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Two-electron S and P term values with smooth Z dependence
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Perturbation and extrapolation techniques based on expansion in inverse powers of the atomic number

Z have recently been used to estimate term values for S and P states of heliumlike atoms in the
intermediate range of values of Z. The coefficients in these expansions are determined by utilizing the
accurate data currently available for values of Z ( 10. In order to obtain optimum results from such
techniques, the data for low values of Z should exhibit a smooth variation with atomic number. To
meet this requirement, the paper lists smooth values for the nonrelativistic energy and the relativistic
corrections for the ground state and the states n 'S, n 'S, n 'P, and n 'P, n = 2—5 for Z = 2—10.
Smooth behavior with Z has been ensured by quoting, for a given state, values obtained using the
same type and length of expansion for the wave function. Also, the effect of rounding errors has been

minimized by quoting the original values obtained in atomic units, and by listing the numbers to one
or two digits more than would be justified by convergence arguments.

Much experimental data, derived from both lab-
oratory' and extraterrestrial " sources, has
become available in recent years on the spectra of
heliumlike ions for a wide range of the nuclear
charge Z. On the theoretical side, accurate term
values have been computed for the low-lying S and
P states for atoms up to Z =10."'" These values
have been used, ""together with perturbation and
extrapolation procedures based on expansions in
powers of Z ', to estimate the values of the ion-
ization energies for larger values of Z. For the
low-lying D states up to Z =10, Blanchard and
Drake' have computed term values and used them
to estimate coefficients in the Z ' expansion. As
these authors point out, in order to obtain the best
possible results from such extrapolation schemes,
the data used should be of sufficient accuracy, and
should also vary smoothly with Z.

The published data for the S and I' states up to
Z =10, consisting as it does of the most accurate
values obtained in each case, is not necessarily
the most suitable for use in an extrapolation pro-
cedure, for the following reasons. First, three
different types of wave-function expansions (which
we refer to as types B,"'"C,"and D") were used.
Thus, the values quoted for a given state for vari-
ous values of Z are sometimes based on different
types of expansions, or on similar expansions con-
taining differing numbers of terms. This intro-
duces a certain lack of smoothness in the data.
Secondly, the results are listed only to the number
of digits which were felt to be significant (judging
by the convergence of the value as the number of

terms in the wave-function expansion was in-
creased), resulting in a possible loss of accuracy
in the quoted values due to rounding off. Last,
while the calculations were carried out in atomic
units, the results are listed in cm '. The conver-
sion to cm ' is performed by multiplying by 2R„,
where R~ is the Rydberg constant for the given nu-
clear- mass. The value of R~ does not vary
smoothly with Z, depending as it does on the nu-
clear mass rather than the atomic number. The
extrapolation should therefore be carried out on
the data in atomic units, and rounding errors are
again liable to be introduced on reconverting the
published values to atomic units.

In order to remedy this deficiency, we list below
values in atomic units for the nonrelativistic ener-
gy parameter c = (- E)'~' and the relativistic cor-
rections E~ which fulfill the requirements men-
tioned above in the following way. For a given
state, the value quoted for each Z is obtained from
the same type of expansion containing an equal
number of terms. The number of figures to which
each value is listed is one or two more than would
be justified on the ground of convergence with ex-
pansions of increasing length. Also, all of the val-
ues are given in atomic units as originally calcu-
lated. Thus the effect of rounding errors is mini-
mized.

Table I contains values for e for the 1'S state
and the states n'S, n'S, n=2-5. The values for
the 1'S and 2'S states were obtained using a type-
B expansion containing 1078 terms, for the 2'S
state using a type-C expansion containing 120
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TABLE IV. Values of —Ez/e (Ez in atomic units) for the p states. Type-D expansions containing 220 terms were
used.

2 ip 3'P

2
3
4
5
6
7
8
9

10

0.040 017
0.482 271
2.106 768
6.116702

14.149 82
28.280 55
51.020 53
85.3188

134.5617

0.014 84
0.180 45
0.803 93
2.372 47
5.557 98

11.217 5
20.393 2
34.312 6
54.388 1

0.006 95
0.084 11
0.377 37
1.120 8
2.638 2
5.343
9.739

16.418
26.065

0.003 9
0.045 13
0.203 3
0.607 1
1.435
2.914
5.322
8.985

14.281

-0.026 934
0.129 772
1.41115
5.442 96

14.536 89
31.69181
60.593 97

105,617 10
171.822 41

-0.004 850
0.090 125
0.659 71
2.335 71
6.008 76

12.828 7
24.204 7
41.804 9
67.557 1

-0.001 51
0.047 39
0.323 3
1.122 9
2.864 0
6.085 3

11.447
19.729
31.835

-0.000 68
0.027 17
0.179 3
0.616 6
1.566
3.319
6.234

10.733
17.307

terms, and for the remaining states using a type-
C expansion containing 364 terms. In Table II we
list e for the states n'P, n'P, n=2-5. They were
obtained using type-D expansions containing 364
terms for n=2, 3, and 4, and 560 terms for n=5.
Table HI contains the values of -E~/n' for the
states n'S, n'S, n=2-5. They were obtained using
type-C expansions containing 120 terms in the case
of 2'S, 220 terms in the case of 2'S and O'S, and
364 terms in the case of the remaining states. In

Table IV, we list -E~/a' for the P states, the re-
sults listed all having been obtained from type-D
expansions containing 220 terms.

On differencing the values given in Tables I to
IV, we see that the results behave smoothly with
Z. In fact, the values of e can be almost exactly
reproduced by an expression of the form
Z(a, +a, /Z+ +a,/Z'), while the values of
-E~/n' fit almost exactly to an expression of the
form Z'(a, +a, /Z+ ~ ~ ~ +a /Z').
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