
PHYSICAL REVIEW A 109, 063711 (2024)

Quantum nondemolition measurement operator with spontaneous emission

Ebubechukwu O. Ilo-Okeke 1,2 and Tim Byrnes1,3,4,5,*

1New York University Shanghai, NYU-ECNU Institute of Physics at NYU Shanghai, Shanghai Frontiers Science Center of Artificial
Intelligence and Deep Learning, 567 West Yangsi Road, Shanghai, 200124, China

2Department of Physics, School of Physical Sciences, Federal University of Technology, P. M. B. 1526, Owerri 460001, Nigeria
3State Key Laboratory of Precision Spectroscopy, School of Physical and Material Sciences,

East China Normal University, Shanghai 200062, China
4Center for Quantum and Topological Systems (CQTS), NYUAD Research Institute, New York University Abu Dhabi, UAE

5Department of Physics, New York University, New York, New York 10003, USA

(Received 30 July 2023; accepted 31 May 2024; published 25 June 2024)

We present a theory for quantum nondemolition (QND) measurements of an atomic ensemble in the presence
of spontaneous emission. We derive the master equation that governs the evolution of the ground state of
the atoms and the quantum state of light. Solving the master equation exactly without invoking the Holstein-
Primakoff approximation and projecting out the quantum state of light, we derive a positive operator-valued
measure that describes the QND measurement. We show that, at high spontaneous emission conditions, the QND
measurement has a unique dominant state to which the measurement collapses. We additionally investigate the
behavior of the QND measurement in the limiting case of strong atom-light interactions, where we show that the
positive operator valued measure becomes a projection operator. We further analyze the effect of spontaneous
emission noise on atomic state preparation. We find that it limits the width of the eigenvalue spectrum available
to a quantum state in a linear superposition. This effect leads to state collapse on the dominant state. We generate
various nonclassical states of the atom by tuning the atom-light interaction strength. We find that nonclassical
states such as the Schrödinger-cat state, whose coherence spans the entire eigenvalue spectrum of the total
spin operator Jz for a given spin eigenvalue J , lose their coherence because spontaneous emission limits the
accessibility of states farther away from the dominant state.
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I. INTRODUCTION

Quantum nondemolition (QND) measurements [1,2] are
an established technique for manipulating and engineering
quantum-mechanical systems. In a QND measurement, a
quantum probe indirectly measures a system by interacting
with it. Subsequent measurements reveal information about
the system without causing further disturbance to it. For a
measurement to be in the nondemolition regime, the measured
observable of the quantum system and the probe observable
must commute. In applications where repetitive measure-
ments are performed on the same system, each measurement
must preserve the system’s state to qualify as a QND mea-
surement. This approach has been implemented successfully
in precision measurement applications across a wide range of
physical systems, including trapped ions [3], superconducting
qubits [4], cavity quantum electrodynamics [5], gravitational
wave detection [6,7], squeezed state preparation [8–11] in
optics [12–15], and mechanical oscillators [16].

In an atomic system, QND measurements are typically
performed using interactions with detuned laser light [17–24].
The interactions between atoms and light are typically weak,
which limits the degree of collapse of the quantum state of the
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atom system. This state collapse is reflected as a phase shift
in the measurement of photons and can be used to generate a
variety of nonclassical states of atomic ensembles. Examples
include squeezed states [25], and non-Gaussian correlated
states such as the NOON state, the Schrödinger cat state, and
supersinglets [26]. These exotic quantum states are critical to
various quantum protocols such as entanglement purification
[27,28], teleportation [29], remote state preparation [30], and
clock synchronization [31,32].

While QND measurements have been successfully im-
plemented in numerous experiments, they are affected by
the spontaneous emission of the atoms [33–36]. The gen-
eral principle is as depicted in Fig. 1, where an atom
initially in its ground state interacts with a laser light detuned
from the atomic resonance transition. This interaction results
in a second-order off-resonance transition, as indicated in
Fig. 1(a). Due to the finite laser linewidth, which has a spectral
frequency range, the atom has a finite probability of being
resonantly excited, leading to subsequent spontaneous decay.
This emission process produces photons with random phases,
a range of wavelengths, and different emission directions,
causing a reduction in beam intensity reaching the detector.
Additionally, an excited atom can access various available
states during relaxation. Thus, an excited atom can transi-
tion to various lower-lying quantum states, while acquiring
residual momentum from the random photon kicks during
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FIG. 1. QND measurement schemes considered in this paper.
Panel (a) shows the possible channels for relaxation of the atom.
The wavy line represent spontaneous emission, while the straight
line represents second-order off-resonance interactions. Various re-
alizations of QND measurements using (b) phase contrast imaging,
(c) Mach-Zehnder geometry, and (d) polarization measurement.

emission. The spread of available quantum states and the
atom’s residual momentum contribute to the loss of coherence
in its wave function [37–39].

In this paper, we formulate the QND measurement
using a positive operator valued measure (POVM) (27),
taking into account the effects of spontaneous emission,
allowing for a convenient, yet more realistic represen-
tation of the quantum state of the atoms from input
to output. The strength of the measurement, which is
dependent on the atom-light interactions, can be ad-
justed to be weak or strong, thanks the exact treat-
ment not relying on the Holstein-Primakoff approximation.
This tuning of measurement strength realizes different final
states, such as squeezed and Schrödinger-cat states, from the
input state. Notably, our results reveal that high spontaneous

emission conditions turn the eigenvalue mz = 0 of the total
spin operator Jz into the dominant eigenstate of the POVM.
This finding complements recent proposals [40–42] for using
measurement and feedback to find the ground state of various
spin systems. We note that without spontaneous emission,
our approach recovers the results of Ref. [43]. We note that
other works using QND measurements with photon number
resolving measurements [15] and atom spin squeezing [44]
have developed a POVM formalism. However, the POVMs
were developed within the Hamiltonian formalism and thus
incapable of describing the measurement outcomes of systems
undergoing spontaneous emission.

We have organized the remainder of the paper as follows:
We begin by giving a basic introduction to the techniques and
the main results of the paper in Sec. II. This is followed by
Sec. III, where we describe the evolution of a qubit in the
presence of spontaneous emission using a master equation and
generalize it to many qubit systems. We formally solve the
master equation in Sec. IV. We check the validity of the
solutions in Sec. V. We derive the POVM in the presence of
spontaneous emission in Sec. VI, and derive the limiting case
of the POVM becoming a projection operator in Sec.VII. In
Sec. VIII, we present the effect of spontaneous emission on
quantum state preparation. Finally, we provide the summary
of our work in Sec. IX.

II. MAIN RESULT OF THIS PAPER

To make the results of this paper as accessible as possible,
we first present the basic idea of this work and main results
of this paper. As illustrated in Fig. 1(a), the state of a two-
level atom interacting with light undergoes a Stark shift. Such
interactions shift the atom’s quantum states while causing an
accumulation of phase to light’s state. Using the quantum
master equation, we account for the spontaneous emission on
the combined evolution of the atom’s and light’s state.

We consider the initial quantum state of light to be a co-
herent state. Initially, the atom is in its ground state with a
unit probability. Subsequent evolution of the atom’s quantum
state in the presence of light has a negligible effect on the
ground-state probability. As such, the ground state evolves
slowly due to the applied field. By adiabatically eliminating
the excited state of the atom, we find the time dependence
of the photon number amplitude. Additionally, we obtain the
dephasing master equation governing the evolution of the
ground state of an ensemble of two-level atoms and quantum
state of light

dρ

dτ
+ i(Hρ − ρH†) = RâJzρJzâ

†,

where the dimensionless time τ is τ = gt , g is the effective
detuning, and R is the effective dimensionless spontaneous
atomic decay rate. The non-Hermitian Hamiltonian H is

H = Jzâ
†â − i

R

2
J2

z â†â.

The operator â is the photon annihilation operator, which
acting on the vacuum state, destroys it. The operators â and
â† satisfy the commutation relation [â, â†] = 1. The operator

063711-2



QUANTUM NONDEMOLITION MEASUREMENT OPERATOR … PHYSICAL REVIEW A 109, 063711 (2024)

Jz is the total z spin operator and satisfies the commutation
relations [Jz, J±] = ±J± and [J+, J−] = 2Jz.

We obtain the solution ρ(τ ) of the master equation that
gives quantum states of atom and light at any time τ as

ρ(τ ) = e−iHτ (e
∫ τ

0 dτ ′L̃s ()ρ(0))eiH†τ ,

where the initial state of atom and light is product of the
atomic quantum state and the coherent states of light ρ(0) =
ρatom ⊗ |α, χ〉〈α, χ |, and the superoperator L̃s() is

L̃s() = Râe(−iJz− R
2 J2

z )τ Jz()Jze
(iJz− R

2 J2
z )τ â†.

At the beam splitter, light beams interfere. The unitary oper-
ator that describes the action of the beam splitter is e−iπSx/2.
The operator Sx is the Stokes operator for light. Counting the
photons in the light beams by the detectors, c and d , collapses
the quantum state of light. The collapse of the light state
described by a projection operator |nc, nd〉〈nc, nd | gives the
state of the atom ensemble conditioned on counting nc and nd

photons at the detectors c and d , respectively, as

ρnc,nd = 〈nc, nd |e−iπSx/2ρ(τ )eiπSx/2|nc, nd〉.
The sequence of operations that gave rise to ρnc,nd can be
described by a generalized measurement operator

M̂nc,nd () = M̂nc,ndLs()M̂†
nc,nd

,

where

M̂nc,nd = 〈nc, nd |e−iπSx/2e−iHτ |α, χ〉,
similarly for M̂†

nc,nd
, and

Ls() = e
∫ τ

0 dτ ′ R αe(−iJz− R
2 J2

z )τ ′
Jz ()Jze(iJz− R

2 J2
z )τ ′

α∗
.

The explicit form of the operator M̂nc,nd () is given in Sec. VI,
specifically in Eq. (27). The preceding equation M̂nc,nd () is
the main result of this paper. The operator M̂nc,nd () accounts
for the effects of spontaneous emission on a QND measure-
ment of a quantum state of an atom ensemble. It takes the
quantum state of an atom ensemble at the input ρatom and gives
the output state ρnc,nd .

In the remainder of the paper, we give a detailed derivation
of the operator M̂nc,nd (), examine its properties and use it
to examine the effects of spontaneous emission on the corre-
lated state preparation of atoms by calculating the probability
density distributions, and the quasiprobability distributions of
quantum state of the atom ensemble. Additionally, we show
that due to spontaneous emission, the measurement drives
quantum state of an atomic ensemble towards an eigenvalue
of Jz, mz = 0, for a given total spin J value. For a spin system
with more than one spin J value, it drives it to a state with the
minimum J value for the same eigenvalue of Jz, mz = 0.

III. THE MASTER EQUATION

In this section, we consider the case of two ground states
of an atom initially in a linear superposition, each interact-
ing with a different excited state [19,33]. We give a detailed
derivation evolution of the ground states under adiabatic elim-
ination conditions in Appendix B. Here, by writing (B5) in

terms of their relative population difference, we obtain a mas-
ter equation governing the evolution of their coherences. We
then generalize the result to that of the N-atom ensemble.

Consider an atom with two ground states as shown in
Fig. 1(a). The evolution of each ground state within the adia-
batic elimination is given by (B5)

ρ̇ =
2∑

k=1

− i

h̄
(H̃eff,kρ − ρH̃†

eff,k ) + γ̃eff,kâ|gk〉〈gk|ρ|gk〉〈gk|â†,

(1)

where the non-Hermitian Hamiltonian is

H̃eff,k = −h̄Gkâ†â|gk〉〈gk| − ih̄
γ̃eff,k

2
â†â(|gk〉〈gk|)2. (2)

Using the completeness relation, and atomic inversion σ̂z op-
erator between the two ground states

1̂ = |g1〉〈g1| + |g2〉〈g2|, (3)

σ̂z = |g1〉〈g1| − |g2〉〈g2|
2

, (4)

and averaging over the light states for terms that contain the
identity operator in (1), one arrives at the following effective
master equation for an atom interacting with laser light,

dρ

dτ
+ i(Heffρ − ρH†

eff ) = R âσ̂zρσ̂zâ
†, (5)

where the effective detuning g = −(G1 − G2), gives the phase
shift. The dimensionless time is τ = gt . The parameter R is the
effective dimensionless spontaneous atomic decay rate R =
(γ̃eff,1 + γ̃eff,2)/g, while the effective non-Hermitian Hamilto-
nian is

Heff = σ̂zâ
†â − i

R

2
σ̂ 2

z â†â. (6)

The ensemble case

For an ensemble consisting of N atoms, the evolution of the
ensemble state is the same as the product of individual atom
states, ρatom = ρ1 ⊗ ρ2 ⊗ · · · ⊗ ρN . Let the Pauli operator act-
ing on the kth atom be σ̂

(k)
i where i ∈ {x, y, z}. We define the

total spin operators Jx = (J+ + J−)/2, Jy = (J+ − J−)/(2i)
where

J+ =
N∑

k=1

σ̂
(k)
+ , J− =

N∑
k=1

σ̂
(k)
− , (7)

σ̂
(k)
− = |gk

2〉〈gk
1| are the lowering operators, σ̂

(k)
+ = |gk

1〉〈gk
2| are

the raising operators, and the total z-spin operator Jz is

Jz =
N∑

k=1

σ̂ (k)
z . (8)

The operators Jz and J± satisfy the following commutation
relations:

[J±, Jz] = ∓J±, [J+, J−] = 2Jz. (9)
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The evolution of a qubit atom ensemble interacting with co-
herent light becomes

dρ

dτ
+ i(Heffρ − ρH†

eff ) = R âJzρJzâ
†, (10)

where the non-Hermitian Hamiltonian is

Heff = Jzâ
†â − i

R

2
J2

z â†â. (11)

The atom qubit ensemble consists of N atoms, with the
maximum spin angular momentum Jmax = N/2, the minimum
spin angular momentum Jmin = 0 for N even and Jmin = 1/2
for N odd, and J takes on values J = Jmin, . . . , Jmax. The
eigenstates are denoted Jz|J, mz〉 = mz|J, mz〉, where mz =
−J,−J + 1, . . . , J . To obtain the behavior of the density ma-
trix in (10), we use the ansatz

ρ =
J∑

mz=−J

J∑
m′

z=−J

ρmz,m′
z
|J, mz〉〈J, m′

z| ⊗ |αmz 〉〈αm′
z
|, (12)

where ρmz,m′
z

describes the matrix elements of the atomic
spin, while α is the photon number amplitude, and |αmz 〉 =
e−|αmz |2/2eαmz a† |0〉 is the light coherent state index by the eigen-
values of Jz.

IV. SOLUTION TO THE MASTER EQUATION

Usually, solving the master equation is done by specifying
the matrix elements. For instance, a density matrix containing
N elements would require solving N coupled equations with
a coupling matrix of dimension N × N . More so, not all
the density-matrix elements are coupled to each other. This
technique may not bode well for many applications and does
not allow easy interpretation of the underlying dynamics. The
matrix approach is popular because it eliminates the com-
plexity brought about by the action of the operators which
may not be tractable. Here, we solve the master equation (10)
to obtain the evolution of the spin qubit ensemble and light
state using formal techniques for solving the first-order dif-
ferential equations. It allows one to solve the density-matrix
equation more generally within its space and cuts down dra-
matically the computational time when compared with matrix
element approach. We also present the solution obtained using
the matrix method approach in Appendix C.

Formal solution to the master equation

We present the detailed derivation of the formal solution in
Appendix D, and only summarize the results here. In seeking
the solution of the master equation (10), we observe that its
right-hand side behaves as a source. However, the homoge-
nous part of the equation is linear in ρ. Thus, moving into the
frame rotating at a rate given by non-Hermitian Hamiltonian
(11) and integrating the resulting equation gives the solution

ρ(τ ) = e−iHeff τ
(
e
∫ τ

0 dτ ′ L̃s ()ρ(0)
)
eiH†

eff τ , (13)

where the superoperator [45,46] L̃s is

L̃s() = R âe(−iJz− R
2 J2

z )τ Jz()Jze
(iJz− R

2 J2
z )τ â†. (14)

The same solution (13) is obtained using the ordering of
operators, see Appendix E. The action of the exponential

superoperator e
∫ τ

0 dτ L̃s () on the initial state ρ(0) is as given
in (D4). Because the coherent state is an eigenstate of the â,
the photon operators â, â† appearing in the superoperator do
not affect the state of photons. Their effect is to contribute the
statistics of the photons to the quantum state of the atoms. It is
the propagators e

−i
h̄ Heff τ , e

i
h̄ H∗

eff τ that modify the quantum state
of photons by taking its initial state at time τ = 0 to a different
state at time τ . Substituting (13) in (10) shows that it is indeed
the solution. Equation (13) is the focus of analysis in Sec. V,
and it will be used to formulate the measurement operator in
Sec. VI.

V. AVERAGES OF SYSTEM VARIABLES

We begin by showing that the solution obtained using
matrix elements and the formal solution are the same. The
solution of the density matrix by the matrix element approach
is given in Appendix C.

A. Examples of atomic states

The theory we develop here applies to any quantum state.
For illustrative purposes, we consider the spin coherent and
thermal states. The spin coherent state [11,47] is defined as

|θ, φ〉 =
J∑

mz=−J

(
2J

J + mz

) 1
2

sinJ+mz

(
θ

2

)

× cosJ−mz

(
θ

2

)
e−i(J+mz )φ|J, mz〉, (15)

where θ and φ are polar and the azimuthal angle on a Bloch
sphere, and

(n
k

)
is binomial function.

The other state we consider is the thermal state

ρ th
0 = 1

N

Jmax∑
J=Jmin

J∑
mz=−J

e−E0Jz

PJ
|J, mz〉〈J, mz|, (16)

where PJ = ∑J
mz=−J〈J, mz|e−E0Jz |J, mz〉, Jmin = 0 or 1/2 de-

pending on the total number of atoms N is even or odd,
and N = Jmax + 1 for Jmax being an integer spin and N =
Jmax + 1

2 for Jmax being a fractional spin. The dimensionless
parameter E0 is defined as h̄ω/(kT ), where h̄ω is the charac-
teristic energy of the system, k is the Boltzmann constant, and
T is temperature.

B. Averages of system operators

To place the comparison on the same footing, we use (12)
which upon substituting in (13) gives

ρ(τ ) =
J∑

mz=−J

J∑
m′

z=−J

exp

[
R|α|2mzm′

z

i(m′
z − mz ) − R

2

(
m′2

z + m2
z

)

× (
eiτ (m′

z−mz )− R
2 (m′2

z +m2
z ) − 1

)]
ρmz,m′

z
(0)

× |J, mz〉〈J, m′
z| ⊗ e[ |α|2

2 (e−Rτm2
z +e−Rτm′2

z −2)]

× |αmz 〉〈αm′
z
|, (17)
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where ρmz,m′
z
= ρmz,m′

z
(0) and αmz is

αmz = αe−imzτ− R
2 m2

z τ . (18)

The parameter α is the initial photon number amplitude. Com-
paring the scalar functions in (17) to (C3), we see that they are
the same.

The knowledge of the density matrix allows for the aver-
ages such as the mean and standard deviation to be calculated.
For instance, the mean value of any operator is calculated by
performing the trace over the matrix product

〈Ô〉 = Tr(ρ(τ )Ô). (19)

Similarly, the standard deviation of the operator �Ô is taken
as the square root of the variance (�Ô)2, defined as

(�Ô)2 = Tr(ρ(τ )Ô2) − [Tr(ρ(τ )Ô)]2. (20)

C. Averages of spin variables

The order in which to trace over the systems does not
matter. Choosing to study the effects on the spin variables,
we trace over the photon states and find the reduced density
matrix of the atoms ρatom = Trlight[ρ(t )],

ρatom(t ) =
J∑

mz=−J

J∑
m′

z=−J

ρmz,m′
z
(0)

× exp

[(
1 + Rm′

zmz

i(m′
z − mz ) − R

2

(
m′2

z + m2
z

)
)

× |α|2eiτ (m′
z−mz )− R

2 τ (m2
z +m′2

z )

]
|J, mz〉〈J, m′

z|. (21)

For the diagonal terms m′
z = mz, evaluation of the exponential

factor shows that the spin state is not affected by spontaneous
emission. The spin averages, calculated using the reduced
density matrix with the spin coherent state initially polarized
along the x axis, are presented in Fig. 2. In the absence of
spontaneous emission R = 0, the atoms maintain their coher-
ence marked by oscillations in averages of their variables, as
shown in the first column of Fig. 2. These oscillations would
experience the collapse (loss) and revival (resurgence) as a
result of coherent interaction between the atoms and light.
The loss of Rabi oscillation is due to the coherent interaction,
which causes each spin state to evolve at a different rate.
Averaging over the different evolution rates results in their
interference and leads to the loss of coherence exhibited by
the spin states. The revival of coherent oscillations is due
to the discrete nature of spins. Spontaneous emission R > 0
erodes the revival of coherent Rabi oscillations, even in mod-
est amounts, as shown in second column of Fig. 2.

We note that the spin variable Jz commutes with the master
equation (5). Hence the Jz is a constant of motion, and its
eigenstates are not affected by the spontaneous emission. It
manifests in Fig. 2, where the spin variable Jz is not af-
fected by spontaneous emission. Also, the fixed points of the
differential equation play a role in searching for their solu-
tion [48,49]. The resulting equation obtained by setting time
derivative of the master equation to zero gives its the fixed
points. Expanding the spin states in the eigenbasis of Jz [see,

FIG. 2. The spin averages with an initial spin coherent state
polarized along the x axis. In the first row is the evolution of the mean
spin variables Ji, i = x, y, z, while the second row is their standard
deviation. The parameters of the figure are α = √

50, J = 20, and the
parameter R is as shown in the figure. The mean spin values and their
variances are calculated using (21) in (19) and (20), respectively.

for instance, (12)], one finds that the master equation vanishes
for m′

z = mz. However, there is an eigenvalue for which all the
terms in the master equation independently vanish and hap-
pens for m′

z = mz = 0. In the preceding section, we discover
that this eigenvalue plays a crucial role in the measurement
operator because it leads to the state |J, mz = 0〉 being the
only available state under high spontaneous emission con-
ditions. This property becomes particularly interesting when
considering Refs. [40–43,50] proposing to use quantum non-
demolition measurement and unitary feedback for quantum
state preparation.

D. Averages of photon number amplitude

Similarly, the reduced density matrix of light obtained
by tracing over the quantum state of the atoms ρlight =
Tratom[ρ(t )] is

ρlight (t ) =
J∑

mz=−J

ρmz,mz (0)|αmz 〉〈αmz |, (22)

where αmz is defined in (18). Using the reduced density matrix,
we calculate the evolution of the averages of photon number
â†â, their mean (19) and variance (20). Notice that the state
of light is weighted by the initial probability density ρmz,mz (0)
of the atom distribution. For an atomic spin coherent state,
the initial probability density ρmz,mz (0) which is a binomial
function (15) may be put in a Gaussian form [36,51,52] in
the limit of large population N of atoms. The average photon
number 〈â†â〉 calculated using the spin coherent state (15) in
the large atom number limit is

〈â†â〉 = |α|2√
1 + JRτ sin2 θ

e− J2Rτ cos2 θ

1+JRτ sin2 θ . (23)
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FIG. 3. The photon number averages. The left subfigure shows
the evolution of the mean photon number, while right subfigure is
its variance. The initial photon number amplitude is α = √

50, the
maximum spin value is J = 20, and the dimensionless spontaneous
emission rate is R = 0.001. The mean photon number (solid line) and
its variance (solid line) are calculated using (22) in (19) and (20),
respectively. The dashed lines are calculated using (23) for the mean
value and (24) for the variance.

Similarly, the variance �â†â is

�â†â = |α|4√
1 + 2JRτ sin2 θ

e− 2J2Rτ cos2 θ

1+2JRτ sin2 θ

− |α|4
1 + JRτ sin2 θ

e− 2J2Rτ cos2 θ

1+JRτ sin2 θ

+ |α|2√
1 + JRτ sin2 θ

e− J2Rτ cos2 θ

1+JRτ sin2 θ . (24)

The first and second terms in Eq. (24) nearly dominate the
behavior of the variance, thus determining the essential fea-
tures of the variance. Notice for R = 0, however, one recovers
the well-known result that the variance is equal to the average
photon number, a consequence of the initial photon distribu-
tion being Poisson distribution. From Eq. (23), it becomes
clear that the intensity of the light beam that has interacted
with the atoms depends on the population N of the atoms
and the initial statistics of the atom distribution. For instance,
states for which θ = π/2 do not suffer exponential decay
rather they decay as an inverse square root of N , 〈â†â〉 =
|α|2/√1 + JRτ . On the contrary, states for which θ = 0 or π

decay exponentially at a rate proportional N2, e−∝N2
. For just

one atom qubit and θ = 0, we recover the result of Eq. (B4).
The results of photon number averages for ρmz,mz (0) corre-

sponding to that of a spin coherent state polarized along the x
axis are shown in Fig. 3. For R = 0, the result is trivial in that
the average photon number suffers no decay since the reduced
density matrix of light has only components of spins in the
same state m′

z = mz. As a result, the photon operators â†, â
accumulate a phase dependent on the same spin state, see (18),
such that their absolute value does not depend on any spin
value and thus is a constant—the same as the initial value.
However, for spontaneous emission R > 0, the photon opera-
tors decay in addition to the accumulated phase. Thus average

photon number is affected by the spontaneous emission, as
shown in Fig. 3. In particular, the average photon number
decays but not exponentially due to the type of initial state of
the atoms, as we previously discussed. For instance, from (23)
the average photon number decays as 〈â†â〉 = (1 + JRτ )−1/2.
Thus in the short time limit and R � 1, the average photon
number decays linearly, 〈â†â〉 ≈ |α|2(1 − JRτ/2), while at
long time it decays as 〈â†â〉 ∝ 1/

√
JRτ . To understand qual-

itatively the behavior of the variance, we look at the analytic
result (24). For instance, the variance increases quadratically
as J2R2τ 2/2 in the region where the average photon number is
decreasing linearly for τ > 0. In this region the contribution
from the first term is large compared with that of the second
term of Eq. (24). However, in the region where the average
photon number changes rapidly for a small change in time, the
second term is large and negative leading to substantial can-
cellation with the first term of (24). This cancellation brings
about the concave downward curve of the variance. Hence, in
general the behavior of the variance is governed by the first
two terms of (24).

VI. DEPHASING NOISE IN MEASUREMENT OPERATOR

In the last section, we obtained the time evolution of the
density matrix ρ(t ) in the presence of spontaneous emission
of photons by atoms in a random direction. This leads to the
loss of photons manifesting as decay in the photon number
amplitude. Additionally, the spontaneous emission of photons
led to the dephasing of the atomic states and manifests as
loss of atomic coherence. In this section, we derive the mea-
surement operator that accounts for the effects of spontaneous
emission of atoms. We characterize the operator by finding its
most probable outcome, which is directly related to inference
in a measurement. We also give the width of the measurement
operator that influences the allowable quantum state obtained
from a measurement.

The measurement operator derived here applies to the sce-
narios shown in Figs. 1(b)–1(d). For specificity, consider the
setup shown in Fig. 1(c). The state of light and atom in the arm
of the Mach-Zehnder interferometer labeled |α〉 is given by
(13). Given that the initial state of light is coherent, the phase
of the light field in the state, e−iĤeff τ |α〉, carries the information
about the atoms. At the beam splitter, the light in the state

e−iĤeff τ |α〉 interferes with that in the state |χ〉 = e− |χ |2
2 eχ b̂† |0〉,

thereby turning the phase information into amplitude oscilla-
tions of light according to the following transformation:

â† = ĉ† + id̂†

√
2

, b̂† = iĉ† + d̂†

√
2

. (25)

Denoting the beam splitter operation by a unitary operator
ÛBS, the detection of nc and nd photons at the detectors c and
d , respectively, conditions the state of the atoms to become
ρnc,nd = 〈nc, nd |ÛBSρ(t ) ⊗ |χ〉〈χ |Û †

BS|nc, nd〉,

ρnc.nd = e−(|χ |2+|α|2 )

nc!nd !

(
αe−i(τJz−i Rτ

2 J2
z ) + iχ√

2

)nc

×
(

iαe−i(τJz−i Rτ
2 J2

z ) + χ√
2

)nd
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× eR|α|2 ∫ τ

0 dτ ′ewτ ′
Jz ()Jzew∗τ ′

ρatom

×
(

α∗ei(τJz+i Rτ
2 J2

z ) − iχ∗
√

2

)nc

×
(

−iα∗ei(τJz+i Rτ
2 J2

z ) + χ∗
√

2

)nd

, (26)

where w = −iJz − R
2 J2

z .
Clearly the sequence can be described by a generalized

measurement operator ρnc.nd = M̂nc,nd ρatom, where

M̂nc,nd () = M̂nc,ndLs()M̂†
nc,nd

, (27)

and the superoperator Ls() is

Ls() = eR|α|2 ∫ τ

0 dτ ′ e(−iJz− R
2 J2

z )τ ′
Jz ()Jze(iJz− R

2 J2
z )τ ′

. (28)

By its action, the superoperator Ls() prepares from the initial
state of the atoms a state that grows at a rate proportional to
R|α|2. Notice that the superoperator does not have dependence
on nc and nd nor does it have any of the photon operators.
Hence, the superoperator does not directly contribute to the
detection of photons. The operator M̂nc,nd

M̂nc,nd = e−( |χ |2+|α|2
2 )

√
nc!

√
nd !

(
αe−i(τJz−i Rτ

2 J2
z ) + iχ√

2

)nc

×
(

iαe−i(τJz−i Rτ
2 J2

z ) + χ√
2

)nd

, (29)

carries the information about the atoms to the detectors,
where they are accessed in a measurement. For R = 0
one recovers the definition of M̂nc,nd in Refs. [40,43,52].
Since e−iĤeff τ eiĤ†

eff τ 
= 1, it is not surprising that the∑
nc,nd

M̂nc,nd M̂†
nc,nd


= 1. However, the operator M̂nc,nd () sat-
isfies the resolution of identity,

∞∑
nc=0

∞∑
nd =0

M̂nc,nd (1) = 1. (30)

The measurement operator M̂nc,nd can be seen to act in two
steps. Given an initial state of the atoms ρatom, the measure-
ment in the first step prepares a different state. For example,
it broadens the width of an inherently Gaussian state, such
as the coherent spin state. The second step measures the
state prepared in the first step via the detection of photons.
The measurement thus collapses the state of light while caus-
ing the state of atoms prepared in the first step to accumulate
phase mzτ that evolves at different rates dependent on the
quantum number mz and decays at a rate R dependent on
the square of their quantum number mz. Additionally, the
measurement influences the most probable outcome of the
quantum state of the atoms by making it dependent on the
detected photon numbers nc and nd , the dimensionless time τ ,
as well as the spontaneous emission rate R. We now examine
each step of the measurement operator in the following.

A. State preparation step

To study the behavior of the state preparation step, we use
the fact that a function of an operator Â can be decomposed
into a function of its eigenstates |an〉 with eigenvalue an

f
(
Â
) =

∑
n

f (an)|an〉〈an|. (31)

We write the superoperator Ls() as

Ls() =
Jmax∑
J=0

Jmax∑
J ′=0

J∑
mz=−J

J ′∑
m′=−J ′

eRτ |α|2mzm′
z f (x)

× |J, mz〉〈J, mz|()|J ′, m′
z〉〈J ′, m′

z|, (32)

where x = iτ [(m′
z − mz ) + i(R/2)(m2

z + m′2
z )], and f (x) is de-

fined as

f (x) = ex − 1

x
. (33)

The function f (x) (33) has its maximum value for x = 0
(i.e., m′

z = mz = 0). For significant values of R, 0 � R < 1,
the function f (x) decays quickly for large values of mz, m′

z.
Hence, the function f (x) behaves as

e− Rτ
2 (m2

z +m′2
z ) − 1

−Rτ
2

(
m2

z + m′2
z

) .

Since the exponential term e− Rτ
2 (m2

z +m′2
z ) would be much

smaller than unity at large values of mz, m′
z, the contribution

of the function f (x) would scale as [ Rτ
2 (m2

z + m′2
z )]−1. Hence,

the amplitude of (32) is positive and large. As such, the super-
operator Ls() positively amplifies the input state. For instance,
for R � 1 the state for which |mz| = |m′

z| = J is amplified
most and scales as e|α|2 , while the state m′

z = mz = 0 is not
amplified. As such, for any input state, the preparation step
increases the width of the state along the axis joining the
mz = m′

z = −J and mz = m′
z = J state (along the diagonal).

The broadening of the width brings about the first step in
the dephasing (scrambling) of the input state by spontaneous
emission.

B. Photon detection step

To study the behavior of the operators M̂nc,nd , we use (31)
and write the detection step operators (29) as

M̂nc,nd = e− |α|2+|χ |2
2

( |α|2 + |χ |2
2

) nc+nd
2

e−i π
2 nd

×
Jmax∑
J=0

J∑
mz=−J

ei(nc+nd )[φ(mz )−θ (mz )]

× ei[ncφc (mz )+nd φd (mz )]

× A(nc, nd , mz )|J, mz〉〈J, mz|, (34)

where A(nc, nd , mz ) is defined as

A(nc, nd , mz ) = [1 + cos 2η cos 2φ(mz )]
nc
2√

nc!

× [1 − cos 2η cos 2φ(mz )]
nd
2√

nd !
. (35)
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The parameter η is defined as

tan η = |χ | − |α|
|χ | + |α| , (36)

whereas the phases are

θ (mz ) = τ

(
mz − i

R

2
m2

z

)
,

φ(mz ) = θ (mz )

2
+ φχα

2
+ π

4
+ φp

2
,

φc(mz ) = arctan [tan η tan φ(mz )],

φd (mz ) = arctan

(
tan φ(mz )

tan η

)
, (37)

and φχα = arg(χ ) − arg(α).
For nc, nd � 1, and τ greater than zero, A(u, v, mz ) is a

slow-varying function of mz. Using Stirling’s approximation
to rewrite the factorials, the complex function A(nc, nd , mz )
may be approximated by a Gaussian

A(nc, nd , mz ) ≈
(

2

nc + nd

) nc
2
(

2

nc + nd

) nd
2

× e
nc+nd

2

(4π2ncnd )
1
4

e− (1−iRξ )2

2σ2 (mz−ξ )2

, (38)

where σ is defined as

σ 2 = [(nc + nd )2 cos2 2η − (nc − nd )2]−1

×
(

τ 2

8

nc + nd

ncnd

)−1

, (39)

and the location of the maximum ξ is defined as

ξ =
(
1 + 4R2m2

0

)1/4
sin

( arctan (2Rm0 )
2

)
R

, (40)

where m0 is

m0 = 1

τ

[
arcsin

(
1

cos 2η

nd − nc

nd + nc

)
− φχα − φp

]
. (41)

In the limit of R � 1, ξ ≈ m0(1 + R2m2
0 ). So, without the

spontaneous emission R = 0, ξ = m0 and one recovers the
results of Refs. [40,43,50,52].

Substituting (38) in (34) gives the photon detection opera-
tor M̂nc,nd as

M̂nc,nd = e
nc+nd −|χ |2−|α|2

2

(4π2ncnd )1/4

( |χ |2 + |α|2
nc + nd

) nc+nd
2

e−i π
2 nd

×
Jmax∑
J=0

J∑
mz=−J

ei(nc+nd )(
φχα+φp−τmz

2 + π
4 )

× ei[ncφc (mz )+nd φd (mz )]

× e
− 1

2σ2
R

m2
z e− (1−iRξ )2

2σ2 (mz−ξ )2 |J, mz〉〈J, mz|, (42)

where σ 2
R = [(nc + nd )Rτ/2]−1.

Because of spontaneous emission, there is a product of two
Gaussian functions in the operator M̂nc,nd (42). The product,

which is also Gaussian,

e
− 1

2σ2
R

m2
z e− (1−iRξ )2

2σ2 (mz−ξ )2 = e
− (1−iRξ )2ξ2

2(σ2
R (1−iRξ )2+σ2 ) e− 1

2σ̃2 (mz−m̃0 )2

, (43)

has a width σ̃ given as

σ̃ =
(

nc + nd

2
τ

)−1(
R + τ

(1 − iRξ )2

4ncnd
[(nc + nd )2 cos2 2η

− (nc − nd )2]

)−1

, (44)

and a peak located at

m̃0 = ξ

[
1 − [1 + y(1 − R2ξ 2)]

[1 + y(1 − R2ξ 2)]2 + 4y2R2ξ 2

]
, (45)

where the parameter y is defined as

y = τ

4Rncnd
[(nc + nd )2 cos2 2η − (nc − nd )2]. (46)

Notice that the term in the product on the right-hand-side
(RHS) of (43) whose exponent is proportional to ξ 2 is Gaus-
sian. It depends entirely on the photon properties like the
average photon number and the photon outcomes. Thus it
controls the quality of the observed light signal at the detector.
For small values of R and nc + nd � |nc − nd |, this term is
nearly unity. For spontaneous emission values of order unity,
R ≈ 1, this term decays very quickly and the amplitude of the
observed signal is weak depending on the value of ξ . Hence, a
good signal in the presence of spontaneous emission would be
where nc + nd � |nc − nd | is satisfied. This ensures that the
amplitude at the readout is as close to unity as possible since
m0 ≈ 0 in this limit.

On the other hand, the term on the RHS of the product
(43) depends on the spin quantum number mz which carries
the information about the atoms. This information is used to
infer the measurement of the relative photon number nd − nc

(41). The spontaneous emission perturbs this information.
For example, given a weak spontaneous emission rate R � 1
and m0 � 1/R, ξ is roughly the same as m0 as previously
discussed, while the second term of (45) is negligibly small.
Thus, m̃0 ≈ m0. However, the spectra of mz available for pre-
diction using the photon number difference nd − nc shrinks
with increasing spontaneous emission rate R. This is because
the width of the Gaussian σ̃ (44) shrinks with an increase in
the strength of spontaneous emission rate R. For an appre-
ciable strength of spontaneous emission, the second term of
(45) is no longer negligible. Instead, both the relative pho-
ton number difference nd − nc and the total photon number
nd + nc contribute to the spectra of mz (46), thereby scram-
bling or masking the outcome m0. Hence, the sensitivity of
the measurement to nd − nc is being lost. Similarly, the ef-
fective width of the operator equally shrinks. For large values
of spontaneous emission rate R ≈ 1 and the photon number
difference being small compared with the total number of pho-
tons |nd − nc| � (nc + nd )| cos 2η|, the terms in the bracket
of (45) nearly cancel while the width of (44) approaches zero.
Hence, m̃0 is approximately zero, m̃0 ≈ 0, irrespective of pho-
ton number outcome. It is then obvious that less than a handful
of the spectra of mz would be available in a measurement.
In this limit, the measurement is no longer sensitive to the

063711-8



QUANTUM NONDEMOLITION MEASUREMENT OPERATOR … PHYSICAL REVIEW A 109, 063711 (2024)

photon number difference nd − nc. It is important to note that
the m̃0 is no longer controlled only by the relative photon num-
ber difference and spontaneous emission strength R (40) but
equally by the total photon number (46). Additionally, sponta-
neous emission limits the range of available eigenvalues of Jz.
Hence, only a few states near mz = m̃0 = 0 are accessible due
to spontaneous emission. At a very high spontaneous emission
rate, the state |J, mz = 0〉 is the only stable eigenvalue of the
measurement operator, since the detection probability of other
eigenvalues of Jz are exponentially small.

VII. QUANTUM PROJECTION MEASUREMENT
WITH SPONTANEOUS EMISSION

Following the discussions in the previous section, we
see that in the state preparation, where the measurement
strength is weak, the spontaneous emission makes the mea-
surement strong by shrinking the width of the amplitudes of
the quantum state to a limited range. This causes the dominant
quantum state to become the state mz = 0, as seen for exam-
ple, in squeezed state preparation. Where the measurement
strength is strong, such as in cat-state preparation, sponta-
neous emission causes the collapse of the superposition of
the quantum state onto the state mz = 0. The only difference
between the strengths of the measurement is that sponta-
neous emission speeds up the collapse of the quantum state
in the latter. That the spontaneous emission seeks out only
the state mz = 0 irrespective of the measurement strength is
because the state mz = 0 is the only stable state of the master
equation (5) in the presence of spontaneous emission, as we
identified in Sec. V. Here, we now develop the projection
operator describing the collapse of the superposition of states
accounting for the spontaneous emission.

Noisy projection operator

As discussed above, the photon detection step collapses the
state of the atoms, and the relative photon number difference
gives inferences about the state collapse. Using the relative
photon number difference

u = nc + nd

2
, v = nd − nc

2
, (47)

we define the photon detection operator M̂u,v:

M̂u,v = eiv(φd,0−φc,0− π
2 )

[4π2(u2 − v2)]
1
4

e
− (u− |α|2+|χ |2

2 )2

|α|2+|χ |2

× eiu[φd,0+φc,0+φχα+φp−τ m̃0]

× e
− (1−iRξ )2ξ2

2[σ2
R (1−iRξ )2+σ2]

Jmax∑
J=0

J∑
mz=−J

e− (mz−m̃0 )2

2σ̃2

× e−iτ (uζ+−vζ− )(mz−m̃0 )|J, mz〉〈J, mz|. (48)

The phases are defined as φc,0 = φc(mz = m̃0), φd,0 =
φd (mz = m̃0), and

ζ+ = 1 − ζd − ζc,

ζ− = ζd − ζc,

ζc = 1

2

tan η

cos2 [φ(m̃0)]

(1 − iRm̃0)

1 + tan2 η tan2 [φ(m̃0)]
,

ζd = 1

2

tan η

cos2 [φ(m̃0)]

(1 − iRm̃0)

tan2 [φ(m̃0)] + tan2 η
. (49)

Notice that for R = 0, one recovers the results of Ref. [43].
Provided that the average photon numbers are large and mz

is different from m̃0, the term summed over in (48) is exponen-
tially small and thus negligible. For mz = m̃0, terms within the
sum gives the identity matrix, and the phases vanish. Hence,
we define the photon detection operator as

M̂u,v = eiv(φd,0−φc,0− π
2 )[

4πσ 2
c

] 1
4

e
− (u− |α|2+|χ |2

2 )2

|α|2+|χ |2

× eiu[φd,0+φc,0+φχα+φp−τ m̃0]

× e
− (1−iRξ )2ξ2

2[σ2
R (1−iRξ )2+σ2]

Jmax∑
J=|m̃0|

|J, m̃0〉〈J, m̃0|, (50)

where the effective complex width σc is

σ 2
c = Rτu(u2 − v2) + u(u2 cos2 η − v2)τ 2(1 − iRξ )2. (51)

Equation (50) gives the photon detection projection op-
erator in the presence of spontaneous emission. Substituting
M̂u,v and its complex conjugate in (27) gives the projection
measurement operator for QND measurement in the presence
of spontaneous emission

M̂u,v () = M̂u,vLs()M̂∗
u,v

= e
−2

(u− |α|2+|χ |2
2 )2

|α|2+|χ |2[
16π2σ 2

c σ ∗2
c

] 1
4

e
− (1−iRξ )2ξ2

2[σ2
R (1−iRξ )2+σ2]

× e
− (1+iRξ )2ξ2

2[σ2
R (1+iRξ )2+σ2]

Jmax∑
J=|m̃0|

|J, m̃0〉〈J, m̃0|

× L()
Jmax∑

J ′=|m̃0|
|J ′, m̃0〉〈J ′, m̃0|. (52)

In measurements, it is the relative photon number difference
v that is used in making the prediction about the atoms.
Hence, the effect of spontaneous emission is to make the
relative photon number difference v insensitive to detection,
see (41) and (40). This comes about by shrinking the width
of mz [spectra of mz from (2J + 1) to a limited range, in
the extreme case a single value], while the amplitude of the
measurement operator M̂u,v decays exponentially as ≈e−∝ξ 2

for values ξ 
= 0. Additionally, the most probable outcome m̃0

is scrambled by spontaneous emission except for m̃0 = 0. All
these affect the utility of using the relative photon number
difference v for inference about the spin state. If one is able
to correctly guess the spontaneous emission rate, then the
value of ξ (40) can always be known and the resulting state
|J, m̃0〉 is known without ambiguity provided that the signal
is detectable. However, the amplitude of such measurements
is exponentially very small, ∼e−∝ξ 2

, making detection of the
corresponding state very difficult unless one uses low photon
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number u, which puts the measurement in the minimally de-
structive regime and will not be a projection measurement.
Because the spontaneous emission shrinks the width of the
eigenvalue spectrum, the eigenvalues of the total spin operator
Jz, further away from mz = 0, are suppressed and have negli-
gible detection probability. Hence, only a handful of mz values
close to mz = 0 are available at a high spontaneous emission
rate, with non-negligible detection probability. Of these few
states, only the state mz = m̃0 = 0 suffers no effects from
spontaneous emission. At a very high spontaneous emission
rate, the detection probability of the state mz = m̃0 = 0 be-
comes higher than other states (which become exponentially
small), thus making mz = m̃0 = 0 the only available state.
One measurement result that guarantees the outcome is for
ξ = 0, which is achieved by postselecting only the outcomes
for which nd = nc, as this guarantees that m̃0 = ξ = m0 = 0,
see (41) and (40), and (45). Another possibility is to let the
spontaneous emission rate be as large as possible R ≈ 1 while
allowing the longer evolution time, as shown in Sec. VIII
below.

VIII. EXAMPLES OF SPONTANEOUS EMISSION
EFFECTS ON STATE PREPARATION

Here we apply the measurement operator developed above
to study the effect of spontaneous emission in the preparation
of squeezed and Schrödinger cat states using the spin coherent
state and thermal state introduced in Sec. V A as the initial
state. Many experiments and proposals for correlated quantum
state preparation have used them as initial states. For all the
initial states, we assume that the ensemble of atoms consists
of N two-level atoms treated as effective spin-1/2 particles.
A practical choice, for example, is using the hyperfine ground
states.

A. Intermediate state

Here we look at the intermediate state generated by the
measurement while assuming N is large and even. Using
the coherent state polarized along the x axis ρcoh

0 = |θ =
π/2, φ = 0〉〈θ = π/2, φ = 0| as an initial state, the measure-
ment operator first prepares a state ρ̃coh = Lsρ

coh
0 (32),

ρ̃coh =
(

1

2

)2J J∑
mz=−J

J∑
m′

z=−J

eRτ |α|2mzm′
z f (x)

×
(

2J

J + mz

) 1
2
(

2J

J + m′
z

) 1
2

|J, mz〉〈J, m′
z|. (53)

Similarly, for the initial state being a thermal state (16), the
state prepared by the measurement ρ̃ th = Lsρ

th
0 is

ρ̃ th = 1

Jmax + 1

Jmax∑
J=0

J∑
mz=−J

e−|α|2(e−Rτm2
z −1)

× e−E0mz

PJ
|J, mz〉〈J, mz|. (54)

Neither of the states prepared by the measurement is normal-
ized for R 
= 0 without the detection step.

��� ���

��� ���

FIG. 4. The Q function of ρ̃ = Lsρatom (32) [see also (D4)] with
different initial states ρatom. In the first row is a spin coherent state
(15) initially polarized along the x axis, while the second row is
a thermal state (16). The parameters of the figure are τ = π/(2J ),
α = √

20, J = 10, and E0 = 1 × 10−12. The parameter R is as shown
in the figure.

We may visualize any state ρ on a Bloch sphere using the
Q function

QJ (θ, φ) = 2J + 1

4π
〈θ, φ|ρ|θ, φ〉. (55)

For ρ = ρ̃coh
0 , the Q function becomes

Qcoh
J = 2J + 1

4π

(
1

2

)2J J∑
mz=−J

J∑
m′

z=−J

eRτ |α|2mzm′
z f (x)

×
(

2J

J + mz

)(
2J

J + m′
z

)(
sin

θ

2

)2J+mz+m′
z

×
(

cos
θ

2

)2J−mz−m′
z

eiφ(m′
z−mz ). (56)

The definition of Q (55) works well for spin states defined
with only one total spin J value such as coherent state that
always occupy the maximum total spin value Jmax. For other
states composed of mixture of the total spin values J , the Q
function, Q = ∑

QJ , is

Q(θ, φ) = 1

Jmax + 1

Jmax∑
J=0

2J + 1

4π
〈θ, φ|ρ|θ, φ〉. (57)

The term (Jmax + 1)−1 in (57) ensures its normalization since
each QJ in the sum is individually normalized when integrated
over θ and φ. Using (57) we calculate the Q function for the
thermal state (54) as

Qth = 1

(Jmax + 1)2

Jmax∑
J=0

2J + 1

4π

J∑
mz=−J

e−E0mz

PJ

× e−|α|2(e−Rτm2
z −1)

(
2J

J + mz

)(
sin2 θ

2

)J+mz

×
(

cos2 θ

2

)J−mz

. (58)

Figure 4 shows the Q function of the different initial states.
For the thermal state, the temperature is set to infinity, thus
resulting in a maximally mixed state. In the first column is
the state of the atoms with the spontaneous emission rate set
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to zero. In this state, there is no effect from light whatso-
ever. This state is exactly the initial state in the absence of
measurement. Since the thermal state is a maximally mixed
state, there is no preferred state, and its Q function, Fig. 4(c),
shows that any state in its superposition is equally probable.
However, for spontaneous emission rate R > 0, each initial
state is affected differently but still consistent as described in
Sec. VI A. For instance, in an atom coherent state polarized
along the x axis on the Bloch sphere, the superoperator Ls()
only broadens the width of the atomic states near the most
weighted probability amplitude m′

z = mz = 0 when the value
of spontaneous emission rate R is small. It is because as
m′

z, mz increases, the amplitude of the atom coherent state
states near m′

z = mz = 0 decreases exponentially faster than
the amplitude of Ls(). Thus their product increases the width
of the probability amplitudes of the prepared states while
suppressing the amplitudes far from m′

z = mz = 0, as shown
in Fig. 4(b). As the value of the spontaneous emission rate
R increases, the trend reverses such that the amplitude of the
superoperator increases faster than that of the coherent state,
and their product away from zero m′

z = mz = 0 becomes large
compared with their product near m′

z = mz = 0. Hence, not
only the width broadens, the position of the most probable
peak equally shifts away from m′

z = mz = 0. This situation is
shown in Fig. 4(b).

The thermal state suffers more from effects due to spon-
taneous emission than the spin coherent state, as shown in
Fig. 4. It is because each state is weighted the same, re-
sulting in a flat probability distribution for each mz within
the total spin manifold J , as shown in Fig. 4(c). Hence,
for even small values of spontaneous emission R � 1, the
amplitude of the superoperator rises exponentially faster as
mz moves away from zero than the thermal state amplitude
that is flat. For each total spin manifold J , the amplitude
of the superoperator is a maximum at |m′

z| = J . Thus the
product of the thermal state amplitude and superoperator at
mz = ±J give the largest values. Hence the most probable
outcome is no longer equally weighted, and the width is
severely affected even for a modest spontaneous emission
rate. Hence, the product of the initial state and the superop-
erator peaks at mz = ±J for each spin sector, as shown in
Figs. 4(d).

B. Final states

Applying the photon detection operator (34) developed in
Sec. VI B to the spin coherent state (53), we arrive at the
following:

ρcoh
nc,nd

= e−|α|2−|χ |2

Pcoh-L
nc,nd

( |α|2 + |χ |2
2

)nc+nd (1

2

)2J

×
J∑

mz=−J

J∑
m′=−J

A(nc, nd , mz )A(nc, nd , m′
z )

× ei τ
2 (nc+nd )(m′

z−mz )e−Rτ
(nc+nd )(m2+m′2 )

4

× einc[φc (mz )−φc (m′
z )]eind [φd (mz )−φd (m′

z )]

× eRτ |α|2mzm′
z f (x)

(
2J

J + mz

) 1
2

×
(

2J

J + m′
z

) 1
2

|J, mz〉〈J, m′
z|, (59)

where Pcoh-L
nc,nd

is the probability of obtaining nc and nd photons
in a measurement using a coherent state as an initial state.
Similarly, the detection operator (34) acting on the thermal
state (54) gives

ρ th
nc,nd

= e−|α|2−|χ |2

Pth-L
nc,nd

( |α|2 + |χ |2
2

)nc+nd 1

Jmax + 1

×
Jmax∑
J=0

J∑
mz=−J

|A(nd , nd , mz )|2

× e2Re{i[ncφc (mz )+nd φd (mz )]}e− Rτm2
z

2 (nc+nd )

e−|α|2(e−Rτm2
z −1) e−E0mz

PJ
|J, mz〉〈J, mz|, (60)

where Re[z] gives the real part of a complex variable z, and
Pth-L

nc,nd
is the probability of obtaining nc and nd photons in a

measurement with thermal state as an initial state. The photon
probabilities Ps-L

nc.nd
for s = coh or th is defined as

Ps-L
nc,nd

= TrJ,mz

(
M̂nc,ndLsρ

sM̂†
nc,nd

)
. (61)

Similarly, given the atoms to be in the state s, the probability
Ps

nc,nd
of observing the atoms in the state |J, mz〉 conditioned

on the detection of photons nc and nd is given by

Ps
nc,nd

= 1

Ps-L
nc,nd

〈J, mz|M̂nc,ndLsρ
sM̂†

nc,nd
|J, mz〉. (62)

C. Squeezed state

Here, we examine the effect of spontaneous emission on
the preparation of a squeezed state, which is obtained for the
dimensionless time τ of the order 1/J . For definiteness, we set
time τ to be equal to π (2Jmax)−1, and present the probability
density of the atomic states (62) conditioned on the detection
of photons in Fig. 5.

As shown in Fig. 5, the initial probability density of the
states at τ = 0 = R is unsqueezed. For the coherent state
shown in the first row, the distribution is a Gaussian given by
the solid line. For the maximally mixed thermal state shown
in the second row, it is given by the straight line parallel to the
x axis. However, for τ = π (2Jmax)−1 and R = 0, it becomes
squeezed. Notice that increases in R lead to more squeezing of
the atom probability density. For instance, in the first column
where nc = nd , mz = m0 = 0 (41) and the position of the peak
of the probability density is unaffected. However, the width
decreases with increasing R as predicted in Sec. VI B. The
implication is that spontaneous emission reduces the values
of states that would contribute to the measurement outcome.

For photon number difference nd − nc 
= 0, both the peak
position and width of the probability density are affected, as
shown in the second column of Fig. 5. The width of probabil-
ity density for τ = π (2Jmax)−1 and R = 0 is squeezed, smaller
than the width at τ = 0 and R = 0. A higher value of the
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FIG. 5. The conditional probability density (62) of the state pre-
pared by a QND measurement for different initial states. The first
row is the conditional probability density where the initial state is a
coherent state polarized along x axis as described in the text. The sec-
ond row is the conditional probability density using the thermal state
that is maximally mixed as the initial state. The first column takes
nc = nd = 20, while in the second column nd = 40 and nc = 10.
The dimensionless time τ for every figure is τ = π/(2Jmax) except
otherwise shown in the graphs, and the dimensionless spontaneous
emission rate R is as shown in the figure. The parameters of the
figures are N = 20, α = χ = √

20, and E0 = 1 × 10−12.

spontaneous emission strength R causes more reduction in the
width of the probability density compared with a smaller value
of R. Additionally, it shifts the probability amplitude towards
mz = 0. For the maximally mixed state shown in Fig. 5(d),
the probability density collapses towards the lower total spin
value J . All these agree with the predictions of Sec. VI B.

From the preceding discussion, the relative photon num-
ber difference nd − nc plays a role in making inferences on
the state of the atoms in the absence of or negligibly small
spontaneous emission rate 0 � R � 1. In this limit, the peak
position ξ and the width σc agree with the predictions made
using the relative photon number difference, ξ = m0 = mz

and σc = σ . For substantial values of the spontaneous
emission rate R < 1, the spontaneous emission renders the
measurement insensitive to the relative photon number differ-
ence, except where the relative photon number difference is
zero, nc = nd . It does this by limiting the number of atomic
states contributing to the inference by making the width of the
probability density smaller while masking the most dominant
state. Note that strong measurements reduce the width of
probability density such that it is small compared with the
step size of one by which the eigenvalues mz of Jz change
[43]. Hence, the spontaneous emission measures the atoms
strongly.

D. Schrödinger cat state

The Schrödinger cat state is a superposition of two coher-
ent states realized at long interaction times τ between atoms
and light. Hence, our discussion in this section uses the spin
coherent state. To achieve strong interactions, we evolve the
interaction τ for a longer time by setting the interaction time to

(a)

(b)

(c)

FIG. 6. The Wigner distribution of the state ρcoh
nc,nd

(59). The di-
mensionless time τ for the figures is τ = π/2, and the dimensionless
spontaneous emission rate R is as shown in the figure. The parameters
of the figures are N = 20, α = χ = √

20, and nc = nd = 20.

τ = π/2. To show the quantum effects contained in the state,
we calculate the Wigner distribution defined in Ref. [11]

W (θ, φ) =
2J∑

L=0

L∑
M=−L

ρL,MYL,M (θ, φ), (63)

where YL,M (θ, φ) are spherical harmonics. The coefficient
ρL,M is defined as

ρL,M =
J∑

mz=−J

J∑
m′

z=J

(−1)J−mz−M〈J, mz; J,−m′
z|L, M〉

× 〈Jmz|ρ|Jm′
z〉, (64)

where 〈J, mz; J, m′
z|L, M〉 is the Clebsch-Gordan coefficient

for combining two angular-momentum eigenstates |J, mz〉 and
|J, m′

z〉 to the state |L, M〉, and ρ is the density matrix. Any
quantum effect contained in the density matrix results in the
negative values for the Wigner distribution.

We present the Wigner distribution of the state in Fig. 6.
For R = 0 as shown in Fig. 6(a), one realizes a Schrödinger
cat state, a macroscopic superposition of two coherent states
along the equator at φ = 0 and φ = π . As the spontaneous
emission rate R increases, the interference between the two
spin coherent states decreases. The decrease in negative values
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FIG. 7. The probability density of the state ρcoh
nc,nd

(59) at dimen-
sionless time τ = π/2. The dimensionless spontaneous emission rate
R is as shown in the figure, and parameters of the figures are N = 20,
α = χ = √

20, and nc = nd = 20.

of the Wigner distribution shows that the state is becoming
more classical. This feature equally manifests in Fig. 7, show-
ing the conditional probability density (62) at the values of
spontaneous emission rate R given in Fig. 6. At R = 0, the
probability density oscillates more rapidly than any other R
value. The oscillations and the width of the probability density
decrease with an increase in R, similar to the effect observed
with squeezed states in the presence of spontaneous emission.
However, since the measurement is already strong, the spon-
taneous emission would realize only one Dicke state, which
happens to be mz = 0 state, |J, mz = 0〉, by making the width
of the distribution small. Hence, a small value of the sponta-
neous emission is sufficient to destroy the quantum features
realized by the measurement as seen in Figs. 6(c) and 7.

IX. SUMMARY AND CONCLUSIONS

We derived the master equation (5) for an atom interacting
with light by adiabatic elimination accounting for the effects
of spontaneous emission. The solution (13) to the master
equation produces a quantum state of atoms that is dephased
while giving decay in the quantum state of light associated
with the optical depth in QND experiments [33,53]. Addition-
ally, we showed that the intensity of the light beam that has
interacted with the atoms depends on the initial statistics of
atom distribution and may not necessarily experience expo-
nential decay. Collapsing the quantum state of light via photon
detection, we derive a positive operator valued measure (27)
that takes any quantum state of the atoms at the input to the
output. The photon number difference gives the eigenvalue of
the total spin operator Jz measured by the photons. However,
we showed that the spontaneous emission masks the relative
photon number difference, thereby making the measurement
insensitive to detecting the eigenvalues of the total spin
operator Jz.

The eigenstates of the total spin Jz operator span the
POVM. Each operator term of the POVM experiences spon-
taneous emission in proportion to mz, the eigenvalues of Jz.
However, the operator term of the POVM corresponding to
mz = 0 experiences no spontaneous emission. We showed
that due to spontaneous emission, the measurement drives the

quantum state of an atom ensemble such that it converges
towards mz = 0, an eigenstate of Jz for a given total spin value
J . For an ensemble with more than one spin J value, its state
converges to a state with the minimum J value for the same
eigenvalue of Jz, mz = 0. This finding should interest propos-
als [40–42,50] that use measurement and unitary feedback for
quantum state preparation.

Furthermore, we tuned the atom-light interaction strength
to prepare correlated states of the atoms, such as the squeezed
and Schrödinger-cat states. We found that for a given spin
eigenvalue J , correlations that build their coherence on 2J + 1
eigenvalues of the spin operator Jz are most susceptible to
spontaneous emission effects. This susceptibility is because
the spontaneous emission shrinks the width of the eigenvalues
available from 2J + 1 to a limited range, and a single value in
the limiting case. Thus, an appreciable spontaneous emission
rate turns the POVM into a projection operator whose mea-
surement outcome is zero, mz = 0. Hence the Schrödinger-cat
state is easily destroyed, even by a weak strength of sponta-
neous emission, compared with the squeezed state.
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APPENDIX A: DERIVATION OF THE EFFECTIVE
GROUND-STATE MASTER EQUATION

We consider a two-level atom as shown in Fig. 1, and
decompose the state ρatom of the atom in terms of its levels,
|g〉 and |e〉, as

ρatom = Pee|e〉〈e| + Peg|e〉〈g| + Pge|g〉〈e| + Pgg|g〉〈g|, (A1)

where Pkk , k = e, g are the probability of atom being in the
excited and ground state, respectively, while the coefficients
Peg and Pge are a measure of coherence between the ground
and excited state. Substituting (B2) in (B3), with ρatom defined
in (A1), gives the following coupled differential equations:

Ṗee = −i(�∗
geαPge − �geα

∗Peg) − γ Pee, (A2)

Ṗeg = −i(�Peg + (Pgg − Pee)�∗
geα) − γ

2
Peg, (A3)

Ṗge = −i(−�Pge + �geα
∗(Pee − Pgg)) − γ

2
Pge, (A4)

Ṗgg = −i(�geα
∗Peg − �∗

geαPge) + γ Pee, (A5)

α̇ = −i
Pee

Pge
�ge, (A6)

α̇∗ = i
Pee

Peg
�∗

ge, (A7)
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α̇ = −i
Peg

Pgg
�ge, (A8)

α̇∗ = i
Pge

Pgg
�∗

ge. (A9)

In deriving (A2)–(A9), we used the fact |α〉 is not an eigen-
state of â†, and decompose â†|α〉 into its orthogonal state as
â†|α〉 = |α⊥〉 + α∗|α〉. The orthogonal states |α⊥〉 allow us
to obtain evolution equation for α and α∗. In particular, the
evolution of α in the state |e, α⊥〉 and its dual (α∗ in the
state 〈e, α⊥|) have no corresponding part in the atom-light
interactions. These states represent the free evolution part of
the photons. This can be understood as the photons that come
in contact with the atom when the atom is already in its excited
state does not interact with it. This justifies the assumption of
the phase contrast imaging [19,20,54] that after light passes
through the interaction region, two beams emerge—those that
have interacted with atom and would accumulate some phase
due to the interaction, and those that did not interact with
the atom.

The coupled equations (A2)–(A9) could be solved much
more generally. However, we are interested in the regime
where the rate of change in the probability of the excited
state, as well as the coherences are negligible small Ṗee =
Ṗeg = Ṗge = 0. Reinterpreted, we are interested in the regime
where the ground state evolves slowly in the presence of the
applied field. Assuming that the atom is initial prepared in
its ground state, and the detune is large, we assume for all
times that Pgg � Pee. Under these assumptions, we immediate
obtain from (A3) and (A4) that

Peg = �∗
geα

(−� − i γ

2

)
�2 + γ 2

4

Pgg, (A10)

Pge = �geα
∗(−� + i γ

2

)
�2 + γ 2

4

Pgg, (A11)

where (A10) describes event in the Hilbert space, while (A11)
describes the same event in dual Hilbert space. Upon setting
the left-hand side of (A2) to zero and substituting (A10) and
(A11) for Peg and Peg, respectively we obtain

Pee = |�geα|2(
�2 + γ 2

4

)Pgg. (A12)

To justify the earlier assumption Pgg � Pee implies that
|�geα|2/�2 � 1 and γ 2/�2 � 1.

Substituting for Peg, Pge, and Pee in the evolution of α and
its complex conjugate (A8) and (A9) reduces to

α̇ = −i
|�ge|2

(−� − i γ

2

)
�2 + γ 2

4

α, (A13)

α̇∗ = i
|�ge|2

(−� + i γ

2

)
�2 + γ 2

4

α∗. (A14)

It can equally be verified that similar substitution in (A6) and
(A7) give the same set of equations (A13) and (A14) whose
solution is as given in (B4).

Substituting for Peg, Pge, and Pee in (A5) gives the following
equation for the evolution of the ground-state probability Ṗgg:

Ṗgg = − i
|�geα|2(−� − i γ

2

)
�2 + γ 2

4

Pgg

+ i
|�geα|2(−� + i γ

2

)
�2 + γ 2

4

Pgg

+ γ |�geα|2
�2 + γ 2

4

Pgg. (A15)

Taken these sets of equations (A15), (A13), and (A14), we see
that a pattern emerge even though (A15) is zero. There exist an
effective Hamiltonian acting on the ground state of the atom
and the quantum state of light of the form

H̃eff = h̄
|�ge|2

(−� − i γ

2

)
�2 + γ 2

4

â†â|g〉〈g|. (A16)

However, the last term appearing in (A15) does not show up
in the evolution of the light’s complex amplitude (A13) or
(A14). This term is as a result of randomness introduced in the
states of the atom when the atom spontaneously emits photon
in some random direction. Physically, the quantum state of
atoms that has undergone spontaneous emission is different
from its state before photon absorption. Hence, the evolution
of the ground state of the atom and the coherent state of
light is

ρ̇ = − i

h̄
(H̃effρ − ρH̃∗

eff ) + γ |�ge|2
�2 + γ 2

4

â|g〉〈g|ρ|g〉〈g|â†.

(A17)

Equation (A17) is the ground state evolution master equa-
tion given in (B5) of the main text.

APPENDIX B: EFFECTIVE GROUND-STATE EVOLUTION
IN A TWO-LEVEL SYSTEM

In this section, we derive the master equation for ground-
state evolution in the presence of spontaneous emission,
within the adiabatic approximation [54]. We first derive the
ground-state evolution of a two-level atom interacting with
coherent light. Later we extend the derivation to an atom qubit
interacting with coherent light, and then generalize it to an
ensemble of atom qubits.

The ground-state master equation of a two-level atom

Consider a two-level atom that consists of an excited state
|e〉 and a ground state |g〉 interacting with a monochromatic
laser light beam of frequency ω. With the ground-state energy
as the reference and within the dipole approximation, the
evolution of states of light and the atom is governed by the
following Hamiltonian

H = h̄�|e〉〈e| + h̄�∗
geσ+â + h̄�geâ†σ−, (B1)

where �ge is the atom-photon coupling frequency between
the atomic levels, � = ωe − ω is the detuning of the light
frequency ω from the excited state’s frequency ωe, and σ+ =
|e〉〈g| is the atomic excitation operator, while σ− = |g〉〈e| is
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the atomic lowering operator. The operator â is the photon
annihilation operator whose action on the vacuum state |0〉
is to destroy it, â|0〉 = 0. Additionally, the photon operators
â, â† satisfies the commutation relation [â, â†] = 1.

We assume the combined state of the atom and light is a
product state of the form

ρ = ρatom ⊗ |α〉〈α|, (B2)

where the light state is a coherent state, |α〉 = e−|α|2/2eαa† |0〉,
and α is the complex photon number amplitude of the laser
light that has time dependence. The state of the atom ρatom

can be decomposed in terms of its two levels, the excited
and ground states. The evolution of the density matrix (B2)
accounting for the spontaneous emission of the atom is

ρ̇ = − i

h̄
[H, ρ] + γ

2
(2σ−ρσ+ − σ+σ−ρ − ρσ+σ−), (B3)

where γ is the atom’s spontaneous decay rate.
Initially, the atom is prepared in its ground state with a unit

probability. Its subsequent evolution in the presence of light
has negligible effect on the ground-state probability. As such,
the ground state evolves slowly due to the applied field, and
the rate of change in the probability of the excited state, and
the coherences of the two levels, are negligibly small. To this
end, we assume |�egα|2/�2 � 1 and γ 2/�2 � 1, and we
seek the Hamiltonian governing the evolution of the ground
state and coherent state of light. In Appendix A, we show
the detailed derivation and summarize the results below. By
adiabatically eliminating the excited-state evolution, we find
the time dependence of the photon number amplitude

α(t ) = α(0) exp

(
i
�|�ge|2t

�2 + γ 2

4

)
exp

(
− γ |�ge|2t

2
(
�2 + γ 2

4

)
)

.

(B4)

The first exponent of (B4) shows that light accumulates a
phase due to its interaction with the atom. The second expo-
nential shows that the amplitude of light decays. This implies
that not all the photons that interacted with the atom will reach
the detector. Those lost are emitted in random directions away
from the detectors. This decay is often described in terms of
optical depth in QND experiments [33,53,55,56]. The optical
depth can be controlled—making it achieve a value close
to unity—by making the detuning large compared with the
spontaneous emission rate. This makes the denominator of the
decay term large compared with the numerator, which in turn
makes the atoms more transparent to the incident beam.

Furthermore, with large detuning from atomic resonance
transition, the coherences and excited state evolve faster than
the ground state. Provided the excited-state population decays
at a rate faster than the timescale of the ground-state evolution,
the coherences and excited-state probability are negligibly
small. Adiabatically eliminating them causes the ground state
to accumulate a global phase. Thus, the ground state of the
atom evolves according to the following master equation as
detailed in Appendix A

ρ̇ = − i

h̄
(H̃effρ − ρH̃†

eff ) + γ̂eff â|g〉〈g|ρ|g〉〈g|â†, (B5)

where the effective non-Hermitian Hamiltonian is

H̃eff = −h̄Gâ†â|g〉〈g| − ih̄
γ̃eff

2
â†â(|g〉〈g|)2. (B6)

The frequencies are defined as

G = �
|�ge|2

�2 + γ 2

4

, γ̃eff = γ
|�ge|2

�2 + γ 2

4

. (B7)

For a family of ground states, such as the hyperfine states
of an atom, (B5) predicts that the ground-state probabilities
do not evolve. Instead, the ground states accumulate global
phases. While this is physically unobservable, preparing the
ground states in a coherent linear superposition causes the
evolution of their coherences with time because of the dif-
ferent phases of each ground state in the superposition. The
evolution of the coherences becomes clear by writing (B5)
using the relative population difference of ground states. If
we are not interested in the light’s evolution, one can replace
the photon operators by their averages 〈α|â†â|α〉 = |α|2 =
〈α|â†|α〉〈α|â|α〉, and obtain the usual dephasing ground-state
master equation [57,58]. We note that (B5) may be put in the
Lindblad form as

ρ̇ = − i

h̄
[h̄Gâ†â|g〉〈g|, ρ]

+ γeff

(
â|g〉〈g|ρ|g〉〈g|â† − 1

2
{â†â|g〉〈g|, ρ}

)
. (B8)

APPENDIX C: MATRIX SOLUTION
OF MASTER EQUATION

Substituting the ansatz (12) in (5), we obtain the following
coupled equations,

ρ̇mz,m′
z
= − R

2

(
m2

z αmzα
∗
mz

+ m′2
z αm′

z
α∗

m′
z

)
ρmz,m′

z

+ Rαmzα
∗
m′

z
mzm

′
zρmz,m′

z
, (C1)

α̇mz =
(

−imz − R

2
m2

z

)
αmz . (C2)

The solution of (C2) is given in (18). Similar expression is
obtained for α∗

m′
z

with mz = m′
z. Upon substituting (18), one

obtains the solution of the spin matrix elements

ρmz,m′
z
(τ ) = exp

[ |α|2
2

(
e−Rm2

z τ + e−Rm′2
z τ − 2

)

+ R|α|2mzm′
z

i(m′
z − mz ) − R

2

(
m2

z + m′2
z

)
× (

eiτ (m′
z−mz )− R

2 τ (m2
z +m′2

z ) − 1
)]

× ρmz,m′
z
(0). (C3)

APPENDIX D: FORMAL SOLUTION
TO THE MASTER EQUATION

In seeking the solution of the master equation, we observe
that the right-hand side of the master equation (5) behaves
as a source. Borrowing the techniques used in solving the
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differential equation [48,49], we treat the jump part (the right-
hand side) of the master equation as source. The terms on the
left-hand side of (5) governs the deterministic free evolution
of the system. The solution obtained with the right-hand side
set to zero gives the solution of the homogeneous differential
equation. The source term gives the particular solution of
the differential equation [48,49]. Hence, the solution of (5)
is a combination of the homogeneous part and the particular
solution [48,49].

Finding the solution of (5) begins with finding the inte-
grating factor [48,49], which is related to the homogeneous
solution by inverse transformation. The integrating factor
transforms the differential equation such that the homogenous
part is removed from the resulting differential equation while
leaving a transformed source—the rotating-frame transforma-
tion. In the case at hand, the integrating factors are e

i
h̄ Heff τ ,

e− i
h̄ H∗

eff τ . The density matrix ρ is then transformed as ρ̃ =
e

i
h̄ Heff τ ρe− i

h̄ H∗
eff τ , while the master equation (5) reduces to

˙̃ρ = L̃sρ̃, (D1)

where the superoperator [45,46] L̃s is

L̃s() = e
i
h̄ Heff τ âJz()Jzâ

†e− i
h̄ H∗

eff τ ,

L̃s() = R âeŵτ Jz()Jze
ŵ∗τ â†, (D2)

and the complex frequency ŵ operator is

ŵ = −iJz − R

2
J2

z . (D3)

In writing (D2), we made use of the Baker-Campbell-
Hausdorff theorem, and the identity operator defined as
e

i
h̄ Heff τ e− i

h̄ Heff τ = 1 = e
i
h̄ H∗

eff τ e− i
h̄ H∗

eff τ .
Noting that ρ̃(τ = 0) = ρ(0), (D1) can easily be integrated

to give

ρ̃ = e
∫ τ

0 dτ ′ L̃s ()ρ(0)

=
∞∑

q=0

(
R

∫ τ

0 dτ ′)q

q!
(âeŵτ ′

Jz )qρ(0)(Jze
ŵ∗τ ′

â†)q. (D4)

The solution ρ(t ) is obtained by multiplying (D4) from the
left by e− i

h̄ Heff τ and from the right by e
i
h̄ H∗

eff τ to give (13) in the
main text.

APPENDIX E: DISENTANGLING
EXPONENTIAL OPERATOR

Given a differential equation of the form (5), its solution
relating the density matrix ρ at any time τ to that at τ = 0 is

ρ(τ ) = Ûρ(0), (E1)

where the operator Û is defined as

Û = eτ [LH ()+Ls ()]. (E2)

The jump superoperator Ls is defined as

Ls() = RâJz()Jzâ
†. (E3)

The superoperator LH which controls the homogeneous evo-
lution is defined as

LH () = ŵ(Jz )â†â() + ()ŵ∗(Jz )â†â, (E4)

where the function of the operator ŵ(Jz ) is defined in (D3).
It is more convenient to have the operator Û as a product of

operators. As such, it is important to know the commutation
relation between the operators in the exponent of Û . The su-
peroperators LH () and Ls() satisfy the following commutation
relation

[LH ,Ls]ρ = (LHLs − LsLH )ρ

= −[ŵ(Jz )() + ()ŵ∗(Jz )]Lsρ. (E5)

Thus any equivalent formulation of the operator Û will be of
the form [24]

Û = ep(τ )LH er(τ )Ls . (E6)

To determine the forms of p(τ ) and r(τ ), we take the deriva-
tive of (E2) and (E6). The derivative of (E2) gives

dÛ

dτ
= (LH + Ls)Û , (E7)

while that of (E6) gives

dÛ

dτ
= ( ṗLH + ep(τ )ṙLse

−p(τ ) )Û , (E8)

where q̇ = dq/dτ .
Applying the Baker-Campbell-Hausdorff relation to (E8),

and equating coefficients of operators in (E7) and (E8) gives
the solution of the functions under the conditions p(τ = 0) =
0 and r(τ = 0) = 0 as

p = τ, (E9)

r =
∫ τ

0
dτ ′ eτ ′[ŵ(Jz )()+()ŵ∗(Jz )]. (E10)

Substituting (E9) and (E10) in (E6) and using (E6) in (E1)
gives same solution as (13) in the main text.
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