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Topological winding guaranteed coherent orthogonal scattering
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Coherent control has enabled various novel phenomena in wave scattering. We introduce an effect called
coherent orthogonal scattering, where the output wave becomes orthogonal to the reference output state without
scatterers. This effect leads to a unity extinction coefficient and complete mode conversion. We examine the
conditions for this effect and reveal its topological nature by relating it to the indivisibility between the dimension
and the winding number of scattering submatrices. These findings deepen our understanding of topological
scattering phenomena.
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Understanding wave scattering is crucial for various ap-
plications, such as imaging [1–12], sensing [13,14], energy
harvesting [15–31], and optical computing [32–36]. Coherent
control of wave scattering [37–39] has been a significant ad-
vancement, enabling the tailoring of scattering behaviors by
modifying the input wave profile. This approach has unveiled
unique phenomena, particularly coherent perfect absorption
[40–49]—the complete absorption of a tailored input wave
profile—and related effects [50–52], including coherent vir-
tual absorption [53–55] and reflectionless scattering modes
[56–59].

In this Letter we introduce a phenomenon called coherent
orthogonal scattering, which refers to the complete extinction
of the output state with respect to the reference output state
in the absence of scatterers. Consider a standard scattering
setup [60,61]. Let H be the Hilbert space of waves. We input a
normalized state |ψ〉 into a system. In the absence of scatterers
[Fig. 1(a)], the output state, termed the reference state, is

|ξ0〉 = Ŝ0|ψ〉, (1)

where Ŝ0 is a unitary background scattering operator. In the
presence of scatterers [Fig. 1(b)], the output state is

|ξ 〉 = Ŝ|ψ〉, (2)

where Ŝ is the total scattering operator, which can be nonuni-
tary. By orthogonal projection with respect to |ξ0〉, the output
state |ξ 〉 can be uniquely decomposed as

|ξ 〉 = α|ξ0〉 + β|ξ⊥
0 〉, (3)

where |ξ⊥
0 〉 is a unit vector orthogonal to |ξ0〉. The absorption

coefficient is defined as

χa = 1 − |α|2 − |β|2 = 1 − 〈ψ |Ŝ†Ŝ|ψ〉. (4)

The extinction coefficient is defined as

χe = 1 − |α|2 = 1 − |〈ξ0|ξ〉|2 = 1 − |〈ψ |Ŝ†
0 Ŝ|ψ〉|2, (5)
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which measures the deviation of |ξ 〉 from |ξ0〉 [62]. For pas-
sive scatterers, χa and χe lie between 0 and 1.

In coherent control experiments, one varies |ψ〉 within
an accessible input subspace Hi ⊆ H to achieve desired out-
comes [63–65]. Coherent perfect absorption refers to the case
when χa = 1. In contrast, coherent orthogonal scattering oc-
curs when χe = 1, which is equivalent to the output state
being orthogonal to the reference state:

〈ξ0|ξ〉 = 〈ψ |Ŝ†
0 Ŝ|ψ〉 = 0. (6)

For example, in polarization optics, Hi is the two-dimensional
(2D) polarization space, and the coherent orthogonal scat-
tering corresponds to complete polarization conversion
[Fig. 1(c)]. A related yet distinct effect, coherent perfect
extinction [52], refers to the case when the output state is
orthogonal to the reference output subspace Ho = Ŝ0Hi:

∀|φ〉 ∈ Hi, 〈φ|Ŝ†
0 Ŝ|ψ〉 = 0. (7)

We can express Eqs. (6) and (7) in matrix forms. Suppose Hi

is m dimensional. Using a set of orthonormal bases, the com-
pression of Ŝ†

0 Ŝ to Hi is represented by an m × m scattering
submatrix S̃ [66]. (In the absence of scatterers, Ŝ = Ŝ0, thus
S̃ = I .) Then Eq. (6) becomes

∃ ã ∈ Cm\{0}, ã†S̃ã = 0, (8)

while Eq. (7) becomes

∃ ã ∈ Cm\{0}, S̃ã = 0. (9)

The physical significance of coherent orthogonal scattering
is twofold. First, it corresponds to a unity extinction coef-
ficient, a fundamental observable in scattering experiments
with applications in diverse areas, including molecular spec-
troscopy [67–70], acoustic imaging [71], atmospheric science
[72,73], and astronomy [50,74]. Understanding the conditions
for achieving a unity extinction coefficient is important. Sec-
ond, coherent orthogonal scattering enables complete mode
conversion [75–82], such as complete polarization conversion
[83–95], which plays a crucial role in various applications,
including communications [79,96–98], sensing [99–103], and
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FIG. 1. The concept of coherent orthogonal scattering (COS).
(a), (b) A standard scattering setup with an input state |ψ〉. (a) In
the absence of scatterers, the output state is |ξ0〉 = Ŝ0|ψ〉. (b) In the
presence of scatterers, the output state becomes |ξ〉 = Ŝ|ψ〉. COS
occurs when 〈ξ0|ξ〉 = 0. (c) In polarization optics, COS corresponds
to complete polarization conversion. (d) The numerical range W (S̃)
of a scattering submatrix S̃ is convex and contains its eigenvalues.
COS occurs iff 0 ∈ W (S̃).

quantum technology [104–107]. A key challenge in mode
converter design is determining whether complete mode
conversion can be achieved by adjusting specific design pa-
rameters and efficiently identifying the parameter values that
result in complete mode conversion [84,91,97,108]. This
again requires a deeper understanding of the conditions for
coherent orthogonal scattering.

In this work we investigate the conditions for coherent
orthogonal scattering. A useful mathematical concept for this
purpose is the numerical range of S̃ [109,110]:

W (S̃) := {x†S̃x : x ∈ Cm, x†x = 1}. (10)

W (S̃) is a compact convex subset of C that contains all the
eigenvalues of S̃ [111,112]. (See Supplemental Material (SM)
[113], Sec. I, for more details.) Figure 1(d) shows W (S̃) for
an S̃ ∈ M3. The Crawford number of S̃ is the distance of W (S̃)
from the origin [114–116]:

c(S̃) := min{|z| : z ∈ W (S̃)}. (11)

From Eq. (8), coherent orthogonal scattering occurs iff

0 ∈ W (S̃), i.e., c(S̃) = 0. (12)

The condition (12) can be numerically checked using an ap-
proximate algorithm [109] (see SM, Sec. I D), but it cannot
be determined analytically using the entries of S̃ when m � 4
[117,118]. In contrast, coherent perfect extinction occurs iff
[52]

det S̃ = 0, (13)

which can be easily checked using the entries of S̃ [119].
Hence, the key challenge is to find a simple analytical criterion
for coherent orthogonal scattering.

Here, we present a simple sufficient analytical criterion
for coherent orthogonal scattering. Our idea is to examine
not a single, but a loop of scattering submatrices [Fig. 2(a)].

FIG. 2. Topological winding guaranteed coherent orthogonal
scattering. (a) A loop of S̃(τ ) ∈ Mm. (b) det S̃(τ ) has a winding
number wn(S̃). If m does not divide wn(S̃), denoted as m � wn(S̃),
coherent orthogonal scattering must occur for some S̃(τ0). (c), (d)
The path of eigenvalues when (c) ν(S̃) = id, (d) ν(S̃) 	= id. (e), (f)
CPE points and COS arcs in a 2D parameter space. (e) A topological
COS arc exists associated with each CPE point. (f) A topological
COS arc exists across a simple loop that surrounds multiple CPE
points if m � (N+ − N−). COS arcs within the loop are not shown.

Consider a continuous map

S̃ : [0, 1] → Mm, τ �→ S̃(τ ), (14)

where S̃(0) = S̃(1). We ask whether

∃ τ0 ∈ [0, 1], 0 ∈ W [S̃(τ0)], (15)

motivated by the question of whether coherent orthogonal
scattering can be achieved by tuning a certain parameter.

Our criterion is as follows. We calculate det S̃(τ ) and check
whether

∃ τ0 ∈ [0, 1], det S̃(τ0) = 0. (16)

If true, then S̃(τ0) exhibits coherent perfect extinction, and
thus also coherent orthogonal scattering. If false, then det S̃
traces a closed path in C\{0} [Fig. 2(b)], which has a well-
defined winding number around the origin [52,120]:

wn(S̃) := ϕ(1) − ϕ(0) ∈ Z, (17)
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where 2πϕ(τ ) is the continuous polar angle of det S̃(τ ). If m
does not divide wn(S̃), denoted as m � wn(S̃), then

∃ τ0 ∈ [0, 1], 0 ∈ W [S̃(τ0)]. (18)

If m divides wn(S̃), denoted as m | wn(S̃) [121], such τ0 may
or may not exist. See SM, Sec. II for examples.

The criterion (18) is our main result. It can be proved using
a theorem established in Refs. [122,123]. Here, we outline the
essential ideas. Consider the m eigenvalues of S̃(τ ), denoted
as λ1(τ ),..., λm(τ ). Since S̃(τ ) is a continuous map from
[0,1] to GLn, we can choose all λ j (τ )′s to be continuous
functions from [0,1] to C\{0} [124,125] (see SM, Sec. III).
Since S̃(0) = S̃(1), the set of λ j (1)′s must coincide with the
λ j (0)′s, up to a permutation

λ j (1) = λν j (0); ν(S̃) =
(

1 2 . . . m
ν1 ν2 . . . νm

)
. (19)

For simplicity, let us first consider the special case when
the permutation is the identity [ν(S̃) = id]. Then, each λ j (τ )
traces out a loop in the punctuated complex plane with a
well-defined winding number about the origin:

wn(λ j ) ∈ Z, j = 1, . . . , m. (20)

There is a simple yet important relation,

wn(S̃) =
m∑

j=1

wn(λ j ), (21)

which follows from the fact that [120]

det S̃(τ ) =
m∏

i=1

λ j (τ ). (22)

Combining Eq. (21) with our premise m � wn(S̃), there must
exist a pair of eigenvalue loops, say λ j and λk , that have
different winding numbers. As τ runs over [0,1], the line
segment λ j (τ )λk (τ ) connecting these two eigenvalues must
sweep across the origin at least once, implying that

∃τ0 ∈ [0, 1], 0 ∈ λ j (τ0)λk (τ0) ⊆ W [S̃(τ0)]. (23)

Here we used the fact that the numerical range contains the
convex hull of the eigenvalues [111,112]. This completes the
proof for the ν(S̃) = id case. To prove the ν(S̃) 	= id cases
[Fig. 2(d)], we construct S̃′ : [0, 1] → GLm, which undoes the
permutation ν(S̃) along the line segments λν j (0)λ j (0). The
concatenation of S̃ and S̃′ becomes a loop with the identity
permutation, allowing the previous analysis to complete the
proof [123].

With the mathematical groundwork established, we now
discuss the physical implications of criterion (18). First, our
criterion establishes a deeper connection between coherent
orthogonal scattering and coherent perfect extinction. Con-
sider an S̃ ∈ Mm with m � 2 that depends continuously on
two parameters τ = (τ1, τ2) ∈ 
, where 
 is a compact and
simply connected subset of R2. Coherent perfect extinction
generically occurs in 
 at isolated points, known as CPE
points [52]. Along a simple closed curve that encloses a single
generic CPE point [Fig. 2(e)],

wn(S̃) = ±1. (24)

Since m � ±1, according to (18), coherent orthogonal scatter-
ing must occur somewhere along the loop. We can deform
the loop continuously and deduce that coherent orthogonal
scattering must occur along at least one arc, referred to
as a COS arc. Such a COS arc is topologically protected.
We can extend this analysis to the case of multiple CPE
points [Fig. 2(f)]. Suppose there are N+ and N− CPE points
with winding numbers +1 and −1, respectively, enclosed
by a simple closed curve. A COS arc must exist across the
loop if

m � (N+ − N−). (25)

Second, we investigate the topological winding of scat-
tering submatrices due to a resonance. We consider a
single-resonance scattering submatrix [126–128],

S̃(ω) = C̃ + d̃κ̃T

−i(ω − ω0) + γ
∈ Mm, (26)

where ω0 and γ are the resonant frequency and decay rate, re-
spectively. The column vectors κ̃ and d̃ represent the coupling
rates between the resonator and the input and output waves
in the ports, respectively. C̃ ∈ Mm describes the background
scattering. We can prove that det S̃(ω) traces out a circle in
the complex plane with

wn(S̃) =
{

0, Re ρ̃ < 1
2

1, Re ρ̃ > 1
2

, ρ̃ := − κ̃T C̃−1d̃
2γ

∈ C. (27)

When Re ρ̃ = 1
2 , the circle passes through the origin and

wn(S̃) is undefined. (See the proof in SM, Secs. IV– VI.)
Combining (27) and (18), we conclude that when m � 2,

Re ρ̃ � 1
2 ⇒ ∃ ωc ∈ (−∞,∞), 0 ∈ W [S̃(ωc)]. (28)

We illustrate our theory with two numerical examples.
In both cases, coherent orthogonal scattering corresponds
to complete polarization conversion in the transmission.
The effect of coherent orthogonal scattering can also be
demonstrated in other (e.g., spatial) degrees of freedom. Our
theoretical analysis applies to these cases as well.

The first example is a one-dimensional dielectric grating
taken from Ref. [129]. The structure has a periodicity a. Each
unit cell has a central rod of width w = 0.45a and height
h = 1.5a with a dielectric constant ε0 = 2.1025, and two
additional pieces of width (a − w)/2 = 0.275a and height
hd = 0.1a with a dielectric constant εd = 1.21 [Fig. 3(a)].
This grating supports a band of p-polarized guided resonances
near ω = 0.8 × 2πc/a [Fig. 3(b)]. We consider an incident
plane wave with an incident angle θ = ±5◦, and calculate the
2 × 2 transmission matrix,

S̃(ω) =
(

tpp 0
0 tss

)
, (29)

which is diagonal due to the xz mirror symmetry. Conse-
quently, we have λ1 = tpp, λ2 = tss, det S̃ = tpp tss, and W (S̃)
is the line segment connecting tpp and tss.

Figures 3(c), 3(e), and 3(g) present the results for θ =
−5◦. Figure 3(c) shows that |tpp(ω)| exhibits a single
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FIG. 3. A grating example. (a) Geometry. (b) Band structure. (c),
(e), (g) Results for θ = −5◦. (c) |tpp|(ω) and |tss|(ω). (e) det S̃(ω).
(g) Trajectories of λ1(ω) and λ2(ω). The red and blue dots denote
λ1(ωm ) and λ2(ωm ), respectively. The line segment denotes W (S̃) at
ωm = 0.80182 × 2πc/a. (d), (f), (h) Corresponding results for θ =
5◦. In (h), ω′

m = 0.802 20 × 2πc/a.

guided resonance [130], while |tss(ω)| almost remains con-
stant. We fit the complex spectra with Eq. (26) and obtain
ρ̃ = 0.334 − 0.009i. Since Re ρ̃ < 1

2 , Eq. (27) predicts that
wn(S̃) = 0. Indeed, Fig. 3(e) shows that det S̃(ω) traces
out a circle that does not enclose the origin. Figure 3(g)
shows that λ1(ω) forms a circle that does not enclose the
origin, while λ2(ω) almost remains constant. Figure 3(g)
also depicts W (S̃) at ωm = 0.80182 × 2πc/a, where c(S̃)
reaches minimum. W [S̃(ωm)] forms a line segment connect-
ing λ1(ωm) and λ2(ωm) with 0 /∈ W [S̃(ωm)]. Thus, coherent
orthogonal scattering does not occur in the entire frequency
range.

FIG. 4. A photonic crystal slab example. (a) Geometry. (b) Unit
cell. (c)–(f) Results for S̃(kx, ky ) at ω = 0.386 × 2πc/a. (c)
log10 | det S̃(kx, ky )|. (d) arg[det S̃(kx, ky )]. (e) log10 c[S̃(kx, ky )]. (f)
The green region: the COS arcs. The red and blue dots: CPE points
with winding numbers +1 and −1, respectively.

Figures 3(d), 3(f), and 3(h) present the results for θ = 5◦.
The transmission amplitude spectra in Fig. 3(d) are similar
to those in Fig. 3(c); the differences are in the phases. We
fit the complex spectra and obtain ρ̃ = 0.666 − 0.009i. Since
Re ρ̃ > 1

2 , Eq. (27) states that wn(S̃) = 1, and (28) predicts
that coherent orthogonal scattering must occur at some fre-
quency. Indeed, Fig. 3(f) shows that det S̃(ω) traces out a
circle that winds around the origin once counterclockwise.
Figure 3(h) shows that λ1(ω) winds around the origin once,
while λ2(ω) almost remains constant. Figure 3(h) depicts
W (S̃) at ω′

m = 0.802 20 × 2πc/a, which is the line segment
connecting λ1(ω′

m) and λ2(ω′
m) with 0 ∈ W [S̃(ω′

m)]. Explicit
calculation shows that coherent orthogonal scattering occurs
at ω′

m for the incident polarization (0.86p̂ + 0.51eiη ŝ) with η

an arbitrary phase.
The second example is a 2D magneto-optical photonic

crystal slab. The structure consists of two layers [Fig. 4(a)].
The first layer is a photonic crystal slab with a lattice con-
stant a and a thickness d = 0.3a. It has a square lattice,
with each unit cell having a circular hole at the center with
a diameter dc = 0.28a and two elliptical holes displaced by
± �D = ±(0.375a,−0.18a) from the center, where the major
axis is dy = 0.56a and the minor axis is dx = 0.20a [Fig. 4(b)].
The second layer is a uniform slab with a thickness ds = 0.2a.

L061503-4



TOPOLOGICAL WINDING GUARANTEED COHERENT … PHYSICAL REVIEW A 109, L061503 (2024)

Both slabs are made of a magneto-optical material with a
relative permittivity tensor,

ε =
⎛
⎝ εr iεa 0

−iεa εr 0
0 0 εr

⎞
⎠, (30)

where εr = 12.0, εa = 5.0. We consider a plane wave with
a fixed frequency ω = 0.386 × 2πc/a incident from the top
side and calculate the 2 × 2 transmission matrix,

S̃(kx, ky) =
(

txx txy

tyx tyy

)
, (31)

where (kx, ky) are the transverse wave-vector components.
Unlike that in Eq. (29), here S̃ is a generic 2 × 2 matrix. In
general, W (S̃) forms an elliptical disk with foci at λ1 and λ2

(see SM, Sec. I C).
Figure 4(c) plots

log10 | det S̃(kx, ky)|, (32)

which exhibits sharp variations near the isofrequency contour
of the guided resonances. There are four CPE points where
det S̃ = 0. Figure 4(d) shows that det S̃(kx, ky) exhibits a 2π

(−2π ) phase winding around each red (blue) CPE point, in-
dicating a winding number of +1 (−1). The two red (blue)
CPE points are related by the C2 symmetry. Figures 4(e)
and 4(f) show that c[S(kx, ky)] = 0 occurs in two disjoint
COS arcs. Each COS arc occupies a two-dimensional domain
that contains one red and one blue CPE point in its interior.
These COS arcs are topologically protected. For instance,

the orange loop encircles a single CPE point, so there must
exist a COS arc that intersects the orange loop. In contrast,
the gray loop encircles two CPE points with a total winding
number N+ − N− = 1 − 1 = 0. Since 2 | 0, a COS arc may
or may not cross the gray loop. Indeed, in this case, the COS
arc is contained entirely inside the loop. (See SM, Sec. VII
for additional numerical results.) These numerical examples
confirm our theoretical predictions.

In conclusion, we have introduced the phenomenon of co-
herent orthogonal scattering, which occurs when the output
wave becomes orthogonal to the reference output state in the
absence of scatterers. This effect leads to a unity extinction co-
efficient and complete mode conversion. We have revealed the
topological nature of this effect by establishing a connection
between the winding number of scattering submatrices and the
existence of coherent orthogonal scattering. We have discov-
ered topologically protected coherent orthogonal scattering
arcs in a two-dimensional parameter space, which connect
coherent perfect extinction points with opposite winding num-
bers. These findings provide a deeper understanding of the
interplay between topology and scattering phenomena, paving
the way for novel approaches to manipulate coherent wave
interactions in various physical systems.
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