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A theory of coherent two-photon resonance is developed by applying a canonical transfor-
mation on the Heisenberg equation of atomic motion. The theory leads both to the optical
Bloch equation and the second-order induced pelarization which drives the classical Max-
well’s equation. The expressions for the Rabi frequency and the induced polarization are
given explicitly for two-photon absorption and Raman effect. The results are applied to co-
herent steady-state propagation, and two kinds of pulses are derived for different-frequency
two--photon absorption, including the atomic frequency shift.

I. INTRODUCTION

Recent progress in the study of coherent reso-
nant interaction between light and a collection
of atoms has led to the observations of such novel
effects as self-induced transparency, photon echo,
superradiance, optical nutation, optical free in-
duction decay, and optical adiabatic inversion.
Experimental and theoretical works have been
reviewed in recent books.! However, these works
have been limited almost exclusively to one-photon-
resonance cases. Belenov and Poluektov? first
discussed the coherent two~photon absorption, but
a related experiment appeared only recently.?
More recently, a new experiment has been re-
ported in a resonant three-level system.*

In a previous paper,’ the author examined the
validity of the two-level approximation for atoms
in the coherent resonant interaction and showed
that other nonresonant energy levels yield Stark-
like secular shifts of two energy levels under con-
sideration, which may be important for two-photon
resonance. In this paper, we shall discuss co-
herent two-photon two-level resonance using the
same canonical transformation of Ref. 5. The
main improvements over the previous paper are
the following three points.

First, the Heisenberg equation is used for the
description of atoms instead of the Schrodinger
equation. For two-level-resonance phenomena,
the Heisenberg method is much more straight-
forward. Secondly, the second-order induced
polarizations which drive Maxwell’s equation are
given explicitly for two-photon absorption and the
Raman effect. Lastly, the results are applied to
coherent two-photon-resonance propagation effect.

il. CANONICAL TRANSFORMATION

The time-development of any operator A which
is time dependent only implicitly may be described
by the Heisenberg equation

11

1,
i A

dt ="'[:;€’A]y (1)

where ¥ is the one-atom Hamiltonian which con-
sists of the unperturbed part and the perturbation

H=H -d-E. 2)

Here d is the electric dipole-moment operator and
E the classical radiation field,

E=2Eecos<p, @ =wt —kz +¢. (3)

The unit polarization vector E;’ , amplitude €,
phases ¢ and ¢, and wave vector & are introduced
in the usual way.

Although we are interested in the case where
the field frequency w is almost resonant with an
atomic transition frequency w,, the real atom
has many energy levels in addition to the resonant
two levels assumed nondegenerate. Since two-
photon resonance occurs inevitably through virtual
nonresonant states, they must be taken into account
from the onset. The perturbation Hamiltonian
therefore gives rise to both resonant and nonreso-
nant second-order processes. This situation is
inconvenient for treating resonance phenomena.
Thus we search for some canonical transformation
which could eliminate the nonresonant interaction
from the (revised) perturbation Hamiltonian and
renormalize it into the unperturbed Hamiltonian.
Then the Pauli-spin-operator formalism for the
“two-level” atom would be applied straightfor -
wardly to the revised Hamiltonian.

The canonical transformation in radiation theory
is well known for quantum-electrodynamic self-
energy renormalization. In our case the self-
energy-type Stark shift is the nonresonant process
which should be renormalized to the unperturbed
atomic energy. After renormalization, only reso-
nant processes have to be considered. We borrow
the physical spirit from Heitler,® but the calcula-
tion is much simpler than quantum-electrodynamic
theory because we treat the field classically. Com-
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pared with usual time-dependent perturbation theo-
ry, our approach has the advantage of systematic
treatment of resonance phenomena of any kind and
order.

The canonical transformation on A may be writ-
ten as

A=e"iSAe'S, 4)
where S is a Hermitian operator. It is easy to
show that A obeys the equation

mdi =-[K, Al (5)

. as
S . p—iS is
K =¢e"53CetS 471 i (6)

We now determine the explicit matrix form of S
so that the revised Hamiltonian K is divided defi-
nitely into the resonant and nonresonant parts.
According to the above consideration, we rewrite
the original Hamiltonian as

3C =36 43 1302 (72)
O =H+Hg, (7o)
e =4 F, (7c)
3@ = —H, (7d)

where Hg is the energy-shift operator. Since we
are interested in two-photon effects it is sufficient
to take H to second order in E. Now 3© is re-
garded as the new zeroth-order Hamiltonian.

In terms of this new order, operators S and K
are expanded,

S=SW 8@ 4eun) (8a)

K=K©® KW +K® 400, (8b)
Using the expansion

e~i53CetS =3¢~ 4[S, 5] - 3[S,[S, %] ] +-++,  (9)

substituting Eqs. (7) and (8) into (6), and equating
the terms of the same order, we have the relations

K(© =3¢ (10a)
K4 =56 - i[s(l),gc(o)}+ﬁ ds(“/dt, (10b)
K@) =302 _ i[s(l),gc(l)] - i[S(Z),ZC(‘”]

- 3[sW, [sW, 5] | +7 dS®/at. (10c)

The eigenstate of K‘® is chosen as the base,
K©\m)=nw,|m), (11)

which is also the eigenstate of the original unper-
turbed Hamiltonian.® The eigenvalue 7w, may be
time dependent when the system is subjected to
optical pulses.

We choose S’ and S so that the new perturba-
tion Hamiltonians K’ and K®’ contain only terms

connecting the two resonant states |+) and |[-).
The degree of resonance condition depends on the
problem. We here require only vaguely that the
off-resonance A =w, -~ w must be small enough
compared with the transition frequency nearest

to w,, and denote the critical off-resonance by
Sw,
The requirement
Kfnln)=0» l Iwmnl_w|>6w (12)

on Eq. (10b) and the assumption that the eigenvalue
variation is negligibly small compared with optical
energy yield the result

; =i ig
S id,, € e L€ , (13)
" 7 Wy + W W, ~w )

where d=d+E and w,,=w, —w,. For resonance,
we require
anl")=0, | Iwmnl - w|< dw (14)

in order to leave only the resonant term in K,
K =-2d,_ecosg. 15)

Next in K®, -3 ig chosen to be the Stark shift
of the unperturbed energy,

(Hs)mm=—JC§3%=—%¢<[S(1),ZC(U]

mm time av

~-Z%(TJL'_TZ)' (16)

The requirement

K3)=0, ||@p|=-wy>0w (17)

on Eq. (10c) implies that
ds @

_ g2 70(0)
T i[S® se@] —

$i[s®,3em] =0, (18)

where w, is a two-photon combination frequency
and [ ], means that only the optical-frequency
term should be taken in the bracket. In deriving
Eq. (18) we used the relations K’ =0, [S®)dS*Vdt]
=0, and Eq. (16). For resonance, we require
Sr(r%n)=0) | Iwmnl_wcl<6w (19)
in order to leave only the resonant term in K®,
K@ =-3ils ™, 5e0], (20)

=,opt*

From Eq. (20), expressions for the new inter-
action Hamiltoniar K{? are explicitly calculated
and given below for typical three cases. Two kinds
of field are defined by

Ep,s=28¢€;,,5C080;,,5, @r,s=0;,st =Ry 52+,
(a) Two-photon absorption, w,~2w,,

K@ =-[R}e % +Rye* L)€l (21)
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(b) Two-photon absorption, w,~w, +ws, R} =R},
K@ = —[(RZ +R;)e—‘(“’L+"’S)
+(Rg +R3)e! L™ ]e €. (22)

(c) Raman effect, w,=w, —wg, R; =R5,

K@ =-[(R} +R5)e™ L 91 (R} +R§)e! WL 99)e e,

(23)
Here

d_,d 1 1
I SR )
L,S Zl: o +

Wy W g W FWp ¢

(24)

In summary, the revised Hamiltonian is divided
into the unperturbed Hamiltonian including the
energy shift and the resonant perturbation Hamil -
tonian, which is written for two-photon resonance
as

K =3¢ LK@ 25)

where K? is given by Egs. (21)-(23) according
to the problem of interest. Since KX‘® is in general
imaginary, we put

@) g @ K)o
K® =K cosp, - iK;* sing,,

@.=2¢, or ¢ *¢s. (26)
III. OPTICAL BLOCH EQUATION

Since the perturbation Hamiltonian now connects
only two resonant levels, it is sufficient to take
the Hamiltonian in the form

K =ihw,_o,+K® 0, cosg, +K{?0, sing,, 2mn

where o; (i =1,2, 3) is the Pauli spin operator and
the new transition frequency w.. is written using
Eq. (16)

W, =Wy +0a7 €2 ¢, (28a)
) 2d> w . 2d? w
a* = < -1 1= F +1 1+
LS ,;_ R N R
(28b)

A comparison of Eqs. (28b) and (24) shows that
hay s is comparable with R} and therefore cannot
be neglected for two-photon resonance.

Using the commutation relation

Fx5=2iG, §=(0,,0,0,), (29)

we can derive immediately the Heisenberg equa-
tions for spin operators,
do,

2
T Ko, sing,, (30a)

do 2

_zdt =w,_0; —%—Kff’oacosw, (30b)
d 2 2

7‘;& = %—Kg’cr2 cos¢c—%-K,‘2’c1 sing,. (30c)

Taking the expectations s; =(0,), transforming
s; to the Bloch-vector variables

s, =ucos¢,— v sing,, (31a)
s, =using,+v cosq,, (31b)
S;=w, (31c)

and using the rotating-wave approximation, we
have finally

du/dt =-Q,v, (32a)

dv/dt =Q,u+Qw, (32b)

w=-Qu, (32¢)
where

Qy=W,_ —W,— <¢;C=A+a2€i+a§e§ - d;c, (32d)
Q=-K® +K®)/2n. (32e)

The optical Bloch equation (32) is the analog of
the usual one-photon-resonance equation. Essen-
tial differences are that Q is now second order in
the field amplitude and w,_ in , includes the
atomic frequency shift. Using Egs. (32e), (26),
(25), and (21)-(23), we can obtain the expressions
for © explicitly for the following two cases:

(a) Two-photon absorption, w,~2w,,

Q=2R;e3/n. (33a)

(b) Two-photon absorption, w,=w, +ws, and Raman
effect, w,zw, —wg,

Q =4R}e e /N (33b)

IV. INDUCED POLARIZATION

The optical Bloch equation which describes the
atomic motion with two-photon resonance has been
derived in Sec. III. In this section we give the
expressions for the atomic two-photon polariza-
tion which drives Maxwell’s equation

3% n2 9%E 47 09%P

922 ¢ o2 ¢* o’

(34)

where 7 is the refractive index of the host medium.
The induced polarization may be written in the
usual manner as

P=§ -P=N[Tr(pd)l,, , (35)

where N is the atomic density, p the density ma-
trix, and [ ],, represents the average over the
atomic resonance-frequency distribution. Using
the transformed operators introduced in Sec. II,
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P can be rewritten
P =N[Tr(pd)].,. (36)

We now calculate explicitly the induced polariza-
tion (36) for two-photon resonance using the result
of Sec. IL

The two-level density matrix p can be written
using the Pauli spin operator as”

p:

ol

(6)G=3+380

)=

Trp +

o

) 37

where §=(&) and the relation Trj=1 is used. In
a similar way, the operator d is written

d=1Trd +iD-5, (38)
where
ﬁ=(2&+-,}e, ‘2a+-.[,a++ —a-—) (39)

and the subscripts R and I mean the real and imag-
inary parts. Using the operator identity

040 +0;0, =20y, (40)
it is easy to prove the relation
P=N[4Trd+15-Bl,. (41)
Since we are interested in two-photon resonance,
it is sufficient to take
d=e"i5detS =d - i[SW, d]. (42)

The first term on the right-hand side contributes
to the usual one-photon-resonance polarization

PY =Nd, _[s,],, =Nd,_[ucosp — vsingl,,. (43)

The matrix elements of the second term, —i[S"),d],
can be obtained in a similar way with the calcula-
tions of Eq. (16) for (Hg)mm and Eq. (20) for K.
For example, the first term in the brackets in
Eq. (41) is calculated as

L Trd=-%i Tr[S®,d]=ria} se, scosg,,s (44)

where @; g is given in Eq. (28b). The calculation
of the second term in Eq. (41) is straightforward
but rather involved. We therefore give only the
final results, after transforming s; to the Bloch-
vector variables according to Eq. (31), for the
three cases

(a) Two-photon absorption, w,=2w,,

PR =N[R}u -3 ayw +37 a})2e, cosgy,
- (R}v)2€, sing,l,, . (45a)
(b) Two-photon absorption, w ~w, +ws, R; =Ry,
P@® =N[Rjequ —3aze, w +3lia e, )2 cosg,
- (Ryegv)2sing,l,,, (45b)
PP =N[(Rje,u-thagegw +3hageg)2 cosgg

— (Rje, )2 singg ],y - (45¢)

(c) Raman effect, w,~w, —wg, R; =Rj,
PP =N[Rjequ -3lia e, w+3ia e, )2 cos,
- (Rjes)2sing; ., (45d)
P@ =N[Rje,u—-3hiageaw +3Hiates)2 cospg
+(Rie, v)2singglu. (45e)

These induced polarizations are coupled with
Maxwell’s equation (34). When P is written as the
sum of the in-phase and in-quadrature components
as

P®@ =N(Ucosp -V sing), (46)
the slowly-varying Maxwell’s equations yield

d¢€ n . Nmw

oz + e €= pr v, (47a)
2 n 5 Nm
oz "¢ 7 cne (470)

The optical Bloch equation (32) and Maxwell’s
equation (47), with the induced polarization (45)
and (46), are the fundamentals for treating coher-
ent two-photon-resonance propagation. Sec. V
deals with this propagation effect in steady state.

V. PULSE PROPAGATION IN STEADY STATE

The combined optical Bloch and Maxwell’s equa-
tions are very complicated, especially for two-
photon resonance. Even for one-photon resonance,
analytic solutions are possible only for some
special cases such as steady-state propagation.!
We show below that the steady-state pulse propa-
gation for two-photon absorption allows an analytic
solution. Only the sharp-line case is discussed
for simplicity.

Comparing Eqs. (45) and (46b)—(46e), we have
from Egs. (47) the field equations

d€ N 21w, N

azL +—CA€L=—Z‘-%_RZ€SU, (483)

9€ n 2mwgN

O€s  Ms o _ 2T¥sV pe

o T o €s=% = Rie, v, (48b)

0¢y, My : . 2TW N . 1 -

2t o ¢L_——~——CnL€L (Riesu —3slhiaie, w
+3hiage,), (48c)

9ds  Ns 2mwg N + F

52t o g = _—Cﬂsés (Rye u—3hagegw

+3hadeg). (48a)

In Eq. (48b), + and — correspond to two-photon
absorption and Raman effect, respectively. Steady-
state equations are given as usual by the trans-
formation, 9€/dz -~ —¢/V,, where the differentia-
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tion is with respect to the local time,

c=t-z/V,, (49)
and V; is the constant velocity. Introdueing con-
stants

Qs =27w, s NR7V, /0y (¢ =1p,sV,), (50)
we have from Eq. (48)
€, =-Q Eg D, (51a)
€g =FRs€,V, (51b)
: o [€g naj na; _
oz ‘QL<eL“" 2r; " 2Rf>' (51e)
N € nag ral
L, 1%
bs .Qs<E u-gpiws 2RL> (51d)

Equations (51a) and (51b) immediately lead to
the relation

Q€7 FQLES =Qs€7, FRLES,, (52)

where €,, and €4, are the initial values and must
be zero for single pulses. We hereafter confine
our consideration to the experimentally most in-
teresting case of pulse propagation. H is clearly
seen from Eq. (52) that the steady-state single-
pulse solution does not exist for the Raman effeet.
For two-photon absorption

Qs€} =Q €%, (53)

With the relation (53), Maxwell’s equations (51)
reduce to simpler expressions

éL == “QLQs €0, (54a)

$p =V u - iy . Boade (54b)
L e 7

d;S = QLQS Uu - ﬁa;Qs ﬁa;Qs (540)

2r; Yt TR ¢

as well as the components 2, [Eq. (32d)] and @
[Eq. (33b)] of the torque vector

Q,=A - ¢ +Bel, (55a)
Q =CeZ, (55b)
where

B =a2 +a;QS/QLa Cc =(4R£/ﬁ) VQS;QL . (550)

Adding Eqs. (54b) and (54c¢), differentiating and
inserting the expressions (32a) and (32¢) for « and
w with (55), we have

$=$L+$s =-2VQ Qs (a- J’)v (56)
Comparison of Eqs. (56) and (54a) gives
Bep=2(8 - §)éy, 67

which means the relation

ei(q') —A)=const. (58)
For a single pulse we have clearly
$=A. (59)

That is, the phase modulation exactly cancels the
off resonance in steady state. Then the Bloch
equations (32) become the more transparent forms

u=-Bejv, (60a)
U =+Beu+Celw, (60b)
w=-Ce2v. (60c)

It is easy to derive the differential equation for
€, from Eqs. (54a) and (60a) to (60c). The result
is

(€2)=€3(C, +Cye} - Coe}) /2, (612)
where

C, =4QQ5 05, (61b)

C,=-4VQ,Qs (Bu,+Cw,), (61c)

C,=B%+C?, (61d)

and ©,,v,,w, are the initial values for u,v,w.
Equation (61a) has two types of solution, (a)v,#0,

. 4C, exp[-VC, (¢ - ¢,)]
L™ [expl-VC, (t-t,)]-C,2P+4C.C, "
where ¢, is the integration constant. This ex-
presses a pulse with “area”

(62a)

o

1 C
2 - -1
[Lear=or(vertan i) @)
(b) 5,=0,

€2 = C,/C,
T 14(CR/4C) (6 - &P

This is a Lorentzian pulse with area

® e, 2T
f_,deg‘VcT' (63b)

The second type of solution (63) with u, =0 and
w,=-1 covers previous results. When w; =wg
and Q, =Qg, a7 =0aj, it agrees with the equal-
frequency exact-resonance case of Belenov and
Poluektov.? Tan-no et al.® obtained a Lorentzian
pulse for different-frequency two-photon absorp-
tion neglecting the atomic frequency shift. Our
result shows that the steady-state Lorentzian pulse
is still valid with the frequency shift. The effect
of the frequency shift is seen to be to loosen the
pulse and decrease the pulse area.

(63a)




624 M. TAKATSUJI 11

11.. Allen and J. H. Eberly, Optical Resonance and Two-
Level Atoms (Wiley, New York, 1975); J. H. Eberly,
L. Allen and M. Takatsuji, Introduction to Quantum
Optics (Tokyo Tosho, Tokyo, 1974).

’E. M. Belenov and 1. A. Poluektov, Zh. Eksp. Teor. Fiz.

56, 1407 (1969) [Sov. Phys.—JETP 29, 754 (1969)].

3N. Tan-no, K. Yokoto, and H. Inaba, Phys. Rev. Lett.
29, 1211 (1972).

‘R. L. Shoemaker and R. G. Brewer, Phys. Rev. Lett.

28, 1430 (1972).

M. Takatsuji, Physica (Utr.) 51, 265 (1971); see also
Phys. Rev. B 2, 340 (1970); A 4, 808 (1971).

8W. Heitler, The Quantum Theovy of Radiation (Oxford
U.P., London, 1954), p. 145.

"A. Abragam, The Principles of Nuclear Magnetism
(Oxford U.P., London, 1961), Chap. IIF; W. H. Loui~
sell, Radiation and Noise in Quantum Electronics
(McGraw-Hill, New York, 1964), p. 233.



