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Optical harmonic generation and mixing in the gas phase has been proposed as a technique for the
generation of coherent radiation in the vacuum ultraviolet and soft x-ray spectral region. At the high
field strengths required by these processes the interaction between atoms and the electromagnetic field
shows intensity-dependent resonances. In this paper we modify harmonic generation theory to include
the effect of these frequency shifts. Closed-form expressions for generated dipole moment, absorption
probability, and coherence length are presented. The most important consequences of frequency shifts
on resonantly enhanced processes are that the pump laser must be tuned away from the small-field
resonance frequency, that the conversion efficiency may saturate, and that the dispersion of the medium

0

may change sign. As an example, the generation of 198-A radiation by a five-photon mixing process in
Li+ is considered.

I. INTRODUCTION

It is known' ' that at high field strengths the res-
onances of interactions between atoms and electro-
magnetic fields show intensity-dependent shifts.
In two recent papers''' Harris discussed harmonic
generation and mixing processes which may be
used for the generation of coherent radiation in the

0
100-A region. These processes require high in-
tensities, and in this paper we discuss how his re-
sults are modified when frequency shifts are taken
into account. We proceed by solving the density-
matrix equations for a collection of atoms interac-
ting with two electromagnetic fields: a, strong in-
cident pump field at frequency co and a much weak-
er generated field at frequency ne (In wh. at fol-
lows we limit ourselves to harmonic generation;
extension of the results to mixing processes is
straightforward )The .reason why frequency shifts
will appear in our results is that we do not solve
the equations independently, as is usually done in
the calculation of nonlinear susceptibilities (e.g. ,
Ref. 7), but consider feedback of the higher orders
in the perturbation sequence to the lower orders.
We demonstrate the technique with the example of
third-harmonic generation in a four-level system.
Generalized closed-form expressions for gene-
rated dipole moment, absorption probabilities and
c( herence length are presented in the Appendix.

II. DERIVATION OF FREQUENCY SHIFTS

The off-diagonal elements of the density matrix
between the ground level and some other level,
for a four-level system, satisfy the following
equations (the levels are labeled from 0 to 3):
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E(t; &u) =Ee' '/2+c. c. ,

E' (t; 3 v) = E'e""'/2 + c.c.
(2)

The solution to the set of equations (1) can then be
written as

p„(t kv) = p„e'~ ', k = 1, 2, 3 .

In the transient regime the pp~ are functions of
time, slowly varying compared to the period of the
applied field. We are interested, however, in in-
teraction times which are long compared to the de-
cay times of these transients. If, as is explained
in Sec. III, the power density is limited such that
the change of the population of the ground state due
to absorption processes is small during the inter-

where v, , = (E, —E,)/k; H,', = —P.„x(electric field),
and T„.is the atomic dephasing time for the 0- i
transition. We assume that the fields are limited
to a value such that the change of the population of
the ground level due to absorption to other levels
during the time the fields are on is small, i.e. ,

po, is essentially constant. (This assumption is
discussed in Sec. III for various kinds of absorp-
tion processes. ) Other on-diagonal elements and
off-diagonal elements between levels neither of
which is the ground level are left out because for
the processes considered they are usually far from
resonance and hence have little effect. The fields
are taken to be sinusoidal;
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action time, then the set of equations (1) can be
solved treating p„as a constant (quasistatic ap-
proach). The quantities p„will, however, be mod-
ulated by a very slowly varying envelope as a re-
sult of the changing occupation of the ground state.
Substitution of (2) and (3) into (1) yields, by har-
monic balance, the following system of linear a,l-
gebraic equations for the case where the generated
field is much smaller than the pump field:

(b,0', + i /T»)P„= n»P» + n01P

( 2 / 02)P02 12P01 32P03 &

( 3 / 03)P03 23P02 03P00 &

where

(4)

III. CONVERSION EFFICIENCY OF HARMONIC

GENERATION PROCESSES IN THE PRESENCE
OF FREQUENCY SHIFTS

In an earlier work' Harris has derived an ex-
pression for the conversion efficiency of an nth
harmonic generation process where the generated
frequency comes close to a single-photon-allowed
transition. He shows that if the coherence length
is dominated by the nearby transition and if the
pump power is limited by n-photon absorption to
that level, the conversion efficiency is given by

64)~ =
CO~0 —P(d,

n, , = p. „E/2I2, i, j = 1, 2, 3,

n,', = p. „E'/2tf.

The solution of these equations is discussed in
Sec. III. The resonances of this third-harmonic
process are defined by setting the real part of the
determinant of the set of equations (4) equal to
zero, i.e. , D„=O, where

(5a)

The zeros of this polynomial in ~ are intensity
dependent. For small intensities, D„reduces to
D A(lo

g Ac02 63 which is the we ll -known for m of
the denominator of the third-order nonlinear sus-
ceptibility. The intensity dependence of the widths
of the resonances is found from the imaginary part
of the determinant, i.e. , D, , where

t11111b&d3 t10116(d2
—
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Although the intensity dependence of the widths of
the resonances of the physical quantities studied
in Sec. III could be calculated from the set of equa-
tions (4), we will not study it in detail in this pa-
per. This dependence was taken into account, how-
ever, in the example discussed in Sec. IV.

(p, (t;301)) = " " " ".(D„cos301t+D,. sin31dt),2&0 G Q P,

(7)

03 r
(6)
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(10)

where N is the density of atoms and g0 is 377 Q.
For small field strengths these expressions re-

duce to those calculated without considering feed-
back effects. Substitution of Eqs. (7)-(10) into the
expression for the power density generated in one
coherence length,

&(») n. (»)'1&t1(»)) I '(&L.)'
A 27r2

together with the requirement Wt3~&& (pulse length)
=0.5, yields an expression for the efficiency of
the process which is the same as in the small-field
case, i.e. ,

(2 8)(3e) 1

n0J3;/A
'

where @03 is now defined, however, in terms of a
modified detuning from level 3:

where

3&'90
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where cr0„ is the single-photon cross section for
absorption to the nth atomic level (this level is by
definition the level closest to the generated fre-
quency), and J, /A is the energy density in the in-
cident pulse. To obtain this result the pump-power
density is chosen such that the product of the ab-
sorption probability per second and the pulse length
is 0.5, in which case about 70% of the atoms are
still in the ground state at the end of the interac-
tion. (This limit is somewhat arbitrary, it is used
here to be consistent with Refs. 5 and 6.)

Using the solution of the system of equations (4),
we find the following expressions for generated
dipole moment at frequency 3+, single-photon ab-
sorption probability per second to level 3, three-
photon absorption probability per second to level
3, and coherence length:
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So the earlier result is correct if one replaces the
detuning from the third level in the expression for
the single-photon cross section by a modified de-
tuning which depends on the intensity of the applied
field.

Harris has also shown' that the conversion effi-
ciency of an nth harmonic generation process (or
n-photon mixing), where n —1 photons are reso-
nant with a single-photon nonallowed transition to
the ground state, such that the power density of
the pump is limited by (n —1)-photon absorption to
that level, is given by

(13)

where T, is either the pulse length or the lifetime
of the absorbing level, whichever is shorter.

Using the solution of the set of equations (4), and
taking into account the fact that the sum of two

pump photons can come close to level 2 such that
the linewidth 2/T02 can no longer be neglected, the
two-photon absorption probability per second is
given by

6 (d

02 r+ (14)

g T02 I 9231', I ~23 I »,

(15)

For small field strengths the factor in parentheses
reduces to 1. If one limits the shifts to values
which are small compared to the atomic level
spacings, the allowed power densities are usually
smaller than those found from the limitation on
multiphoton absorption. At such lower power den-
sities the factor in parentheses reduces to 1, but
the efficiency of the process is reduced by another
factor which is given by

Substitution of Eqs. (7), (14), and (10) into Eq. (11),
together with the requirement W' T, =0.5, yields
the following expression for the efficiency:

(
power density applied

power density as limited by (n —1)-photon absorption

IV. EXAMPLE

As an example we consider a five-photon mixing
process in Li':

4x816 A+6745 A-198 A.
The path used is: 1s'-1s2p-1s'-1s2p-1s2s- 1s2P. Level positions and oscillator strengths
were taken respectively from Refs. 8 and 9. The

pump frequencies were chosen such that the de-
tuning from the unshifted four-photon resonance
was 1250 cm ' (below the resonance) while the de-
tuning from the unshifted five-photon resonance
was 3750 cm ' (above the resonance). The laser
pulse length was assumed to be 30 psec and the
linewidth 1 cm '. Figure 1 shows how at a power
density of 2x10" W/cm' the system becomes four-
photon resonant and also how, at higher power den-
sities, the efficiency saturates; here the efficiency
was defined, consistent with Ref. 5, as the ratio of
the generated power and the power at 6745 A. Fig-
ure 1 was computer-generated and takes into ac-
count the intensity-dependent widths. At the high
intensities involved, five-photon ionization by the
pump field at 816 A has to be considered. From
Refs. 11 and 12 an approximate value for the ioni-
zation probability can be calculated. If the expres-
sions in Refs. 11 and 12 are adjusted for shifts, a
limiting intensity of'about 2 x10" W/cm' is found,
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FIG. 1. Conversion efficiency for generation of 198-A

radiation using a five-photon mixing process. In the
dashed region the medium is positively dispersive.

i.e. , if a pulse with this intensity is applied, then
about 50% of the Li' ions will be ionized during the
pulse, and also the broadening of the four-photon
resonance due to ionization will be comparable to
the laser linewidth. It should be noted that if
shifts were not taken into account, the limiting
power density (as calculated by the formulas of
Bebb and Gold in Ref. 11) would be about a factor
of 17 higher. At the intensity of 2 x10'4 W/cm'
the four-photon absorption is well below the maxi-
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mum allowed value. To keep the coherence length
short (abouts cm at a pressure of a few Torr),
the power density of the 6745-A field has to be lim-
ited to about one part in ten thousand of the density.
of the 816-A field. It is also indicated in Fig. 1
that in certain regions of the intensity the disper-
sion of the medium can change sign. This is im-
portant because harmonic generation with a fo-
cused Gaussian beam in an infinite positively dis-
persive medium is impossible. " It should also be
noted that the width of the resonance in Fig. 1 is
quite small, and hence a stable laser is required,
typically around 1/q.

We conclude that, taking into account frequency
shifts, harmonic generation is a promising means
of generating wavelengths in the vacuum-uv and
soft x-ray spectral region. The most important
consequences of frequency shifts are that the pump
laser has to be tuned to a wavelength different from
that required to bring the system into resonance at
small field strengths, that the conversion efficien-
cy may saturate, and that the dispersion of the me-
dium may change sign.

and nth level, and the coherence length, are given
by:

() . 2 '-r ~~a-i. a~

The efficiencies for the processes discussed in
Sec. III are as follows.

Case A
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APPENDIX

U'sing the technique explained in Sec. I it can be
shown that for an nth harmonic process (or n-pho-
ton mixing), the generated dipole moment at fre-
quency nw, the single-photon absorption pr obabili-
ty per second to the nth level, the multiphoton ab-
sorption probabilities per second to the (n —1)th

where 0',„ is defined in terms of the single-photon
absorption probability per second to level n.

Case B
la„, „I*/(ra„, -nrem))

In these expressions D„ is defined by

9 = "ao —~" —
~ ~a-i, a ~ / a-i

D =(d
1 lo

Note that in all these expressions the linewidth
was neglected.
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