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Locked entropy in partially coherent optical fields
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We introduce a taxonomy for partially coherent optical fields spanning multiple degrees of freedom (DOF)
based on the rank of the associated coherence matrix (the number of nonzero eigenvalues). When DOF comprise
two spatial modes and polarization, a fourfold classification emerges, with rank-1 fields corresponding to fully
coherent fields. We demonstrate theoretically and confirm experimentally that these classes have different
properties. Specifically, whereas rank-2 fields can always be rendered separable with respect to its DOF via
a unitary transformation, rank-3 fields are always nonseparable. Consequently, the entropy for a rank-2 field can
always be concentrated into a single DOF (thus ridding the other DOF of statistical fluctuations), whereas some
entropy is always “locked” in one DOF of a rank-3 field. These results offer insight into the dynamics of optical
coherence upon traversing systems or media that couple DOF.

DOI: 10.1103/PhysRevA.109.L021501

The study of optical coherence and the statistical fluctu-
ations in optical fields extends back to the pioneering work
of Zernike [1], and subsequently reached maturation in the
work of Wolf and Mandel [2-4]. Recently, new insights
into optical coherence have been brought to light [5,6] by
exploiting the mathematical correspondence between the co-
herence matrix for classical optical fields involving multiple
degrees of freedom (DOF) [7-9] and the density operator
representing multipartite quantum mechanical states. This
correspondence has led to the coinage of the term “classical
entanglement” [6,10—14] to describe optical fields that are not
separable with respect to their DOF, in analogy with quan-
tum entanglement that is intrinsic to nonseparable multipartite
quantum states. The concept of classical entanglement has
helped solve problems with regard to Mueller matrices [15],
determine the maximum achievable Young double-slit in-
terference visibility [16], and enable the characterization of
quantum optical communications channels [17], among many
other applications [18-26].

The study of classical entanglement in optical fields
is enriched by the possibility of implementing inter-DOF
(or global) unitary transformations (“‘unitaries” henceforth
for brevity [16,27]), including entangling and disentangling
unitaries; e.g., a spatial light modulator can entangle or dis-
entangle polarization and spatial modes [28]. This feature
is central to the recent demonstration of entropy swap-
ping [29-31], which refers to the reversible reallocation of
statistical fluctuations from one DOF to another in a par-
tially coherent field. For example, starting with a polarized
but spatially incoherent field (the entropy is confined to the
spatial DOF), a global unitary can convert the field to one that
is unpolarized but spatially coherent (the entropy has been
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swapped to the polarization DOF with no loss of energy). A
similar approach enables entropy concentration, whereby the
entropy shared among the DOF can be optimally transferred
into a single DOF via a unitary [30].

Here, we uncover a surprising feature of partially coherent
optical fields that places a constraint on entropy concentration
under arbitrary global unitaries [16,29]. For concreteness, we
examine a canonical optical field model having two binary
DOF, and introduce a fourfold taxonomy based on the coher-
ence rank of the associated 4 x 4 coherence matrix, which
corresponds to the number of its nonzero eigenvalues (from
1 to 4). While the rank-1 class embraces all coherent fields,
rank-2 through rank-4 classes comprise partially coherent
fields. We find that fields of different ranks have altogether
different characteristics. Specifically, we find that the potential
for concentrating the field entropy into a single DOF depends
crucially on the rank. Most conspicuously, the entropy of
rank-2 fields—no matter how high—can always be concen-
trated into a single DOF, thereby leaving the other DOF free
of statistical fluctuations (Fig. 1). Indeed, there always exists
a global unitary that renders the field separable with respect to
its DOF, with all the initial entropy concentrated into a single
DOF. In stark contrast, it is impossible to concentrate all the
entropy of rank-3 fields—no matter how low—into one DOF,
and residual fluctuations must be retained by the other DOF,
which we call “locked entropy” (Fig. 1). This stems from the
fact that rank-3 fields possess a fundamentally nonseparable
structure that cannot be eliminated unitarily. We demonstrate
these effects experimentally using optical fields defined by
polarization and two spatial modes as the binary DOF of in-
terest. These results open another window onto understanding
the dynamics of optical coherence upon traversing optical
systems or media that couple multiple DOF, and suggests
different applications that may exploit the coherence rank in
optical imaging and communications.

Vector-space formulation of partially coherent optical
fields. The most general state of an optical field characterized
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FIG. 1. Starting with a nonseparable field with 1 bit of entropy
(S =1, left) that is unpolarized S, =1 and spatially incoherent
S = 1, a unitary can reversibly convert it into one of two forms
depending on the rank of G. For a rank-2 field, the entropy can
be always fully concentrated into one DOF, leaving the other DOF
free of statistical fluctuations. For a rank-3 field, entropy can never
be fully concentrated in one DOF. There always remains “locked
entropy” in the other DOF.

by a binary DOF is described by a 2 x 2 coherence
matrix. The polarization coherence matrix is Gp =
G Gw), where GU = (E/(EiY"), i,j=H,V, and E'
is a scalar field component at a point. Similarly, the spatial
coherence matrix at two points a and b in a scalar field

is Gy= (g o"). where Gy = (EE}), k.l =a,b, and
Ey is the scalar field at a point. The polarization entropy
is S§p = —Ailog, Ay — Az log, Ao, where A and A, are the
eigenvalues of Gp; the spatial entropy S associated with
G is similarly defined. In general, 0 < S,, S; < 1, with
Sp, Ss = 0 in the case of fully coherent fields (no statistical
fluctuations) [32]. The maximum entropy is 1 bit when the
field is unpolarized or spatially incoherent Gy, Gy = %I
(where 7 is the identity matrix).

Taking both DOF (i.e., two points in a vector field), the
first-order coherence is described by a 4 x 4 coherence matrix
G [6,8,16],

Gl GHY g GHY
G ay ey oy
G= , ey
GHH GHV GHH GHV
G G Gy Gy

where G = (E{(E/)*), i,j=H,V, and k,[ =a,b. The
coherence matrices G, Gy, and G, are all Hermitian, pos-
itive semidefinite, unity-trace matrices. A 4 x 4 unitary U
spanning both DOF [16] diagonalizes G: Gp = UGU ' =
diag{Ai, X2, Az, Ag}, with Zj Aj =1, and the field can carry
up to 2 bits of entropy S = — ijl Ajlog, A, where 0 <
S < 2 and diag{-} refers to a diagonal matrix with the listed
elements along the diagonal. If, and only if, A;A4 = AyA3 can
Gp be separated into a direct product with respect to the two
DOF, Gp = diag{v,, ¥} ® diag{y™, yV}, where each 2 x 2
coherence matrix corresponds to one DOF [33]. The condition
MAg = Ap)j therefore delineates optical fields that can—in
principle—be rendered separable with respect to their DOF
via unitaries.

We introduce the reduced coherence matrices that result
from “tracing out” one DOF from G: the reduced spatial
coherence matrix G after tracing out polarization, and the
reduced polarization coherence matrix G{fd' after tracing over
space. We define entropies S and S, for G and GF*,
respectively; in general, § < S + Sp, with equality occurring
only when the field is separable. Crucially, whereas S is invari-
ant with respect to global unitaries, S and S, are not. Indeed,
whereas G suffices to completely identify the field coherence,
these reduced matrices do not [6,16,29,34].

Coherence rank and entropy concentration. We classify
these optical fields into four families according to their
coherence rank, R(G), defined as the number of nonzero
eigenvalues of G. Rank-1 fields, {A} = {1, 0, 0, 0}, comprise
fully coherent fields, § =0 (no statistical fluctuations). It
is always possible to render rank-1 fields separable via a
unitary: G — Gp = diag{l1, 0} ® diag{1, 0}, whereupon both
DOF are fully coherent.

Partially coherent rank-2 fields, {A} = {A{, A2, 0, 0}, with
entropy in the range 0 < S < 1, can always be trans-
formed unitarily into the separable form: Gp = diag{l, 0} ®
diag{X\{, A2}. This corresponds to a partially polarized field
that is fully coherent spatially (S, = S and S = 0). Alterna-
tively, the field can be converted into a fully polarized field
that is partially coherent spatially (S, =0 and Ss = §). In
general, the entropy of a rank-2 field is shared between the two
DOF. Nevertheless, even in its highest-entropy state S = 1,
{A} = {%, % 0, 0}, such fields can always be rendered separa-
ble such that one DOF is fully coherent (ridding it completely
from statistical fluctuations), with the 1 bit of field entropy
concentrated in the other DOF [29-31]; see Fig. 1.

In stark contrast, the coherence matrices associated with
rank-3 fields, {A} = {A{, A2, A3, 0}, whose entropy is in the
range 0 < S < 1.585, cannot be expressed as a direct product
(M1Ag = 0 # Ay)3); that is, rank-3 fields are never separable
with respect to their DOF. This fundamental nonseparability
is independent of the values {A} and is solely a consequence of
the rank of G. This feature has important consequences for en-
tropy concentration: It prevents ridding either DOF altogether
from statistical fluctuations. Indeed, after concentrating the
entropy into one DOF, a residual amount of entropy is retained
that we refer to as locked entropy. The entropy in a rank-3 field
must always be shared between the DOF no matter how low is
S. Even when S < 1, it is impossible to realize the condition
Sp =38 and S; =0 (or S, =0 and S = §) unitarily, which
is attainable for rank-2 fields of the same entropy (Fig. 1).
Furthermore, when S > 1 one cannot concentrate 1 bit of
entropy in one of the DOF. Defining the function f(x) =
—xlog, x — (1 —x)log, (1 — x), the minimum entropy that is
locked in one DOF is Spin = f(A1 + A2), in which case the en-
tropy concentrated into the other DOF is Sy« = f(A1 + A3).

Rank-4 fields, {A} = {}1, A2, A3, A4}, can sometimes be
unitarily rendered separable with respect to their DOF de-
pending on the eigenvalues, and they thus share the properties
of rank-2 or rank-3 fields. Recalling the condition mentioned
above that potentially separable fields satisfy Ajis = Aoh3,
we can show that some rank-4 fields can be made separable
while others cannot. For example, a field with {A} = 0.25 %
{1,1, 1, 1} can be rendered separable using unitaries, but a
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FIG. 2. (a) Schematic of the OCmT measurement scheme used
to measure coherence matrices; L: spherical lens (focal length
f =30 cm); F: spectral filter; %: quarter-wave plate; P: linear
polarizer; C: complementary metal-oxide-semiconductor (CMOS)
camera. (b) Source preparation for a rank-2 field and the measured

4 x 4 coherence matrix G. (c) Same as (b) for a rank-3 field.

field with {»} = {0.7,0.1,0.1, 0.1} cannot. Given the focus
of the work presented here, we do not examine rank-4 fields,
and focus instead on delineating the characteristics of rank-2
and rank-3 fields.

Experiment. We first prepare and characterize repre-
sentative rank-2 and rank-3 fields (Fig. 2). Starting from
unpolarized, spatially incoherent light from an LED (wave-
length 625 nm), we select two spatial modes using slits
at points a and b that are sufficiently separated to guar-
antee mutual incoherence [Fig. 2(a)]. For a rank-2 field
G= %diag{l,O, 1,0}, the source configuration along with
the measured coherence matrix are shown in Fig. 2(b), and
the corresponding results for the rank-3 field with G =
%diag{l, 0, 1, 1} are shown in Fig. 2(c). The rank-2 field is
prepared by placing a polarizer at both a and b, yielding
S = 1: The field is polarized S, = 0 but spatially incoher-
ent Ss = 1. The rank-3 field is prepared by placing a linear
polarizer at b only (the field at a remains unpolarized) to
yield S = 1.585: The field is partially polarized and partially
coherent spatially. Throughout, G is reconstructed via opti-
cal coherence matrix tomography (OCmT) [Fig. 2(a)], which
extends to optical fields with multiple DOF [34,35] the anal-
ogous procedure of quantum state tomography [36-38]; see
Supplemental Material for further experimental details [39].

The impact of the coherence rank on the limits of entropy
concentration is illustrated in Fig. 3. We consider isoentropy
(i.e., equal in entropy) rank-2 [Fig. 3(a)] and rank-3 [Fig. 3(b)]
fields. We make use of an entropy converter that unitarily
couples the two DOF [Fig. 3(c)], which comprises a half-wave
plate (HWP) W, in path a oriented at 45° with respect to
H (H— V, V— H), a polarizing beam splitter (PBS) that
couples modes a and b and produces modes a’ and ', followed
by a HWP W, in mode &' in one of two orientations: at 0°
withH(H — Hand V — —V), and at 45° withH (H — V,
V — H). The first orientation minimizes the entropy in the
spatial DOF (entropy concentration), while the second orien-
tation swaps the entropy of the spatial and polarization DOF
(entropy swapping).

Either binary DOF (polarization or spatial modes) can sup-
port up to 1 bit of entropy. We thus first prepare rank-2 and
rank-3 fields with S = 0.75 [Fig. 3(d)]. For the rank-2 field,
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FIG. 3. Unitary entropy conversion for rank-2 and rank-3 fields.
(a) Source configurations for rank-2 and (b) rank-3 fields. P: linear
polarizer oriented along H; N: neutral density filter. (c) Setup for
entropy conversion. W: half-wave plate; PBS: polarizing beam split-
ter. (d)—(f) From left to right: G reconstructed before the entropy
converter; G’ after the entropy converter with W, oriented at 0°; and
G’ with W, at 45°. All matrices are measurements, and the fidelity
throughout was >98% with respect to theoretical expectations (see
Supplemental Material [39]). (d) Rank-2 and rank-3 fields with § ~
0.75; (e) same as (d) for S ~ 1; and (f) rank-3 field with § ~ 1.585.

the entire entropy can be concentrated in the spatial DOF,
Ss = 0.75 (partially coherent spatially) and S, = 0 (fully po-
larized). Using the first setting for W5, the entropy converter
minimizes the spatial entropy: S; — O (spatially coherent)
and S, — 0.75 (partially polarized). The second setting for
W, swaps the entropy between the DOF, which yields here
the same result as that of entropy concentration with the first
setting.

The corresponding results for the rank-3 field are entirely
in contrast to those for the iso-entropy S = 0.75 rank-2 field.
The rank-3 source configuration yields theoretical values of
Ss = 0.6 (partially coherent spatially) and S, = 0.38 (par-
tially polarized); see Supplemental Material [39]. The first
setting minimizes the spatial entropy but cannot concentrate
all the entropy into the polarization DOF; rather, some entropy
remains locked in the spatial DOF Sg — 0.38. The second set-
ting for the entropy converter swaps the entropy between the
DOF: §; — 0.38 (partially coherent spatially) and S, — 0.6
(partially polarized). Similar results are obtained when the
initial field has a total of 1 bit of entropy, S = 1 [Fig. 3(e)].
Whereas the entire entropy can be concentrated in either DOF
in the case of a rank-2 field, this cannot be achieved for the
isoentropy rank-3 field, and some entropy must remain locked
in either DOF. Finally, the entropy of rank-3 can exceed 1 bit
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FIG. 4. Identifying the coherence rank through the spatial co-
herence after a polarization projection. (a), (b) From left to right:
the source preparation; optimal interference fringes along the H and
V polarization projections after the entropy converter in Fig. 3(c),
with W, oriented at 0° with H; and optimal interference fringes
along the H and V polarization projections with W, oriented at 45°.
(a) Isoentropy rank-2 and rank-3 fields with S = 0.75. (b) Same as
(a) for S = 1.

(whereas that of rank-2 fields cannot). In Fig. 3(f) we re-
peat the measurements with a maximum-entropy rank-3 field,
S = 1.585. Here, the locked entropy in the spatial DOF is
Sy = f(3)=0.92.

The field rank can be identified by reconstructing G, as
shown in Fig. 3. Nevertheless, information concerning the
coherence rank can be deduced by observing the visibility of
the spatial interference fringes produced by the field when the
fields at a and b are superposed after a polarization projection.
Two theorems (see Supplemental Material for proofs [39])
help establish a strategy for this approach.

Theorem 1. For a vector optical field supported on two
spatial points with a coherence matrix G, if there exists a
polarization projection along vector P along which the field
is spatially coherent (i.e., it can produce spatial interference
fringes with 100% visibility), then R(G) < 3.

Theorem 2. For a vector optical field supported on two
points with a coherence matrix G, if there exist two orthogonal
polarization projections P and Q along which the field is
spatially coherent (i.e., it can produce 100%-visibility spatial
interference fringes), then R(G) < 2.

In other words, identifying an orthogonal pair of polar-
ization projections that both yield a spatially coherent field
indicates that the field is either rank-1 or rank-2. Identifying
only a single polarization projection that yields a spatially
coherent field indicates that the field is rank-3. There is no
polarization projection for a rank-4 field that yields a spatially
coherent field.

We demonstrate these results experimentally in Fig. 4 with
pairs of isoentropy rank-2 and rank-3 fields. After the field is

prepared, it is directed through the entropy converter shown
in Fig. 3(c), and then the field is globally projected onto
a prescribed polarization. We search for pairs of directions
along which the resulting scalar field yields spatial interfer-
ence fringes with 100% visibility.

We start with a pair of fields at § &~ 0.75 [Fig. 4(a)]. The
rank-2 field is prepared by projecting the polarization at 45°
with respect to H and adjusting the amplitude of one spatial
mode to obtain the targeted entropy (see Supplemental Ma-
terial [39] for the full coherence matrices associated with the
fields in Fig. 4). After the entropy converter with W oriented
at 0°, no spatial interference fringes of high visibility are
observed at any polarization projection. After setting W, at
45°, the polarization projections along H and V yield high-
visibility spatial interference fringes, as expected for a rank-2
field.

We contrast these observations with those for an isoentropy
rank-3 field S ~ 0.75. This field is prepared by projecting the
polarization at a alone along 45° and adjusting the amplitude
at b to obtain the target entropy. After the entropy converter
with W, oriented at 0°, no spatial interference fringes are
observed at any polarization projection. However, after setting
W, at 45°, projecting the polarization along H yields a field
that produces high-visibility spatial interference fringes. The
corresponding polarization projection along V does not yield
a spatially coherent field, and no interference fringes can be
observed. We increase the field entropy for an isoentropy pair
of rank-2 and rank-3 fields to S = 1 (the maximum entropy
for rank-2) [Fig. 4(b)], and observe similar results to those
for the lower-entropy fields [Fig. 4(a)]. Despite the higher
entropy, we can still identify a pair of polarization projections
for the rank-2 field that result in spatial coherence, whereas
only a single polarization projection is identified for the rank-3
field.

Discussion. The approach outlined here in terms of co-
herence matrices [8,40—42] reveals features that are difficult
to discern otherwise when extended to multiple DOF. The
analysis and experiments suggest a wealth of fundamental
questions regarding the statistical behavior of optical fields:
How does the rank vary spatially across a vector optical
field? How does the spatial distribution of the rank evolve
with free propagation? How is the coherence rank affected by
optical nonlinearities? Although we have couched the coher-
ence matrix here in terms of polarization and spatial modes,
this description can be extended to other DOF, including
higher-dimensional DOF (e.g., orbital angular momentum),
and even continuous DOF after implementing the Schmidt
decomposition to obtain an effective finite-dimensional rep-
resentation [25,43—46]. This is particularly relevant in light
of recent realizations of optical fields in which the spatial,
temporal, and polarization DOF are all coupled [47-50]. In
addition to the intrinsic interest of the coherence rank as a
potential thermodynamic variable for electromagnetic fields,
it may also serve as an integer identifier of the global proper-
ties of the field to be exploited for communications schemes
using partially coherent light [51]. As previously mentioned,
the coherence matrix may be extended to continuous DOF,
thus scaling up the rank to correspond to a large-dimensional
alphabet of symbols to be used for engineering encod-
ing schemes in optical communications. In prior work, we
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explored the application of rank-2 fields in protecting DOF
from decohering effects [29,30].

In conclusion, we have presented a classification scheme
of partially coherent optical fields based on the rank of the
4 x 4 coherence matrix for two binary DOF. This classifica-
tion unveils surprising structural distinctions: All rank-2 fields
are fundamentally separable whereas all rank-3 fields are in-
trinsically nonseparable. Consequently, the entropy in rank-2
fields—no matter how high—can always be concentrated into

one DOF, thereby leaving the other DOF free of statistical
fluctuations. In contrast, in a rank-3 field the entropy—no
matter how low—cannot be fully concentrated into one DOF,
and locked entropy remains associated with the other DOF.
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