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Eikonal approximation applied to many-electron atoms
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The scattering of electrons by target atoms with Q electrons is considered in the full eikonal
approximation. An expression for the scattering amplitude is given which reduces the number of
integrations from 3Q + 3 to 2Q.

There has been a great deal of interest in apply-
ing the Glauber and eikonal approximations to
problems in atomic physics. ' Recently Gau and
Macek showed that a compact expression for the
full eikonal amplitude can be derived for the scat-
tering of electrons by hydrogen atoms. ' In this
Comment we wish to point out that their technique
can be extended to Q-electron atoms and this re-
duces the (3Q+ 3)-fold integration down to a 2Q-fold
integration.

The eikonal approximation to the scattering am-
plitude for electron excitation of an arbitrary Q-
electron atom from its initial state i to its final
state f is
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It can be shown that the above wave-function prod-
uct ugu; can be written as
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where R and r, are the coordinates (relative to the
nucleus) of the incident and the jth bound electron,
respectively, H,

&
=R —r&, mv =5k is the incident

electron's momentum, q =k -k' is the momentum
transfer to the target, and uf and u; are the final
and initial bound states of the target atom. Here
k is along the z axis, and the interaction potential
ls
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The differential operators g)» which generate the
required wave functions are given by
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The eikonal phase in Eq. (1) can be evaluated to
give
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where q =e2/5 v.
In order to evaluate Eq. (1) for an arbitrary Q-

electron atom, we assume that the product of the
bound-state wave functions has the form'

In the upper limit of the sum, [a] denotes the larg-
est integer contained in a. Note that since X) con-
tains the term D' '+"/2(!J), it makes s, ense only
in the product of Eq. (Va) if n is odd.

Inserting the eikonal phase given by Eq. (3) and
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the wave functions given by Eq. (5) into Eq. (1), the scattering amplitude becomes

The above expression can be rewritten as
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To proceed with the reduction of Eq. (9), we follow the technique of Gau and Macek. We use the
definition of the y function4 to write
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Substituting Eq. (10) into Eq. (9) and taking the Fourier transforms of the factors containing R,' and Rf' al-
lows the r, and r& integrations to be done; performing these integrations results in the following expression
for E~;(q):
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The integrals over dk, and dk,. may now be done using the Feynman parametrization technique. The re-
sult is
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where A~,. and +,. are defined by
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The R integration in Eq. (12) may be performed by using parabolic coordinates'; this integral is
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Inserting the above result into Eq. (12) results in the desired reduction of the scattering amplitude:
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Thus, the (SQ+2)-dimensional integral for the

scattering amplitude has been reduced to a 2Q-di-
mensional one. Note that for Q =1, which corre-
sponds to a one-electron atom, our expression re-
duces to that of Gau and Macek, which was de-
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rived by them for electron scattering by hydrogen
atoms.

Although the tractability of our scattering am-
plitude has yet to be demonstrated, it may prove
useful for calculations involving light atoms such
as helium, or atoms in which the inner-shell elec-
trons may be regarded as part of an inert core.
The expression may be further generalized to in-
clude configuration wave functions if we let
f, m, - l~, m„. and I,'m, .'- lt,.m~, in Eq. (4).
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