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Comments and Addenda

The Comments and Addenda section is for short communications which are not of such urgency as to justify publication in Physical
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Review or Physical Review Letters, in which the additional information can be presented without the need for writing a complete article.

will folio~ the same publication schedule as articles in this journal, and galleys will be sent to authors.

Effect of boundary conditions on finite Bose-Einstein assemblies*

S. Greenspoon and R. K. Pathria
Department of Physics, University of Waterloo, Waterloo, Ontario, Canada

(Received 8 October 1974)

The recent observation by Hasan and Goble of a discrepancy between their numerical results on the
specific heat of an ideal Bose gas confined to a thin-film geometry and the earlier analytic calculations
of Pathria employing Neumann boundary conditions is shown to be unjustified. In those cases where a
true comparison is possible, e.g. , under Dirichlet or periodic boundary conditions, the observed deviations
turn out to be insignificant if one uses the more recent second-order calculations of «eenspoon and
Pathria rather than the original first-order ones of Pathria. For comparison under Neumann boundary
conditions, fresh numerical calculations are required. We also present here second-order analytic calcu-
lations of the specific heat of this system (i) under mixed boundary conditions (Dirichlet on one wall,
Neumann on the other) and (ii) under antiperiodic boundary conditions, and compare them with the
relevant numerical calculations of Hasan and Goble.

I. INTRODUCTION

In a recent paper Hasan and Goble' have consid-
ered the effect of boundary conditions on the spe-
cific heat of a finite Bose-Einstein assembly.
Their observation of a discrepancy between some
of their numerical results and the asymptotic ana-
lytic calculations of Pathria' (hereafter referred
to as I) for the specific heat of an ideal Bose film
under Neumann boundary conditions is unjustified,
because the energy spectrum employed by Hasan
and Qoble is inappropriate to these boundary con-
ditions. In fact, their spectrum corresponds to
mixed boundary conditions (Dirichlet on one wall,
Neumann on the other), ' for which analytic calcu-
lations have so far been lacking. This motivated
us to investigate analytically the specific heat of
a thin Bose film under the aforementioned bound-
ary conditions. It turns out that with minor ad-
justments the results obtained for this case be-
come applicable to antiperiodic boundary condi-
tions' as well.

Deviations between numerical and analytic calcu-
lations, under Dirichlet boundary conditions, are
indeed significant if one employs the first- order
analytic results of I; however, they become insig-
nificant when comparison is made with the second-
order results of Greenspoon and Pathria' (here-

after referred to as II). This, in fact, had already
been demonstrated in II, but Hasan and Qoble were
apparently unaware of that paper at the time of
writing theirs.

II. ANALYTIC RESULTS AND DISCUSSION

We consider an ideal Bose gas confined to a thin-
film geometry (Lx LxO, L- ~) under the follow-
ing sets of boundary conditions for the single-par-
ticle wave functions P:
(i) Mixed boundary conditions, so that

4x=o =4y=o =P.=o =0 i

(ap/an)„~ =(ap/an), ~ =(all/an), D =0.

(ii) AntiPeriodic boundary conditions, so that

4+Iv, a 4, y+I, z , 4x, y, z+ D 4, y, z '

The corresponding energy spectra turn out to be

m'0' (l+ —,')'+(m+ —,')' (n+ —,')'

l, m, n. =0, 1, 2, . . .
2m'0' (l+ —,')'+ (m + —,')' (n+ —,')'

lNII M L2 1)2

I, m, 0n, *1,~2, . . . . (4)
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where n = —p/kT, l). being the chemical potential,

~ =q'v(~/D)', ~ =h(2v/~kT)"',

while g = —,
' for the mixed boundary conditions and II.

for' the antiperiodic.
Now, for both the boundary conditions, the sum

over n in (6) may be written

cosh jM)n

—e ~ " sinh(jun)]. (8)

While the second part vanishes identically, the
first part can be simplified by using Poisson's
summation formula and taking the appropriate
Fourier transform. ' Equation (8) thereby becomes

In their numerical work, Hasan and Goble have
employed energy spectrum (3), which pertains to
mixed boundary conditions and not to Neumann
boundary conditions. The spectrum pertaining to
Neumann boundary conditions is instead given by

Ha' l'+m' n'
~lmn

=
2

1 gg yg =.. 0 ] 2 ~

2M
(5)

see Eq. (14) of I. A compa, rison of the numerical
results obtained by Hasan and Qoble using energy
spectrum (3) with the analytic calculations based
on energy spectrum (5) is clearly unjustified. For
a proper comparison with the analytic results of I,
or better II, fresh numerical calculations using
energy spectrum (5) are required.

For studying the specific heat of the system,
with energy spectra (3) and (4), we follow the meth-
od developed recently by Qreenspoon and Pathria'
(hereafter referred to a, s III). Integrating over the
x and y dimensions of the film, we obtain for the
total number of particles in the system

L2 ~ -&C.
-g(n+ 1/2)2 m

N = ( V/1).')[g„,(n) + 2rf(l) /D)h, (2y)], (10)

where g„(n) a.re the familiar Bose-Einstein func-

tions, while
00 ~-2e3l

h (2y) = Q (-1)' =y —ln(2 coshy)
1 qq=l

ll'2 D ] D

q X 2q
(12)

$ [=&/(27)'"'n"')] being the correlation length for
the bulk system. The physical significance of the
thermo geomet i c Paxam etex y, in relation to the
scaling theory for finite-size effects, ' has been
elucidated in II and III.

In passing we note the absence of a g, (n) term in
(10); cf. Eq. (22) of I. Accordingly, we do not ex-
pect to obtain logarithmic terms in the final ex-
pressions, such as (17)-(19); cf. the correspond-
ing expressions in I and II. This is closely related
to the fact that, under the boundary conditions em-
ployed here, the density of states of the system
does not contain a surface correction. ' The ab-
sence of such a correction when the opposite walls
of the box satisfy opposite boundary conditions
(Dirichlet on one, Neumann on the other) has been
pointed out previously by Pathria. '

The specific heat and its temperature derivatives
are ultimately derived from the functions

z, = g (
—„;)'(.,). (13)

As shown in III, Z, can be obtained straightfor-
wardly from the expression for N, which is, in
fact, Zo ~ Following procedures similar to those
in I and II, we find that, to second order in l/D,
where l is the mean interparticle distance in the
system, the specific heat of the system is given by

C (D)/Nk =-", g(-,')/g(-,') +b, (l/D) +b, (l/D)', (l4)

where
(9)

Substituting (9) into (6) and converting the sum
over j into an integral, as in III, we finally obtain

b, =q[f(2 )] ' '('-'g( —,') ln(2 coshy)

—(9/4v)[g(-', )]'y cothy]

and

(15)

b, =)7'[g(-,' )] 'i' '
y cothy ln(2 coshy) + [g(-', )] 'g(-,' ) coth'y + 10)(—,

' )[ln(2 coshy)] '„, 3[~(-;)]' 3

~, )t)l)) ) 4, ):(lk(l*)(*(l)) (16)

y,„=1.086 39 +0.234 71@(1/D) . (17)

Equating (BC„/BT)„~to zero, we find that the spe-
cific-heat maximum corresponds to

We note that in the limit 0» l, where scaling theo-
ry applies, the two cases under study are governed
by the same value of y,„.

To the same order in (l/D), the temperature cor-
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FIG. 1. Temperature T~»(D) at which the specific
heat of an infinite slab of thickness D is maximum.
First-order results: dashed line; second-order
results: solid line. The dotted line represents the
numerical results of Hasan and Goble for the case
6=2.

Dlg

FIG. 2. Height C,„(D) of the specific-heat maximum.
First-order results: dashed line; second-order results:
solid line. The dotted line represents the numerical
results of Hasan and GobI. e for the case @=2, while the
horizontal line corresponds to the bulk value &0(~).

responding to the specific-heat maximum turns out
to be

T (D)/T, (~) = 1 +0.839 46'(l/D)

+ 1.575 49''(l/D)',

These results are plotted in Fig. 1. For the height
of the specific-heat maximum, we obtain

and periodic boundary conditions, see II, the pres-
ent discrepancy is indeed baffling. At first we
thought that this may have been due to a possible
error in the Jacobi transformation employed by
Hasan and Qoble for their numerical work; note
that, instead of what we have on the right-hand
side of (9), they have

C,„(D)/Nk = 1.925 67 —1.094 01'(l/D)
+0.611 55@'(l/D)' . (19)

f to/4 1 1 q —m2q2/f ur

q=1

These results are plotted in Fig. 2.
Our analytic results for mixed boundary condi-

tions (q =-,') are in very poor agreement with the
numerical ones of Hasan and Qoble, even though
they are based on the same energy spectrum (3).
In view of the excellent agreement between our
analytic and their numerical results for Dirichlet

However, in a private communication, Professor
Qoble has informed us that the Jacobi transforma-
tion actually employed in their work was indeed
the correct one, and not the one that inadvertently
appeared in their paper; consequently, the source
of error in the numerical computation must lie
somewhere else.

*Work supported in part by the National Research
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