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Cross sections for ionization of the Li, Lii, and L
&&&

subshells in Ta, Au, and Bi have been measured
for proton energies from 1.0 to 5.5 MeV and a-particle energies from 1.0 to 11.0 MeV. X-ray spectra
recorded with a Si(Li) detector were used to deduce the subshell ionization cross sections: Ln components
give L», subshell ionization cross sections o.

L,, and Ly components were computer analyzed into Ly, ,
Ly&, Ly2+ 3 and Lp4 to give the Lii and Li subshell ionization cross sections, err 2 and cd, , respectively.
The data are compared with simple model calculations. The necessity of including some small but sig
nificant additional effects in the plane-wave Born-approximation treatment, particularly wave functions

more realistic than the normally assumed hydrogenic forms, is discussed.

I. INTRODUCTION

In the past several years a wealth of information
has been published on A. -shell ionization cross sec-
tions for positively charged particles. Recently,
similar data have begun to be available on the L-
shell ionization cross sections. Although the ear-
liest data, ''' were for total L-shell cross sections,
with the advent of higher-resolution Si(Li) detec-
tors, and the use of spectrum stripping techniques,
it has become feasible to measure the ionization
cross sections for the individual L subshells. The
first published work on L-shell cross sections
measured in this manner was the work of Datz et
al. ,

' who studied L-shell cross sections for pro-
tons and alpha particles incident on gold.

The main thrust of K-shell ionization studies has
been to understand the mechanism producing the
inner -shell ionization. Three theories have been
used to describe the mechanism for the production
of inner-shell holes; the plane-wave Born approxi-
mation (PWBA), ' ' the semiclassical approximation
(SCA),' ' and the binary-encounter approximation
(BEA).''' One finds, in general, good agreement
between total &-shell ionization cross sections and
calculations based on these theories, even with the
use of rather simple hydrogenic wave functions to
describe the bound electrons.

As the cross-section measurements increase in
precision and the theoretical understanding of the
collision mechanism advances, it becomes feasible
to study finer details of the processes and gain
new physical insights. On the theoretical side,
some efforts have been made to work out ionization
cross sections in a distorted-wave Born approxi-
mation (DWBA), using Coulomb wave functions. "
The evaluation of the atomic form factor with fairly
sophisticated Hartree-Fock-Slater-type wave func-
tions has become practical" with the advent of fast
computing techniques. The improvements that
arise from the use of better atomic wave functions

in calculating inner-shell ionization processes are
expected to be more pronounced for L-shell ioni-
zation than for collisions with K-shell electrons,
especially the ionization of the 2sy/2 subshell.

Senashenko et a/. "have used a nonrelativistic
Born approximation with Coulomb wave functions
for initial and final states of the electron to deter-
mine the theoretical dependence of ionization cross
sections on the structure of the electron initial
state. They showed that at an equal binding energy
the momentum distribution of the 2s electron,
p'i$„(p) i', has larger values than that of the 1s
electron, p'ip„(p) i', at p&3p, Z, /n; while at p
=P,Z, /n, the ls is larger than the 2s (Fig. 1).
[Here, P, = p.e'/k, where p. is the reduced mass of
the atomic system, i.e. , p, =m, (the electron mass)
for a heavy element; Z, is the charge of the target
nucleus; and n is the principal quantum number of
the electron bound states. ]

A node exists in the wave function for the 2s
state in the vicinity of P =P, Z,/n. All these dif-
ferences between the 2s and 1s wave functions pre-
dict different projectile energy dependences for the
ionization cross sections of 2s and 1s states. "
Since the radial dependence of the 2P states is very
similar to that of the 1s state (which has no node
in its wave function either in coordinate represen-
tation or momentum representation, except at the
origin), the study of the ionization of 2p and 28
states would be very instructive and provide a fair-
ly direct measure of some nontrivial features of
the atomic states, including the extent to which hy-
drogenic wave functions are capable of describing
them.

In this paper, we report measurements of the
L-subshell ionization cross sections of elements
ranging from Z, =73 (Ta) to Z, =83 (Bi), induced
by proton and alpha-particle impact in the energy
range where the 2s cross section differs most
noticeably from the 2P. Comparisons of these
cross sections with calculations based on the three
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models for inner-shell ionization are also pre-
sented.

II. EXPERIMENTAL METHOD

The Ohio State University 5.5-MV Van de Graaff
accelerator was used to produce proton beams
from 1.0 to 5.5 MeV and alpha-particle beams from
1.0 to 11.0 MeV. Doubly ionized alpha particles
were used in the energy range from 5.0 to 11.0
MeV. A check was made to assess the possible
ion-source contamination of H, ', which would af-
fect the results in He" runs. Both singly and

doubly ionized alpha particles were run at 5.0
MeV, and the I-& x-ray yield with each beam was
the same within experimental uncertainties.

The target chamber contained a beam collimator
and a surface-barrier detector used as a beam and
target monitor. The target was oriented at 45'
relative to the beam line so that the upward-looking
Si(l i) detector can get an unobstructed view of the
beam spot. Two suppressor rings were installed
on the ends of the beam collimator to suppress the
secondary electrons from it, so that this system
can be used when a thick target is bombarded.
This also eliminates secondary-electron bombard-
ment of the target, even though its influence on the
cross-section measurement is expected to be neg-
ligible. " In order to let the low-energy photons
(~100 keV) get out of the chamber, a —',-in. -diam
&10 '-in. -thick mylar window was installed.

Protons were detected with a KeveX model 3000
Si(Li) detector. It was necessary to keep the count
rate under 4000 counts/sec to minimize the pileup
distortion of the very long detector pulses; in
order to allow the use of beam currents high
enough for accurate integration, the detector solid
angle was kept small. Beam currents were varied
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between 5 and 40 nA, depending on cross section,
in order not to require any change in the detector-
target distance. Typical I x-ray spectra for tan-
talum, gold, and bismuth are shown in Fig. 2.
They are produced by 4.5-MeV proton bombard-
ment with beam current =10 nA, and count rate
=300 counts/sec. The Iy x-ray complex was re-
solved by a Gaussian fitting routine, and the counts
of Ly, +Ly, and Ly, + I.y, +Ly, were obtained (see
below). Small amounts of the tantalum L x-ray
lines are also observed in the gold and bismuth
runs, as shown in Fig. 2. This comes from the
tantalum target frame. This source of background
does not have any effect on the measurements of
the Ly x-rays of Au and Bi, since their peak posi-
tions are outside those of the tantalum I.x-ray
group. The problem was eliminated with the tan-
talum target by using a different target frame.

Targets used in the experiment were thin foils
(all & 100 p, g/cm') evaporated on thin (10 pg/cm')
carbon backings. Target thicknesses were mea-
sured in a subsidiary experiment by bombarding
with 3.0-MeV protons and assuming the cross sec-
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FIG. 1. Hydrogenic momentum distributions of 1s and
2s electrons with equal binding energy.

FIG. 2. I x-ray spectra of Ta, Au, and Bi induced by
4.5-MeV incident protons.
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tio n at forward angles was we l1 described by the
Rutherford formula. The solid angles for the de-
tectors used in this measurement have been care-
fully studied in. this labo rato ry ." This measure-

mentt

give s target thicknesses with an uncertainty
of +2/o. As mentioned above, a separate detector
was us ed to constantly monitor the target thic kne ss
and beam spot position during the x-ray runs . This
proved invaluab le for the bis rnuth target, since its
low melting point ( 271 C) caused SOIIle tal get. de-
te rio ration under conditions of high beam currents,
especially for alpha beams . Correc tion s for this
target -thickness change never amount to more than
10%.

The efficiency of the Si(Li) detector was cali-
brated by replacing the target in vacuo with a
series of calibrated sources, the rest of the cham-
be r -dete cto r geometry remaining exactly the same
as during the experimental runs . A typical detec-
to r efficiency for the tantalum Ly group, inc luding
the solid-angle factor, was found to be 1 .36 && 10

III. DATA REDUCTION AND RESULTS

A. Data analysis

The production cross sections for each com-
ponent of the L x-rays (Fig. 2) can be easily ob-

tainedd

by the eq uatio n

gL, = YL,/IeT, .

whe re k'~, is the x -ray yield of one of the L x-ray
compo nents Ly for a given number of incident par-
ticles on the target, f. (The index y refers to a
particular component of the L x-rays such as l, n,
P, y, etc. ) The term e represents the over-all ef-
ficiency of the Si(Li) detector (including its solid
angle and corrections for al 1 abso rb ers in the path
through which the photo ns trav el from the target
to the detector) and T is the target thickness ac-
tual ly seen by the beam.

In order to interpret the measured x -ray produc-
tion cross sections one has to relate them to the
theoretical total ionization cross sections. Be-
cause of the complicated decay scheme of the L
x-rays 3nd the diff icultie s involved in resolving
all the L x-ray lines (especially the LP group,
which contains contributions from all L subshells),
one usually evaluate s the individual x -ray produc-
tion cross section for each resolved component and
runs through the following analytic formulas to re-
late the x-ray production cross sectio ns to the
ionization cro s s sections:

~L1 (&L f13 +«L,f12f23+&L2f23 +&L3)~3+31, (la)

oLn (OI lf13 cLlfl3f23 oL2f23 +oL3)~3 3cxt ( b)

oL 8 IIL1~1 1 8 («Llf12 I 2) 2 28

(«Llf1 3 «Llf13f23 L2f23 oL3) 3 38 1

(lc)

cry=&L ~1+ ly + («Llf12+OL2)+2+2y 1 (1d)

where 0'~„0'~, v ~ 8, and o~ ~
are the x -ray pro-

duction. cross sections of the components LI, I e
LP, and Ly; g~, 0 ~, and 0'~, are ionization cross
se ctio ns of the subshell s Lr, Lii and L |~i resp
tively; ~„~„and u, are the subshell fluores-
cence yields; &„, (F„, & 3, &», . . . , etc. ) are the
fraction of the radiation width of the sub shel l
J.„(L,, L«, and L„,) contained in the yth spectral
line, i .e .,

(for example, +» = I'»/1 3), where I'„ is the total
radiative width of L„The p.arameters f», f23,
and f» are the Coster -Kronig transition probabili-
ties L, —L„L„-L»„and LT - L~~t respectively
(the arrow indicates the direction of the electron-
vacancy transition between subshells).

Most of the previous work done on the L sub-
shell" ' "used theoretical values of o'~, , 0'~, and

vL combined with known &u's, +'s, and f 's on the
3

right-hand side of the El. (1) to evaluate the x-ray
production cross section on the left -hand side for
comparisons w ith experiment. The advantage of
this procedure is that it may get rid of the Coulomb
deflection effect and some of the distortions of L-
subshell electron wave functions due to the inco m-
ing charged particles, in cases where only ratios
of the L x-ray production cross sections are to
be compared. This serves as a comparison be-
tween experiment and theory for a particular cor-
rection in the interaction mechanism (cf. Ref. 14,
which investigates the relativistic correction in
PWBA). However, the actual features of the in-
dividual ionization cross sections may be hidden
in this way. For the purpose of obtaining actual
ionization cross sections from L x-r3y measure-
rnents, we selected the L+ and Ly x-rays to do a
detailed analysis; the use of such an analysis is
explained be low.

The barely resolved Ly x -rays have been corn-
pute r analyzed into four Gauss ians with ove r -al l
shape fits having X', pe r degree of freedo rn, values
of around 1 .2 + 0.5 . Four components of Ly were
obtained: Ly, and Ly „which are related to the
L«sub she 11; and Ly, +, and Ly„which are related
to the I, sub she ll . Exampl es of this fitting for Ta,
Au, and Bi are presented in Fig. 3. The peak en-
er gi es are indicated by the arrows, and agree ex-
ce1lently with values me a sure d in high -resolution
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experiments.
Equation (ld) can be broken into

+~Ly OL, l &P2+3+~
x

~2+3 ~4 (2)

(3)+ ( I fi2 L2) 2 2'f 5yi 'OLy 5 Ly l
—

Ll

L in Ly„, (see Fig. 3) may
' ' ant error in deducing o L, rogn
x-ra roduction cross sec '

ercome by an i era i

t' b 't t d
in Ref. 24. This problem wa

f. 3. The calcula ions ccussed in Ref.
h d In our dataofo isreac e .until consistency

u h to give con-analysis, one i'teration is good enoug
sistency withi'thin 0.01%.

]b) by using thewas obtained through Eq. y ugL was 0
n cross sections o L,measured Lof x-ray pro uc io

d ed as described ino o, which were deduce as
ra . A 'stency check was alsora ra h. A consis e

th P o ho hlement) for t e
between the measure o L8the comparison e w

from Eq. (1c) by using our ededuced val-
d l fo and oL, . The measurues of oL, OL,

s stematically some

be due to uncertainties in e e iwhich could e u
in the interpolated re-calibration of the detector in e in

gion.

B. Atomic parameters

es in converting x-r y p-ra roductionThe uncer tainties
tions into ionization cross sec ion

fh flostl on the accuracy o e
nd co and the fractional prob-yields e„co„and co„an ef, f,

The fractional wid d aidths used here ar
emission rates calculate y

field. Recently observed Ln ra i
a particle-inducederiment" an in a ar

dt "have shown some imeasure men,

n the source experi-Scofield's calculation. Infrom Sco ie
f tomic numbers 55ment, coveri g'n a range o a om'

are found to bethe theoretical ratios are o
d (Z &73) while in the par-underestimated d atlow Z
nts the theoretica ra il t'os are high-ticle experiments,

imental ratiosZ =52). The lower exgerimen
of La/Ll observed for Sm may e

' ation occurring in L,» and iv v rmulti-ioniza ion
/Ll data at several en-We thus chec eked our Ta L& a

reement was ob ainebt '
d with Sco-ergies; good agreem b

field's value. Other e pex erimen s
that Scofield 's values are quite good for e i

f the partial radia-c evaluated some o e pZ region. e
ntal values avail-s + from the experimen

to compare wi co '

rocess, we use cofield s va u
Ta Au, and Bi

k f Bi 1 ).Bi owin to lac o imere used for Bi
l."on fluores-iew art' le of Bambynek et a . onA review ar ic e

Kr ' transition proba-s and Coster-Kronig rcence yields a
'

h reviewed this ie ubilities, which r
of these quan-elied on to obtain values o e

ex erimental an eortities. Both exp
d B' are given infor Ta Au, anq

I. Here the "references" are is e
20, nd v„v„and v, are Co
fluorescence yields, defined as

+ V20L2 3 L3 P
+v oL 1 Ll

and have the relations

+ ),i' ="i+~2fi2+~3 i3 i2 .3l l

V&
= R2 + M&f2»

(4)

V = (d3.3

sed in converting x-ray production
sections to ionization cross sec ions

t th oretical values areu r . gTun sten eor
an a roximation for Ta. epp

=0.096 for Ta, was calculate y pu
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x'=09 FIG. 3. Gaussian fits to
the Ly x-ray spectra of Ta,
Au, and Bi. The centroids
of the four Gaussians and
the g-square values are
indicated.
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&u, (=0.228), and f» (=0.148), and theoretical val-
ues of f» (=0.160) and f» (=0.324) into Eqs. (4) and

(5). This value was used instead of McGuire's
value, ~, =0.115, to do the conversion.

C. Results and error analysis

The ionization cross sections o~, o~, 0~ for the
1

various elements, obtained as described in Secs.
IlIA and IIIB, are shown in Figs. 4-6 together with
various theoretical calculations to be discussed be-
low. Tabulated values of the cross sections are
available from the authors.

The standard counting errors for the L& x-rays
of Ta, Au, and Bi induced by proton bombardment
are less than 1/o, those for Ly x-rays which relate
to L, ionization (i.e. , Ly„„,) are generally less
than 10%, and are less than 6% for Ly x rays which
relate to LII ionization (i.e. , Ly„,), except where

the incident-proton energy is below 2.0 MeV. For
these low energies, 10—15/o standard errors were
estimated.

Aside from this uncertainty due to the statistics
of the counting process, the other sources of ex-
perimental uncertainty come mainly from the mea-
surements of target thickness and the efficiency of
the Si(Li) detector. They contribute an over-all
error of about 15%. The self-absorption by the
target atoms was found to be less than 1%, cor-
rections for this effect were not made to the data.
The angular distributions were assumed to be iso-
tropic on the basis of previously published data" '"
and on the basis of angular momentum considera-
tions. "

In the conversion process to ionization cross
sections from x-ray yields, uncertainties in the
atomic parameters, such as fluorescence yields,
radiative transition rates, and Coster-Kronig
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transition probabilities, may increase the uncer-
tainty of the final absolute ionization cross sec-
tions. Extensive discussion has been made in Ref.
24; the errors from this source could amount to a
maximum of 14% for o~ and cr~, and ~21% for

1 3'
O' I 2

Including the above mentioned uncertainties from
the measurements of the absolute yields of the
components of the L x-rays (Ly„e and L7'„„,
= 15-18%, Ln = 15%), one finds that the absolute
cl'oss sections ln ttlls wol'k are kQown to 21% fol

ol, , 28/o for 171, and 22'/o for o~„. The 7elative
uncertainties are close to the statistical errors,
since the other factors such as target thickness,
efficiency of the Si(Li) detector, and all the atomic
parameters should affect the results uniformly.

IV. DISCUSSION

The resulting I.-subshell ionization cross sec-
tions for Ta, Au, and Bi are plotted in Figs. 4 —6.
The gold data are in excellent agreement with the

previous work of Datz et al. ' Nonrelativistic
PWBA and CBEA calculations are also included
for comparison. The theoretical curves for PWBA
are obtained from the listed values of f(el, qe)
calculated by Choi et al. ,

"and those of CBEA are
obtained from scaling the cross sections which
were calculated by Hansen, ' using the appropriate
hydrogenic momentum distribution for each I- sub-
shell. The choice of the units of the coordinates
follows the PWBA theory, which predicts that at
low bombarding energies, the cross sections fol-
low, approximately, the scaling law

The parameters Z~, 6~, and gL are defined in
Refs. 4 and 25. Z~ is the effective charge of the
target nucleus, 6~ is proportional to the ratio of
the true binding energy of the L„subshell to that
predicted by a hydrogenic wave function, and g~

is proportional to the ratio of the incident energy
to the average binding energy of L-shell electrons
as predicted by hydrogenic wave functions.

The PWBA is seen to describe the observations
much better than the CBEA, especially the energy
dependence of the shape of each ionization cross
section. The absolute values of the PWBA cross
sections, however, overestimate the experimental
results by upwards of four standard deviations,
especially at low incident energies. Overestimated
absolute values predicted by PWBA have been no-
ticed for a long time in the study of &-shell ioni-
zation when the incident energy of the charged
particle is low, i.e., when the criteria for the
validity of PWBA are not met. Two main correc-
tions have to be made: (i) the binding energy

change correction and (ii) the Coulomb deflection
effect. The criteria for these effects to be signifi-
cant for &-shell ionization are discussed in detail
by Basbas et al. ,

"who use perturbation theory to
do a series expansion of the ionization cross sec-
tion both in terms of the strength of the Coulomb
interaction between the incident particle and the
atomic nucleus, and in terms of the strength of
the Coulomb interaction between the incident
charged particle and the atomic electrons, and
conclude as follows.

(i) Whenever
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FIG. 6. Ionization cross sections for Bi. See Fig. 4
caption for details,

where v is the incident particle's velocity and V~ is
the mean velocity of &-shell electrons, the bind-
ing-change effect is significant for &-shell ioniza-
tion. This simply states that the &-shell wave
functions will be distorted (the binding energy is
increased) by the presence of the incident charged
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particle near the nucleus if the electron response
time 1/ru„ is comparable to the particle-electron
interaction time =a,/v, where a, =a,/Z„and a,
is the Bohr radius. Thus the probability of ioniza-
tion will be decreased and the actual cross sec-
tions lomer than the PWBA cross section.

(ii) Whenever

q-1( 1 2 Z

the Coulomb deflection of the incident charged par-
ticle in the repulsive field of the target atomic
nucleus must be significant and will affect the &-
shell ionization cross sections. Here, q, is the
minimum momentum transfer from the incident ion
to the bound electron and is equal to the energy
transferred to the electron (roughly equal to
E„,„„;„„,since the outgoing electron kinetic -ener gy
distribution very strongly favors ver y low ener-
gies) divided by hv; m is the electron mass; and

~&„ the reduced mass of the point charges Z,e a,nd

Z,e which undergo Coulomb interactions. The
quantity Z, Z28'/~„V' is equal to one-half of the
distance of closest approach in a head-on collision
in the Coulomb field of tmo point charges Z,e and

Z2e. The quantity q,
' is called the optimum pene-

tration distance of the incident charged particle,
since when the impact parameter is = q, ', the
ionization probability is the greatest. Therefore,
Eq. (8) simply states the criterion for the optimum
penetration distance being small compared to the
distance of closest approach of these two point
charged particles. Under this condition, one im-
mediately sees that the incident charged particle
wi. ll be deflected by the repulsive Coulomb field of
the target atomic nucleus before reaching the posi-
tion of maximum ionization probability, thus caus-
ing the actual cross section to fall below the PEA
calculation.

Applying these same criteria to the I- shell, me

notice that our energy range (ql =0.002-0.04, and

gl/821. ~ 0.1) falls in a region where the corrections
of the bjLnding effect and the Coulomb-deflection ef-
fect are important. We have thus compared our Au

data to calculations in the semiclassical approxi-
mation' (SCA) (Fig. 7). The SCA calculations in-
clude Coulomb deflection by considering the path
of the projectile to be a hyperbola, instead of a
straight line, and show better agreement with the
data for the 1.», -subshell ionization cross sections,
at incident energy per amu & 2.0 MeV for both
proton and alpha-particle bombardments, than does
the PWHA. Por L« ionization, the proton data be-
low 2.0 MeV also follow SCA. Deviations from
SCA in I-» are observed for alpha energies below
1.0 MeV/amu. The plot of vl, /o~, ratios versus
particle energies exhibits this feature in a, more
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FIG. 7. Gold L-subshell ioni. zation cross sections
compared with PWBA and SCA theory.

pronounced way (Fig. 10). We will discuss this
deviation later. There are no SCA calculations
available for Ta and Bi; however, from the re-
sults given above for gold, the Coulomb-def]. ection
effect is clearly sizable and predictable when the
incident-particle energy is below 2.0 MeV/amu.
When the energy is above 2.0 MeV/amu the ioni-
zation cross sections of the
are not mell described by the SCA calculations.

There is no evidence that the ionization cross
section of L, is mell predicted by either CBE& o r
SCA. The general shape of the L, cross section
follows PWBA reasonably well, in the sense that
both data and predictions of. PEA tend to con-
sist of two smooth increasing curves whose junc-
tion is around q~/82~=0. 01. This not only strongly
indicates that a quantum-mechanical treatment
should be better than other approaches (e.g. , SCA
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and CBEA), but also shows clearly that there is
a strong correlation between the incident energy of
the charged particle and the momentum distribution
of the bound electrons. The momentum distribu-
tion of the 2s,~, electron has a node at P = (ZL/2a, )S
according to calculations using nonrelativistic hy-
drogenic wave functions" (Fig. 1), while the mo-
mentum distributions of the 2Pg, and 2P, /, elec-
trons are similar to that of 1s,/, electrons, i.e.,
without nodes except at P = 0. The gross behavior
of 2py/2 and 2p, /, ionization thus is pretty much
similar to that of 1s~, (K-shell) ionizations. The
different form of the initial wave function of the
2sg, states from that of the P states produces the
"kink" in the energy dependence of the ionization
cross sections of the L, subshell. Basing his con-
siderations on PWBA and the node of the momen-
tum distribution of a 2s,~, electron at P = (Z~/2a, ) h,
Merzbacher" has estimated roughly that the sharp
change in the energy dependence of the cross sec-
tion would be expected in the neighborhood of q~/82~
=0.06. Experimentally this behavior was first re-
ported by Datz et al. ' in the L, ionization cross
section of gold. Qualitatively, both their data and
ours are in good agreement with this prediction.
The other noticeable correlation between the par-
ticle-energy dependence of the cross section and
the electron-momentum distributions is that the
ionization cross sections for the L& subshell are
much larger than those for the L» subshell at an
energy below q~/82~= 0.01, which corresponds to
the larger amplitude of the momentum distribution
of the 2sg, electrons in the higher-momentum re-
gion (P&3p, Z/n, Fig. 1). (This is a consequence
of the optimum penetration distance being smaller,
and thus sampling higher momentum components,
for lower bombarding energies, within the energy
range under consideration. ) The two peaks of the
momentum distribution of the 2s,y, electron (Fig. 1)
may thus contribute to the two smooth increasing
curves seen in the energy dependence of the ioni-
zation cross section.

It is much easier to understand the correlations
between the incident ion energy and the initial elec-
tron wave function from the semiclassical picture
proposed by Bang and Hansteen. ' By introducing
the impact parameter b, Bang and Hansteen find
that the ionization is most likely to occur at b
= q,

' (q, ' is thus called the "optimum penetration
distance" ). If this optimum penetration distance
corresponds to a place where the electron has the
least amplitude in its momentum distribution [and
according to the Bohr atomic picture, one can
grossly estimate the place where the electron has
the least chance to be, i.e. , r = 0/P and P = (Z~/
2a, )k], the ionization cross section must change
around there. Therefore, the location of the kink

in the energy-dependent ionization cross section
could be estimated as

1/q, =2a,/Zi.
This immediately gives qz =8&/2', i.e. , 7)~/8L,
=0.06. All the above discussions show that when
the incident energy is decreasing, the momentum
of the electrons which are most likely to be ionized
is increasing, or vice versa. Apparently, in our
energy range, the majority of the 2sy/2 electrons
to be ionized fall in the vicinity of the node of the
momentum distribution.

Qualitatively therefore, PWBA describes the I,,
observations quite well. Quantitatively, substan-
tial deviations between data and theory occur at
energies near to and below the kink. There is a
tendency for the upper smooth curve to extend
downwards to the low-energy side of the position
of the kink predicted by PWBA (i.e. , the junction
point of the two smooth curves in the data occurs
at a lower energy than that of PWBA). This simply
indicates that the node in the momentum distribu-
tion of the 2s,/, electron must be at a higher mo-
mentum than is predicted by the nonrelativistic
hydrogenic wave functions. This, in turn, implies
that the nonrelativistic hydrogenic wave function
used in PWBA is not adequate. In fact, for heavy
atoms, a relativistic correction for the bound
electrons has been found to be important. "'" The
existing relativistic calculations were terminated
at q~ =0.01; no calculations so far have appeared
for energies higher than that owing to difficulties
in the divergence of the numerical integration.
However, the relativistic hydrogenic wave function
indeed produces part of the necessary correction
at q~ 0.01, as indicated by many authors. "'"''
We show, in Fig. 9, that the cross -over points of
gz (E) and o~ (E), and of v~ (E) and v~, (E), are
much closer to the predictions of the relativistic
PWBA than that of the nonrelativistic PWBA.

Use of the Hartree-Fock-Slater wave functions
may also produce calculational effects which are
sizable for L-shell electrons, especially in the
region where there is a node. " From a compari-
son of hydrogenic and Hartree-Fock l =1 radial
eigenfunctions for mercury, "it is seen that the
Hartree-Fock-Slater wave functions do tend to
have the node at a higher momentum. In order to
investigate these two effects, we compared the
ratios v~, /vz taken from our data, to those pre-
dicted by PWBA. The Coulomb-deflection effect
and binding effect, which are significant at the
low energies as discussed at the beginning of this
section, should be eliminated, since they affect
each subshell in a similar manner. " Figures
8(a) —8(c) show the energy dependence of these
ratios for Ta, Au, and Bi, respectively. The val-
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by hydrogenic wave functions. One expects that
the energy dependence of the o~ /o~, ratios can
thus be predicted much better than the oz /o'z,
ratios by PKBA. Figure 10 shows these ratios.
The vertical uniform displacement between data
and theory may be due partly to the uncertain ab-
solute values of the atomic parameters such as
~'s and &'s involved in the data analysis. The
relativistic correction also tends to lower the theo-
retical curve. '" lt ean also be seen, from Fig.
9, that relatively larger corrections must be made
for o~ than for 0~ owing to the relativistic effect
at ql &0.01, which will move the theoretical cal-
culation of the o~,/aI, ratio downwards toward the
data. The dramatic drop of the a~ /vl ratio in the
n data at lower energies was first observed by
Datz et a/. ,

' who measured o~ /o „for Au. How-
ever, a corresponding steep drop in the o. data in
Ta and Bi is not observed. This phenomenon has
been explored in some detail and the results are
published elsewhere. "

V. COCCI.USJONS

The features of I.-subshell ionization of a heavy
atom by a light ion can generally be described
through a Coulomb interaction in the framework of

PWBA. Through a study of 2s]/2 ionization, finer
details of the ionization process are revealed.
These details suggest the necessity of further cal-
culations involving more sophisticated wave func-
tions, such as the @artree-Foek-Slater type,
which could contribute a sizable effect in the heavy
elements, along with relativistic corrections. A
nonrelativistic P%BA calculation using Hartree-
Fock-Slater wave functions to indicate the quanti-
tative shift of the valley of the o~ /v~ ratio would

j 2
be instructive and illuminate the usage of light
ions as a probe to investigate the characteristic of
the electrons in the deep shells of the atom.

The features of the o~,/o. ~ ratio at low energies
of alpha-particle bombardment are also very in-
teresting, and m3y end up producing new physical
insight. However, more experimental information
is needed before final conclusions can be made.
Such information could include detailed high-reso-
lution I x-ray spectra (to be sure that additional
or "satellite" peaks are not violating the data-
reduction assumptions made in the present study),
and energy-dependence measurements on atoms
around the closure of other s subshells, such as
5s (to see if the apparent dependence persists).
Such studies are presently underway.
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