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Quantum electrodynamics in the presence of dielectrics and conductors.
II. Theory of dispersion forces
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The different kinds of response functions introduced in a previous paper are used to calculate the
dispersion forces. An exact expression for the interaction energy in a system of harmonic oscillators
interacting with a second-quantized radiation field is obtained in terms of appropriate response
functions. The radiation field may be either the field appropriate to entire free space or the field
altered by the presence of the dielectric. The result is valid for arbitrary geometries involving dielectric
and conducting surfaces. An expansion of our result in powers of e' leads to the results of other
authors. The calculation of the dispersion force for the case of excited states is also briefly discussed.
Next the problem of the dispersion force between macroscopic bodies is considered. Lifshitz's expression
for the dispersion force is rederived using the response functions and the two methods are compared.
The role of surface modes in the determination of dispersion force is discussed. Finally the dispersion
force between a spatially dispersive and spatially nondispersive dielectric is calculated exactly. %hen the
spatial dispersion is weak, then it is found that the first-order term is repulsive in nature, in contrast
to the zeroth-order term which is attractive. As a by-product of our analysis, surface-polariton
dispersion relations are obtained.

I. INTRODUCTION

In Paper I of this series of papers' I introduced
various kinds of response functions and used them
to study black-body fluctuations. In the present
paper I show how these can be used in the calcula-
tion of dispersion forces in a system of many at-
oms as well as between macroscopic bodies. The
dispersion forces between two atoms were origi-
nally calculated by London, ' and later by Casimir
and Polder, ' taking fully into account the retarda-
tion effects. Aub and Zienau' carried out the cal-
culation to order e'. These methods used straight-
forward perturbation theory. Over the last decade,
a number of other methods have been developed,
which are basically of three types: (i) a method
based on th. e S-matrix approach, ' (ii) one based on
calculating the normal modes of the coupled atom-
field system and then summing over the energies
of these modes to obtain the interaction energy, ''
and (iii) one based on a version ot linear-response
theory. ' Of these, the method of Mclachlan ap-
pears to be specially attractive although he car-
ried out calculations to various orders in e'. In
what follows linear-response theory will be used
to obtain a closed-form expression valid to all or-
ders in e' for the interaction energy in a system
of harmonic oscillators. Our result agrees with
the result of Henne. Moreover, an expansion of
our result to various orders in e' leads to the re-
sults of Casimir and Polder, Aub and Zienau, and
Mclachlan.

We next discuss the problem of Van der Waals

forces between macroscopic bodies, the calcula-
tion of which is much more involved. Lifshitz''
introduced the idea of a fluctuating electric and
magnetic currents in Maxwell equations. The cor-
relation functions of the electromagnetic field vari-
ables can be calculated in terms of the correlation
functions of the fluctuating current, and from the
knowledge of the correlation functions the stress
tensor was computed. Van Kampen et al." calcu-
lated the interaction energy between macroscopic
bodies by summing over the energies of the nor-
mal modes of the system. These normal modes
were calculated using Maxwell equations. In a di-
electric, which is finite in extent, one has two
types of modes: (i) bulk modes and (ii) surface
modes. The bulk modes are independent of the
geometry whereas surface modes depend on shape
of the dielectric. It can be shown easily that only
surface modes contribute to the dispersion force.
The modes of the dielectric are also known as the
polariton modes, which are essentially coupled
photon-material excitation modes. The method of
Van Kampen et al. has received a good deal of at-
tention"; however, if the damping of the dielectric
function is included, then the method seems to
fail. In presence of damping the normal-mode
frequencies are complex, and it is not clear what
one should sum over to obtain the interaction en-
ergy. Other problems associated with this method
when retardation effects are included are discussed
in Ref. 13.

In the present article I show how the response
functions can be used in the calculation of Van der
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Waals forces between macroscopic bodies. In a
brief communication'~ I have discussed surface
response functions and showed their use in the cal-
culation of dispersion forces when retardation ef-
fects are unimportant. The outline of the present
paper is as follows. I first derive an important
relation between the equilibrium fluctuations and
the response functions at purely imaginary fre-
quencies. In Sec. II, I consider a system of har-
monic oscillators. I start with a microscopic Ham-
iltonian and calculate the linear response function
valid to all orders in the coupling constant between
the field and matter oscillator. The fluctuation-
dissipation theorem then leads to the interaction
energy. The result is valid for any geometrical
arrangement involving dielectric and conducting
surfaces. The dispersion force is calculated in a
system of harmonic oscillators. In Sec. III, I cal-
culate using the result of Sec. II the dispersion
force between an atom and a dielectric. The re-
sults for the case of a conductor follow as a spe-
cial case. I also point out some of the problems
associated with the normal-mode method. The re-
sults at each stage are compared with those of oth-
er authors. I also consider the dispersion force
for the case of excited states. In Sec. IV, I use
the response functions calculated in Paper I to ob-
tain Lifshitz's formula for the dispersion force.
A brief comparison of our method with Lifshitz's
method is also given. In Sec. 7, I calculate the
dispersion force between a spatially dispersive
and a spatially nondispersive body. The role of
surface modes is clearly displayed in our method.
For simplicity I treat only the case of zero tem-
perature, although the method is equally applicable
to finite temperatures.

Let us now discuss the relation between the equi-
librium correlation S,~(r, r', 0) and the response
function at imaginary frequency. The response
function x;,(r, r', z) for Imz ~ 0 is related to
x,",(r, r', (u) by

function at zero temperature is given by

S;,(r, r', 0) =(I/2w) Jf d(uS;&(r, r', (u)

= (5/2z) JI d(u coth(P(uh/2) X', (r, r', (u)

= (5/2z) d(u [X(',(r, r', (u) —X(', (r, r', -&u)],
0

which on using (1.2) becomes

S'yil I 0) (K/lf)f d~)(, (rF", , w,)
0

and then on using (1.3) we have the important rela-
tion

S,,(r, r', 0) =(h/w) d(uX&&(r, r', i(u), (1.4)

II. INTERACTION ENERGY BETWEEN A SYSTEM OF
HARMONIC OSCILLATORS AND THE

ELECTROMAGNETIC FIELD

Before we calculate the dispersion forces in a
system of harmonic oscillators and the atom and
a dielectric, we present the result for the mean
value of interaction energy in terms of the re-
sponse functions. The interaction Hamiltonian for
a system of identical oscillators and the radiation
field is

H, =- Pr Er d'r, (2. 1)

where E(r) is the second-quantized electric field
operator and where P(r) is the polarization opera-
tor,

P(r) = Q (a, +a(t)5(r- r;)d

which has been obtained under the assumption that
A; and A, have the same signature under time re-
versal.

X„(r,r', z) = — d(u((u —z) 'X';(r, r', (u).
7T QQ =- Q dP, 5(r —r, ). (2.2)

On using (1.1) and (1.2), it is easily shown that

X;,(r, r', i(u)d(u = X', (r, r', (u) d(u.~

~

0 0
(1.3)

On using fluctuation dissipation theorem, Eq.
(I.2.10), we find that the equilibrium correlation

As mentioned in Paper I, the response function
X",&, for the case when the variables A; and A.~ have
the same parity under time reversal, has the sym-
metry property

H,„,= —
J( P(r) ~ h (r, t) d'r . (2.3)

It is easily seen, from (2.1), (2.3), and the fact
that a and a~ are boson operators, that P; satis-
fies the equation

Here d is the dipole moment matrix element and a
and a~ are the annihilation and creation operators
satisfying the usual boson commutation relations.
We assume that the system is further driven by
an external electromagnetic field giving rise to a
pe rturbation Hamiltonian
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p,. + u)', p, = 2(u, d. [E(r„t) + 8(r„t) ] . (2.4)

We will put h =1 throughout this section. The elec-
tric field operator obeys the Heisenberg equation
of motion and hence its time dependence is given
by (t, being the time when Schrodinger and Heisen-
berg pictures coincide)

On inverting (2.14) we have

(p;((u)) = Q 2(u,3}I,~'d $(ri, (o),

or
5& 0;(»))

5d $(r„(o) (2.15)

t) iz(t i(»-E( (2.5)
where the matrix% is given by

%;; = (-(u'+ (d', }5;,. —2i(u, n;, ((u) . (2.16)
where 2 is the Liouville operator,

2 =[H, . . . ], H =Ho+H, +H,„,. (2.6)

x d'r' P(r') E(r'), E,(r, t -r +t, )

(2.8)
where Ep is the field operator evolving according
to the unperturbed Hamiltonian, i.e. ,

E,(r, t) = e&""-"'E(r,t, ) . (2.9)

Now if we use the fact that the commutator of the
free field operators at two different space-time
points is a c number, then (2.8) reduces to

E(r, ()=E.((, )) (I+
tp

x g [E,(r, t —r), E»(r', 0)]Pi(r', r) .

(2.10)
In particular we have from (2.10)

d ~ E(r, t) =d E,(r, t)

We now use the identity"
t

ie&&-&o) &Co&& &0) -+ I eiz&) -i()) (g g ) &zp(& )d&
l ext~

(2.7)
to rewrite (2.5) in the form

t

E(r, ))=E.(r, )) —( f rt~ e'~"-"&
tp

On combining (2.13) a,nd (2.15), we obtain

=2i(u Q n ((d)II '
5d. ((l(ri, (o)

(2.17)

The mean value of K,

&H,) =-g (P d E(;))

is, on using (2.17) and the relation (1.4), given by

(2.19)

where (H,) is the ground-state energy in the ab-
sence of any interaction between the radiation field
and matter. On integrating over e', we obtain

1 oo

5E =— dx Tr in[1 —2i(()0(r, (ix)n(ix)], (2.20)

(H,) =- — d(& Q [-2i(()on(i((d)SRi(']~ i„. (2.18)
7T Q iy

We recall that P& and E have the same parity under
time reversal. It should be noted that S is propor-
tional to e' (second order in the coupling constant).
The total energy is obtained in the usual manner"
by integrating over e', i.e.,
5E =(H) —(H, )

1 " .e d~2
2

d)& —,Tr(-2i&d, n(u))
2w p gp 8

)( [-(() + &do —2i(()&&n(&d)]

+2 Q D(r, r„t r) p&(r)-dr,

(2.11)
where ep is proportional to the bare polarizability

where D is the free field propagator"

D(r, r', r) =[d E,(r, r), d. E (r', 0)]. (2.12)

&r.(») =(».' —&d') '.
An expansion of (2.20) in powers of e' gives

(2.21)

On taking the Fourier transforms and letting tp- —~ we obtain, from (2.4) and (2.11), the equa-
tions

dx g —Tr[2i(u, &r, (ix)n(ix)]".1 " "
1

2' p Pl
n=l

(2.22)
5(d E(r, (u)) . ~ 5(P;)

(-(u'+(uo')(p;(&u)) =2i(do Q n;)((u)(p, (&d))

+2&dod h(r, , &d),

(2.13)

(2.14)

Equation (2.20) is our final expression for the in-
teraction energy in a system of harmonic oscilla-
tors. The field propagator which appears in (2.20)
is related to the response function. Let }t;,(r, r', &u)

be, as before, the response of the electric field to
an applied polarization 6'

n&)((o) = n(r;, r, , &d-) =- dTD(r;, r„r)e' '.
PQ X&,ee(r, r', (u) =5&E&(r, »))/56, (r', &d), (2.23)
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then from Eq. (I.2.4) we have

X)(r, r', u) = —i g d~d&X;, EE. (r, r', e), (2.24)

III. DISPERSION FORCE BETWEEN AN ATOM

AND A DIELECTRIC

(2.26)

In this ease (2.20) can also be written, on intro-
ducing the renormalized polarizability

n((u) =[(u', —(u' —2i(u, u(r;, r„(u)]', (2.27)

and hence
00

5E =— dx Trln 1 —2co n (ix)
2m 0 0

0

x gd, d,X;; (ix)) .

(2.25)

The dispersion force is now obtained by substitut-
ing into (2.25) the appropriate response function.
We first consider the case where there are no sur-
faces; then X;»E(r, r, tu) is translationally invari-
ant and is given by (1.4.7), i.e. ,

In this section we consider the dispersion force
between an atom and the dielectric. We treat the
atom as an oscillator. The dispersion force be-
tween an oscillator and a perfect conductor was
calculated to order e', by Casimir and Polder'
using a straightforward perturbation theory.
Renne' has calculated the force to all orders in
e' by summing over the energies of the normal
modes of the system comprising the oscillator,
conductor, and radiation field. The effect of the
conductor was replaced by an image dipole. The
problem of dielectric is more involved than the
conductor case. It is not quite clear how to apply,
say, the method of normal modes to calculate the
dispersion force between the atom and dielectric,
since with retardation included it is not at all ob-
vious what to take, for example, for the image
dipole. We have seen (Sec. II) how the linear-
response theory leads to an exact expression for
the dispersion force. For the case of a single os-
cillator located at r =b, (2.25) reduces to

5E = 5E, +— dx Tr in[1 —2ie, n(ix) S"'(ix)]
0

(2.28)

oo

5E =— dx ln 1 —2 cop+0 ix
0

= 5E, ——
I dx Q —Tr[2i(u n(ix) n' '(ix)]",

2m ~0 n

where

5EO =2 ~

dx in[1 —2ieono(ix)K);;(ix)],
N f

0

(2.29)

(2.30)

(2.31)

and N is the number of oscillators. The term F0
corresponds to self-interactions; i.e., it is the
one-particle term. It should be noted that 5E0 is
not the entire one-body contribution —to this one
should add the contribution coming from the con-
tact term" 2E f ~

P~'d'r. The terms correspond-
ing to n =2, 3, . . . , etc. yield respectively the two-
particle, three-particle, . . . contributions. The
result (2.29) coincides with what Renne' obtained
by using normal-mode method except for the pres-
ence of one-body teems 5E0. The results are also
in agreement with those obtained by Casimir and
Polder, 3 and Aub and Zienau' except that the bare
polarizability of the oscillator is replaced by n(v),
which contains the effects of radiation damping.
The present derivation differs from that of Mc-
lachlan', in that we produced an exact expression
for the interaction energy. Mclachlan calculates
the dispersion force to each order in e'.

This result is valid for arbitrary geometries. It
should be noted that the effect of the geometry is
contained in X;,EE(b, b, v).

In the special case when the dielectric of dielec-
tric constant e,(v) occupies the domain -~ &z &0
and the atom is situated in vacuum, the response
function X;, is obtained from (I.5.43), (I.5.42) by a.

trivial change of variables. We write it in the
form

~r (0) (1) r ~r
X EE(r r &) =.X EE(r r +)+X EE)r»'

(3.2)

where X"' is given by (2.26) and X'" by

dQ O'U

Xtj(+& Ud &)

&& exp(iu(x —x') +iv(y —y') +iw (z +z')),

(3.3)

~ 2 k2 —k2 M2 k26 k2
0 l1~ P P 0 ll~

k)) =tE + 5 k = (d/c

with
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'u v (d) =}'2' ' —u' 1—
0

X22{u) v) M) Xll(v, u) M) )

k) ) (Ã e2
—u) 3 )

X33 y y
gg Q +gg0 0

5E'"(b)-=— ' n (0)—( 4(d ~d(2 c 4

mC3 0 2b

" d(r )r. )r (-)*- ))d(.r- )()
J, P' P. +P e.p+p.

(3.8)

vu) (w E'o —(()2)
X23l d d u)e +u) )(u v (d

0 0

X32(u) v) R) ——X23(ud v) R) )

2%
X (u v (d) =-uv 1—

12 +$00 0

X)2(»» &) = X2l( ) Vd &) )

u u) (u) eo
-u) 2 )Xl3» X3l(u) v) +) ~

K &0 +Ko

(3 4)

which is equivalent to the result of Dzyaloshinskii
et al." To show this, we write (3.6) as

bd" (b) = — ', dx n, (ix)x'
3'FC

22~). P. -P ( P — )(.P-P2
1 Pp +P Cop Pp

+
Pp +P

»(». - d" i )

IP&p +Pp

The interaction energy is obtained by substituting
(3.2)-(3.4) into (3.1). Usually the orientation of
the dipole moment is not known and hence (3.1) is
to be averaged over the orientation of di. It does
not appear possible to obtain a closed form expres-
sion from (3.1) once this averaging is done.

To lowest order in the coupling constant, we
have from {3.1)

dz, =-~gdd, f drr. ,(rr)r;; (b, b, r'r),
0

which on averaging over d; reduces to

bE, =-—'~d(2 dxn, (ix) Q X;;ee{b,b, ix)
0

and use the identity (PP2-p'+1)(p+p, ) =pe, +p, to
show that the terms in square brackets reduce to
zero and then (3.6) reduces to

(v (()()6E("(b) = — 3, dx n, (ix)x'
0

i. (r —(r (» —i)(r )i-d )}
+1 Po P OP PO

(3.9)

For the case of a conductor, on taking the limit
of infinite conductivity, we obtain from (3.3) and
(3.4)

(, r„tr)=((2il;, —i) +)i', (25;, —))il;;}8xi 8x~

5E '+5E'"(b)—,

where OE"' is the usual shift in the ground-state
energy and 5E'" is given by

~iko+i
x

R, = (x- x,), (y -y, ), (z +z,),

(3.10)

5E("(b) = — ' dxn, (ix) p X(ve, (b, b, ix).
317 0

(3.5)

On substituting (3.3) and (3.4) into (3.5) and after
some algebra, we obtain

(g 2(()o I d5Z'"(b) = — ", t dx n, (ix)x'
0

P. P(P' —l)P(&, —I-),-.p .(.
Pp +P E'0 P +Pp

which should be compared with the translationally
invariant response (2.26) and this is what one ex-
pects from the considerations of image dipole.
The exact result for the interaction energy is ob-
tained by substituting (3.10) into (3.1). The result-
ing expression does not appear to coincide with
the result (21) of Renne. ' The difference is pre-
sumably associated with how the averaging over
the orientation is done. However the lowest-order
result coincides with his expression (22) as well
as with Casimir and Polder's result'

where ep is at pure imaginary frequency ix and

(3.6) (v 2(()() i d )'
&&'"(b) = — 3', 1 dx n, (ix)

0

Po P +&0

For large distances, (3.6) reduces to

(3 't) g2 ~ c,
Xg

9 A Q G-.2b„lc
(3.11)
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In this section we have considered the interac-
tion energy between an oscillator and a dielectric.
Using the same technique one could, of course,
also consider, the problem of several oscillators
in the presence of a dielectric. It should also be
noted that we have been able to obtain an exact ex-
pression for the dispersion force because we treat-
ed the atom as an oscillator. If this assumption
is to be relaxed then the expression for the inter-
action energy is very involved. However the low-
est-order result (to order e') is more or less
identical to (3.5). Using the perturbation theory
it is straightforward to compute the interaction
energy for the ground state as well as for excited
states. One, for example, finds for a two-level
atom

bd"(b) = —(bd '(b) +Re P dr (b, b, td)d~d~),

(3.12)

where 5E"' and 5E' ' are the interaction energies
for the excited state and the ground state, respec-
tively. 5E' ' is given by (3.5) and }t&; by (3.3). For
a conductor 5E"' is also proportional to 5 ' at
short distances. However 5E"' —5E' ' is not pro-
portional to b '. It is clear that the large distance
behavior of 5E"' is determined by the term y'" and
hence is very different from that of 5E' '.

IV. DISPERSION FORCE BETWEEN TWO ISOTROPIC

SPATIALLY NONDISPERSIVE DIELECTRICS

We now calculate the dispersion force between
two isotropic spatially nondispersive dielectrics
of dielectric constant e(&o) and separated by vac-
uum. The dielectrics are assumed to occupy the
volumes 0 & z «and -«z & -d, d being the sep-
aration between two bodies. The dispersion force
is given by the zz component of the stress tensor
at a point just outside the medium occupying vol-
ume 0&x +~, i.e., at the point z =0 . It is given
by

E„=(1/4v) [(E,(r, t)E,(r, t)) + (H, (r, t)H, (r, t))

——.'(E(r, t) E(r, t)) --,'(H(r, t)
. H(r, t))]~ d=o (4.1)

Note that E (H) is even (odd) under time reversal
and hence the correlations of the form (EE) or
(HH) would be given by (1.4). The appropriate re-
sponse functions have already been computed in
Paper I. We must also subtract from (4;1) the con-
tribution to the stress tensor if the second medium
were absent (d- ~). So the effective response func-
tions would be given by

yb&zz(r, r', (b)) =}tq&zz(r, r', (d)) —lim ~~&zz(r, r', (d))

(4.2)

=}tI";zz(r, r', (d) —lim }t'&zz(r, r', (d) .
d~oo

(4.3)

The translationally invariant part does not con-
tribute to X'". }t",,'», etc. [lim, „}t','»] are to be
obtained from equations (I.5.18)-(I.5.21) [(I.5.42)-
(1.5.44)]. Similarly the effective response func-
tions involving the magnetic field would be

(4 5)

p p

+(bllb +M Kll' pll)e ) .

(4.6)

Similarly the effective magnetic fields are ob-
tained by subtracting (I.5.45) and (I.5.46) from
(I.5.29) and (1.5.27), respectively:

2

(Kll X K
II ) D~ (K)( X m())

277 wp

X e p+ e p-iKp r p -f Kp. r

N pE' +w (4 7)

2tt'wp w +w p

I

(~() oKll ™ll)
- (~'((m, +sooK(( ~ m, ()e '&'o

(4.8)

No subtraction is needed for the fields 8"', X"'
because of (I.5.42). I et us now see what the van-
ishing of D, and D, implies. From (I.5.18)-(I.5.21)
it is seen that in the absence of any probe

(K()xgI(")D, =0, (K(, gIi')D, =0, (4.9)

which implies the following.
(i) If D, & 0, then (K, (

SI(')) =0 implying that (I)(;) =0
and hence (K„xS((")&0 and then the first of equa-
tions (4.9) leads to D, =0. Therefore the vanishing
of D, corresponds to those modes for which the z
component of the electric field vanishes. Such
modes are usually referred to as TE modes. The
dispersion relation for such modes, from (1.5.22),
is given by

}t~&,'zz(r, r', &b)) =y~&d„„(r,r', &b)) —lim}t', ",„z(,', ).
(4.4)

Subtracting (I.5.43) from (1.5.18) and (I.5.44) from
(I.5.20), we obtain for the effective electric fieMs
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(
2~ +~0 -2

% -280
(4.10) where

P' =H(i(H) —1+P', . (4.18)

(ii) If D, +0, then (K((x 8'") =0 implying that
(K(( ZI(') &0 which leads to D, =0. Such modes are
the so-called TM modes, and the dispersion rela-
tion for such modes is therefore

2
0 -2iw tt0 =1.

%06 -% (4.11)

The dispersion relations (4.10) and (4.11) coincide
with the well-known ones obtained by conventional
methods. "" The response function contains the
information about these surface modes.

We will now use the response functions obtained
from (4.5)-(4.8) and (I.5.19), (I.5.21), (I.5.28),
(I.5.30) to calculate the dispersion force. From
(4.6) and (I.5.21) the response function X,",'HH is

I dudv i 4@lip& p

where p is the two-dimensional vector p =(x,y, 0).
Similarly using (4.5), (4.6), (I.5.19), and (I.5.21),
we find

(4.12)

X11HH(P& Pt +) +X22HH(Pi Pi +)

tdudv 'D2 t20 u) 1 4~2 (4 13)

and on using (4.7), (4.8), (I.5.28), (I.5.30),

eff I~ x . du dv i 4k)i (

eff eff
X11HH(pi Pi ) +X22HH(p& Pi +)

(4.14)

(4.16)
On substituting (4.12)-(4.15) into (4.16), we find
that

r 00

Q 0

4'A@2
d&u jtji dudv ' (D,. '+D, ')

2''$00

which by change of variable reduces to

udv u"D, ' "oe D, '
4 ' (4.15)~ ~2 2 2~2 ~2 p

The dispersion force is equal to

r'op„—2 d(u 2y33@@ p, p, && +2&33HH pp pp
7T ~p

—Q ('i (PP, i )i'td'(X,PPitd) ]) . , ,

t
v+ y(t —v)v(w) dr =0,

0
(4.19)

which is replaced in the theory of Brownian mo-
tion by

t
v + I y(t —r)v(7 ) d7 =E(t) .

0
(4.20)

The correlation of F(t) is calculated from the re-
quirement that the equilibrium value of (v') as pre-
dicted by (4.20) must be equal to the one given by
the law of equipartition of energy (second fluctua-
tion-dissipation theorem"). Once the correlation
functions of E(t) are known, all other correlation
functions of v(t) can be calculated. Lifshitz's cal-
culation is analogous to this procedure. The other
method is to solve (4.19) for the linear response
which then enables one to obtain equilibrium correla-
tion functions via the first fluctuation-dissipation
theorem. " The final results are, of course, iden-
tical.

V. DISPERSION FORCE BET%PEEN A SPATIALLY

DISPERSIVE AND A SPATIALLY

NONDISPERSIVE BODY

The expression (4.17) coincides with Lifshitz's
expression. ' We see how the zeros of D, and D,
(which give the surface modes) contribute to the
dispersion force. We could similarly consider
the case of more complicated geometries or the
magnetic bodies. The generalization to the case
of finite temperatures is trivial.

We now briefly compare our method with Lif-
shitz's method. Maxwell's equations, in a medium,
should be regarded as equations for the mean val-
ues. We solved such mean-value equations to ob-
tain the appropriate response function and then
used the fluctuation dissipation theorem to calcu-
late the correlations. Lifshitz, on the other hand,
augmented Maxwell's equations with fluctuating
forces, thereby making them Langevin equations.
The situation is similar to what one does in the
theory of Brownian motion. For example, for a
free particle, the macroscopic equation is given
by

5 00

Egg =2~ 3 de 4) Ppdpp
C 1

)( ~ ~0 2PQ M tf/C

P PQ

~p 2PQ QP tt/C ]
P -Pp&

(4.17)

As a final example of the calculation of disper-
sion force using the response function formalism,
we consider a spatially nondispersive body of di-
electri. c constant H2((o) and occupying the domain
-~ (z ( -d and a spatially dispersive body occupy-
ing 0 &z (~. We assume that the two bodies are
separated by vacuum and that the spatially disper-
sive body is characterized by the dielectric func-
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tion (L6.1), viz. ,

c(K, (d) =co +}t/(k2 —)12) . (5.1)

related to the response functions via (1.4) and
therefore

For the meaning of various symbols we refer to
Sec. VI of Paper I. We will assume that the bodies
are separated by a distance d at which the retarda-
tion effects can be ignored. We have discussed
(Sec. VI of Paper I) briefly the structure of the
electromagnetic fields inside the medium charac-
terized by (5.1). The dispersion force in the pres-
ent case is given by

F„=(I/8w)[(E, (r, t)E,(r, t) —E„(r,t)

k JE =
2 ( (t(d 2}(22E@(11 I ) t(d)

8m 0

X.f fEE rt rP ZR
z=p

(5.3)

The response function from (I.6.27), (I.6.28), and

(I.6.29) is
(0) (y))t;;zz(r, ro, (d) =}t(,eever, r01(d) +Q jet(r, ro, (d),

x E„(r,t) —E,(r, t)E,(r, t)), ,-j.
(5.2)

The correlation functions appearing in (5.2) are

where
2

}t'iss(r, r„(d)= —
8

~r —r, ~

',
8 X~ 8X0~

(5.5)

D-1 &»-& )+&&(3)-3)0) km (Z-a ) -km (8-Z' ) 3+ -if') 4+a +2d)1 0+e 1 0 e 1 0
2 'll 8 X~ 8 Xp~ ~ E3 —1

(5.6)

As in Sec. V, we must subtract the contribution to (5.3) if the second isotropic dielectric were absent. The
corresponding response function is given by(I. 6.30), i.e. ,

( )
(0)

( )
& 1 z'2 1'L & tu(x-xo)+ iu(y-yo)+ iu& (z+zo)z 8

The vanishing of the denominators in (5.6) and (5.7)
yields the surface-polariton dispersion relations
(with reta, rdation effects ignored); i.e. , (i) the sur-
face-polariton dispersion relation, for the case
when the spatially dispersive medium occupies
0 &z «and is surrounded by vacuum, is

where

P, P, n +w, (1 —n)
P, —P, n -w, (1 —n)

'

On combining (5.3) and (5.9) we obtain

(5.10)

P, —P, n+w, (1 —n) =0, (5.8a)
E=-

4m3 ~
(5.11)

which can be shown to be equivalent to the stan-
dard dispersion relation. '"'" (ii) The dispersion
relation for surface polaritons in the geometry,
when the spatially dispersive medium occupies
0 ~~ ~~ and isotropic dielectric occupies -~ -~
~ -d and the two are separated by vacuum, is

P, —P, +,(1 —n) ', +1
P Pn w(1 n)e 1

(5.8b)

which can be shown to be equivalent to the disper-
sion relation obtained by standard methods. '9 "
The effective response function is therefore

(uff ~ ~ Z 8 dQ dV
)(~ice(r r (d) =— D-1 iu(x-xo)+iu(y-yo)

27l' 8X~8X0~

d(d )( (tK —1
Jo ey —1$—1

where

Pn P, -
(n 1)w,

e,w, (w, w „) )tw,
(w, w, )(w, +w„) 2w„p2'

Here &, is the local dielectric function

e)=eo-

(5.12)

(5.13)

(5.14)

X[e 1 (e 10 e 10+)
—e ' 1 (Q 1e (~1zO —e('z1zO)]

(5 9)

N, =2K, w', = )1'e,/e, —)(, w' = t(' )(2 (5.15)

We first note that in the local limit of the dielec-
tric function (5.1) (m*- ~), w, oo y y)2*, w„oo)t))2z,
and hence p = ~, + 0(1/)t ))2* ). Therefore in the lo-
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cal limit, (5.12) becomes

16z('d' J
x2dx

(a, (i(o)+1][e,(i(o)+1],
)[e,(i(u) —1][e,(z(u) -1]

d(d I' )('d~ ( 3+1)( &+ ) ez
2]zz „Jo (e 1)(c,—1)

(5.16)

that if spatial dispersion is too strong, then the
dispersion force may change its character from
attractive to repulsive.

The present derivation clearly shows how the
surface modes contribute to the dispersion force.
Because of the special combination in which g and

e, appear in (5.12), it is thought that the disper-
sion force between two spatially dispersive bodies
will be

I=E+F +0 1

where Eo is given by (5.16) and F, by

(5.17)

32m d (Op m*COo o 0 C3 —1

which is the well-known expression for the disper-
sion force between two isotropic dielectrics at
short distances and which displays the d ' depen-
dence on the separation between the two bodies. ' '

If one of the bodies is spatially dispersive, the
dispersion force, at short distances, is no longer
proportional to d ' because of the dependence of P
on w. For a weakly spatially dispersive medium,
one can carry out an expansion in powers of
(zzz ~) '" and it is clear that next term will be pro-
portional to d 4. A straightforward algebra shows
that

dd 2 2 (y(1) 1)(q(2) 1) 3

(5.19)

where P" and P' are the P functions, for each of
the two spatially dispersive dielectrics, defined
by a relation of the form (5.13). We again point
out that /+1 =0 gives the dispersion relation (5.8a),
and hence if the spatially dispersive dielectric is
treated in an approximation other than (I.6.3), then
the dispersion force would still be given by (5.19)
with a new function which is such that /+ I =0
gives the dispersion relation for surface polari-
tons under this new approximation. '4

Finally it should be noted that Lifshitz's method
can be extended, to the case of nonlocal dielectric
functions, presumably by taking the following as
the correlation function for the fluctuating currents
(notation is same as that of Lifshitz), in an iso-
tropic medium,

(Ã(r, ))X(0,0)) =3;, ,fd'kd~ I'(3, td)e'"' '",
(e, +1)(e,+1),

)
'

(e, —1)(e, —1)
(5.18) with

where co~ is the plasma frequency v~ =4m+&,'. It is
clear that F, is negative and hence, in contrast toI"„it is repulsive in nature. Therefore, it seems

I'(k, tu) =2Iz coth(P+(]z/2)1m'(k, &u).

We have, however, not tried this prescription to
obtain (5.12).
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