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Retarded dispersion forces are calculated at finite temperature in the theory of classical

electrodynamics with classical electromagnetic zero-point radiation. Expressions are given at all

separations for the forces between a polarizable particle and a conducting wall and between two
polarizable particles where the particles are represented by electric dipole oscillators immersed in

thermal radiation. Also given are the simple expressions holding in the unretarded short-distance
limit, and in the asymptotic iarge-distance limit. At any finite nonzero temperature T, the asym-

ptotic large-distance Van der Waals force between two polarizable particles separated by a distance

R &pc/K T is given by the potential U(R) = —3a K T/R rather than the Casimir-Polder form

for zero temperature, U(R) = —(23/4m)a'Sc/R', where a is the static polarizability of each particle.
Also the R form holds at high temperatures for any fixed separation. The finite-temperature analysis

presented follows directly from earlier classical work at zero temperature since within the classical the-

ory, classical zero-point radiation and classical thermal radiation are treated on the same footing. The
classical calculations are easier than those of quantum-electrodynamic perturbation theory but have been
shown generally to reproduce the quantum results for dipole-oscillator systems. The forces in the high-

temperature limit are shown to agree with the results of classical statistical mechanics and with the use

of the Rayleigh-Jeans law for the thermal radiation spectrum. The new results for polarizable particles
fit nicely with earlier work by other authors on the finite-temperature corrections to the Casimir effect,
the force between uncharged conducting parallel plates. It is emphasized that the force between conduct-
ing plates may be regarded as due to the classical boundary conditions at the conductors rather than to
any discrete quantum aspects; the Rayleigh-Jeans spectrum also leads to a force between conducting plates
and this force is in agreement with the high-temperature limit of previous calculations including zero-point
radiation.

I. INTRODUCTION

In this paper we will analyze the finite-tempera-
ture corrections to Van der Waals forces between
polarizable particles represented in the Drude-
Lorentz approximation as harmonic electric dipole
oscillators immersed in thermal radiation. The
results suggest interesting changes in the asymp-
totic form of Van der Waals forces at large dis-
tances and high temperatures. Also the work in-
dicates the agreement of the forces at high tem-
perature with the results of traditional classical
statistical mechanics. The paper represents an-
other calculation within the theory of classical
electrodynamics with class ical elec tromagnetic
zero-point radiation.

There has been continuing interest' in Van der
Waals forces in both theoretical and experimental
physics. In some theoretical work' the motivation
involves the demonstration of the variety of calcu-
lational techniques available for electromagnetic in-
teractions. However, in other cases there is di-
rect connection with ongoing experimental work'
and application to chemical and biological prob-
lems. '

Most calculations of the dispersion forces be-
tween neutral polarizable systems have been car-

ried out for the absolute zero of temperature. The
exceptions involve finite-temperature analysis' of
the Casimir effect' involving the attraction be-
tween two uncharged conducting parallel plates,
and of I ifshitz's extension' of Casimir's investiga-
tion to the forces between dielectric materials.
In the experimental work involving forces between
macroscopic plates at room temperature, the
finite temperature effects are at the edge of ob-
servation. There has been little attention given
to fini te temperature correc tions to fore es be-
tween molecules, probably because they are antic-
ipated to be unimportant in current room-temper-
ature experimental work, and also perhaps be-
cause of the more complicated sums over excited
states required within quantum perturbation calcu-
lations.

In work published recently, Van der Waals
forces have been calculated within classical elec-
trodynamics including classical electromagnetic
zero-point radiation. " In this work the po-
larizable particles are represented as electric di-
pole harmonic oscillators. It has been shown that
for such nonrelativistic oscillators coupled to the
full radiation field, the problem can be solved ex-
actly in both classical' and quantum" electrody-
namics; moreover, at any temperature, the aver-
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age values of products of classical variables agree
exactly with the expectation values of the synzrne-
txized products of the corresponding quantum elec-
trodynamic operators. " In particular, the ener-
gies calculated in the two theories agree because
the quantum Hami'tonian is a symmetrized opera-
tor form. Because of this demonstrated general
agreement between the classical and quantum re-
sults for harmonic oscillator systems, it seems
well worthwhil. e providing the results for the tem-
perature dependence of Van der Waals forces in
classical electrodynamics with classical electro-
magnetic zero-point radiation. The classical cal-
culations are incomparably easier than those of
quantum electrodynamic perturbation theory.
Furthermore, the classical theory provides an
immediate physical picture for understanding the
temperature dependence of the forces.

II. RETARDED DISPERSION FORCES AT ALL
DISTANCES FOR FINITE TEMPERATURE

A. Classical theory with zero -point radiation

In the work to follow, we consider atoms or
molecules in the Drude-Lorentz approximations
as classical electric dipole oscillators with natur-
al frequency ~,. The frequency ~, is chosen so
that Sup corresponds to the energy separation be-
tween the ground state and first excited P state of
the quantum description. We then apply classical.
electrodynamics in all our calculations.

The theory of classical electrodynamics with
classical electromagnetic zero-point radiation is
a classical electron theory which chooses the re-
tarded Green's function in solving Maxwell's equa-
tions but chooses the homogeneous solution of
Maxwell's equations to correspond to random
fluctuating radiation with a Lorentz-invariant
spectrum. '~'" If one chooses the one undeter-
mined constant setting the scale of the random
r3diation at temperature T=O so as to give
a free-field energy —,'h~ per normal mode, the
theory yields a number of results in agreement
with quantum theory and with experiment. "

B. Mechanism for Van der Vfaals forces

In the theory of classical electrodynamics with
class ical elec tromagnetic zero-point radiation,
the mechanism for Van der Waals forces is im-
mediately apparent. The random fluctuating ra-
diation drives the polarizable particles into ran-
dom oscillation. The radiation emitted by the two
particles is correlated with the initial random ra-
diation in such a way as to lead to a nonvanishing
average for the classical Lorentz force on each
particle. The classical force is precisely the

Van derWaals force between the particles.
In earlier work" it was shown how this physical

picture involving fluctuations at zero temperature
can be carried through quantitatively, yielding ex-
actly the quantum theoretical results for the re-
tarded Van der Waals forces at all distances.
Now within the classical theory presented here,
there is no qualitative difference between the ran-
dom classical radiation at zero temperature and
at finite nonzero temperature. Both involve ran-
dom classical radiation; the only change is in the
spectrum of the radiation. Indeed it has been
shown that the presence of classical zero-point
radiation at zero temperature leads naturally
within classical theory to Planck's spectrum for
the random thermal radiation at finite tempera-
ture. " Hence, in order to convert our earlier re-
sults to expressions holding at finite temperature,
we merely insert Planck's spectrum into the ran-
dom radiation expression where we formerly had
the zero-point spectrum.

This classical point of view which treats thermal
radiation on exactly the same level as zero-point
radiation is quite different from the conventional
photon picture used within much of contemporary
thinking. Nevertheless, it has been shown quite
generally" that despite the enormous difference
in point of view, the average values obtained in
the classical theory of nonrelativistic el.ectric
dipole oscillators coupled to thermal radiation
including zero-point radiation are precisely the
same as the expectation values of symmeA"ized
products of quantum operators in quantum elec-
trodynamics. The quantum operators correspond-
ing to physical observables, such as the energy,
are usually chosen as symmetrized expressions
of the basic field, position and momentum opera-
tors. Hence the quantum calculations are expected
to agree with the classical results obtained here.

C. General expressions for forces at finite temperature

The derivation of the retarded Van der Waals
forces at all distances was given recently' within
classical electrodynamics with classical electro-
magnetic zero-point radiation. The derivation
assumed a random electromagnetic field in free
space given by a superposition of plane waves
[E q. (1), Ref. 11],

xexp Li[k r —&vi+8(k, A.)]j
(&)

C(k, ~) ~ C(k, ~') = 6„, ,

k e(k, A. ) =0, (d =ck,
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and with the scale of the spectrum set by Planck's
constant,

(4)

In the present work we merely replace this spec-
trum of classical zero-point radiation by the
Planck spectrum at finite temperature,

=-,'hcu coth(h~/2KT) .

All of the calculations go through exactly as in
Ref. 10. The finite-temperature spectrum (5) is
substituted in the final evaluation of ). In effect,
the potential expansions change by the insertion
of a factor of coth(h&u/2KT). Thus the result for
the Van der Waals force between an electrically
polarizable particle and a conducting wall sepa-
rated by a distance R chosen along the z axis
[Eqs. (42)-(44), Ref. 10] becomes at finite tem-
perature:

8
&~a. = -

sR U~w (II )

III. UNRETARDED LONDON-VAN DER WAALS FORCES

A. Approximations for sma11 separations

The secular fluctuations of the polarizable parti-
cles are characterized by the oscillator frequency

When the separation R is small compared to

~o

(((P/c « I, (10)

the resul. ts given here are exact and can be used
as the basis for numerical calculations. However,
many readers will presumably gain little enlighten-
ment from these elegant mathematical forms. In
an effort to reveal some of the physical character of
the forces, we will specialize the general expres-
sions to two separate limiting cases. When the
separations R involved are small, the retardation
effec ts become unimportant and we may deal with un-
retarded London-Van der Waals forces. In the op-
posite limit of large separations R, we are in-
volved with asymptotic retarded Van der Waals
forces. The simple forms taken by the potentials
in these two limiting cases will. be discussed sep-
arately.

Up~(B) =— dk coth
Sc @co

Z„Z Z,&Im ln 1+—" 1+~ 1+—'
C C C

The notation is that of Ref. 10. Also, the force
between two electrically polarizable particles
separated by a distance R chosen along the z
axis [Eq. (80), (81), Ref. 10] becomes

F2~, = ——U2p(R)
8

hc S~
U~(R) =— dk coth

J g-o

XIm ln

(8)

{.'&)

PW

)26(d—

1 9
&&

—— —— Re (C*+Z*)—ImZ„ic+z„i'

—Im(C+Z )—ReZ*8
x QR x

(12)

then the approximation for unretarded forces is
available.

In order to introduce the approximations, we
have found it convenient to work with the forces,
rather than the potentials, as given in Eqs. (6)
and (8). We carry out the derivative with respect
to A and so obtain for the particle-wall case [see
Eq. (39) of Ref. 10],

FPw =FPw +FP~ +FP~

(9)

The general calculation has now been completed;

with analogous expressions for Fpgr a,nd F~~. In
the case of two polarizable particles [see Eq. (78)
of Ref. 10],

(~) (3) t,'~) (13)

= —e dm — Re(C +e )—tme —tm(C+e„) —((ee„")
f)2 1 8 8

(C+q [' " &fI " " sR

1 8
Re(C* —q*)—Imp —Im(C —q }—Req*IC-q I' x QQ x x gR 3c (14)
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The symbol C in the equations stands for

C = —cu'+ u~ —st'u',
with

I'= —,
' e'/mc',

(15)

(16)

20+ ReZ

u)+=(v +Re'14

(d = (do —Ref

(26)

(27)

(28)

for a harmonic oscillator of charge e, mass m,
and frequency ~,. Also, the symbols Z„, Z„Z,
are given by [see E(ls. (14), (15) of Ref. 10],

1 i
22R (2kR)' (2kR)

All. expressions in the integrands which do not in-
volve ~ —~„, where ~„, is the frequency of reso-
nance of the denominator are replaced by ~„,.
The lower limit of integration is extended to —~.
For example,

x exp(i2kR),

12, = ——, rte'2 „,+ ), ) exp(I2kR),

(17)

(18)

R „=—x -- 0 —(—I' +Imp„) - ReZ,")(x) a

(d ~A
z

1
(2(d~)'(~ —u ~)'+ (- I'~'+1m'„)

while those for q„, q„q, are of the form [see
E(Is. (54), (55) of Ref. 10],

1 i 1
k

3 1
0, = —-Pte 2

( ), +(- ), ) exp(ikR)

(19)

(20)

Now the damping time I" is regarded as very small
compared to the period of oscillation 27)/&u, . For
electrons I'-6&10 "sec. Thus the integrands in
E(Is. (12) and (14) have resonant denominators

I C+&.I', I C+q. ~', and
~
C-q„)' for ~ near ~,.

At these fre(Iuencies ur -&uo, the condition (10) of
small separation leads to

= —n ——ReZ„* (29)

F~"~ = ——
2 4 coth (30)

The contributions for FI,~ and F&~~ are found ana-
logously. Thus the unretarded force between a po-
larizable particle and a conducting wall is

3 QA(d~ S(d~
F~~ = 4 coth —~ (31)

In this result, we may approximate ~~ - ~0. Intro-
ducing the approximate value for ReZ„ in (22) and
the spectral function 5' from (5), we obtain

exp(ikR) =1+ikR,

(kR) '»(kR) '»(kR) ',
and so to the approximations

3 l(d
&, =&, = ——

-(2k ), (1+i2kR),

(21)

(22)

or

8
+~w = —

s ~~& (R) (32)

(33)

3 I'+32
Tkg

'

2 (2kR)2 (1 +i2kR) (23) where

u = e'/m(d', (34)
3 I'cu'

q„=qp —= +—
( ), (1+ikR),

3 I'u32
7l, —

( ), (I+skR) .

(24)

(25)

is the static electric polarizability of the oscilla-
tor. Except for the factor of coth(heo/2KT), this
is the same as the zero-temperature result of Eqs.
(33) and (25) in Ref. 6 obtained from a different
mathematical procedure.

B. Resonance-force calculations for particle-wall case

The calculations for the unretarded forces are
now completed by the traditional method for the
resonant contributions at &uz in E(I. (12), and at
(2), and (2) in E(I. (14) where

C. Resonant calculation for two particles

The force between two polarizable particles is
obtained in basically the same manner. Here we
obtain two resonant contributions from (14),
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B
E»("' = —)( —0- (- I ~'+Imp„) —Req„*

(d " BZ (2(u, )'(u) —(u, )'+ (- I a'+Imp„)2„

B—0 —(- I &u' —Im)I„)—Req „*
(d

" Bg (2 )*(t/-m )*+(-Tm'-)mp, )'„

—Req „* -,—— ——Reg*„
I

(35)

In this case we may not use the lowest approxima-
tion for ~, and ~, but rather must carry the next
term in the expansion from (27) and (28),

The first correction at low temperature can be
found by writing

(d+ ——(2)o + 2 (Re'gz)/(2)0

&u = (u, ——,
'

(Req, )/(u, .
Thus

(36)
coth(h~, /2KT) = (1+~)/(1 —e) —1+2e,

where

e = exp(- k((),/K T)«1 .

(45)

(46)

( ) g f) B ~=~+
F(~)

2w BA (d- QJ

~2(2
=——((, —u) )——,—Re@„

B(aJ 2Q) BA

Thus from (33) and (41), the potentials become

UI ~(If ) = —(()h&u, /8A')[I + 2 exp( I(d, /K-T)]

(47)

B B 1 S(dReq„—Req„——coth4' BR B a 2KT
0

(38)

P, (/1)= ——
&

' 1+2(1+ ")exp( ~)
(48)

Adding on the contributions for F,, I and F,~', we
find

(6 B—[(Req, )'+ (Re@', ) + ( eRq, )']
8+0 BB

In both cases, the forces are increasing functions
of temperature.

E. High-temperature limit

B 1 hvx——coth
BM co 2KT

0

or from (24) and (25),

B
U»(f~) 1

(39)
At high temperatures for which

h(()0/KT«1

we may expand the hyperbolic cotangent as

coth z = I/z +a/3 —z'/45 ++z'—

(49)

(50)

3 Qk(dz B 1 A(d

4 f(,' 8 2KT, , (41)
0

with ~ the static polarizability of each oscillator
as in (34).

giving

and

nk~o 2KT km

2)) pz 2//T ) (51)

D. Low-temperature limit

coth(h(do/2KT) - 1, as T-0,
U2, )N(R) = —o.h(d, /8R',

U»(A) = ——,o.'K~,/8' .

(43)

(44)

At low temperatures T-O, the potentials ob-
tained in (33) and (41) go over to the familiar unre-
tarded Van der Waals results for absolute zero,

3 Q S(do —4KT 2a' 45 2KT

Up~ = —nKT/403

U2~ = —3c( KT/R

(53)

(54)

Thus in the high-temperature limit, the unretarded
potentials are independent of Planck's constant, h,
and of the natural frequency ~0 of the oscillator,



TEMPERATURE DEPENDENCE OF VAN DER WAALS FORCES. . . 1655

F. High-temperature Van der Waals forces and

classical statistical mechanics

In the high-temperature limit the random clas-
sical electromagnetic radiation spectrum (5) at
fixed frequency ~ goes over to the Rayleigh-
Jeans law energy of KT per normal mode. The
unretarded forces (53) and (54) are just those
which are derived from a purely Rayleigh-Jeans
radiation spectrum. Now this is also the domain
of traditional classical statistical mechanics which
ignores the possibility of classical zero-point ra-
diation. Hence it seems of interest to apply tradi-
tional classical statistical mechanics to the prob-
lem of electric dipole oscillators interacting
through an electrostatic dipole interaction and
located in a bath at temperature T. The result-
ing Van der Waals forces are found to be exactly
those of Eqs. (53), (54), obtained above from the
classical electromagnetic analysis in the high-
temperature limit. Thus in this case, the theory
of classical electrodynamics with classical elec-
tromagnetic zero-point radiation acts to join nat-
urally the familiar quantum results (43), (44) at
low temperatures and the traditional classical
analysis at high temperatures. As we have noted
before, the general results in (33) and (41) ob-
tained from classical theory with zero-point ra-
diation are actually in agreement with the quantum
results at every finite temperature. It is general-
ly expected that at high temperatures the quantum
results go over to those of traditional classical
statistical mechanics.

7=- KTlnZ

with

(58)

d p d'$ exp(-Hpgp /KT) (59)

The integral for the classical partition function is
easily evaluated in the form

dx exp(- ax') = (w/a)"', a) 0, (60)

giving

mKT
Z (2WmKT) g 2 2&mcuo- e /'16R'

n'KT ]./2

—,m &u', —2e'/16'' (61)

Here R is the distance, chosen along the ~ axis,
of the oscillator from the wall, while g and p are
the displacement and momentum, respectively, of
the oscillator of charge e, mass m, and frequency

The displacement $' of the image dipole is
given by

(57)

The factor of —,
' outside the dipole-energy expres-

sion in the first line of (56) arises because the
work done in bringing the dipole in from spatial
infinity involves forces on the dipole, but not on
the image dipole which also moves in from infinity.

The Helmholtz free energy W is then

G. Particle-wall force in classical statistical

mechanics

If we now regard the dipole-dipole interaction as
a small perturbation

The Van der Waals forces between a, polarizable
particle and a~conducting wall, and between two
polarizable particles in contact with a thermal
reservoir at temperature T can be obtained from
potential functions ~~, %t,» taken from the Helm-
holtz free energy of the mechanical systems as
functions of the separation R,

—,'mv~o» e'/168',
we may expand the denominators to obtain

and

(62)

(63)

(55)

The Helmholtz free energy can be obtained as an
integral over phase space once the Hamiltonian of
the mechanical system is given.

In the case of an electric dipole oscillator near
a conducting wall, the Hamiltonian" is

p', ,-, e' g (' —3(a ()(a (')I

e 2rrKT
W —= —KT ln 1+4» —KT I.n

m ~DR 0

(64)

Taking the first term in the expansion of the log-
arithm as

ln(l + x) = x ——,'x'+ —,'x'— (65)

and omitting terms which do not depend upon R,
we have the potential from the Helmholtz free en-
ergy

2m (56) e „=—nKT/4R' (66)
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with n the static pol.arizability of the oscillator as
in (34). This is exactly the result obtained above
in (53) from classical electromagnetic thermal
radiation.

We now expand the terms as in (65)
2 e'

ln ~',„=ln +0+ 3 = ln~', + ln 1+ 2 3ns

H. Two-particle force in classical statistical

mechanics

In the case of two electric dipole oscillators („
and (~ located on the ~ axis and separated by a
distance 8, the Hamil. tonian is

H,e = (I/2m)(p„+pe)+, m(u, (g„+$a)

e2 j e2 6
2 (-~-) '

(78)

and omit terms independent of the separation A.
The interparticle potential from the Helmholtz
free energy in (77) becomes

+ (e /R )(kg 4 + kgb tag 2(A ha ) ~ (67)

Thus in a thermal bath at temperature T, the clas-
sical partition function is given by

2P 2 g6

n KT
g6 (79)

Z= d'p~d'P~ d'(„d' ~ exp — . 68

The momentum integrations can be carried out di-
rectly using (60). However, it is convenient to
change the two variables of integration from (~
and $a over to g, and g where

(69)

which agrees with the electromagnetic-force re-
sult of (54). At high temperatures, the unretarded
dispersion forces between electric dipole systems
may be obtained from traditional classical statisti-
cal mechanics.

IV. ASYMPTOTIC RETARDED VAN DER WAALS

FORCES

A. Approximations for large separations

Then the terms in the Hamiltonian depending upon
displacement become

u)', „=~'„=(u', + e'/mR',

ur'„= (u', —2e'/mR',

=(d =(d —e /mR

uP .= (u', + 2e'/mR' .

(72)

(73)

(74)

(75)

The integrations for the partition function are
now easy. The result is

= 2m(aP~„) ++ 2m M „g „(71)
with further equations obtained by replacing the
subscript x by y or z and adjusting the coefficient
in the term $„„$a„.Here the frequencies are

In addition to the simple unretarded forms which
we have just considered, the general force expres-
sions (33) and (41) hoMing at all distances also
take simple forms at very large separations A.
The requi rem ent of lar ge separation is

(u~/c» 1, (80)

just the opposite limit of Eq. (10). All the initial
remarks about the resonant denominators involv-
ing C hold true here as in Sec. III. However, the
sine and cosine terms exp(i2kR) and exp(ikR) ap-
pearing in Eqs. (17)—(20) for Z and q are rapidly
varying through the resonance because of the large
distance condition (80). Thus the resonant contri-
butions to the integrals are washed out, and it is
only the low-frequency parts which give significant
contributions to the integrals (33) and (41).

In the low-frequency range, we may approximate
C from Eq. (15) as

C =-(u +(oo —iI'(u = uo.2 2 3 ~ 2 (81)

and

2 wKT i/2 2mKT x&2

X mco„~neo,

8 = —KT lnZ

= KT(in& ',„+In+' „+2' In~'„+ & in~', )

—KT ln(2vKT)'

(76)

(77)

ln 1+—' =—", , ln 1-—", (82)

and so obtain for the large A asymptotic forms

Also, when A is large and the frequency co is
small, the terms Z and q are small. Hence we
may write the logarithmic terms in (33) and (41)
as
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U (R) r —,coth( ) r dk s inak coth pk = (m/2 p) coth(aw/2 p),
k=0

(91)

x [Im(Z„+ Z„+Z,)],

U2~(R) =— —
4 coth

d (d S(d
2 tt' „~ o 410 2KT

x [Im(—)7'„—))', —q', )] .

(83)

(84)

00
g

00

dk k cosak cothPk =— dk sinak cothPk,
4=0 Ba

(92)

with similar expressions for higher powers of k.
Using these integrals for the evaluation of (85)

and (86), we find for finite temperatures,

B. Asymptotic forms at finite temperature

Substituting the explicit forms of Z and g, we
have

U,.(R) =',-r dkcoth('"
and

U (R)=ottt(-—1 a' 1 a 1

h
2m'KTR

(93)

k k 1
x —sin2kR +—2 cos2kR —

2 3 sin2kR
1 84 1 8' 5

16R' sR4 4R3 eR' 4R4 sR2

U, (R)=— f dkk'cath(
)

s in2kR 2 cos2kR
(kR)' (kR)'

5 sin2kR 6 cos2kR 3 sin2kR
(kR)' (kR)' (kR)'

(86)

Up„(R) =-(3/8m)(nhc/R') (87)

At low temperature T-O, coth(kck/2KT)- 1,
and we recognize familiar equations for the asymp-
totic retarded dispersion forces; the first equa-
tion (85) is given explicitly by Casimir, '4 and the
second is written out elsewhere. " The zero-tem-
perature results are

(94)
In the limit of low temperatures, we can expand
the hyperbolic cotangent as in (50) and so recover
the zero-temperature expressions (87), (88). In
the limit of high temperatures or large distances

2wKTR/kc» 1, (95)

the hyperbolic cotangent approaches the value 1,
so (93) and (94) become

U„(R) = ~KT/4R'-,

U„(R) = -3cPKT/R'.

(96)

(97)

The results here (96) and (97) for the high-temper-
ature limits at large distances are identical with
the unretarded results in (53) and (54) holding in
the high-temperature limit at short distances.

U„(R) = -{23/4~)(n'kc/R') . (88)

The potentials at finite temperature may be ob-
tained by use of the integral"

dk sinak (cothPk —1) = (m/2P) coth(aw/2P) —1/a,

Rep& 0. (89)

All the integrals are evaluated with the temporary
use of a smooth cutoff at high frequencies. Thus
for example the integral J, dk sinak is obtained as

p 00

dk sin(ak) exp(-)).k) .- Im ' dk exp[(-X +ia)k]
~o=o

= —lm(-X+ia) '-a '

vQ/c«1 (98)

compared to the natural frequency of the oscilla-
tor, the unretarded Van der Waals potential (41)
is of the form R ' for all temperatures. Next, if
the temperature is sufficiently low that there is a
region of separations such that

C. Failure of Casimir-Polder R asymptotic form at finite

temperature

We note that for any nonzero finite temperature,
the separation R can be chosen sufficiently large
such that the condition (95) is satisfied. Hence
asymptotically the two-particle potential goes to
the form R '. Thus we find a curious situation.
At short distances

as X-0. (90) c/&uU «R «h c/2 AT, (99)

Thus from (89) above we write then the potential goes over to the Casimir-Polder"
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form R '. This corresponds to a separation be-
tween the particles long compared to the wave-
length radiated at the natural frequency of the os-
cillator, but sufficiently short that the random
radiation spectrum is still dominated by zero-
point radiation and not the thermal radiation. How-
ever, at sufficiently low frequencies, the thermal
radiation takes the Rayleigh- Jeans form KT per
normal mode which dominates the zero-point form,
—,'A~. Thus asymptotically for large A and any fi-
nite temperature, the potential falls off as A '.
If the temperature is sufficiently high, there may
be no separation tt satisfying the condition (99),
and hence no separation obeying the Casimir-
Polder asymptotic form.

D. Classical statistical mechanics and asymptotic retarded forces

In the case of the unretarded Van der Waals
forces, we emphasized that for high temperatures
the forces may be derived from traditional classi-
cal statistical mechanics. The analogous result
holds for the asymptotic retarded forces.

In the Coulomb gauge the Hamiltonian for elec-
tric dipole oscillator systems may be written as

2

(103)+t:.M g 2(t x + +x'qx) ~

where the transverse fields have been expanded
in normal modes of the volume Vas

1/2
E =

V Q Px(t)fy(r),

1/2
B=-c — g qz(t)Vxf&(r)

(104)

(105)

with the fz(r) as orthonormal functions satisfying

(-vxV+0', )f,(r) =0, V f„(r)=0. (106)

Hence the partition function is

Z = dP& dq& exp

the contributions E, and B, present in the absence
of the oscillator but also the field due to the oscil-
lator. The last term in (100) thus depends upon
the separation A through the behavior of the trans-
verse electric fields.

The transverse field part of the Hamiltonian (100)
can be rewritten in the form

+— I& Cld'r+ —d'r(E +B).
Sm 8p

(100) (107)

The dipole approximation is introduced in evaluat-
ing the vector potential A at the average position
r of the oscillator rather than including the dis-
placement $„. In the case of the unretarded Van
der Naals forces, only the first three terms for
H in (100) were included in the calculation of the
partition function Z. These included the oscillator
kinetic energy —,'m$', the mechanical potential en-
ergy ~no)', and the Coulomb electrostatic inter-
action. The change with A of terms involving the
transverse fields was regarded as negligible. The
situation is just reversed for the asymptotic re-
tarded forces. Now the dependence upon the sepa-
ration A is contained in the transverse field energy
(I/8v) j (E', + B') d'r for the low frequencies.

At low frequencies we may neglect the terms in-
volving d'$/dt' and d'(/dF in the oscillator equa-
tion of motion. The displacement is in phase with
the driving electric field

] = (e/m (u,')E(r, t) . (101)

The oscillator then radiates energy due to its elec-
tric dipole moment

e( = o.E(r, t), (102)

with the static polarizability as in (34). Hence the
transverse fields E~ and B must include not only

and the Helmholtz free energy

KT InZ = KT-p In(2—mKT/co&)

=KT lnez —KT ln 2mKT (108)

Now Casimir" has shown that the presence of
electrically polarizable particles leads to shifts
5coz in the resonant frequencies ~z of the cavity
in the form

1 2

(109)(1/8v) J d'r (E'z, + B&,)
'

where co&„E„and B, were the resonant frequen-
cies and fields before the introduction of the polar-
izable particle with polarizability n. Hence we
have the Helmholtz free energy given by

8: =KT P In(v~, +5cu~) —KT g In(2mKT)

=KT P ln(1+ 6&@A/vq, ) —KT g tn(2wKT/&uz, ) .

(110)
Expanding the logarithm as in (65), and noting that
the last term is independent of the changes in fre-
quency due to the polarizable particle, we have a
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potential function associated with changes in Helm-
holtz free energy

(111)
X

+so

Furthermore, the denominator in (109) involves
the energy of the normal mode X before the intro-
duction of the last polarizable particle, and hence
at thermal equilibrium in traditional classical sta-
tistical mechanics

(1/8m), i d'r (E'„,+B'i, ) =KT. (112)

V. FORCES BETWEEN CONDUCTING PARALLEL PLATES

A. Connections with the asymptotic retarded force calculations

In 1948 Casimir' predicted that two unchanged
conducting parallel plates would have a Van der
Waals force between them given by a potential

%(d) = (-w'/720)(hcL'/d') (114)
where L' is the surface area of each of the plates
and d is the separation between them. The tem-
perature dependence of this force has been rein-

This leaves

5(dy/(dio = —2AE io/KT

and

(113)

where the angular brackets refer to a time aver-
age over the unperturbed electric field.

However, the result (113) is exactly the starting
place of Eq. (10) in Ref. 8 for the analysis of as-
ymptotic retarded Van der Waals forces in classi-
cal electrodynamics with classical electromagnet-
ic zero-point radiation. We merely replace the
spectral function for the random radiation by the
Rayleigh-Jeans form KT per normal mode, we

are led to equations of the form (17) and (29) of
Ref. 8 which correspond to the high-temperature
limits given above in (96) and (97) following from
(93) and (94). Thus traditional cia.ssical statistical
mechanics gives the same result for the high-tem-
perature limit as is obtained in our previous elec-
tromagnetic-force calculations.

vestigated' a number of times and the recent cal-
culations are believed to be accurate so that no
full calculation is needed on our part. However,
the ideas involved in the parallel plate calcula-
tions fit so neatly with the asymptotic retarded
Van der Waals forces discussed above that we will
include some remarks on this situation.

The electromagnetic interaction of two conduct-
ing parallel plates is described in terms of the
normal modes of the electromagnetic radiation
field between the plates. The conducting boundary
conditions serve to define the normal modes, but
the energy and entropy are assigned exclusively
to the electromagnetic field. This is exactly the
situation which we found held asymptotically at
large separations for the retarded Van der Waals
forces. At temperature T =o, one may consider
the zero-point radiation between the plates —,'Aced

per normal mode and so obtain Casimir's poten-
tial (114) above. However, at finite temperature,
one must consider the Helmholtz free energy of
the radiation.

Now in our previous calculations in this paper,
we have approached the Van der Waals forces from
two directions. In our first calculations, we took
a given spectrum of random radiation and then ob-
tained the forces by strictly electromagnetic theo-
ry. In our second point of view, we looked at the
forces in terms of statistical mechanics. Most of
the previous finite-temperature calculations for
conducting plates pursue the statistical mechanical
approach from a quantum point of view. Hence fol-
lowing through on our parallel treatment, we note
that one can also carry through a purely classical
electromagnetic-force calculation.

The forces between two conducting plates im-
mersed in random classical electromagnetic radia-
tion can be obtained by evaluating the Maxwell
stress tensor over one of the plates. The analy-
sis has been carried out at zero temperature in
Ref. 11, and can be carried out at finite tempera-
ture merely by inserting the random-radiation
spectrum (5) in Eqs. (20) and (25) of Ref. 11. Thus
equation (25) there for plates of area 2 = L' be-
comes

dy dz T„„d,y, z I; = dk, dk, , coth
0 0

OO

Nco
dn dn, 25u+KT ln 1 —exp

Bd J KT

where here for two conducting parallel plates the
frequencies of the normal modes are

(116)

The expression ~Iiu&+KT in[1 —exp( —hu&/KT) j is
just the Helmholtz free energy of the radiation
mode of the frequency m. Thus the Maxwell stress
tensor leads to an expression which is just the de-
rivative of a potential function which is the Helm-
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holtz free energy of the electromagnetic field. The
full calculations for the Van der Waals forces have
been carried out by Sauer and by Mehra in Ref. 5.

B. Limiting forms of the parallel-plate force

At low temperatures the zero-point radiation
gives the dominant force between conducting paral-
lel plates, and one obtains Casimir's potential
(114) depending on the separation as d '. However,
in exact analogy with the results of Sec. IV for the
asymptotic retarded forces, one finds that at high
temperatures or large separations d between the
plates, the thermal radiation spectrum gives the
dominant contribution and the for ce law changes
to d ' for the potential.

Qualitatively the situation is easy to understand.
Just as in Sec. IV, one finds that the frequencies
v which contribute significantly to the force be-
tween the plates are those for which

which they notice is independent of 5 and hence
term "classical, " but they refer to its "physical
significance" as "unclear. " The force between the
conducting plates arises from the discreteness of
the normal modes enforced by the conducting
boundary conditions. There is nothing quantum
mechanical about the force. The particular form
of the force depends upon the spectrum of random
radiation present. The U ~d ' force law at low
temperature follows from the zero-point spectrum
~Su per normal mode, and the U~d force law a,t
high temperatures follows from the Rayl. eigh- Jeans
spectrum KT per normal mode.

In order to reinforce the reader's appreciation
of the fact that the Rayleigh-Jeans radiation spec-
trum indeed causes a force between conducting
parallel plates, we will carry out the calculation
explicitly. At no place does Planck's constant h

enter the calculation. The random radiation is
exactly as in Eq. (1) with the spectrum now given
by the Rayleigh-Jeans form

(ud/c - 1. (117)
(120)

KT « —,'kto = ~kc/d, (118)

The effects of higher frequency modes tend to can-
cel out. Thus the force is dominated by the char-
acter of the random radiation spectrum at frequen-
cies satisfying (117). In thermal equilibrium, the
character of the spectrum is indicated by a com-
parison between the zero-point radiation —,'Sw per
normal mode and the high-temperature limit KT
per normal mode. Thus when the temperature is
low or the separation between the plates is small

E (d) =
J( dy Idz (T (d, y, z, t))„

'J ' ' k'd'
0

(121)

We consider two conducting plates of area L', one
located at x=0 and the other at x=d. Proceeding
exactly as in Ref. 11 with this new spectrum, the
evaluation of the Maxwell stress tensor leads to

so that the zero-point radiation dominates and
Eq. (114) holds. On the other hand, for high tem-
peratures or large separations

with

k„=n„v/d, (o = c(k', + k', + k', )", (122)

KT && gl (() = 2j1C/d )

so that the Rayleigh-Jeans spectrum dominates
and the distance dependence of the force is changed
to d ' from Casimir 's d '.

C. Force between conducting plates due to the

Rayleigh- Jeans spectrum

In our work on oscillators above in Sec. IV, we
found that the asymptotic retarded Van der Waals
forces at finite temperature could be derived from
electromagnetic forces due to a Rayleigh-Jeans
random radiation spectrum, or indeed from tradi-
tional classical statistical mechanics. The same
is true for the force between conducting parallel
plates at large separations or high temperatures.
Apparently this is unexpected to some of those who
have calculated the finite temperature corrections
to the zero-point force between conducting parallel
plates. Brown and Maclay" obtain this force term

I'+ = dy dz T» d+, y~z~t

00 oo

0 0 0
(123)

The form F„ follows that of (121) except for the
direction of the force and the fact that the sum
over n„ is replaced by an integral dn„with

dn„m/d - dk, . (124)

The total force on the conducting wall is given by

F =F (d)+F, . (125)

Now the two expressions F (d) and F, both in-

as the force on the plate at x=d due to the electro-
magnetic radiation in the region between the plates.
There is also a force on the plate due to the radia-
tion on the far side of the plate at x=d. This re-
gion is unbounded and so involves only integrals
over continuous modes
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oo ( c}o

F, (X) = — dk„dk,
0 ~O

2L, KT k
~2 expdQ

SC

(127)

The integral for F, (A. ) may be evaluated easily
in spherical polar coordinates yielding

volve divergent integrals. However, this diver-
gence is unphysical. Actually the plates will be
good conductors at low frequencies but will cease
to be conducting at high frequencies. Hence we
introduce in each integrand a cutoff at high fre-
quencies exp(-X(d/vc) where X corresponds rough-
ly to the wavelength where the wall becomes trans-
parent to radiation. We will find that we can take
X-0 at the end of the calculation; in other words,
the forces on the plates are independent of any
cutoff provided the plates are good conductors.
Inserting the cutoff function, the expressions of
(121) and (123) become absolutely convergent in-
tegrals

K (d, «}=+ J ddfd(e, , , ; enp(-- ),
n„= 1

(126)

At this point we change the variable of integration
yet again to

u =x(1+z)'~'/d, (134)

giving

e ""
„~2 =z(cothzu —1)e"-1 e""—e "" (137)

BA.' d „~&„u e —1

It is possible to complete the evaluation of F (d, d(. )

by breaking the integral into two parts

du 1 "=' du 1 "du
+

„-~/~ u' e"—1 „g/„u e" —1 „,u e" —1 '

(136)

calculating the second integral numerically on a
computer, while expanding the integrand ' in the
first term as a power series in u, converging for
~

u
~

& 2w, which can then be integrated term by
term. However, a more elegant mathematical
prescription is given below.

The integrand in (136) can be expanded as

( )
2w I.'KT
3 A.

(128)

The expression for F (d, A. ) requires more atten-
tion. We introduce polar coordinates r, P

with'
2

coUl pu ——+ &
u nn + —,u

n=1

so that

(138)

k„=wrcos(t}, k, =vr sing, (129) (139)

2}} 21.'ZT ~ " (n/d)'

fl =j.

xexp[-A. (n /d +r ) ~ ]. (130)

Next we change the variable of integration from
x over to

z = (d'/rP)r,

so that

F (d, X)

(131)

and we denote n„by n. Then integrating over P,
Eq. (126) becomes

n =1

We now use this expression in the integral of (136),
integrating term by term and employing partial
fractions for the integrands 2/[u'(u'+4n'}}')],

"du 1 1
„„u3e —1 4x Sx

+
1 1 n, x 1—-tan '

2n'w' x 2 2nm 2'
n=1

(140)
However, we may introduce the Riemann zeta
function"

«L'KT " " d«n' «n(1+«}'«')
2d K 01+z d d

—,exp ——

«t.'KT e' " de '" n«(i+«}'«')
2d BA.', , (1+z)' ~ d

(132)

oo 1
g(z) = P —,, Rez &1,

A=1

so that (140) becomes
" du 1 1 1 g(2) g(3)

„„u' e" —1 4x 3x 2m x av'

(141)

The sum over n now involves a geometric series

nX(1+z)' ' exp[ —X(1+z)' '/d]
d 1 —exp[- X(1+z)'~'/d]

1
exp[a(1+z)'~'/d] —1

'

(133)

(142)

( —1)P x
tan '

2n~ 2P + 1 2nn
P=0

(143)

1,x+» tan
n=l

The arctangent function can be expanded" as a
power series in x
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Introducing this expansion into the last term of
(142), interchanging the orders of summation so
as to obtain zeta functions as in (141), and noting"

( I) I+1(2+) 2P+4

K(2P +4) —
( 4), 8 P,4, (144)

(146)

Combining (146) for E (d, A. ) and (128) for E, (A. ),
we see that the term in A.

' cancels, and the re-
maining terms are independent of the cutoff A. or
else of the order A."/d"". In the limit of good con-
ductors compared to the separation, A. /d«1, we

may take A. =0. This gives the result which also
holds for a perfect conductor. Thus the force be-
tween two conducting parallel plates emersed in
thermal radiation with a Rayleigh-Jeans spectrum

g(3)L,'AT
42d' (147)

or

(148)

This agrees with Mehra' s result' for the high-
temperature limit of the force based on Planck's
radiation spectrum.

VI. CLOSING SUMMARY

The Van der Waals forces between polarizable
objects which have no permanent dipole moments
a,re generally classed as dispersion forces. Lon-
don" in 1930 first showed that such forces ap-
peared from quantum considerations involving the
electrostatic interaction of electric dipole systems
at the absolute zero of temperature. In 1948
Casimir and Polder" extended the understanding
of these forces by including the interaction of the
quantum electromagnetic field at absolute zero.

Also in 1948 Casimir6' introduced a new method
of calculating Van der Waals forces based upon es-
sentially classical electromagnetic boundary con-
ditions together with the assignment of an energy
spectrum —,'S~ per normal mode to the electromag-
netic field. This point of view has been broad-

we have
"

d14 1 1 1 g (2) g(3)
, u e" —1 4x' 3x' 2m'x 8n.

Oo 2P+ 1
2P+ 4

(2P +4)!(2p + 1)
'

This series expansion can be inserted in Eq. (135),
glvlng

ened ' to form a, classical electromagnetic theory
in which the homogeneous boundary condition on
Maxwell's equations is specified by random zero-
point radiation with a Lorentz invariant spectrum.
The undetermined constant for the spectrum is
chosen to give agreement with the familiar, '-S~.

In this classical theory, dispersion forces are
easily understood. The random electromagnetic
field sets material systems into random motion
and the classical electromagnetic interactions
among the systems lead to Van der Waals forces.
These forces have been computeda "for electric
dipole oscillator systems and are in exact agree-
ment with quantum results. However, classical
thermal radiation at finite temperature is qualita-
tively the same as at zero temperature; only the
spectrum is changed. Hence all the previous cal-
culations can be repeated for the new spectrum of
random radiation. This is what we have done in
this paper. In contrast with quantum perturbation
theory which requires a new analysis involving
sums over excited states, we have merely inserted
the new spectrum into our previous classical cal-
culation. We then saw how the general expression
for the force at all separations simplified at small
separations giving unretarded expressions and at
large separations giving asymptotic retarded
forms. Moreover, we have shown how at high tem-
peratures the results agree with the use of the
Rayleigh-Jeans spectrum for the random radiation
and also with the application of traditional classical
statistical mechanics which has no role for zero-
point fluctuations.

The presence of the thermal radiation in addition
to the zero-point radiation increases the strength
of the Van der Waals forces. The specific constant
obtained in (41) for the unretarded A ' a.ttraction at
short distances depends upon the assumed harmon-
ic oscillator structure of the material systems.
However, at large distances, the low-frequency
electromagnetic field fluctuations play the domi-
nant role irrespective of the details of the material
system; the asymptotic retarded force (94) de-
pends only upon the static polarizability of the
matter. One of the curious results of our calcula-
tions is the observation that at any finite tempera-
ture, the thermal-radiation spectrum eventually
dominates the Van der Waal s forc e behavior for
large enough separa. tions. Thus for T&0, the
long-range asymptotic form for the force between
two polarizable particles will eventually change
from the Casimir-Polder A ' potential dependent
upon Planck s constant k over to an A ' potential
dependent upon KT.

The new results on the Van der Waals forces
between polarizable particles are in agreement
with the earlier calculations of other researeh-
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ers' ' on the forces between conducting parallel
plates. At small separations where the high-fre-
quency spectrum of random radiation determines
the force, the zero-point radiation predominates
giving Casimir's d ' potential depending upon
Planck's constant h. At large separations where
the low-frequency spectrum of random radiation
determines the force, we have KT&-2k' and the

Rayleigh-Jeans spectrum produces a d ' potential
depending upon KT.
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