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First passage times for continuous quantum measurement currents

Michael J. Kewming ©,"-* Anthony Kiely ®,>* Steve Campbell ©,>** and Gabriel T. Landi’
1School of Physics, Trinity College Dublin, College Green, Dublin 2, Ireland
2School of Physics, University College Dublin, Belfield, Dublin 4, Ireland
3 Centre for Quantum Engineering, Science, and Technology, University College Dublin, Belfield, Dublin 4, Ireland
4Dahlem Center for Complex Quantum Systems, Freie Universitit Berlin, Arnimallee 14, 14195 Berlin, Germany
3Department of Physics and Astronomy, University of Rochester, Rochester, New York 14627, USA

® (Received 28 August 2023; revised 6 December 2023; accepted 26 April 2024; published 20 May 2024)

The first passage time (FPT) is the time taken for a stochastic process to reach a desired threshold. In
this Letter we address the FPT of the stochastic measurement current in the case of continuously measured
quantum systems. We find that our approach, based on a charge-resolved master equation related to full-counting
statistics of charge detection, enables efficient and analytical computation of the FPT. We develop a versatile
framework applicable to quantum jump unraveling and quantum diffusion scenarios, demonstrating that the
FPT can be obtained by introducing absorbing boundary conditions. Our framework is demonstrated with
two relevant examples: First, we examine the tightness of recently proposed kinetic uncertainty relations for
quantum jumps, which place bounds on the signal-to-noise ratio of the FPT. Second, we investigate the usage
of qubits as threshold detectors for Rabi pulses, showing how our method can optimize detection probability
while minimizing false positives. This Letter offers insights into the applications of the FPT for continuous
measurements including the signal-to-noise ratio bounds and false positive minimization strategies, advancing

quantum information processing applications.
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The first passage time (FPT), also known as the first exit,
hitting, or stopping time, is a useful concept, describing the
time it takes for a stochastic process to first reach a certain
threshold [1,2]. For example, if one is counting the stochastic
number of particles N(z) flowing into and out of a system,
the FPT distribution addresses the question, “What is the
probability that it takes a time ¢ until N (¢) first hits a specified
threshold Ny, ?”” This can be used in thermodynamic tasks in-
volving Maxwell demons aimed at extracting work or cooling
down a system, by stopping the dynamics whenever a certain
threshold is reached [3]. In the case of continuous signals,
the FPTs form the basis of threshold detectors [4,5], such
as transition-edge sensors [6], which yield a single bit of
information (“yes/no”) depending on whether or not a sig-
nal crosses a threshold. The pervasiveness of these questions
means FPTs find fertile application in a diversity of settings,
in both classical and quantum systems [7-19].

Within a quantum setting, FPTs can be formulated in terms
of continuous measurements and the resulting measurement
outcomes. Usually, these outcomes come in two flavors. For
quantum jumps [20,21], they have the form of a discrete set of
jump times and jump channels, while for quantum diffusion
they are represented by a continuous noisy signal [22,23].
In either case, the basic idea is the same: The continuous
monitoring of the quantum system yields a classical stochastic
process X (t), based on which we want to create a stopping
criteria that stops the dynamics when some function of X (¢)
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crosses a certain threshold value. A particular case of this
problem is that of waiting time distributions (WTDs), which
have been explored in classical stochastic processes [24],
quantum optics [20,25], electronic transport [26-28], thermo-
dynamics [3,12,17,29], and condensed matter [30]. The WTD
describes the statistics of the time between two events while
FPTs describe the time until an arbitrary number of events
accumulate to reach a certain threshold. WTDs are therefore a
particular case of FPTs. There has been a significant body of
work in WTDs for continuously measured quantum systems
[20,23,25-27,31-36], which is by now well understood and
relatively easy to compute. There has also been some earlier
work focused on computing the FPT in homodyne and het-
erodyne measurements for two-level emitters [37] and solid
state qubits [38]. However, a general description for FPT is
still lacking. As a consequence, the only way of computing
them is through expensive statistical (Monte Carlo) sampling
over various quantum trajectories. This is not only extremely
costly from a computational point of view, but also lacks any
analytical insights. A more systematic methodology that is
able to deterministically compute FPTs would therefore be
quite valuable.

In this Letter we address this deficiency and derive a
method for deterministically computing the FPT distribution
for stopping criteria based on the net accumulated current
N(t) through a continuously measured system. We first show
how the unconditional evolution can be decomposed in terms
of a charge-resolved dynamics. This is a concept already ex-
plored in specific contexts, such as quantum optics [21,39]
and mesoscopic transport [40,41]. Here, we show more
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generally that it can be formulated as the Fourier transform of
the generalized (tilted) master equation used in full-counting
statistics (FCS) [23,42-48], which we use to establish a
charge-resolved equation for both the quantum jump and the
quantum diffusion unravelings. Armed with this dynamics,
we then show how the FPT problem can be implemented by
imposing absorbing boundary conditions. We apply our re-
sults to characterize the tightness of recently developed kinetic
uncertainty relations (KURs) for FPTs [12,17]. We also study
the diffusive measurement of a qubit’s population and show
how this can be used as a threshold detector for the application
of Rabi pulses.

First passage times. Consider a generic stochastic pro-
cess X (t) (either continuous or discrete space) governed by a
probability distribution P(x, t), and starting at X (0) = xo. We
make no assumption about the kind of dynamical equation that
P(x,t) obeys. All we assume is that there exists a rule taking
P(x,t) — P(x,t + dt). Given a certain region R = [a, b] (as-
suming xo € R), the FPT is the random time t at which X (¢)
first leaves R. The most effective way of computing this is
by imposing absorbing boundary conditions. That is, at each
time step of the evolution we impose that P(x, t) = O for all
x ¢ R. This causes P(x,t) to evolve differently, giving rise
to a new distribution Pgr(x,t), which is no longer normal-
ized. The normalization constant is the survival probability
Gr(t) = [* dxPg(x,1) that X (¢) is still in R at time 7. The
probability density that the threshold is first crossed at time ¢
is the FPT distribution [1,2]:

dGgr(1)

Sr() = — s (1)

If Gg(c0) = 0 the boundary is always eventually reached, and
consequently fooo fr(¢) = 1. But this need not always be the
case.

FPT from continuous quantum measurements. We replace
the random variable X (¢) with an integrated current, N(z),
corresponding to the output of some continuous measurement
detector. For example, N(¢) could be the total number of
detected photons from a leaky optical cavity [20,25], the net-
particle current from a thermal machine [3,49], the continuous
diffusive readout of a resonator coupled to a superconduct-
ing circuit [18,50-54], or a continuous charge measurement
from a quantum point contact [55]. We assume that the sys-
tem evolves unconditionally according to a Lindblad master
equation (with i = 1)

W — o= —iH 1+ Y LoL) — SULLip). @
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where H is the Hamiltonian and L; represent different jump
channels. We separately treat the quantum jump and quantum
diffusion unravelings. In each case, we also detail how the
physical currents are constructed from the output data.

Jump unraveling. In this case the measurement outcomes at
each interval dt are random variables dN, () = O or 1, taking
the value 1 whenever there is a jump in channel k, which
occurs with probability d¢ tr{L,:Lk pc(t)}. The conditional den-
sity matrix p.(¢), given the measurement outcomes, evolves

according to the Itd stochastic master equation [22,23]

dp.(t) = Zdzvkmguk]—dm[iHeff]}pc(r), 3)

k

where Gl[Alp = ApAT/(ATA). —p and H[Alp =Ap +
pAT — (A + AT).p, with (e). = tr{ep.(t)} and the effective
Hamiltonian Hee = H — % > « L;:Lk. The stochastic charge up
to time ¢ can be defined generally as N(t) = >_, vk f dN (1),
where v, are problem-specific coefficients describing the
physical current in question. For example, in a system with
one injection channel L, and one extraction channel L_,
the excitation current would have vy = +1 and v_ = —1,
leading to a net charge N(¢) = f[dNJr (t) —dN_(1)].

The main object in FCS is the distribution P(N, t) giving
the probability that the stochastic charge N(¢) has a value N
at time ¢. Here, we utilize the concept of a charge-resolved
density matrix py(t), defined such that P(N,t) = tr{pon(2)}
and )", pn(t) = p(t) (the unconditional state). The charge-
resolved density matrix was first introduced for monitoring
quantum jumps in quantum optics [39] and later extended
to quantum transport in mesoscopics [40,41]. In terms of the
conditional dynamics it reads oy (t) = E[p.(t)n()n], Where
N(t) is the stochastic charge and E[e] refers to the ensemble
average over all trajectories [56]. Hence py(#) can be inter-
preted on the ensemble-averaged dynamics, conditioned on
the assumption that at time ¢ the total accumulated charge is N.
Using the tilted Liouvillian from FCS [23,42-44], we show in
the Supplemental Material [57] that py(¢) evolves according
to the charge-resolved equation

0 pn
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where Lyp = —i(Hegrp — pH:ff) is the no-jump evolution.
The initial condition is py(0) = dy0p(0). Equation (4) is
system of coupled master equations for each density matrix
pn. The first term describes how each py changes due to a
no-jump trajectory, while the other terms describe how py
connect with py_,, through the jump channel L.

Equation (4) can now be adapted to yield the FPT statistics
for N(t) to leave a certain predefined boundary R = [a, b]
(with @ < 0 and b > 0). We do this by imposing absorbing
boundary conditions, py <4 (t) = py=»(t) = 0. This causes the
system to follow a modified evolution ,olqé(t) from which
we obtain Pgr(N, t) = tr{ pf\f(t)} [58]. The survival probability
is then Gg(r) = Y _ Pr(N, 1) = 37 _ tr{pR(t)}. Differen-
tiating with respect to time using Egs. (1) and (4), we obtain
the FPT

b
fr®) = 3 uw{LiL(oy — o)} )

N=a k

To arrive at this result we also used the fact that Lop = Lp —
T Lk,oLZ, as well as the fact that tr{£(e)} = 0. Equation (5),
together with (4), form our first main result. They connect
the FPT directly to the solution of the charge-resolved master
equation and the probabilities of charge flowing out of R. In
the case of two jump operators Ly with vy = 1, Eq. (5)
simplifies to fr(t) = tr{L Ly pR(t)} + tr{LT L_pR(r)}. This
shows that all that matters are the states at the boundaries of
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the region R. The two terms can be interpreted as conditional
escape rates for N(t) to leave R, given it has not yet done
so up to time . The above results provide a deterministic
and efficient method to obtain fg(#). Not only does it avoid
sampling over quantum trajectories, but Eq. (4) is also just
a linear system of equations for the variables ,075. In fact, in
terms of a vector pR = (,o;R, pr, R pf), Eq. (4) reduces
simply to 3,6 = V5%, for a superoperator V [57].
Diffusion unraveling. The diffusive unraveling of Eq. (2) is
written as the It6 stochastic differential equation [22,23]

dpc(t) = dtLo.(t) + Y HILe  *1pdWi(t).  (6)
k

with independent Wiener increments d W, (¢). The current and
charge in this case are given by

aw, !
1@=§}%mh+EQ,Nm=Adﬂw,0)

k

where x; = Lye ™ + Ll e (with ¢ being arbitrary angles).
The charge N(¢) is now a continuous stochastic process.
Notwithstanding, we can similarly define a charge-resolved
density matrix py. The equation for py is derived in the
Supplemental Material [57] using the tilted Liouvillian of
quantum diffusion recently derived in Ref. [23]. The result is

dpn (1)
ot

= Lon(t) — Z W K[ Lie %]
3

y dpn(t)  Kaitr 0% pn (1)
oN 2 ON?

where K[Alp = Ap + pA" and Ky = Zk v,% is a constant.
Once again, we obtain the FPT by imposing absorbing bound-
ary conditions py-,(t) = py-»(t) = 0. Equation (8), which is
a type of quantum Fokker-Planck equation [59], is our second
main result.

Kinetic uncertainty relation (KUR). From fg(t) we can
compute the average FPT E[r] and its variance Var[t]. Of
particular interest is the signal-to-noise ratio (SNR) SNR,; =

%’[]:]. For instance, in the context of autonomous clocks,
this quantity is related to the timekeeping precision [60] and
was recently studied experimentally [18] in superconducting
circuits, showcasing the nontrivial role of quantum coherence.
In Ref. [12] it was proven that for classical (or incoherent)
systems the SNR is bounded by SNR; < E[7]K, where K =
o tr{LZLkpSS} is the dynamical activity (number of jumps
per unit time) and pg is the steady state of (2). This bound,
however, can be violated for coherent dynamics. Motivated
by that, Ref. [17] derived the bound SNR, < E[t](K + Q),
where @ is a quantum correction [57].

A relevant open question concerns the tightness of these
bounds. This can be difficult to address because computing
the SNR requires sampling over many quantum trajectories.
Equation (4), however, makes this task straightforward. Here,
we illustrate this idea by considering a resonantly driven qubit
with a rotating frame Hamiltonian H = Qo,, where o, are
Pauli matrices and €2 is the strength of the Rabi drive. We
further assume that this is immersed in a thermal environment
described by the Lindblad master equation (2) with jump op-

erators L_ = /y(n+ 1)o_ and L, = /yno, where y is the
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FIG. 1. KURs for a driven qubit. (a) FPT distribution for N(r)
crossing R = (—o00, 5], with @ =y =1, 7 = 0.2, and initial state
pss- The histogram corresponds to the quantum trajectory simula-
tions, depicted below as a function of time. (b), (c) SNR (black solid),
classical (KUR) [12] (red dashed-dotted) and quantum KUR [17]
(blue dashed) as a function of 2/y, for 7 = 0.1 and 1, respectively.
In (b) we can see a violation of the classical bound.

decay rate and 7 is the Bose-Einstein occupancy. We focus on
the excitation current, by defining v = %1. For the purpose
of illustration, we also set R = (—o00, 4]. An example of fz(?),
computed using Eq. (4), is shown in Fig. 1(a) in dashed lines.
We also compare our results with quantum trajectories, where
the FPT is obtained by histogramming the times at which the
charge reaches the threshold N(¢) = 5 in each trajectory.

We next use this model to study the KURs in Refs. [12,17].
Formulas for K and Q are given in the Supplemental Material
[57]. Results comparing the SNR with the two bounds are
shown in Figs. 1(b) and 1(c) for 7 = 0.1 and 1. We see that the
classical bound [12] is somewhat tight, and tends to follow the
overall behavior of the SNR. However, it can be violated, as
in Fig. 1(b). Such quantum violations have been the subject
of extensive research [61-67] as they are connected to dy-
namical aspects of coherence. Conversely, the quantum bound
of Ref. [17] is never violated, as it must. However, it is also
rather loose and diverges as Q oc 2. This result is relevant
for the following reason. The classical bound depends only
on the dynamical activity K of the observed quantum jumps
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associated to the operators L. But in quantum coherent prob-
lems there is also activity associated to the unitary dynamics
(the Rabi oscillations in our case), although this is hidden
to the observer. This additional activity is precisely what Q
captures.

Single-qubit threshold detector. As our second application,
we use our framework to model a single qubit functioning as
a threshold detector for Rabi pulses. This is motivated by the
recent experiment in Ref. [5]. Suppose one wishes to know
whether a Rabi pulse €2(¢) (of unknown shape and duration)
was applied to a qubit during some time window 7. The goal
is to come up with a “yes/no” protocol, based on a continuous
measurement record of the qubit, that yields “yes” (click)
if the pulse was applied and “no” (no click) if it was not.
To do that, we continuously monitor the qubit’s population,
within the diffusive unraveling, resulting in a stochastic net
charge N(7) [Eq. (7)]. We then choose the interval R = [a, b]
and associate N(7) ¢ R with a click (the pulse was applied),
and N(7) € R with no click (the pulse was not applied). In
this way, the threshold detector is cast as a first passage time
problem. The goal is to choose t and R in order to maximize
the successful detection probability pg.. and, at the same
time, minimize the probability of false positives pg,jse (When
the detector clicks “yes” even though no pulse was applied).

We model this using Eq. (6) with H(t) = Q(t)o, and a
single jump operator L = ,/yo,. We choose v = ,/y to make
N(t) in Eq. (7) dimensionless. The shape and structure of
Q(t) depend on the pulse in question. We assume the system
starts in || ), so if Q(¢) = 0, it will remain there throughout.
Any Rabi pulse will therefore tend to partially excite the
qubit, which in turn will change the stochastic properties of
the signal N(t). For a given 2(¢), the detection probability
is obtained by solving Eq. (8), with initial state |y¥g) = || ),
and following the same steps delineated before to compute the
survival probability Gg(t|€2(¢), || )). The successful detection
probability is then pgee = 1 — Gr(7|2(2), |{)). Conversely,
the false positive probability is pgee = 1 — Gr(T|Q2(1) =
0, [4)).

The probability pg,. depends on the specifics of €2(¢). For
concreteness and simplicity, we will focus here on a §-like
pulse Q(¢) = Q08(¢). The complete analytical solution can be
found in the Supplemental Material [57]. The resulting suc-
cess probability reduces to pgec = p— + q(p+ — p—) where
q=(0r0_)o= sin?(§2) is the initial state occupation and
p+, which depend only on a, b, yt, are the detection prob-
abilities for initial states |1) and || ), respectively. The false
positive probability is pgse = p—. The goal is to minimize
Pralse and maximize pgyc.. Figure 2 shows regions in the (a, b)
plane representing different bounds on prise/suce, for fixed
ytT = 1 and ¢ = 1. From this image one can infer that optimal
operation occurs for small b and large |al, e.g., b~ 1 and
a ~ —5. Similar conclusions can be drawn by looking at the
mean and variance of the FPT. The mean for the two processes
are plotted on the inset of Fig. 2 as a function of a, with
b =1 and g = 1. For large |a|, Efse(t) > y1 = 1, so false
positives are unlikely to occur for this value of y 7. The inset
of Fig. 2 also shows how the maximum standard deviation of
the FPT, maximized over all g, does not grow significantly
with a. So not only are false positives unlikely on average,
but their fluctuations are also small. These results, combined,

5 T T ) T T T T
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FIG. 2. Operation of a continuously monitored qubit as a thresh-
old detector. The plot shows regions in the (a, b) plane with bounds
on the false positive detection probability pg, and the successful
detection probability pguc., with fixed y7 = 1 and ¢ = 1 (analytical
expressions are shown in the Supplemental Material [57]. The inset
shows the average FPT, in units of y, for the false positive and the
successful detection cases, respectively, withb = 1 and g = 1. It also
shows the maximum possible standard deviation of the FPT, obtained
by maximizing over all g.

corroborate this parameter regime as useful for the operation
as a detector. Of course, this analysis pertains only to a toy
model and, in reality, several other factors would have to be
taken into consideration. Notwithstanding, they serve to illus-
trate how, through the analytical insights from our framework,
one can systematically search for optimal operating regimes.

Discussion and conclusions. Our methodology is com-
patible with any type of master equation in the form (2),
including time-dependent Hamiltonians. It therefore encom-
pass a broad range of physical problems, from quantum optics
to condensed matter. In addition, because Eqs. (4) and (8) are
resolved in N, it is straightforward to extend our method to
incorporate N-dependent feedback, that is, to study models
where H or {L;} are modified depending on the current value
of N(¢) in a quantum trajectory [59]. Despite not being the
focus of this Letter, we emphasize this connection because
feedback and FPTs are actually conceptually very similar:
Both require monitoring of a stochastic quantity and per-
forming (or not) actions depending on its value. In the case
of the FPT, the action is to continue or cease the dynam-
ics. In the case of feedback, it is to modify the Liouvillian.
Feedback and FPT also share the same practical difficulty
of requiring computationally expensive quantum trajectories.
Deterministic strategies, such as the one put forth in this
Letter, are therefore crucial. A famous example of a successful
deterministic theory is that of current feedback put forth in
Refs. [68,69], which had a significant impact, despite working
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only for a restricted class of models. We believe a similar point
can be made for our results.

A particularly interesting application of our results is to
so-called gambling problems, such as that studied in Ref. [3].
This involves an agent which uses information about the sys-
tem’s state to devise stopping strategies aimed at maximizing
a certain goal, which can be relevant in the context of ther-
modynamics. For instance, depending on the model N (¢) can
be related to the heat exchanged with the bath, or the work
performed by an external drive. An agent with access to either
of these quantities could then devise a strategy such as “stop
the process whenever a certain amount of work has been

extracted.” This has interesting thermodynamic implications,
as it puts in the foreground the role of information in thermo-
dynamic processes. It may also have practical consequences.
For example, one can use these ideas to devise optimal cooling
protocols, or for quantum state engineering.
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