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The cross sections for L-shell and subshell ionization by direct Coulomb excitation of argon by in-

cident heavy charged particles are evaluated. Incident particles are described in the plane-wave Born
approximation, and nonrelativistic Hartree-Slater (HS) wave functions are used for the atomic electrons.
Form factors, energy distributions, and ionization cross sections are compared with those obtained from
screened hydrogenic wave functions. At most incident energies the HS results for the total ionization
cross section are only slightly smaller than those obtained with screened hydrogenic wave functions, but
considerable discrepancies are found for form factors and energy distributions near the ionization thres-
hold.

I. INTRODUCTION

The ionization cross sections of inner atomic
shells by incident heavy charged particles such as
protons or n particles are being measured with
ever improving accuracy. ' In particular, attention
has recently turned to the high-resolution determi-
nation of the characteristic x rays produced follow-
ing the creation of vacancies in inner atomic
shells. To interpret the experimental data, calcu-
lations of the ionization cross section for K, I.,
and M shells and their subshells have been made
based on the plane-wave Born approximation
(PWBA). ' ' [n this approximation, incident and in-
elastically scattered particles are described by
plane waves, while screened hydrogenic (SCH)
wave functions have been used for the atomic elec-
trons. For sufficiently high incident projectile en-
ergies such that the direct Coulomb excitation pro-
cess is dominant in inner-shell ionization, the
P%BA seems to be adequate. Furthermore, the
use of SCH wave functions for K-shell ionization is
entirely appropriate. However, for the ionization
of L electrons, where the screening effects of
outer electrons are important, the SCH wave func-
tions are not expected to be realistic, particularly,
for the electrons ejected with low kinetic energies,
even though the orthogonality conditions between
the initial and final wave functions are satisfied.
Therefore, it is desirable to perform calculations
on the inner-shell ionization process using more
realistic wave functions.

Recently, some authors7 ' have made calcula-
tions on the ionization of electrons by heavy
charged particles employing nonrelativistic Har-
tree-Slater (HS) atomic wave functions. ' How-
ever, these authors either evaluated total ioniza-
tion cross sections for very light elements or some
differential energy transfer cross section for L

II. L-SHELL IONIZATION CROSS SECTION

ln the nonrelativistic PWBA, the ionization cross
section for electrons ejected from the L,-subshell
by an incident heavy charged particle is given by'

+min +s

The energy transfer cross section, der~ /dW~, is
S S

expressed as

cAJI, 87|Z 0 +max dQ

Z2 '
2

electrons in certain elements at a few selected in-
cident energies.

In this paper, total L-shell and subshell Coulomb
ionization cross sections have been evaluated for
argon as a function of the incident energies, using
again nonrelativistic HS wave functions for the
atomic electrons. In addition to providing theo-
retically calculated L-shell vacancy production
cross sections for argon targets, these calcula-
tions are intended to test how much the total ioni-
zation cross section is affected by the use of a
realistic wave function in comparison with SCH
wave functions as the incident energy is varied.
The use of a relativistic HS wave function would
not appreciably alter these results.

The method is briefly outlined in Secs. II and IEE,

including numerical procedures of computation.
Results of the present calculations on the L-shell
and subshell ionization cross sections for argon
are presented in Sec. IV and compared with cal-
culations using SCH wave functions, and a discus-
sion of the results is given.
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Here, I and E are the mass and energy of the in-
cident particle, hE and Il are the energy and mo-
mentum transfers of the incident particle to the L,
electron, m is the mass of the electron. " Q;„and
Q,„are established from energy and momentum
conservation, a.nd it is sufficiently accurate to set
Q„„„=W~R /4)) and Q,„=~. For the lower limits,
W,.„, of the energy transfer, we introduce the HS
binding energies of 2s and 2P electrons (311 and
248 eV for 2s and 2P electrons of argon, respec-
tively). ' The square of the form factor, ~F~, .(Q)~',
for the transition between electronic states,

I

4'„, .(r}=r 'R„, (r. )Y, , (e, (t)} and 4„-(r), for the
electron initially bound in the nl, subshell and fi-
nally ejected with the kinetic energy 8'k'/2m, is
defined to be

„,, ( 2)(l'='E fdn fe'e''0 (r)0„, „(r)dr
m~

Here, 21)-, (r) has the asymptotic form of a plane
wave plus ingoing scattered wave. It is convenient
to carry out the calculations in an angular-momen-
tum representation. After some simple manipula. -
tions, we obtain

, (0)('= Q Je"''0;„„(r)0„,„(r)dr
m]lfmf

'2

=(2l,. +1)E (2l+1)(l,. l00()e0) I)', (er)R„(r)R„, (r)dr
half

where

is the real continuum partial wave of ejected elec-
trons normalized per unit energy interval in units
of Z228„.

The bound and continuum radial wave functions,
R„, .(r) and R„(r), are the solutions of the Schro-

t f
dinger equation with the central HS potential V(r).
[n the atomic unit system where e'=k'=2 and ~ =1
(i.e. , electronic energies in units of R„, and r in
units of a,), which we shall use hereafter unless
specified otherwise, the radial equation is

in Herman-Skillman, ' and the continuum wave func-
tion R» (r) is obtained by integrating the radial
Schrodinger equation [Eq. (4)] with Numerov's
method. Integration step sizes were the same as
those used in Ref. 9 through the first 121 mesh
points. Beyond this point where Herma. n-Skillman
integration step sizes do not give accurate results
for large kinetic energies and rapidly oscillating
wave functions, a constant step size was used.
Normalization factors of continuum wave function
were determined by noting that

U, (r) =AF, (r) +BG,(r) for r & r,
rwith

, ~ (r(r) +, —E) ll(r) = 0,
d' ))(l + 1}

with

R(r) =R„, (r) or R„(r),
l= l,. or lf,

E=E„, or k2

Here, -8„, is the binding energy of nl-subshell
electrons, and V(r) is of the form

V(r)- -2Z, /r as r-0
and

V(r) = -2/r for r ~ r, .

(4) A =N' cos5„B=N' sin6,

where U, (r) is an unnormalized radial solution of
Eq. (4), and F, (r) a.nd G, (r) are the regular and ir-
regular Coulomb wave functions with the para. meter
which behave as sine and cosine function in the
asymptotic region. N' and 6, are obtained by satis-
fying Eq. (6) at two points r„r,~ r, Thus, .

R„(r)= NU, (r)

with

1 ~'F, (r, ) + oG, (r, )
)(k(1 + n') U( (r, )

U (r.)F (r, ) —U (r, )F (r,)
U (r, )G (r, ) —U, (r.)G, (r, )

The meaning of cutoff radius r„ introduced by
Latter, "is described in Ref. 9.

III. NUMERICAL PROCEDURES AND ACCURACY

The HS potential V(r) and the bound-state wave
functions R„R(r) are generated using the program

Numerical methods for computing F, (r) and G, (r)
a.re given in literature. " The two matching points,
r, and r„were chosen 20-30 step sizes apart,
although the numerical accuracy is not sensitive
to the choice of r, and r, For computing . j((qr),
recurrence relations of decreasing or increasing
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order of l were used, depending on whether qr
&l,„or qr ~ I,„, where I,„(—20) is the largest
I value considered here. The step sizes for the
radial integration to obtain the form factors gen-
erally depend on Q; in order to achieve accurate
results, for high Q values they should be similar
to those used in integrating the Schrodinger equa-
tion. The Newton-Cotes method was employed for
the radial overlap integration up to r =4.5.

To check the numerical accuracy, we have evalu-
ated hydrogenic form factors for several values of
Q and W for argon employing the same numerical
procedures. The numerically evaluated form fac-
tors agreed with analytically obtained hydrogenic
form factors' to within 0.1%.

10

10—

10

10'-
W

10 10'

0—10
W=

L 10—

10'—

10 10 IO

IV. RESULTS AND DISCUSSIONS

Total Coulomb ionization cross sections of 2s,
2P electrons of argon (Z, =18) were evaluated for
several incident energies of up to 20 MeV/amu.
The integration over the energy transfer 5' in Eq.
(1) was terminated at around W = 1.35, and this was
sufficient to compute the total ionization cross sec-
tion to within 0.1% accuracy. The partial-wave
contributions depend on the incident energy and
the energy transfer. However, in general, the
number of partial waves required to obtain the de-
sired accuracy increases as the energy transfer
increases, and this requires a considerable amount
of computer time for large energy transfer. Nea. r
the ionizing threshold, a few partial waves (l, lz

=3-4) were taken, while about 20 partial waves
are needed a,round W=1.35 in the present calcula-
tions.

To understand the behavior of the cross sections,
we present first the square of the form factors
for HS and SCH in Figs. 1 and 2 for 2s and 2P elec-
trons, respectively. The SCH form factors a,re
obtained from the analytic expressions with an ef-
fective nuclear charge Z~ =18 —4.15 =13.85 for the
L shell of argon. The SCH results were in Ref. 4,
multiplied by (Z,/Z~)' to get the same continuum-
wave-function normalization as in the present cal-
culation. Similar conversions were made for Q
and W, since in the hydrogenic calculations these
were defined in terms of Z~ rather than the full
nuclear charge Z, .

ft is interesting to note that both HS and SCH
form factors for 2s electrons show secondary max-
ima in the large-Q region, arising from a node in
the bound-state radial wave function. Discrepan-
cies between the HS and SCH form factors are con-
siderable nea. r the ionizing threshold, where SCH
form factors are much larger than those for HS,
particularly for small values of Q. In addition,
the SCH form factors are bigger than HS form fac-
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FIG. 1. 2s-subshell form factors, ~E2 s(Q)~~, of Ar as
functions of momentum transfer Q for sample energy
transfers W= Wfn;„+0.0005, 0.006, 0.15. Solid lines de-
note the form factors with HS wave functions of the pre-
sent calculation, and dashed lines are those with SCH
wave functions. W;„ is the HS binding energy of 2s elec-
trons.

tors near the peak of the secondary maxima for
the 2s electron ionization. At sufficiently large en-
ergy transfer, the two calculations agree closely
for all Q except the largest values. In Fig. 3, com-
parisons a.re shown between the HS and SCH calcu-
lations of the products of radial wave functions,
It„~(r)xR»(r), which occur in the expression of
form factors IEq. (3)] for the optically allowed 2P-s
wave and 2s-P wave transitions, which are domi-
nant in the low-momentum-transfer region. Near
the nucleus, the HS potential V(r) is deeper (more
attractive) than the SCH potential, -2Z~/r +C,
where C =-Z~/4 —I„and Io may be either the ex-
perimental or the HS binding energy of 2s, 2P elec-
trons. For an intermediate region of x, the HS po-
tential becomes less attractive than that of SCH,
while for sufficiently large r, it is again always
more attractive than the SCH potential. This can
be seen in terms of the wave functions in Fig. 3.
The difference between the two potentials signifi-
cantly affects the continuum wave functions near
the ionizing threshold, a,nd the discrepancy between
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two form factors for small Q can be understood
from the figure. It should be remembered that the
SCH continuum wave functions are not realistic
near the ionizing threshold in the sense that, in
general, they diverge as x goes to infinity, al-
though the products with the bound-state wave func-
tions decrease exponentially.
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FIG. 2. Same as Fig. 1 for the 2P subshell. See the
explanations of Fig. 1 for corresponding quantities. 10 I
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FIG. 3. Overlaps between initial and final radial wave
functions, R2~ p(r)RI, )(x), at energy transfers W= dmin
+0.0005, 0.15. Only 2s-P wave and 2P-s wave transi-
tions are shown. Solid lines are those obtained from HS
potential, and dashed lines are SCH results.

FIG. 4. Energy distributions, (d02~ &/d W)/(8~~0Z&/Z&g),
as functions of electronic energy, E, /Z2 A„, for incident
energy E/M =1.5 MeV/amu and for (a) 2s electrons and
(b) 2P electrons. Solid lines are those obtained from HS
potential, and dashed lines are SCH results.
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TABLE I. L-subshell ionization cross sections o» &/Z& for argon with HS wave functions,
compared with those with SCH wave functions.

z/m
(Me V/amu) HS

SCH
(HS binding energy)

SCH
{Experimental binding energy)

0.12
0.3
0.7
1.5
3.0
8.0

20.0

0.12
0.3
0.7
1.5
3.0
8.0

20.0

2.4679
6.2595
7.2791
5.5351
3.5764
1.6826
0.7922

13.227
26.266
31.628
26.876
19.064
9.8293
4.8862

o.»/Z (10 ~ cm )

2.6377
6.4750
7.5001
5.8847
3.9363
1.9440
0.9463

o 2p/Zf (10 '9 cm )

13.801
26.352
31.690
27. 765
20.321
10.891
5.5745

2.3839
6.0955
7.1594
5,6341
3.7660
1.8556
0.9017

14.066
26.720
32.056
28.074
20.559
11,035
5.655

Sample energy distributions of 2s, 2P electrons
with HS mave functions a,re presented in Fig. 4 and
compared with those for SCH, corresponding to an
incident velocity given by E/I =1.5 MeV/amu. For
purposes of comparison, the same HS binding en-
ergies are used in both calculations. The energy
distributions for HS and SCH differ only in the
small-energy-transfer region near the ionizing
threshold and essentially coincide elsewhere,
as expected from the behavior of the form factors.
This indicates that the difference between two po-
tentials is negligible compared with the kinetic
energies of the electrons when the energy transfer
8'» 0.5. In the HS calculations, at very low energy
transfer, around 0.0015Z',g„kinetic energy of the
ejected electrons, a maximum occurs in the ener-
gy distribution. This "delay" of the monotonic de-
crease of the electron energy near the ionizing
threshold has been noted earlier by some au-
thors. '" It should be noted that at the maximum
the HS differential cross section is greater than
the SCH result for this incident energy. As the
incident energy increases, the discrepancy between
the two calculations mill be more significant near
threshold.

Sample va, lues of total ionization cross sections
of 2s, 2P electrons of argon calculated with HS
wave functions, are presented in tabular form in
Table 1 for several incident energies up to 20 MeV/
amu and compared with the corresponding SCH re-
sults obtained from Ref. 4. The results are also
displayed in Figs. 5 and 6 for 2s and 2P electrons,
respectively. As noted earlier, TV,-„was taken to be
the HS binding energy of 2s and 2P electrons in both
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FIG. 5. 2s-subshell ionization cross section, o&, /Z&,
as functions of incident energy E/M. The solid line is
the present result of HS calculation. Dashed and dotted
lines are the SCH results with HS and experimental
binding energies of 2s electrons, respectively.

calculations. However, since experimental binding
energies have been used for SCH calculations in the
interpretation of experimental data, we also pre-
sent the corresponding results in the table and fig-
ures. (The experimental binding energies of L,-,
L,-, and L, -subshell electrons are 320.0, 247.3,
and 245.2 eV, respectively. )

In spite of the fact that the electron energy dis-
tributions show significant discrepancies near the
ionizing threshold, the integrated total cross sec-
tions do not show much difference between the two
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FIG. 6. Same as Fig. 5 for 2P subshell. See the ex-
planation of Fig. 5 for corresponding quantities.

calculations. In general, the HS cross sections
are slightly smaller tha, n those of SCH, if one em-
ploys the same binding energies. However, the
experimental binding energy for 2s electrons
(320 eV) is considerably bigger than that of HS

(311 eV), and the SCH ionization cross sections for
2s electrons computed with the experimental bind-
ing energy are slightly smaller than those of HS
in the intermediate low incident energy region. In

the very low incident energy region, where Q;„
is near the secondary maximum of the form factor
for 2s electrons, the SCH cross section will be
much bigger than that of HS, a,s can be seen from
Fig. 1 and Eq. (2), and both cross sections will
show sharp kinks. "However, measurements of K-
shell ionization cross sections for light elements
(Z, =13-20) show that the PWBA predictions with

SCH wave functions overestimate the experimental
data by factors of 4 to 5 in this low incident energy
region. " This suggests that also for L-shelI ion-
ization, the plane-wave description for incident
particles may not be adequate and that improve-
ments of the projectile wave functions may be more
important for this energy region. Therefore, we
are presenting results here only for an incident
energy region where the PWBA is reasonably valid.

FIG. 7. Total L-shell ionization cross section, 01jZ&2,

as functions of incident energy E/M. Solid line is the
present work of HS calculation and dotted line is that of
SCH with experimental binding energies of L-subshell
electrons.

As the incident energy increases, the HS cross sec-
tions a,re seen to become smaller than SCH cross
sections. This can again be understood from the
behavior of form factors in the small-Q region
[cf. Figs. 1, 2, and Eq. (2)]. The total L-shell ion-
ization cross section for argon is shown in Fig. 7

again based on SCH and HS calculations. It seems
doubtful that the differences are sufficient to be
detectable by experiment. Much larger discrepan-
cies between the two calculations may be found for
lighter elements than argon, such as neon, carbon,
and aluminum. Experimental data on the L-shell
ionization cross sections for light elements, say,
Z, =10-20, are needed to test improved atomic
wave functions.
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