear-response theory® and have been calculated explicitly for classical and quan-
tum plasmas.®!® We have thus reduced the second-order calculations implied in Eq. (21) to the study of
integrals over linear-response functions. This will greatly facilitate the physical interpretation of the re-

sults.
The response function 7%? will later be described in terms of the external conductivity of the system. It

is related to the retarded commutator functions 7% by the continuity equation
8/0t en(r, V) =ilH, en(r, )| = =V+3(r, 1), (27)

which yields

a 4
ST =7’ )= (r 7", 0)5(r) - ; VerbH(r—v’, 1), (28)

Using this relation and

T =7, 0)=(—wi/4m)V. % (r -7"), (29)

which is the sum rule which ensures the gauge invariance of the theory, the cecond term in Eq. (24) may
be integrated by parts in the space and time variables. The result is

t +oo
(ML) =2|_;'E,,{Zli7fdffdf'[j ez"Tde dr’' ot~(r-7r', 7" )2sin(- k(r =7 )+ w7’ )e "
14 4 -00 -0

+eo /e-ik(r-r')+i(w+i )T
—ez"‘f dra*=-(r-7',7)2Re - \:,
- \ W+ /

2
+Re<ﬁﬁ—ﬁﬁ> eznt} lA(Ol) Iz- (30)

In the above we have used the fact that 7" =7""=0 and hence, 7*~=7"" for an isotropic system. Equation
(30) contains all the magnetization transferred to the plasma between ¢#=— and ¢, including that part sub-
sequently rejected to the heat bath which maintains the system at a constant temperature. To see this, we
now take the time derivative of Eq. (30), being careful to retain in the rate of magnetization those terms
with an infinitesimal rate, proportional to 77, which result from the differentiation of the adiabatic switch-
ing factor e". These infinitesimal rates acting over an infinite time interval result in that part of the
magnetization adiabatically stored in the plasma at £=0. The time derivative of Eq. (30) is
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+|€|

(Mz(t)) =

%; fyd?‘fd?" {( j::wdT’ 7t~ (r=7', 1) sin( —k(r—’i")+w7’)e'"r')
([

n=0

dr' ' 7t~ (r-v', 7" )sin( - k(r - v’ )+w”r’)e"”'>
1 =0

+o e-ik(r-r) ti(wrin)T
..211[[ dTw*‘(r—r’,T)Re< - >} }
o w+in =0

+2n i IA(Ol) Iz
4w ’

where Eq. (30) has been expanded to first order in
a power series in 7 to display the linear term
which it contains.

If now, for illustrative purposes, the 77 —0 limit
is taken to obtain the explicit dissipation in the
system, we obtain

a(ugt) el
M= "and 2

7" (R, w) | AV, (32)

where the Fourier transform has been performed
according to

78 (k, w)=1ingfd?fd77r°‘ﬁ(1’, T)
P

Xe-ik°r+i(w+in)T (33)

This result is related to the usual observation
J

(31)

r
that the dissipation in a plasma is proportional to
the imaginary part of the response function. This
could have been more simply obtained by direct
calculation of the dissipation from Eq. (20), neg-
lecting the adiabatic term

1
ZcV

xfd?(?x%fi(“)(?’, ) (n(r, t>>)z,

(34)

which using a method, identical to that leading to
Eq. (30) results also in Eq. (32). To obtain now
the adiabatic contribution to the magnetization we
integrate the remaining two terms which are pro-
portional ton. This gives

(Mz(t)> =

[ g ar=Czon =<2

ow

This now represents the magnetization per unit
volume of the plasma at {=0 when the external
sources are turned off. This expression can be
written in terms of more familiar quantities by in-
troducing the external conductivity ¢°, which re-
lates the induced current density to the external
field

(Tl w)) =09 5(k, W)E (R, w). (36)

Using this expression the following relations can
be obtained from linear -response theory”™°

@Bk, w)= w0’ a(k, )+ (w2/4T)d 5. (37)
This relation can be used in our second-order the-
ory, since nonlinear effects occur only in third

order for a spatially homogeneous isotropic medi-
um.!® Thus, Eq. (35) takes the form

gl [ (Rt | e,
(38)

where 0%, is the transverse external conductivity

| 1 <1 8Rer*~(k, w) Ren”

(b, w) ws
r
defined by
k_k k Rk
0% =28 0% (0,5 -2 )ot (39)

Only the transverse part of ¢° occurs since we
have used the Coulomb gauge and A is then trans-
verse.

Equation (38) represents the complete expression
to second order for the magnetization produced in
a plasma by an externally applied right circularly
polarized monochromatic electromagnetic wave.
In plasmas, however, as was pointed out in Eq.
(10) the external field at =0 is not the total field
and the electrodynamics of the plasma is more
properly described in terms of the total local field
E® defined by Eq. (10). The local conductivities
and dielectric functions o, € which are the physical
parameters usually used to describe the plasma
are related to the external conductivities by the
Maxwell equations (4) and (6). Writing only those
quantities which occur in the transverse response,
we have'®
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_dnwo gk, w) Arwo(k, w)
€rlky @)= 1==7— k2c?  w? - k3% —4nwoR(k, w)’
(40)
or=0p/€p. (41)

The separation of the response into longitudinal
and transverse quantities is, of course, equiva-
lent'® to the usual description in terms of a dielec-
tric function and a magnetic permitivity, but has
the advantage of avoiding the problem associated
with the division of the current into a time deriva-
tive of a polarization and the curl of a magnetiza-
tion.'®

Substituting Eq. (41) into Eq. (38) and using the
definition of Eq. (10) for the total local field at
time £=0, we obtain, after some algebra, the
magnetization in terms of the total field A (@,

) g 5 75 7e()

4rc?kiw |0, |2 ]
AD 2, 4
o orray | A7 (42)
In terms of the basic fields, E(® and B®, we

have

B _lel 19 ok, w) 2
(Mz>—-2"7;l'z_'|:-2-5-(;Re<———w >IEi
|B*

2—_
+I 1 _GT(ky w); 41w

], t=0, (43)
where we now drop the superscript on the field
amplitudes, since for £= 0 it is understood that
the total fields in the plasma are given by Eq. (10).

This expression now represents the magnetiza-
tion of the plasma at £=0. For later times, this
magnetization decays with the rate given in Eq.
(32) which can be written

d{Mj3> |e| Imop(kw) |EP

dt " 2mc @ w £>0. (44)

These two expressions, Egs. (43) and (44), are the
complete result for the creation and dissipation of
magnetization when circularly polarized electro-
magnetic waves interact with a plasma,

IV. DISCUSSION OF RESULTS

The interpretation in terms of stored angular
momentum can be made more explicit by consider-
ing the expression for U,, the energy density as-
sociated with an electromagnetic wave in a plasma,
neglecting magnetic field effects?®

1 90

U3 %

(k@) | E P +om | EF. (45)

Subtracting out the energy density of the radiation
field (1/87) | E |2, to obtain the net energy density

stored in the plasma, it can be seen that the first
term in Eq. (43) is the corresponding expression
for the magnetization stored by the electric field,
since for a circularly polarized wave the energy is
related by Eq. (4) to the angular momentum. We
can therefore interpret the first term in Eq. (43)
as the magnetization stored by the electric field
in the ordered motion of particles in the medium.
The second term in Eq. (43) can be interpreted
more easily if we introduce the induced field, using
the definition

(By=(1-€p)&, (486)

a relation also valid to second order in isotropic
systems. The second term then becomes

(e/2mc) |{B) |*/w, the angular momentum stored
in the induced magnetic field associated with the
electromagnetic wave. Note it is not related to
the work done by the magnetic field of the wave,
since the electron motion is always parallel to the
magnetic vector of the wave and thus, no work is
done. It is perhaps more suggestive to write this
term as ckx(B)+(E)/w? which shows this term
to be the magnetization created when the induced
electric field does work on the induced vortical
currents. This is therefore, a specifically collec-
tive effect associated with spatial dispersion in
the system and contributes directly to the magne-
tization. It is always absent in calculations which
use the one electron theory or the dipole approxi-
mation (£ -0). In addition, since the classical
diamagnetism of a plasma is zero, a quantum cal-
culation of €, must be performed to correctly in-
clude the induced magnetic field.?* In any case, it
will usually be a small correction since the quan-
tum results are always of order %2 and the intrin-
sic magnetization of a plasma is also small.?? In
the following, therefore, we consider only the
first term in order to compare this formula with
previous results.

If we consider a classical electron gas and neg-
lect thermal motion, then for w>w, the conduc-
tivity, o,(k, w)=-w? /47w and the first term in Eq.
(43) becomes

le]

(Mz)=5— gé |E|?. 4"

1
2me 4w
This is the nonrelativistic limit of the one electron
calculation given in Eq. (3) and is identical with the
result of Ref. 4. However, it should be noted that
in the one electron, dipole approximation calcula-
tions of Refs. 4 and 5 the field which drives the
electrons is the external field. This is of course,
correct for dilute plasmas where w,< w, when the
external and local fields become identical (€,~1
in this case). For these plasmas, collective ef-
fects are absent and E (°Y =E(®, Some confusion,
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however, has arisen in the literature over the in-
clusion of collective effects in Eq. (47). We have
shown in the derivation above that collective effects
can be included only if a careful distinction is made
between the local field E (® and the external driv-
ing field E(°Y. When this is done, the correct di-
pole approximation result, Eq. (47) shows that
collective effects are included by replacing the
local field by the total field. In addition, it is only
in this manner that the relation between the direct
and inverse Faraday effects obtained by Pershan'
and applied to plasmas by Pomeau and Quemada*
is verified. In Sec. V we will demonstrate this
more explicitly in terms of the quasiparticle pic-
ture of a plasma.?®

A similar calculation by Steiger and Woods® con-
siders the inverse Faraday effect in terms of the
propagation modes available in a plasma for cir-
cularly polarized radiation. The Maxwell equa-
tions for the induced fields are solved for the in-
duced current density. That is, the fluctuating
(E), in our notation, is considered to be the driv-
ing field for the circular motion of the plasma
electrons. The assumption is then made that this
mode will couple to an external laser field. Using
in Eq. (46) the same approximation for o as used
above, the first term in Eq. (43) becomes

le| 1 w? (wz—czk2 2.
N » — (= 2
(M2) 2m,c 41 W* w2 IKE2 P, (48)

in agreement with the result given in Eq. (2.13) of
Ref. 6. Note that this result is written in the non-
relativistic limit [it is identical to Eq. (47) but
written in terms of the induced field]. To intro-
duce relativistic effects, the authors of Ref. 6 use
the identity which relates the induced current to
the induced field

(3) =[w? - k2c2/4rw](E)

to write a relativistic formula for the induced cur-
rent. That is, the induced current is agsumed to
be circular and, thus, can be written (J) = Nerw

= (w2 /4m)m¥w/e, where 7 is the relativistic ra-
dius of Eq. (1). When this is done, the factor

(w? = £2c?)/wi, which in this approximation relates
the total and induced fields becomes the relativis-
tic factor 1/y defined in Eq. (1). Thus, Eq. (48)
can be written, in the form of Eq. (3),

(mpy-del LB Lz (49)

where y2=1+(eE,/mocw)®=(1 - w?*7%/c?)™* using
the definition of 7 in Eq. (1).

One must be careful in interpreting Eq. (49)
since it is written in terms of the induced field.
As was pointed out in Sec. III the field for >0 de-
pends on the field {< 0 and therefore the total field

in the plasma is different from the induced field.
For this reason, the induced-field intensity cannot
be equated with the external laser power.

One can obtain an estimate of relativistic effects
by using a relativistic conductivity o, in Eq. (43).
This is slightly inconsistent since we have used a
nonrelativistic Hamiltonian in the derivation.
Nevertheless, using the dipole approximation ex-
pression® 0,/w=-c?/3a%w?, where a?=kTV/4TNe?
is the Debye length, in the ultrarelativistic case,
when the thermal energy, k7 is of the order of
m,c®y, we obtain

w? 8 0, Wi (50)

which leads to Eq. (3) with the total field replacing
the external field.

Finally, if the absorptive properties of the plas-
ma are taken into account for #>0, the plasma will
dissipate the magnetization stored during the adia-
batic switching. This dissipation is described by
Eq. (44). Since Imo,(k, w) is the same parameter
as that measured in the damping of transverse
waves in plasmas,®!° Eq. (44) shows explicitly that
the decay of the magnetization is proportional to
the rate of decay of the angular momentum of the
local field in the plasma. Thus, experiments such
as those of Ref. 7 in which the rate of decay of the
magnetization of the plasma is measured, can
give information on the propagation characteristics
of transverse circularly polarized waves in plas-
mas.

V. CONCLUSION

A general response-function formalism has been
developed for the analysis of the inverse Faraday
effect in plasmas. The formalism allows a simple
interpretation in terms of the angular momentum
stored or dissipated in the medium. By making a
careful distinction between the total local field in
the plasma and the external field, a comparison of
seemingly different results which occur in the
literature was possible. This distinction, which
is characteristic of charged systems, has been the
source of confusion in the past®® and must be made
whenever an induced quantity is calculated.

The general result of Eq. (43) can be used to in-
clude the effects of thermal motion and ions in
classical plasmas and thereby improve the classi-
cal nonrelativistic calculations. In addition, ex-
pressions for the relativistic conductivity are
available in the literature®® and in spite of the non-
relativistic Hamiltonian used in this work an ap-
proximation to the relativistic effects expected to
occur at high external field strengths can be found.
Finally, it would be interesting to use a quantum
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mechanical response function such as that calcu-
lated in Refs. 9 and 10 to find the small diamagnet-
ic and paramagnetic corrections to the effect dis-
cussed in Sec, IV,

The distinction between local and external fields
is not necessary in neutral gases and Eq. (24) can
be used with A (®) ag the incident total radiation
field. The quantity 0% (k, w)/w of Eq. (38) is the
susceptibility, X(w), of the gas which is simply re-
lated to the atomic dipole moment correlation
function, often calculated in problems related to
the spectral line shape of the neutral gas spec-
trum.® It is to be remarked here, however, that
it is the real part of this function which determines
the inverse Faraday effect while the imaginary
part determines the line shape. In addition, since
near spectral resonances, X(w) is strongly fre-
quency dependent, the induced magnetization which
is proportional to the derivative should be largest
in these regions. Thus, at frequencies near strong
spectral lines, this effect may be large enough to
be observed. A calculation is presently underway
and the results will be published in a future paper.

An estimate of the effect in nonabsorbing gases
can be obtained by using the response function for
a harmonic oscillator in Eq. (43). For this case
we have

Reo,(0,w) 1 w3
w TAT W - w?

Rex(w) = (51)

and hence, for the harmonic oscillator we have

lel 1 o
2mc® 4n (w3~

<MZI>osc = w’ 2)2 IF( ) |2 (52)
Thus, a neutral gas, or a collection of noninter-
acting harmonic oscillators will store angular mo-
mentum in the same way as the plasma. This
analogy can be made more explicit by expressing
the approximate plasma result, Eq. (47), in terms
of the external field at time =0, using the dipole
approximation relation E,=(1 — w3/ w?)E. This re-
sults in

el 1 ww?
(M} )—zlncl vl ’2)2 |E© |2, (53)

Here the plasma collective effects which are usual-
ly included in the total field now appear in the fact
that the plasma particles react to external fields
as a collection of harmonic oscillators with a
natural frequency w,. This is the usual classical
interpretation of a plasma found in most text-
books,'2° and is the basis for the quasiparticle
approach to plasma dynamics.?

Finally, the direct Faraday effect (the rotation
of the plane of polarization of a plane polarized
wave propagating along the direction of an exter-
nally applied magnetic field) can also be under-
stood by the same angular momentum arguments
as those given in Sec. II. Thus, the rotation of
the plane of polarization can be considered to be
the acquisition of angular momentum by the radia-
tion field in interaction with a gyrotropic medium.
Since this argument closely parallels the energy
consideration in Ref. 1, details can be found in
that paper. The symmetry relation between these
two effects is also derived in Ref. 1.

The possibility of performing experiments such
as those in Ref. 7T where the decay of the magne-
tization is observed is perhaps the most interest-
ing method of studying the inverse Faraday effect
in plasmas. Experiments of this type performed
as a function of frequency can give information on
the dissipative properties of plasmas. Perhaps,
more interesting is the possibility of similar ex-
periments in neutral gases where the magnetization
created can be detected by the Zeeman shift of the
atomic lines of a noninterfering probe gas. This
will yield the real part of the polarizability, while
the imaginary part can be obtained from experi-
ments on the rate of decay of the magnetization.
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