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A form of quantum electrodynamics is developed which allows us to treat a number of problems
involving dielectric and conducting surfaces, the presence of which leads to a number of new observable
effects. A number of suitably defined response functions play a basic role in the present approach, as
these in conjunction with the fluctuation-dissipation theorem lead to electromagnetic field correlation
functions, which describe physical effects such as lifetimes, frequency shifts of the excited states, disper-
sion forces, etc. The quantization of the electromagnetic field is only implicitly used. A large part of
the present paper is devoted to the calculation of the response functions involving different geometries
and various types of dielectrics. Both spatially dispersive and spatially nondispersive dielectrics are
considered. The response functions are calculated using Maxwell’s equations and the usual boundary
conditions at the interface adjoining the two mediums. As a first application of the present approach,
the black-body fluctuations in finite geometries and the influence of surfaces on its temporal and spatial
coherence are studied. An interesting theorem is also proved which enables us to calculate the normally
ordered (antinormally ordered) correlation functions from the symmetrized correlation functions.

I. INTRODUCTION

The interaction of radiation with matter has
always been a fascinating subject. Over the last
decade it has received a new impetus and a large
class of new phenomena have been discovered.
Different kinds of theories have been advanced to
discuss the general problem of interaction of radia-
tion with matter (cf. Refs. 1,2). Most of the sys-
tems studied to date (except the case of laser emis-
sion and some problems in nonlinear optics) cor -
respond to the interaction of the matter with the
electromagnetic field in free space. Such systems
include the well-known problems of (i) coherence
properties of black-body radiation,® (ii) absorption
and emission of electromagnetic waves,* (iii) spon-
taneous emission free space’-—both dynamical and
kinematical aspects, (iv) anomalous magnetic mo-
ment of the electron,® etc. Such problems have
been treated by quantizing the electromagnetic field
in the entire free space and by using appropriate
perturbation theory.!”®

In the present series we would like to investigate
how the presence of the dielectric and conducting
surfaces affects, say, lifetimes of excited states,
Lamb shifts, the anomalous magnetic moment of
the electron, and in general the transition proba-
bilities, coherence properties of the black-body
radiation, etc. We will show that the zero-point
fluctuations of the dielectric field lead to appre-
ciable effects, which, within our present experi-
mental capability are observable.

To deal with all these problems, we need a form
of electrodynamics applicable in presence of di-
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electric interfaces. One obvious way is first to
solve the classical Maxwell equations and then
quantize the solutions. However, one runs into
problems with such a procedure, and the quantiza-
tion can be done only in certain specific situa-
tions.” Fortunately, it so happens that in all the
above-mentioned problems, we do not need to
quantize the field explicitly, as all the relevant
(observable) entities can be shown to be related

to the expectation values of the commutators and
anticommutators of the field operators at different
space-time points.® We also know, from response
theory®''® from statistical mechanics, that such
expectation values, for equilibrium systems, can
be related to suitably defined response functions.
Hence it is clear that the problem of interaction of
radiation with matter, in presence of dielectric
interfaces, is solved once the appropriate response
functions are known. The first part of this series
of papers is devoted to the calculation of response
functions involving various geometries and dif-
ferent kinds of dielectrics. The plan of this paper
is as follows.

We begin in Sec. II by summarizing some re-
sults from the linear response theory and discus-
sing the types of external probes to be considered
in the calculation of electromagnetic field fluctua-
tions. In Sec. III we prove an important theorem
concerning the symmetrized and normally ordered
correlation functions. In Sec. IV black-body fluc-
tuations in the entire free space are considered
and the results of Mehta and Wolf obtained. This
elementary example is included as it serves to
illustrate the basic concepts involved. We calcu-
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late in Sec. V the electromagnetic field response
functions in the region bounded by two isotropic
nonmagnetic dielectrics, and in Sec. VI the same
calculation is done when one of the dielectrics is
replaced by a spatially dispersive dielectric. In
Sec. VII, we use the results of Secs. II, III, and V
to calculate the coherence properties of black-body
fluctuations in constrained geometries and show
how the presence of a surface affects its temporal
and spatial coherence.

II. LINEAR RESPONSE THEORY AND
ELECTROMAGNETIC FIELD FLUCTUATIONS

In this section we recall few formulas from lin-
ear-response theory and discuss the types of
probes needed to describe the electromagnetic
field fluctuations both in free space and in finite
geometries. Consider a quantum-mechanical sys-
tem characterized by a Hamiltonian H, and the
equilibrium density matrix'!

p=e B /tr(eP%), B=1/k,T 2.1)

where kg is the Boltzmann constant and T is tem-
perature. Let us perturb this system by an exter-
nal perturbation of the form

Hou== [ @73 4,(F,04,(F, 1), (2.2)
i

where f; are the external forces and A; are the
dynamical variables of the system under considera-
tion. A straightforward perturbation theory shows
that the linear response of the variable A; to f;

is given by

6(A,(F, )= fdsw
i
xfdt’x“(F,F’,t—i')fj(F', t), (2.3)

where x,;,;(¥,T’,t—t') is the usual susceptibility
tensor defined by

X (F, T, t=t")=2in(t —t'x{;(F, 7, t - ¢')  (2.4)
with

Xis =Xis+ EXi

(2.5)
X;Ij = (1/2ﬁ)<[Ai(f’ t)’ Aj(F’) t')])y
e dw’ xr(F,F,w')
Xi; (T, 7 ,w):PfT S, (2.6)

where 7 is a step function: n(r)=1 if 7>0 and zero

otherwise and where (*+*) denotes an average with

respect to (2.1). It is clear from (2.3) that
6<A(f, w)) - >,

NS gANCy T 3
X (T, T

of (@) () - e

where the Fourier-transformed quantities are de-
fined by

Wit — )= (1/27) f dw p(w)e™ 9=t (2.8)

The symmetrized correlation function defined by
S (B, t—t")=3({A;(F, 1) = (A (F, 1), A, (F,t")
= (A(F, 1)), (2.9)
is given by the fluctuation-dissipation theorem
S;;(¥, ', w) =7 coth(Bwi/2) x{,(T,T', w). (2.10)

If the variables A; and A; have the same signature
under time reversal, then x;(¥,¥’, w) is odd in w,
real and symmetric under the interchange i=j,
F=7', and hence x” is the imaginary part of x. If
A; and A, have opposite parity, then x/;(F,7',w)

is even in w, pure imaginary, and antisymmetric
under the interchange i =j, ¥=%' and therefore in
this case x{’, =—i Reyx;;. The symmetry p;'operties
of xj,;(F,¥’, w) follow from the dispersion relation
(2.6).

For the problem of electromagnetic fluctuations
the external probes will be taken to be external
polarization @ (T, t) and external magnetization
9iL(¥,t). The Hamiltonian H,,, in the present case
is

Hext=—j[<-P'(1", £y B(T, ) +90(F, )+ (T, )] d*,
(2.11)
where E and H are the second-quantized operators
corresponding to the electric and magnetic field,

respectively. We now introduce four types of re-
sponse functions:

Xijpe(F, T/, w)=0(E(F, w))/00,(F',w),  (2.12)
Xispn (F, T, @) =0(E(F, 0))/0M,; (¥, w), (2.13)
Xine(T, T, w) =0(H, (T, w))/0€;(T', w),  (2.14)
Xigun (T, T, ) =0(H,(F, w))/0M,(¥', w), (2.15)

and we introduce the corresponding symmetrized
correlation functions

ESUF, T t—t)=3({E(F, 1), £,(¥', ")}, (2.16)
ST, T, t =) =3({E(F, 1), H,(F', ")}, (2.17)
GONE, Tt -t)) =3({H,(F,0), B,(F, 1)), (2.18)
O(F, T, 6= t) =5({H,(F, ), H,(F', t')}). (2.19)

It should be noted that E (H) is an even (odd) vari-
able under time reversal and hence X{;zz, X{jz5 Will,
respectively, be the imaginary parts of X; gz,
Xijpg- Similarly Xi;zq, X{;zz Will be equal to

—i ReX;;py, —i ReXy;zp. From the fluctuation-dis-
sipation theorem (2.10), it is now clear that

&3 (F, T, w) =7 coth(Bwi/2) ImX, ;55 (F, T/, w),
(2.20)
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§($)(F, 7/, w) = — il coth(Bwli/2)ReX; 54 (F, T, 0),
(2.21)

§$)(F, 7', w) = —ifi coth(Bwi/2)ReX, 5 (F, ¥, w),
(2.22)

¥(3(F, T, w) =7 coth(Bwiz/2) Imy, ;. (T, F', w);
(2.23)

thus the four response functions defined by (2.12)-
(2.15) completely determine the correlation func-
tions. The response functions are to be calculated
from the solution of Maxwell’s equations:

F--L12 2 (B+adi),
. (2.24)
V+(B+4m1)=0,
VxH= 1 % (D+47®),
¢ (2.25)

V. (D+4n®)=0.

Equations (2.24), (2.25) for the response are to be
solved subject to the usual boundary conditions,
namely (i) tangential components of E and H and
(ii) normal components of D and B are continuous
across an interface, where D and B as usual de-
note the electric induction and magnetic induction,
respectively. We, of course, assume that no sur-
face currents and surface charges are present.
We will describe the dielectric in terms of the ap-
propriate dielectric function. This is the only
phenomenological element in the theory. We will
also assume “sharp” surfaces.

III. RELATION BETWEEN SYMMETRIZED CORRELATION
FUNCTIONS AND THE NORMALLY ORDERED
CORRELATION FUNCTIONS

The fluctuation dissipation theorem enables us to
calculate the symmetrized correlation functions
of the form (2.16)—(2.19) in terms of linear re-
sponse. In many applications such as in photon
absorption measurements,* one measures normally
ordered correlations of the form

(ECNE, DES(F, 1)),

where E¢* and E¢ are the positive and negative
frequency parts of the field operator E. In this
section we discuss the relation which exists be-=
tween two types of correlation functions.

We assume that the electromagnetic fields are
represented by analytic signals'?; then their posi-
tive and negative frequency parts are defined by

E‘.“:i(Ej:tiEj), (3.1)
H® =§(Hj iiﬁi),

where Ej(r, t) [ﬁ,(?, t)] is given in terms of E,(F,t)

[H,(T, t)] by the Hilbert transform relation

Ey(F, t")at’

B, (F,0= —Pf e

~+o ’ ’
IPJ H(rt)dt.

(3.2)
(T, ¢
T

We introduce normally ordered correlation func-
tions:

SIV(E, T, t—t")=(E{T N (F, ) ESV (T, 1)), (3.3)
SV, T, t—t")=(ET(F,OHS(F, ),  (3.4)
SIE, Tt -t =(H{T (T, ) ESV(F, '), (3.5)
P(F, Tt =t =(H{T(F, ) HP (T, 1) . (3.6)

It should be noted that we are dealing with sta-
tionary fields, i.e., fields for which many-time
correlation functions are invariant under time
translation. For such fields, (3.2) leads to inter-
esting relations'® between the correlation functions
of £ and E. For example, we have from (3.2)

(E,(F,,¢, )E.(fz,t )
_1 dt' at"(E,(F,, ') E,(F,, "))
e[ f

(7 —3,)(" =t)
1 1 gm <E(Lt,_t'I)E( 2’0»
=P [ favar 2o A GEA

1 ¢ o SE{(F), V) E4(T,, 0))
Tpffdtdt (t" = 1)(t’-j—t+t’)’

which on using the identity
"

=* [T
becomes

(E (%, tl)Ej(fz, L, =(E;(T,t, ~t,) E(T,,0))
and hence

(E{(F1, 1) Ey(F,, ,)) = E,(F,, 1) E,(F,, £,)). (3.7)
Similarly one can prove that

CBy(Fy, 8) By (Fy, £,)) = —(Ey(F, 1)) E,(Tp, 1)
(3.8)

=6(t-1)

Hence from (3.7) and (3.8) it follows that
—t,)=3(E (T}, t,) E;(T,, 1,))
+§i<Ei(Fl,t1)Ej(r2, z)>

1 (=
:2_ﬂf at" s, (1" ~ t,)

(= =
gij (1‘1,1‘2, t1

X<E5(FU tl)Ej(fz, t”»
1 i n n
=—2—HLO at" 6, (t, —t, —t")

X(E(T,, t") E;(T,,0)). (3.9)
Note that from (2.5) and (2.16) one has
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(E{(Fly t”)Ej(-fza O)) =ﬁx{”jEE(F1; Fz, t”)
+8{5(F), Ty, )
hence

+oo

ENN(F,T,,t, - t,) = 2L7r J‘_w dat" o, (t, —t, - t")
x[8§3(F,, Ty, t")
+X{ipe(Fy, 5y 7)) . (3.10)
On taking the Fourier transform, (3.10) leads to
8T, Ty, w) =n(-w) Bk} 55 (T, Ty, @)
+8((F, Ty @)],  (3.11)

which is the desired relation between ¥ and
8¢S), In obtaining (3.11) we used the relation

n-w)=/2n) [ &0, ()ar. (3.12)
On using (2.20), (3.11) becomes
EMN(F,,TF,, w) =lin(-w)[1 + coth (Bwiz/2)]
XImX; ;55 (T, Ty, @). (3.13)
Similarly one can show that
I (F,, Ty, w) =i (-w)[1 + coth(Bwiz/2)]
XImx; jpp (T, Ty, @), (3.14)
g (F,, F,, w) = —ifn(-w)[1 +coth(Bwz/2)]
XReX; ;py (T;, Ty, @), (3.15)
§N (%, F,, w) = —ifm(-w)[1 +coth (Bwi/2)]
XReX; yp (T, Tp, @). (3.16)

Relations (3.13)-(3.16) are very basic and show
how the normally ordered correlation functions
can be obtained from the knowledge of the linear
response functions. It is interesting to note that
the Fourier transforms of the normally ordered
correlations vanish for positive frequencies with
Fourier transforms defined by (2.8).

If the measurements are carried with a quantum
counter,'* then we need to calculate the antinormal-
ly ordered correlations defined by

8Ty, Tpy ty = 1,) =(E{T(T,, ,) E{7) (T, 1,)),

(3.17)

GEA(F,, Ty t, — £,) = (ESO (Fy, 1) HE (B, 1)),
(3.18)

G (F,, T by — 1) = (H (B, ) ESN (T, 1)),
(3.19)

SC‘(‘;‘"('I"“ _fzy L= tz) = <Hi(+)(-fu tl)H;_)(Fz’ tz» .
(3.20)

These can again be related to symmetrized cor-
relations; for example, in place of (3.10) we have

+00
P (F,Fy b~ 1) =(1/2m) [ atr ot =1, - 1)

X (x5 (F1, Tpp t")

+8(F(F,,T,, ")),  (3.21)
and hence
8P (T, T,, w) =n(w)i[1 +coth(Bwi/2)]
XImy;;pp (T, Ty, w), (3.22)
§{(T,, T,, w) = —in(w)i(1 + coth (Bwir/2)]
XReX; ;pu (T, Tpy @), (3.23)
{0 (F,, Ty, w) = —in(@)a[1 + coth(Bwiz/2)]
XRex;;up(T, Tp, w), (3.24)
P (F, Ty, w) =n(w)[1 +coth(Bwii/2)]
XImX; i (T, Ty, @), (3.25)

showing that the antinormally ordered correlation
functions only have positive frequency components.
The relations of this section will be useful in Secs.
IV and VII of the present paper and in Paper III

of the present series of papers.

IV. BLACK-BODY FLUCTUATIONS
IN INFINITE DOMAIN

As a preliminary application of the results of
Secs. II and III, we consider black-body fluctua-
tions in infinite domain. These have been exten-
sively discussed by Mehta and Wolf.® We include
this example just to show how the response func-
tions can be used. Mehta and Wolf took the usual
expansion of the field operators and used the diag-
onal coherent-state representation? of the density
operator to calculate the normally ordered corre-
lation functions.

From the Maxwell equations (2.24) and (2.25) we
obtain

VXVXE =ik ik B + 47V XM - ik 418],
V-E=-47v:®, k=w/c,

which can be rewritten as

- -

(V2 + B2)E = —4a[k28 + ¥ (V - @)] - 4wik,V X3,
(4.1)
Similarly we Zind
(V2 + kﬁ)ﬁ = —411[k§§fl +V(V- Jn)] + 47ik VX @,
(4.2)
These equations should be solved subject to the
outgoing boundary conditions at infinity. We as-

sume, throughout this paper, external probes of
the form
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@ (T, w) =p(w)d(T - TF,), fining relations (2.7), (2.12)-(2.15) that
- (4.3) - - -
3n(r w) m(w)é(r - ro) X”Eg(r, rl, (U) =XinH(ry I',, w)
Let G, be the free-space Green’s function 52 - .
- ip 1T =T > > <k36”+ 9%.9 >G°(I'- ,), (4-7)
Go(IF = F/]) =€l ="l /|7 - 7], 4.4) %05
then the solution of (4.1) and (4.2) is Xosmn (B T, @) = =X, g (F, 7, @)

E(f, w) =[k§§+§7(§ V)4 ikOVX—r;l]

4 d . .
Xe’ko‘\"’o|/\f—ﬁ,l, 4.5) == iko€yy 9x, Go(T - 1), (4.8)
H(F, w) =[k§r_ﬁ +9V(m-V) - ikyV XP] where ¢, is the completely antisymmetric tensor
ihT-Tol /1% _ = of Levicivita. Hence on combining (2.20)-(2.23),
X effoltrol /|F =¥ (4.6) (4.7), and (4.8) we obtain the symmetrized corre-
It is now clear from (4.3), (4.5), (4.6) and the de- lation functions
J

2 —
8EN(F, T, w)= WS(E, T w):ﬁcoth(%'i;z) (kgéu d > sin(k,|F - T'))

8%,;9% [F-71 (4.9)

8 sin(k|T - r'l)

86 (F, 7, w) = ~819(F, w):—iﬁkwoth(ﬂ)em P L 4.10)
: =

2
Equation (4.9) is the well-known expression for the symmetrized correlation function obtained by Landau
and Lifshitz in a different manner.’® The normally ordered correlation functions can be obtained from
(3.13)—(3.16) and (4.7), (4.8):

. i =
S (F, ¥, w) =3¢ (F, 7, w) =n(-w)i[1 + coth (Bwiz/2)] (1@2)5”+ 0 > sin(ky|T - ¥'|)

8x,;9x |7 -7 ’
- (& |7~ ') (4.11)
N(F T _ Nyr= = Bw. 0 sin(k|F-T
SM(F, T, w) = _g( T, T, w)=—iltkyn(- w)l: +coth<-—2 >:\em ox, -__Q_—Ir—r'l .
In the time domain one has, for example,
- - 1 J*"" ; _ ( 92 ) sink,|T - 7'|
(N) ’ - -iwt _ 8l w| _ 1 w2 0
é’ij (F,7',1) 27 . dwe 2n(-w)i(e 1) 5‘jV ax,0x; lF_"ll
7ic 92 g X hisd (eihoR - e—ikoR)
= — (-5, Vv2 ikgct = Bhepgn N2~ T &~/
2mi ( A ax‘axj> fo dieg e ;le ° R
7ic/ o2 > =
=— ~5..y2 -3 2 2]=1
- <8x58x, Y ;[(Bﬁcn ict)? +R?]
_ 4nc - 85 2(R; R, —R%;;) \
N =\ [(87icn - zct)2 +R2]? [(thn - zct)2 +R2]3)
—ZC“‘”(" 7,1, R=F-7. 4.12)
Similarly the mixed correlation is found to be
32 -
M(F F ___(N)-'*: . —ict)2 2] -1
SIUFE, T, ) =-SI(F, T, t)=— - a(ct)ax ,J,;[(Bh”cn ict)? +R?]
_ =8uci - Blicn —ict
T €”’R'§ [(gicn - ict)? +R?|® ~ (4.13)
I
The results (4.12) and (4.13) are equivalent to the V. RESPONSE FUNCTIONS FOR THE ELECTROMAGNETIC
results of Mehta and Wolf.® It is remarkable that FIELDS BETWEEN TWO ISOTROPIC, NONMAGNETIC, AND
we have not used any particular mode expansion SPATIALLY NONDISPERSIVE BODIES
of the field operators in deriving (4.12) and (4.13).
Antinormally ordered correlations are similarly In this section we will calculate response func-

obtained from (4.5), (4.6), and (3.22)—(3.25). tions for the case of two identical isotropic, non-
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magnetic, and spatially nondispersive bodies sepa-
rated by vacuum. We assume that each body is
characterized by the dielectric function e(w). We
moreover assume that the dielectrics occupy
volumes 0<z <« and ~» <z <-d, d being the sepa-
ration between the two bodies. The response func-
tions which we obtain in this section will be very
basic in all the applications which we consider in
this series of papers.

If we assume that there is an external polariza-
tion probe located at T =T, in the region —d<z <0,
then the response of the electric field (magnetic
field) would yield the coherence function &, (§;,).
Similarly the response of the magnetic field (elec-
tric field) to an applied magnetization would yield
the correlation function 3¢;; (§;,). We first calcu-
late the response of the electric field to an ap-
plied polarization. We must now solve the following
set of equations

V2E + B2E = —4q[ k2@ + V(V - §)]
ﬁ =V X E/tko
v2E +k%E=0, V:E=0, (5.2)

} -d<z<0, (5.1)

H=vxE/ik, for —o<z<-d, 0sz<wx,  (5.3)

subject to the appropriate Maxwell boundary con-
ditions at z =—=d and z =0. The solution for Ein
the region — <z<—d (region IIT) and 0 <z <®
(region I) can be expressed as angular spectrum of
plane waves'®

EN(F,w)= f fg(”(u,v, w)eik'T dudv, K-8 =0,

-

K=,v,w), w?=kic-u®-v? (5.4)
BT, w)= f f—g’“’(u,v,w)e"‘*"“?dudv,

R -E®=0, K'=(u,v,-w), (5.5)

where the square root is chosen such that Imw=0.
The solution in the region II (-d<z <0) consists of
the solution of the homogeneous equation and a
particular solution:

E@ (F,0)- | [[B0w0,0)e%0

+—<§"’(u,v,w)e“<6"]dudv +E,,
f{'o'g“’=0, K820, K, =,v,w,),
Ky=W,v, ~wy), wi=k}-u®-0? (5.6)

and where E, is given by (4.5) with m=0. On using
the Weyl representations for Green’s function'®

G(IF-F'])= ZZ—H f J d:)dv expliu(x —=x")+iv(y =)

+iwglz =211,  (6.7)

ﬁ, becomes
= i du dv - e =
Ep(r,w)=—2—;ff—‘uj;—‘[k§p+v(p'v)]
xexpliulx —x,)+iv (Y =9,) +iw,|z —z,|] .

(5.8)

The angular spectrum representation for the mag-
netic field is obtained by using the relation H
=V xE/ik,.

On applying Maxwell boundary conditions at z =0,
we obtain

B =8 + & = (R XK, xB)y,
v=_(i/2m,) e"EO'?O, (5.9)
BxEW =K x &M 1K x &) 1 vk2(R,xP). (5.10)

Using the transversality of },’(U’ 8 and on taking
the cross product with K, (5.10) becomes

k2EW =§ (K- K,) L3R R!) - vi2(Rx K, xP)
- i<>o(ﬁn : g(”)(l —w/wo)
KRy N +w /wy).

The component of this equation parallel to the
surface z =0 is

(M - (R K]+ 8k - (K- Ky
+R (K 8N —w /o) + Ky (B - )1 4w /)
=y[R2(R XK % B)y; — B2(KXK xB)],
(.11)

where (5.9) has been used to eliminate gﬁ”. From
(5.11) one easily obtains the following two equa-
tions:

= WE+W = B = 5
K+ 8"+ ‘1;)‘06_'_-“‘)' K- &f )=Vwo[PLkﬁ"wo(Kn‘pw)];
)
(65.12)
= U7 W+ Wy = - >
K”xgﬁ*“)-q.mﬂK”Xé’ﬁ ' = —vE3(K;XDy), (5.13)

0

where ffu is the vector parallel to the surface
z =0 and has components K, = (4,v,0) and p, is the
component of § along z direction.

Applying now the Maxwell boundary conditions
at z =-d, we obtain

EfPetvdl =§(Flemtwod L §(Iei®o? — ! (K{XKLIXD),,
(5.14)
(I—E'X 8(3’)e“"od - (k'ox £(+))e—iwod
+(K{x 8 et o + v’ REK, XD,

v =(i/2mw ™ iRg Toringd, (5.15)
(o]
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Carrying out an analysis similar to that which led (B, - (et 4 (K, + &())ei ot @ WoE —W
to (5.12) and (5.13), we find that (5.14) and (5.15) Wo€ + W
w,€
lead to = ‘Vlwom (&0, +wo(Ky - By)-
R Bmeniuot s 0 (R, x Ef) efot (5.17)

On solving (5. 12) (5. 13) (5 16) and (5.17) for
the four unknown (K, - &(*), (K,x &(*), we obtain

w —-w
= -V'ko(KnXPu)mj , (5.16)

- — k =7

K x§f =52 omw D (Knxpn)(_""_OL e_‘Kf’ fo-2iwgd - e %o r0>, (5.18)
- —ik% > waw, et

K x 8§ = B0, - D; (K“Xp“)< -iKg 1o _m: e~ Ko ‘-'0> , (5.19)

= F. -, . = . BT WEHW N - _

K- &{ = 21r_w:_D11 ‘l__( ipL+w K Byle Ko'To 4 _ie__ (kiDL —w K, Pyle Koo Ziw"d}:wo 8, (5.20)

= 2 iw - WE + W

K- 8{"= 211w D.ll!:(kllpl. -w Kn p")e ‘Ko 0+ __Le_w (RS p+w Kn p“)e ik r°}="wo gé“s (5.21)

where D, and D, are given by

\2 2
D, =1 _<M) e-Zi"’Od, D, =1 _(w_+u_]Q> em2iwgl (522)
W€ —W w—w,

The tangential components of & are given by
g - u(I—E” . _gn) -V (Eixgu) “(ﬁnxgn) +U(I—€u -8y
x kﬁ ’ kﬁ .

The complete electric field is obtained by substituting (5.18)~(5.23) into (5.6). The E’,, term leads to the
usual translationally invariant response functions which we have computed in Sec. IV. We have, for ex-
ample, the response of the z component of the electric field to an applied p, :

8,= (5.23)

dudv W€ +W
Wtha (7, R )= 52 [ [ B0 piagr ) [ o o T, a0
woe —-w
R T —iKle Ty , ik T =iKg To-2iwyd
X (e¥Ko"T ~iKg To iK' T —iKg Tom2iwgd) | (5.24)

where we have ignored the usual translationally invariant contribution.!” As mentioned earlier the response
function ¥, , can be obtained from H =§7><_E’3/z'ko and the relations (5.6), (5.18)—(5.23).

We now show how to calculate the response function X, ;,, (¥, ¥, @). We have seen that in free space
XijzE = Xijug; however, for a bounded medium it does not hold as the boundary conditions satisfied by E and
H are asymmetrical for a dielectric medium. To calculate X;,;,, We apply a magnetization at F=¥,. The
equations to be solved are now

(V2 + k2) H = —4n[ k290 + V(Y + 9)]
E=-VxH/ik,
(V2+k2)H=0, E=-VxH/ike, V-H=0, for —osz<-d, 0<z<, (5.26)

f -d<z <0, (5.25)

On using continuity of H and tangential E and on expressing each of the fields in the angular spectrum rep-
resentation, we obtain on carrying out an analysis very similar to that which led to (5.18)-(5.23)}:

> = w w+w - - T T -2i P N g (=
K, 3{7 = 2 —D; (w— 2 (kfm, —w K, * my)e” o roe Bl — (R m, +w oK, - my)e” o r") =wo 357,
Tw,
(5.27)
> = iw A . w+w
K, -3 = 'z-ﬁ";)"D <(kﬁm1. —w K - my)e™ o o ~ ﬁ(k my +w Ku mu)e Koo wogcé+)7 (5.28)
0
= —ik2 T WEAW R T miwnd
K x3¢{™ 2—°—-D I(K,,Xm”)< THKG To 4 —m— o= HKo'Tg 2‘w°d> ’ (5.29)
Tw W€ ~W
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e ;Eg,-?‘,)’ (5.30)

- - —ik? - -
K“xt}c‘(l“') - ._Z__Q_D;I(K"xm") <e-iK°'l'o+ M
27w, W —w
5 = u(K, - %,) - v(K"XffC“) _ u(E x%) +v (K, - &,)
% k Yy~ k" *

(5.31)

This completes our calculation of all the response functions. From (5.27)-(5.31) we have, for example,

du dv iR (-7 Rre (T -1 w+w
X, (F, 7, W)= — 5 ff D3 (w2 +v2) | eFo (r-rg), iKg (r=rg) _ 0

w—=w,

ReeTo* iR To+iRY T ~24wyd
x("ofo £K°r+e- o' TotiKg T 2w°) , (5'32)

where as before we have written here only the
surface-dependent contribution. We next discuss
some special cases.

A. Each dielectric replaced by a perfect conductor

On taking the limit of a pérfect conductor, Egs.
(5.18)—(5.22) reduce to

B U
Ky} 8i7 = ﬁDol(K"Xp“)(e 2iwgd=iKo'To
—-e” 126‘?0), (5.33)
I_E“XZ;’»((‘” =:'z—k9—D YR xD)(e” iRy Ty e~ Ko To),
21w,
(5.34)
I—E“ _gﬁ") = —_mO_Dal[(kﬁpL +wok’“ 'ﬁu)e"‘({)"o
21w,
+ (Bp, —w K+ 5\1)6-"?("'?0—2‘%&]
=w, 87, (5.35)
K-8 = ﬂlp;‘[(kﬁpl +w K+ By)e™ Koo
2w
+(kip. "woﬁn “By)e™ o' To]
=-wy 6", (5.36)
Do=1-e™*f, (5.37)

and the corresponding magnetic field equations
reduce to

= A= Wy e =y — iR Ty 2iwgd
K, -3 = 27w D3 [(Efm, —w K, * m,)e™ Ko Tom2i%0
o
N TR
— (B2 my +w K, - my)e” Ko To]
=w 357, (5.38)
= ey Wy i 2 = e
K- %{" = Smw D' [(kim, —w K, my)e” Koo
0

-
— (R m, +Wo§u - m)e” Ko o]

=—woi}€§+), (5.39) )

x (e-iE(',-?o + e—iio-?o-ziwoa)’ (5.40)

X (e” Ko'To 4 o™ ‘EG'FO). (5.41)

B. Dielectric occupying -0 <z< -d absent

On taking the limit d—=, Eqgs. (5.18)—-(5.22) and
(5.27)-(5.30) reduce to

& R 20, (5.42)
= By —iRE o . w-w, _;%.7
K x 8= anioL Ky xpy w+wz e”#o' T, (5.43)
K+ 8= —2— (B2p, —w K pl)
i ol 1wy 1Pk Y
X—ng-";;z e~iko'To =wy, 85, (5.44)
o
= o= ik2 - - W —W .7
K X3¢ = Trw KXy e © oo,
0 0
(5.45)
- - —lw
K% = mn‘ (Bfm, —w Kn n)
xw—"-e"KO"o =wo 3677, (5.46)
+w,

In the limit of infinite conductivity (perfect con-
ductor), these equations further reduce to

- = —ik? . . -
K xé’i')=_"o_(K xP,)e~ Ko To (5.47)
I I 21”00 [[Rae 1 s
I—%H-glﬁ')= S, (®3p Woﬁu -B,)e" o' To,
(5.48)
i k2 - - > >
KX~ = Ez—kg'“ (Kyxmy)e™Xo'To, (5.49)
- = —iw, > -
Ry 3™ = _é;r_u_)o— (B m, —woK, » my)e™ o To,
(5.50)
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VI. RESPONSE FUNCTIONS FOR THE ELECTROMAGNETIC
FIELDS BETWEEN A SPATIALLY DISPERSIVE AND
SPATIALLY NONDISPERSIVE DIELECTRIC

We now consider electromagnetic field fluctua-
tions in the domain bounded by a spatially dis-
persive and a spatially nondispersive dielectric.
Such a calculation will be useful in our treatment
of dispersion force between a spatially dispersive
and a spatially nondispersive dielectric.’® We
treat the spatially dispersive body®® in the effec-
tive-mass approximation and for simplicity only
consider the case of bodies separated by small
distances, i.e., when the retardation effects can
be ignored.

We write the dielectric function, in the effec-
tive-mass approximation, as

e(k, w)=€,+x/(k% - p?), 6.1)
where

X =dmam*w, /7, 6.2)

2= m*/w)(w? — w2 4+ wT),

and where m™ is the effective mass, T is a phe-
nomenological damping, and « is related to the
oscillator strength. It should be noted that an
electron gas in the hydrodynamic approximation
is described by a similar dielectric function. We
must know the structure of the electromagnetic
field inside the spatially dispersive medium. For
the model (6.1) we will obtain the structure of
electromagnetic field in the approximation that
electric induction D and E are related by2°-22

D(F, ) =€, B(F, w) + (x/41r)j G(F-7))

xE(T', w)d®, (6.3)

where the integration.is over the volume of the
medium only and G, is the Green’s function de-
fined by

GUT =T =Tl /|7 - 7). (6.4)

The scalar potential ® satisfies the equation

V2d + (x/ATE) V f G (F -F) v'&(F, w)d% ' =0,
14
6.5)

Let us assume that the spatially dispersive medi-
um occupies the domain 0<z <<, Then it can be
shown that the solution of (6.5) is given by

& (F, w)=ffdudvz B ghmtivtinge 6.6)

where

w?=—@?+v?), wi=kZ-@?+0v?), RKZ=p?-x/e,.

6.7

The amplitudes ¢, and ®, are not independent but
are related linearly by?®

Z w;®; =k (w, —w,)'®,,

(6.8)
wh = = (4 40%),
which we will write as
q’z"'_‘)@l- (6.9)

It can be further shown that the normal component
of electric induction at z =0 is given by

D,(%,9,0,0)= [ [auav et 37 (-i @),
i

(6.10)
where

By =wj€; - (wa/zwﬁij “Wu)_l,

6.11
€; =€+ X/ (W} —w?). (6.11)
Equations (6.6)—(6.11) completely characterize

the electromagnetic fields inside the spatially dis-
persive medium. Having obtained the fields in-
side, we proceed to calculate the response of the
potential to an applied charge at the point T, i.e.,
p(T, w)=p(w)d(T —T,). The perturbing Hamil-
tonian has the form

Hoy =fp(F, H® (T, t)d®r. (6.12)

It is now clear that the response function
X(F, 7, w)=-6(&(r, w))/0p(¥', w), (6.13)

will yield the fluctuation correlation of the scalar
potential at two different space-time points. We
consider the following situation: the dielectric
characterized by €,(w) occupies the domain —=
<z <-d (region III) and the spatially dispersive
dielectric occupies the volume 0<z <« (region I).
We assume that the external charge is located at
T, in the vacuum (the region II, —d<z<0). In the
region II we have Poisson’s equation

V2d = —47pbd(F - F,), (6.14)
and in region III, the Laplace equation
V2@ =0, (6.15)

We write the solution in the region II, III in the
form of angular spectrum of plane waves

‘19(3)(-1"’ w):ffdudv@(3)(u’v’w)eiuxﬂw-iwlz,

(6.16)
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O (F, w)= j_[du A [ u,v,w)et" 12+ (4, v, w) ilem;ll)a;:g on applying boundary conditions at z = —d
xemit+ (ip/2mw,) a, Sl (q,(-)eziwld+ ip eziwla-iﬁ'-?o> -0
X g™ dwrqmivvgtiwy | amzgl] giurtivy €5+ 1 21w,
b
(6.17) K'=@,v, -w,). (6.22)
where the Weyl representation of the Green’s func- On solving (6.21) and (6.22) we obtain
tion, .
) ; i ' 8 ppmi <_€.a:;l -2k T, _e-fi'~?o> ’
I—FT*{ZW,[[ w exp[zu(x —x0)+w(y —yo) W, 63"1
) 1
(6.23)
+iw,|z —z,[], )
&) - P -1( —iRT, _ -iR'eT,
(6.18) 2w, D e K¢ o
has been used. To calculate ®*  $® we use the B, - pa+w,(l-a)
continuity of & and the normal component of the BL - Bja —wl(l ~3) ), (6.24)
electric induction. Applying boundary conditions vore !
at z =0 we have where
- > €.+1 B, -B,a+w,(1-a) _,.
B, +3,=0) 1) 4 P iRt D=<1— 3 L =P L gm2iwgd)
" * nwle % €,—-1 B, -B,a-w,(1 -a)

K=(@,v,w,), 6.19) (6.25)

iZT The response function (6.13) is therefore given b
D B8, =w [8) — &) 4 (ip/2mw, )e” K To]. p (6.13) g v
7

X(F, ‘fl, w)=x(0)(‘r’.’ w)+X(1)(F > w)’

(6.20)
. . -d<z,z'<0,
On using (6.9), (6.19), and (6.20) we find the rela-
tion where x(® is the free-space value (6.26)
1-a)+8, -8, -ip  _%T - - - -
S _ (p()w( 1 2 - :Kr’ (0) ’ — | F -1
w, (1 —a)=pB, +B,a ZTTMA ¢ ° XL T, @) |7 I’l ’ 6.27)
(6.21) and x* is equal to
J
s du dv eV F (e : . o ~ €.+1 _, -
(I’ I‘ w)_ fj zu(x "0) (v yo) e:wl(z 20)+e iw (2 zo)_ 3 e iwy(2+2, 2d)
0> 27 €,-1
B —Ba+w (1~ @) iwl(z+zo)>
- . 6.28
B, —B,a-w,(1-a) ( )
The response function X, (¥, Ty, @) is obtained from x(¥, T,, @) by using
. 0% - =
Xijpp (T, To @)= x0my, X(F, Ty, w). (6.29)

The response function (6.29) will be useful in the calculation of among other things the dispersion force
between a spatially dispersive body and spatially nondispersive body. The response function (6.28) takes
a simpler form if the dielectric €, is absent

P dudv B, -B,a—-w,1 - a) . . )
(1) 1 2 1 - - .3
X(F, Fo, )= 5 ff ” Tparw.(-a) explin(x —x,) + 10(y —¥,) + iw, (z +2,)] . (6.30)
r
VII. BLACK-BODY FLUCTUATIONS relevant response functions in Sec. V and these in
IN FINITE GEOMETRIES conjunction with (3.13)-(3.20) will lead to all the
correlation functions §;,,%¢,,$;,,8;;. We are
In this section we consider how the black-body treating fluctuations in a specialized geometry,
fluctuations are modified due to the presence of i.e., in the region bounded by two dielectrics. One

boundaries. We have already computed all the has, for example,
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- N -
gélz”(F’ ito’ w) = 8;5)(0)(1" Ty 0)) + é,a(zz )(1)(’1’., Tos

(7.1)

where 8 (T, ¥,, w) is the usual contribution
given by (4.12) and §¥’™) is the surface dependent
contribution given by

gég)(l)(—f’ -fo’ w) =2ﬁn('—w)(1 —-e

X ImxzzEE ( r, ro: w)

w),

-8 hw)—l
(7.2)

where x{1} . (F,T,, w) is given by (5.24). In order
to study some new features of the black-body ra-
diation in finite geometries, we treat the simpli-
fied situation: Consider the fluctuations in the
region —»<z<0 (vacuum) bounded by a perfect
conductor at one end, z =0. In this case formulas
(5.47)-(5.50) apply. Equations (5.47) and (5.48)
can be rearranged in the form

&= (7'/2Tf14)0)e'”<("r [Ky (K, B) - k2D, + pow K],
' (7.3)
8= (i/zﬂwo)e_‘?(d?”[hkﬁ ~wo(Ky - Byl (7.4)

To obtain x{),; we calculate the magnetic field
from (5.47), (5.48), and the relation H=vxE/ik,.
It is seen from (7.3) and (7.4) that the contribution
E from the solution of the homogeneous equation
is

»hom [(p V.I_)V - (p Vll)V k p

+2K2(Z - D) 2] e**oR'/R!, (7.5)

where R’ is the distance of the point ¥ from the
image of T, i.e.,

Ri=x-x4, Ry=y-3, R,=z+z,, (7.6)
and hence ﬁhcm. is equal to
= : > = '
Hhom= _Zko poxv(etkoR /R'), (,7.7)
ﬁoﬂ =§H s DPorL=-P1.
From (7.5), (7.7), (5.49), (5.50) we obtain the
response functions
- > 9
ks (F, By @)= (575 (28,5 1)
eikoR'
~ k20, + 2k06{3513>7 (7.8)
:—XS'F){H(—{') -f()’ (U), (7-9)
. . 9 eikoR'
X$ine(F, Ty, @) =iky(20,, — 1)5”, v R
(7.10)
=+ X%y (T, Ty, ). (7.11)

The symmetry properties (7.9) and (7.11) are to be
compared with those for translationally invariant
response functions -
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XE%E(;’ —fo’ w)=x§3}m(f’ —fm w)’ (7.12)

0 (= = v (%=
X{3ku (T, To, @) = =X {3y 2 (T, T,, @).
The correlation functions have similar properties
NYOY (T = _ne(NYO) (% =
gb)( )(I',I' w)—:}(‘gj)( )(I’,I'O,CO),

0
gINO(F, T, w) = =GOV (F, ), w),

' (7.13)
EMW(F F,,

gNW(F F

w) = =B D(F, 7, w)

-0 s

0 @) =+GINON(T, T, w).

In particular on using (3.13) and (7.8), we have

EMONF F w) = ~Tin(-w)(1 + cothéﬁwﬁ)

"9 \ sink,R’
X <kg+ 8_962) —EPR“,OR_ s (7.14)
EWMUNF F w)=+7n(-w)(1 +coths pwir)
sink,
(kz az2>—R_’uR_’ (7.15)

and on taking Fourier transforms (7.14) and (7.15)
lead to

- > —-47ic (Bricn — ict)? +2R!2 - R
(N)(1) - X
8T, T, ) T ; ((gicn —ict)? +R?]3
(7.16)
EWIW(F. 7. )= +47ic <~ (Bicn — ict)? +2R? —R"
Yo t)="—7 4~ [(@icn — ict)® +R"?]?

(7.17)

The corresponding translationally invariant corre-
lations &{Y’(® are given by (4.12). The black-body
radiation is no longer isotropic as the translation
invariance is broken.

One can now study temporal and spatial fluctua-
tions of the black-body radiation in a manner
similar to that of Mehta and Wolf. In the present
case owing to breakdown of translational invari-
ance, temporal coherence itself depends on the
point T, e.g.,

é,(N)(l)(; ; )_ _ _4_@_ = (,Bk’cn —ict)z —423
wx one T [(Bricn —ict)? +422]F
(7.18)
EMW(T, Foy )=+ 47?0 [(Brrcn - dct)® +423]72
(7.19)
In particular for z,-0, we obtain
87c
&c(xm -0, Mgév) -0, ggg) - zggiv)(o) = ﬂ(ﬁcﬁ)4
x¢l4, 1 ~ict/mcp], selP ~25(P

(7.20)

b
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where ¢[8, a] is the generalized Riemann ¢ function
defined by?*

¢8,al=)  (n+a)®. (7.21)

$=0
We thus see that the magnitude of &, in the

limiting case z,~0, is twice that in the absence of
the conducting surface whereas & vanishes. It
also follows from (7.8) that any two orthogonal

components of the electric field at the same space

point T are uncorrelated, i.e.,
E\M (Ty, Ty 8)=0 if i#j . (7.22)

To discuss the spatial coherence we put £=0 in
(7.16), (7.17), and (4.12). The resulting summa-
tions can be evaluated in closed form:

8" (F, T, 0)= <$T;> [-1— <A(R1) +B(R,) Rﬁ‘)

a R} R?
—Rl-'Rl'] , (7.23)
where
R,=(m/a)R, R!=(n/a)R', a=kcB,
A(R)=-RcothR - R%csch’R
—2R3csch?RcothR+4 (7.24)

B(R)=3RcothR+3R:csch®R
+2R%*csch?RcothR -8 . (7.25)

3N (T, Ty, 0) is given by (7.25) with the sign of
the terms involving R’ changed. The mixed cor-
relation is given by (7.10):
PN, To, )=+ 8NV, T, 1)

87ici
== e, Ri(1-25,)

= Bricn - ict
X Z [(Bicn — ictP + R

(7.26)

We have so far considered only the second-or-
der correlation functions of the black-body radia-
tion. Since higher-order correlation functions
can be expressed in terms of the second-order
correlation functions,?®' %6 this completes our study
of the black-body fluctuations.
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