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Single-photon manipulations based on optically controlled chiral couplings in waveguide structures
of Rydberg giant atoms
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Two interacting Rydberg atoms coupled to a waveguide may realize a giant-atom platform that exhibits
controllable (phase-dependent) chirality through which the direction of nonreciprocally scattered photons can
be switched on demand, e.g., by the geometrical tuning of an external driving field. In our platform, at variance
with traditional setups, the chirality arises from a simple optical implementation of the local phase difference
between two coupling points of the Rydberg giant atom. When employing two (or more) driving fields, this
platform can also be used as a frequency converter with its strongly asymmetric efficiency being significantly
enhanced via the chiral couplings. Our Rydberg giant-atom platform is well suited for chiral quantum optics
applications and further offers direct scalability for reaching tunable frequency conversion in the optical domain.
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I. INTRODUCTION

Rydberg atoms with large principal quantum numbers,
combining long coherence times and strong long-range in-
teractions, can serve as attractive building blocks for many
important applications, including scalable quantum comput-
ing and long-distance quantum communication [1–3]. Note,
in particular, that strong Rydberg interactions can well sup-
press multiple atomic excitations within a blockade radius
by shifting the resonance of double atomic excitations [4],
which opens possibilities to explore single-photon gener-
ation [5–7], quantum logic gates [8–10], entangled states
[11–14], and quantum simulators [15,16]. Very recently, in-
teracting Rydberg atoms have been considered as a new
platform to implement actual giant-atom physics working in
the optical domain, with peculiar self-interference effects and
entanglement-onset dynamics [17]. It is then worth noting that
giant atoms have emerged as a novel paradigm in quantum
optics and are generally characterized by multiple couplings
with electromagnetic or acoustic modes at distinct points,
hence breaking the dipole approximation [18]. Experimental
platforms of typical giant atoms are presently available includ-
ing, e.g., superconducting quantum circuits [19–22], coupled
waveguide arrays [23], and ferromagnetic spin systems [24].

Benefiting from diverse geometric structures owing to
multiple coupling points between giant atoms and waveg-
uide modes, rich interference effects can be introduced
to modify relevant interactions, opening a broad field of
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perspectives for controlling photon transport and information
processing. A series of unique characteristics, e.g., frequency-
dependent atomic relaxation rates and Lamb shifts [25–27],
nonexponential atomic decay [20,28], in-band decoherence-
free interactions [21,29–31], and long-lived entanglement
generation [32], have already been discovered in different
giant-atom schemes. Especially, for some chiral setups based
on giant atoms, unlike others based on spin-momentum lock-
ing effect [33–35] or topological waveguides [36,37], the
direction-dependent couplings can be realized by introducing
a local coupling-phase difference to break the time-reversal
symmetry, resulting in chiral spontaneous emission and
nonreciprocal transmission [38–41]. Considering specifically
designed multilevel atomic structures in waveguide quantum
electrodynamics systems, more abundant behaviors of photon
scattering will appear, including asymmetric photon routing
[42,43] or circulating [44,45], and efficient frequency conver-
sion [46–49].

This paper aims at tackling a few issues of the optical
giant-atom physics using Rydberg atoms, building upon our
earlier work [17]. We extend this work to encompass scenarios
involving multiple drivings and chiral couplings to attain on
demand nonreciprocal light scattering and asymmetric fre-
quency conversion. In Sec. II, we consider the basic case of
two two-level Rydberg atoms coupled to one waveguide mode
and driven by one external field (see Fig. 1). In an appropriate
regime, both single-excitation states remain unpopulated and
can be adiabatically eliminated, leading to an equivalent giant
atom coupled to the waveguide mode at two points. Scattering
properties of this giant atom are sensitive to the relative phase
of two waveguide-atom coupling coefficients and also con-
trolled by the driving field’s angle of incidence, thus yielding
tunable nonreciprocal transmissivities.
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FIG. 1. Schematic diagram for achieving nonreciprocal trans-
mission of one waveguide mode. (a) Two two-level Rydberg atoms
interacting via a vdW potential V6, coupled to a waveguide mode
a respectively at x1 = 0 and x2 = d , and driven by a coherent field
�c1. If the driving field is oblique with angle α, there will be a
phase difference as it reaches the two atoms ascribed to optical path
difference l1 (see the inset). (b) The four-level configuration in the
two-atom basis where driving field �c1 is matched in frequency
with waveguide mode a on both left and right paths of two-photon
resonance. (c) The equivalent two-level giant atom exhibiting two
coupling points when adiabatically eliminating two single-excitation
states.

In Sec. III, we consider another case in which different
Rydberg atoms are driven by different external fields matching
different waveguide modes in frequency under the two-photon
resonance (see Fig. 4). While this nonlocal system with each
waveguide mode exhibiting one coupling point no longer
mimics a giant atom, and hence exhibits reciprocal scattering
properties, it may operate as a symmetric frequency converter
whereby a photon propagating in one waveguide mode, in-
dependent of its input port, can be converted into a photon
propagating in the other waveguide mode and vice versa.
In Sec. IV, we consider the more complex case in which
both Rydberg atoms are driven by two external fields and
coupled to two waveguide modes with matched frequencies
under the two-photon resonance (see Fig. 6). This nonlocal
system with each waveguide mode exhibiting two coupling
points behaves as a giant atom again and becomes sensitive to
the two relative phases of the four waveguide-atom coupling
coefficients. Its frequency conversion properties can be made
highly asymmetric and more efficient, e.g., by changing the
angle of incidence of each driving field.

II. NONRECIPROCAL TRANSMISSION

We consider two identical atoms 1 and 2 with resonant
transition frequency ωe and intrinsic dissipation rate γ (into
the free space) from Rydberg state |r〉 to ground state |g〉.
They are driven by a coherent field with Rabi frequency

�c1 and coupled to a photonic crystal waveguide at x1 = 0
and x2 = d , respectively, as shown in Fig. 1(a). They also
interact via a van der Waals (vdW) potential V6 = C6/R6 [1],
where C6 and R are the vdW coefficient and the interatomic
distance, respectively. This potential shifts the frequency of
double-excitation state |r1r2〉 from 2ωe to 2ωe + V6 yet with-
out affecting the frequency ωe of single-excitation states |r1g2〉
and |g1r2〉. The driving field is assumed to exhibit a frequency
ωc1 close to ωe + V6 but sufficiently far detuned from ωe.
We further assume that ωe + V6 falls within a band gap of
the waveguide, while ωe corresponds to a propagating waveg-
uide mode a. Then, the two upper transitions |r1g2〉 → |r1r2〉
and |g1r2〉 → |r1r2〉 only couple with the driving field �c1,
while the two lower transitions |g1g2〉 → |r1g2〉 and |g1g2〉 →
|g1r2〉 only couple with the waveguide mode a. Based on all
above considerations, as done in our recent work [17], we
can obtain a four-level configuration in the two-atom basis as
shown in Fig. 1(b) where the detuning �c1 = ωc1 − (ωe + V6)
is restricted by |�c1| � V6 and the resonance condition on
two-photon transition |g1g2〉 → |r1r2〉 can be satisfied for a
matching waveguide-mode frequency ωe − �c1.

The system Hamiltonian, under the rotating-wave approxi-
mation, can be written as (h̄ = 1)

HAk = (ωe − iγ )(|g1r2〉〈g1r2| + |r1g2〉〈r1g2|)

+ (2ωe + V6 − 2iγ )|r1r2〉〈r1r2| +
∫

dkaωkaa†
kak

+
[ ∫

gadkaak (|r1g2〉〈g1g2| + |g1r2〉〈g1g2|eikad )

+ �c1e−iωc1t (|r1r2〉〈r1g2| + eiθ1 |r1r2〉〈g1r2|) + H.c.

]
.

(1)

Here, ak (a†
k) refers to the bosonic annihilation (creation)

operators of waveguide mode a denoted by wave vector ka

and frequency ωka; θ1 represents the phase difference between
two Rabi frequencies of a common magnitude �c1 for differ-
ent atoms, which is easily controlled by utilizing an oblique
driving field with angle α deviating from the normal to the
waveguide. To be more concrete, we have θ1 = kc1l1 where
kc1 is the wave vector of the driving field and l1 = d sin α

is the optical path difference between the two driving points
(being θ1 = 0 when the field is incident normally). Under
the Weisskopf-Wigner approximation, we further have a con-
stant coupling strength gka = ga for the waveguide modes
of frequencies ωka � ωe and a constant atomic decay rate
�a = g2

a/vg into these waveguide modes with vg being the
group velocity of waveguide photons. The present model dif-
fers from that in [17] for an extra relative phase θ1, which
would bring equivalent chiral couplings into play as discussed
later.

Above, we have first provided Hamiltonian HAk in the
momentum space because it allows for an exact description
of the present model and is also indispensable for deriving
the conditions under which a four-level Rydberg pair can be
regarded as a two-level giant atom (see Appendix A). To
investigate the scattering of a single waveguide photon by
two interacting Rydberg atoms initially in the ground state
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|g1g2〉, however, it is more convenient to employ the approach developed by Shen and Fan [50,51], used in [39,49,52,53], and
referred to as the Bethe-ansatz approach [54]. This approach requires, in particular, the real-space Hamiltonian

HAx = (ωe − iγ )(|r1g2〉〈r1g2| + |g1r2〉〈g1r2|) + (2ωe + V6 − 2iγ )|r1r2〉〈r1r2| +
∫ +∞

−∞
dx

[
a′†

L (x)

(
ω0 + ivg

∂

∂x

)
a′

L(x)

+ a′†
R (x)

(
ω0 − ivg

∂

∂x

)
a′

R(x)

]
+
∫ +∞

−∞
dx{δ(x)ga[aR(x) + aL(x)]|r1g2〉〈g1g2|

+ δ(x − d )ga[aR(x) + aL(x)]|g1r2〉〈g1g2| + H.c.} + �c1e−iωc1t (|r1r2〉〈r1g2| + eiθ1 |r1r2〉〈g1r2|) + H.c. (2)

obtained from HAk via a standard Fourier transform [51]. Here,
aL = a′

Le−ik0x (a†
L = a′†

L eik0x) and aR = a′
Reik0x (a†

R = a′†
R e−ik0x)

denote the annihilation (creation) operators of left-going and
right-going photons in waveguide mode a, respectively, with
a′

L and a′
R representing spatially slowly varying envelopes.

Note also that the delta functions δ(x) and δ(x − d ) describe
two spatially separated coupling points, and we have cho-
sen ω0 = ωe as the frequency around which the dispersion
relation of waveguide mode a can be linearized as ωka =
ω0 − (k0 ± ka)vg with “+” (“−”) referring to the left (right)
branch. For a waveguide photon of central frequency ωka (its
detuning is defined as δka = ωka − ωe) incident from port 1 on
the left or from port 2 on the right, one can solve the stationary
Schrödinger equation HAx |�Ax 〉 = ωka|�Ax 〉 to examine the
eigenstate

|�Ax 〉 =
∫ +∞

−∞
dx
[
�A

aR(x)a†
R(x) + �A

aL(x)a†
L(x)

]|0, g1g2〉

+ uA
b |0, r1g2〉 + uA

c |0, g1r2〉 + uA
d |0, r1r2〉, (3)

where |0, g1g2〉 denotes the vacuum state of the system
without waveguide photons and excited atoms; uA

b , uA
c , and

uA
d are the excitation probability amplitudes of different

atomic states. Note that all terms in |�Ax 〉 belong to the
single-excitation subspace of waveguide photons, as the
double-excitation state |r1r2〉 corresponds to a two-photon
transition from the ground state |g1g2〉 in which only one
quantum of the waveguide mode is exchanged (the other
comes from the driving field).

Moreover, under appropriate boundary conditions, the den-
sities of probability amplitudes for right-going and left-going
photons can be written respectively as

�A
aR(x) = eikax{
(−x) + A1[
(x) − 
(x − d )]

+ t1→2
(x − d )},

�A
aL(x) = e−ikax{r1→1
(−x) + A2[
(x) − 
(x − d )]},

(4)

referring to the case where one photon is incident from the left
(i.e., port 1) of the waveguide, or

�A
aR(x) = eikax{A3[
(x) − 
(x − d )] + r2→2
(x − d )},

�A
aL(x) = e−ikax{
(x − d ) + A4[
(x) − 
(x − d )]

+ t2→1
(−x)}, (5)

referring to the case where one photon is incident from the
right (i.e., port 2) of the waveguide. Above, we have used
A1,3 (A2,4) to denote the probability amplitudes for a right-
going (left-going) photon within the region of 0 < x < d ,
while 
(x) is the Heaviside step function with 
(x) = 0 for
x < 0, 
(x) = 1/2 for x = 0, and 
(x) = 1 for x > 0, using
the half-maximum convention [55]. All unknown coefficients
appearing in |�Ax 〉 can be obtained straightforwardly (see
Appendix A1) from the solution of HAx |�Ax 〉 = ωka|�Ax 〉,
This then yields two transmissivities T1→2 = |t1→2|2 and
T2→1 = |t2→1|2, which are in general different (i.e., nonre-
ciprocal) due to equivalent giant-atom chiral couplings as
discussed below.

A. Equivalent giant atom

Under the two-photon resonance condition (i.e., �c1 +
δka � 0) and with detunings much larger than coupling
strengths (i.e., |δka| � |�c1| 	 �c1, ga), it has been shown
that the double-excitation state |r1r2〉 decays directly to the
ground state |g1g2〉, exhibiting a giant-atom self-interference
behavior [17]. Now we try to show that the scattering proper-
ties of two Rydberg atoms can also be equivalent to those of a
giant atom under the same considerations. For this purpose,
we assume that both atoms are initially at state |g1g2〉 and
will be excited to state |r1r2〉 directly by a waveguide-mode
photon and a driving-field photon together, leaving the single-
excitation states |r1g2〉 and |g1r2〉 almost unpopulated during
the scattering process. Then, one can adiabatically elimi-
nate states |r1g2〉 and |g1r2〉 [56,57] and obtain the effective
momentum-space Hamiltonian H eff

Ak
of a two-level giant-

atom as shown in Fig. 1(c) from the original momentum-
space Hamiltonian HAk (see Appendix A2). With H eff

Ak
in

hand, it is straightforward to obtain the effective real-space
Hamiltonian [51]

H eff
Ax

=
(

2ωe + V6 − 2�2
c1

�c1
− 2iγ

)
|r1r2〉〈r1r2| +

∫ +∞

−∞
dx

[
a′†

L (x)

(
ωc1 + ω0 + ivg

∂

∂x

)
a′

L(x)

+ a′†
R (x)

(
ωc1 + ω0 − ivg

∂

∂x

)
a′

R(x)

]
+
{∫ +∞

−∞
dxξa[aR(x) + aL(x)]|r1r2〉〈g1g2|[δ(x) + δ(x − d )eiθ1 ] + H.c.

}
, (6)
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where 2�2
c1/�c1 is the effective energy shift of state |r1r2〉

and ξa = −ga�c1/�c1 is the effective coupling strength of
relevant two-photon transition processes.

Again, the eigenstate of H eff
Ax

|�̃Ax 〉 = (ωka + ωc1)|�̃Ax 〉 can
be written as (Bethe-ansatz approach)

∣∣�̃Ax

〉 =
∫ +∞

−∞
dx
[
�̃A

aR(x)a†
R(x) + �̃A

aL(x)a†
L(x)

]|0, g1g2〉

+ ũA
d |0, r1r2〉, (7)

where �̃A
aL, �̃A

aR, and ũA
d have similar physical meanings as

�A
aL, �A

aR, and uA
d in Eq (3), respectively. Then, for a pho-

ton of central frequency ωka incident from port 1 or port 2
of the waveguide, one can obtain the analytical expressions
of transmissivities T eff

1→2 = |t eff
1→2|2 and T eff

2→1 = |t eff
2→1|2 (see

Appendix A1) as

T eff
1→2 =

∣∣∣∣ δtot + 2iγ − 2ϒaeiθ1 sinφa

δtot + 2iγ + 2iϒa(1 + eiφa cosθ1)

∣∣∣∣
2

,

T eff
2→1 =

∣∣∣∣ δtot + 2iγ − 2ϒae−iθ1 sinφa

δtot + 2iγ + 2iϒa(1 + eiφa cosθ1)

∣∣∣∣
2

, (8)

with δtot = δka + �c1 + 2�2
c1/�c1 denoting the total two-

photon detuning, ϒa = ξ 2
a /vg the decay rate into waveguide

mode a at each coupling point, and φa = kad the phase ac-
cumulated between two coupling points that can be taken as
constant in the Markovian regime [39]. In this subsection,
we wish to test the validity of adiabatically eliminating two
single-excitation states, and first focus on the nonchiral case
of a normal driving field’s incidence (θ1 = 0) corresponding
to a reciprocal transmission with T eff = T eff

1→2 = T eff
2→1 and

T = T1→2 = T2→1.
Comparing the spectra of transmissivities T from the

four-level double-atom model and T eff from the two-level
giant-atom model in Figs. 2(a)–2(c) for different values of
�c1, it is clear that T and T eff become closer and closer as
�c1 increases, indicating that the adiabatic elimination be-
comes more and more reliable. At the same time, we note
that ϒa = �a�

2
c1/�

2
c1 becomes smaller for larger �c1, which

causes the minimum values of T and T eff, represented by a dip
around δka � −�c1, to increase. In particular, we find that the
two-level giant-atom model is very accurate at �c1 = 30�a,
for which we have plotted T (T eff) against detuning δka and
phase φa in Fig. 2(d) to show the typical phase-dependent
transmission spectra of a giant atom. It is also worth noting
that T eff(T ) ≡ 1 with φa = (2n + 1)π (n is an integer) refers
to the specific case of two Rydberg atoms equivalent to a
giant atom being decoupled from the waveguide mode. The
above findings can find appropriate explanations from Eq. (8).
For instance, the phase-dependent transmission spectra can
be attributed to the overall Lamb shift −2ϒacosθ1sinφa and
decay rate 2ϒa(1 + cosθ1cosφa) as induced by waveguide
mode a and controlled by the driving field. Such a periodic
phase modulation depending also on �c1 and �c1 through ϒa

occurs due to two-path interference effects arising from the
giant-atom two-point couplings. That is, a left-incident photon
accumulates the phase φa when traveling directly from x1 = 0
to x2 = d , or acquires the phase −θ1 when absorbed (emitted)
at x1 = 0 (x2 = d) together with a driving field photon. The
self-interference of a photon between the direct path (φa) and

FIG. 2. Reciprocal transmissivities T and T eff vs detuning δka

with φa = (2n + 1/2)π and (a) �c1 = 10�a, (b) �c1 = 20�a, and
(c) �c1 = 30�a. (d) Reciprocal transmissivity T (T eff) vs detuning
δka and phase φa (modulo 2π ) with �c1 = 30�a. Other parameters
are taken as θ1 = 2nπ , γ = 10−3�a, �c1 = �a, V6 = 2 × 104�a, and
�a = 1 MHz.

the indirect path (−θ1) then results in above phase-dependent
Lamb shift and decay rate. Similarly, for a right-incident pho-
ton, it accumulates again the phase φa when traveling directly
from x2 = d to x1 = 0, but acquires a reversed phase θ1 when
absorbed (emitted) at x2 = d (x1 = 0).

B. Equivalent chiral couplings

It is now worth recalling that coupling phases may be intro-
duced, e.g., through Josephson-junction loops when threaded
by external fluxes [38] or through a dissipation port at the
coupling point [41] in superconducting quantum systems.
Here, we present a much simpler method to realize chiral cou-
plings in the optical domain based on our Rydberg giant-atom
platform, where the chirality is attained by controlling the
nonvanishing local phase difference θ1 between two coupling
points of the equivalent giant atom [38–40]. Directly adjusting
the incident angle α of an oblique driving field would then
enable one, in the presence of intrinsic atomic dissipation
(γ �= 0), to realize the nonreciprocal transmission.

We plot in Figs. 3(a)–3(c) relevant transmissivities against
detuning δka when a waveguide photon is incident from port 1
on the left or from port 2 on the right in the case of perfect chi-
ral couplings with φa = (2n + 1/2)π and θ1 = (2n + 1/2)π .
It is clear that, around the two-photon resonance δka � −�c1,
transmissivities T1→2 and T eff

1→2 from port 1 to port 2 (or T2→1

and T eff
2→1 from port 2 to port 1) are very different for different

values of �c1. That is because, other than determining the va-
lidity of adiabatically eliminating two single-excitation states
[the same conclusion is depicted in Figs. 2(a)–2(c)], a change
of �c1 will result in different values of the waveguide decay
rate ϒa while the intrinsic dissipation rate γ remains fixed.
For instance, in Fig. 3(c), we can observe T1→2 � T eff

1→2 �
0 (T2→1 � T eff

2→1 ≡ 1) at the resonance point when ϒa and
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FIG. 3. Nonreciprocal transmissivities T1→2 and T2→1 as well as
T eff

1→2 and T eff
2→1 vs detuning δka with φa = θ1 = (2n + 1/2)π and

(a) �c1 = 10�a, (b) �c1 = 20�a, and (c) �c1 = 30�a. (d) Trans-
mission contrast ratio I vs phases θ1 (modulo 2π ) and φa (modulo
2π ) with δka = −30.067�a and �c1 = 30�a. Other parameters are
the same as in Fig. 2.

γ are almost the same. Therefore, with the experimentally
reasonable parameters of ϒa used here, Rydberg atoms are
most suitable to realize perfect nonreciprocal transmission
due to the fact that their intrinsic dissipations are about two
orders smaller compared with those of typical atoms [58–60].
Furthermore, the transmission contrast ratio

I = T2→1 − T1→2

T2→1 + T1→2
, (9)

plotted in Fig. 3(d), shows that the transmission nonreciproc-
ity due to the chiral couplings can be easily tuned by the
relative phases θ1 and φa.

It is worth noting that γ plays a crucial role in the non-
reciprocal transmission and we have I ≡ 0 when neglecting
γ [39]. This decay rate may increase a few times when two
Rydberg atoms are close to the waveguide [61], but its detri-
mental effects can by mitigated by employing stronger driving
fields. Let us start by considering left- and right-incident pho-
tons together; they are scattered differently in general, with
t eff
1→2 �= t eff

2→1, due to different interplay of phases φa and ±θ1

in the numerators of t eff
1→2 and t eff

2→1 in Eq. (8), which we now
rearrange as

δtot − 2ϒacosθ1sinφa + i(2γ − 2ϒasinθ1sinφa),

δtot − 2ϒacosθ1sinφa + i(2γ + 2ϒasinθ1sinφa). (10)

It shows that, only when γ = 0, left-incident and right-
incident photons exhibit the same transmittivity T eff

1→2 = T eff
2→1,

though they experience different two-path interference ef-
fects described by ±θ1 of the driving field. When γ �= 0,
however, the numerators of t eff

1→2 and t eff
2→1 are different in

their imaginary parts, not by sign but by magnitude, so
that we must have T eff

1→2 �= T eff
2→1. In particular, left-incident

photons are not transmitted with T eff
1→2 = 0 (I = 1) in the

case of δtot = 2ϒacosθ1sinφa and γ = ϒasinθ1sinφa, while
right-incident photons are not transmitted with T eff

2→1 = 0
(I = −1) in the case of δtot = 2ϒacosθ1sinφa and γ =
−ϒasinθ1sinφa. More specifically, at the resonance (δtot =
0), nonreciprocal transmission (I = ±1) occurs for θ1 =
(2n + 1/2)π and γ = ±ϒasinφa or θ1 = (2n − 1/2)π and
γ = ∓ϒasinφa, while reciprocal transmission (I = 0) occurs
for θ1 = (2n + 1)π or φa = (2n + 1)π , in agreement with
Fig. 3(d).

We finally discuss suitable experimental parameters by
considering ground state |g1,2〉 = |5S1/2, F = 2, mF = 2〉 and
Rydberg state |r1,2〉 = |75P3/2, mJ = 3/2〉 for two 87Rb
atoms, exhibiting transition frequency ωe � 2π × 1009 THz,
intrinsic lifetime τ � 964 µs (γ � 1.0 kHz), and vdW coeffi-
cient C6 � 2π × 2.8 × 1012 s−1µm6 [17]. Thus, we have R =

6
√

C6/V6 � 3.1 µm for V6 � 20 GHz corresponding to φa =
kad � 20.7π in the case of R = d and |δka| � V6 � ωe.
Keeping R and hence V6 invariant, we can use optical tweez-
ers [62] to change d in the xy plane from 2.8 to 3.1 µm
for a misalignment within the range [25.4◦, 0◦] to gain a
2π modulation of φa. Considering that θ1 � φasinα obtained
with ωc1 � ωka � ωe depends on both φa and α, it is im-
possible to determine α for a given θ1 when we vary φa

as in Fig. 3(d). Hence, we stress here that θ1 can be tuned
from 6π to 8π for α ∈ [16.8◦, 25.3◦] in the case of φa ∈
[18.7π, 20.7π ]. Note also that α is tuned in the xz plane
and its change has no influences on the misalignment in
the xy plane. Similar remarks hold for the relation between
phase θ2 and angle β of a second driving field, as discussed
below.

FIG. 4. Schematic diagram for achieving symmetric frequency
conversion between two waveguide modes. (a) The same waveguide-
coupled Rydberg-atom platform as in Fig. 1(a) except atoms 1 and
2 are driven by coherent fields �c1 and �c2 at different incident
angles, respectively. (b) The four-level configuration in the two-atom
basis where driving field �c1 (�c2) is matched in frequency with
waveguide mode a (b) on the left (right) path of two-photon reso-
nance. (c) The equivalent two-level nonlocal atom coupled to each
waveguide mode at one point when eliminating two single-excitation
states.
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Since the spatial extents of highly excited Rydberg states
may compare with the optical wavelengths of both driving
fields and waveguide modes, the issue of continuous cou-
plings, rather than pointlike couplings, should be considered.
But, we can verify through a dynamical solution method in the
momentum space (see Appendix A3) that the nonreciprocal
transmission is robust since all results found above re-
main essentially quantitatively unchanged even for continuous
couplings.

III. SYMMETRIC FREQUENCY CONVERSION

In addition to realizing nonreciprocal transmission for
one waveguide mode, another possible application of our

Rydberg-atom platform is to attain frequency conversion
between two waveguide modes. This can be implemented by
applying coherent fields �c1 and �c2 with frequencies ωc1 and
ωc2 upon atoms 1 and 2, respectively, as shown in Fig. 4(a).
If we further assume |ωc1 − ωc2| 	 �c1,c2, each atom will
couple to a different waveguide mode (a or b), rather than
the same waveguide mode (a) as shown in Fig. 1(a), under
the two-photon resonance from ground state |g1g2〉 to double-
excitation state |r1r2〉. This then results in the four-level
configuration in the two-atom basis as shown in Fig. 4(b),
whereby driving field �c1 and waveguide mode a form the
left path while driving field �c2 and waveguide mode b form
the right path. Accordingly, the system Hamiltonian can be
written as

HBk = (ωe − iγ )(|g1r2〉〈g1r2| + |r1g2〉〈r1g2|) + (2ωe + V6 − 2iγ )|r1r2〉〈r1r2| +
∫

dkaωkaa†
kak +

∫
dkbωkbb†

kbk

+
[ ∫

dkagaak|r1g2〉〈g1g2| +
∫

dkbgbbk|g1r2〉〈g1g2|eikbd + �c1e−iωc1t |r1r2〉〈r1g2| + �c2e−iωc2t eiθ2 |r1r2〉〈g1r2| + H.c.

]
,

(11)

where b†
k (bk) is the bosonic creation (annihilation) operators

of the second waveguide mode with frequency ωkb and wave
vector kb; gb is the constant coupling strength between atom
2 and waveguide mode b and we will assume gb = ga for
simplicity; θ2 = kc2l2 is the phase difference with respect to
optical path difference l2 = d sin β for the second driving
field at incident angle β. Transferring HBk in the momentum
space into HBx in the real space, one can calculate scatter-

ing possibilities and conversion efficiencies of a right-going
or left-going photon in waveguide mode a by solving the
stationary Schrödinger equation as done in the last section
for HAx .

In a similar way, adiabatically eliminating the single-
excitation states |r1g2〉 and |g1r2〉, one can obtain the effective
real-space Hamiltonian from its momentum space representa-
tion (see Appendix B) as

H eff
Bx

=
(

2ωe + V6 − �2
c1

�c1
− �2

c2

�c2
− 2iγ

)
|r1r2〉〈r1r2| +

∫ +∞

−∞
dx

[
a′†

L (x)

(
ωc1 + ω0 + ivg

∂

∂x

)
a′

L(x)

+ a′†
R (x)

(
ωc1 + ω0 − ivg

∂

∂x

)
a′

R(x)

]
+
∫ +∞

−∞
dx

[
b′†

L (x)

(
ωc2 + ω0 + ivg

∂

∂x

)
b′

L(x) + b′†
R (x)

(
ωc2 + ω0 − ivg

∂

∂x

)
b′

R(x)

]

+
∫ +∞

−∞
dx{ξa[aR(x) + aL(x)]|r1r2〉〈g1g2|δ(x) + ξb[bR(x) + bL(x)]|r1r2〉〈g1g2|δ(x − d )eiθ2 + H.c.}, (12)

with �c2 = ωc2 − (ωe + V6) and ξb = −gb�c2/�c2. Here,
bL = b′

Le−ik0x (b†
L = b′†

L eik0x) and bR = b′
Reik0x (b†

R = b′†
R e−ik0x)

denote the annihilation (creation) operators of left-going and
right-going photons in waveguide mode b, respectively. This
Hamiltonian refers to an effective two-level system as shown
in Fig. 4(c) that should be regarded as a nonlocal atom (but
not a giant atom) since each of the two involved waveguide
modes exhibits a single coupling point, thus yielding no self-
interference effect. Its eigenstate can be written as

∣∣�̃Bx

〉 =
∫ +∞

−∞
dx
[
�̃B

aR(x)a†
R(x) + �̃B

aL(x)a†
L(x) + �̃B

bR(x)b†
R(x)

+ �̃B
bL(x)b†

L(x)
]|0, g1g2〉 + ũB

d |0, r1r2〉, (13)

where �̃B
aR,aL(x) and �̃B

bR,bL (x) describe the densities of prob-
ability amplitudes for a right-going or left-going photon in
waveguide modes a and b, respectively.

In this case, for example, if a single photon is incident
from port 1 or port 2 of waveguide mode a, two ground-
state Rydberg atoms will make a two-photon transition to
the double-excitation state, simultaneously extracting another
photon from the first driving field �c1. Then, they will relax
back to the ground state, emitting a photon into the other
waveguide mode b along with another photon into the second
driving field �c2, or a photon into the original waveguide
mode a along with another photon into the first driving
field �c1. Based on the Bethe-ansatz approach, one has (see
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FIG. 5. Effective reflectivity Seff
1→1, transmissivity Seff

1→2, and total
conversion efficiency Seff

1→3 + Seff
1→4 (compared with S1→1, S1→2, and

S1→3 + S1→4) vs detuning δka with (a) γ = 0 and �c1 = �c2 = �a,
(b) γ = 10−3�a and �c1 = �c2 = �a, (c) γ = 0 and �c1 = �c2 =
2�a, and (d) γ = 10−3�a and �c1 = �c2 = 2�a. Other parameters
are �c1 = −�c2 = 30�a, V6 = 2 × 104�a, and �a = �b = 1 MHz.

Appendix B)

Seff
1→1 =

∣∣∣∣ −iϒa

i(ϒa + ϒb) + (δka + �c1 + 2iγ )

∣∣∣∣
2

,

Seff
1→2 =

∣∣∣∣ iϒb + (δka + �c1 + 2iγ )

i(ϒa + ϒb) + (δka + �c1 + 2iγ )

∣∣∣∣
2

,

Seff
1→3 =

∣∣∣∣∣
−i

√
ϒaϒb

i(ϒa + ϒb) + (δka + �c1 + 2iγ )

∣∣∣∣∣
2

,

Seff
1→4 =

∣∣∣∣∣
−i

√
ϒaϒb

i(ϒa + ϒb) + (δka + �c1 + 2iγ )

∣∣∣∣∣
2

, (14)

with ϒb = ξ 2
b /vg = �b�

2
c2/�

2
c2 and φb = kbd . We have also

set δkb = ωkb − ωe = −δka due to the requirement of en-
ergy conservation in a close-loop giant-atom transition with
�c2 = −�c1. Here, Seff

1→1 (Seff
1→2) denotes the effective reflec-

tivity (transmissivity) of mode a, while Seff
1→3 (Seff

1→4) refers to
the effective backward (forward) conversion efficiencies into
waveguide mode b. It is clear that they are immune to phases
θ2 and φb appearing in HBk since there is only one path for
scattering a photon in mode a and converting it into mode b, as
shown in Fig. 4(c), where two-path interference effects do not
occur anymore. Note also that the right-incident case (from
port 2) is a symmetric process compared with the left-incident
one (from port 1) as considered above because Seff

1→1,2,3,4 are
reciprocal, being insensitive to relevant phases even if the two
driving fields are oblique (α �= 0 and β �= 0).

We plot in Fig. 5 Seff
1→1, Seff

1→2, and Seff
1→3 + Seff

1→4 by com-
paring them with S1→1, S1→2, and S1→3 + S1→4 obtained from
the original Hamiltonian HBx with �c1 = −�c2 = 30�a. It is
evident that the adiabatic elimination of two single-excitation

FIG. 6. Schematic diagram for achieving asymmetric frequency
conversion between two waveguide modes. (a) The same waveguide-
coupled Rydberg-atom platform as in Fig. 4(a) except atoms 1 and
2 are both driven by coherent fields �c1 and �c2 at different angles
of incidence. (b) The four-level configuration in the two-atom basis
where driving field �c1 (�c2) is matched in frequency with waveg-
uide mode a (b) on both left and right paths of two-photon resonance.
(c) The equivalent two-level giant atom coupled to each waveguide
mode at two points when eliminating two single-excitation states.

states is valid again since there is no difference between Seff
1→ j

and S1→ j . Moreover, the optimal value of frequency conver-
sion efficiency quantified by Seff

1→3 + Seff
1→4 is only 0.5 when

ignoring the intrinsic atomic dissipation (γ = 0) and taking
ϒa = ϒb, as shown in Figs. 5(a) and 5(c). In fact, we have
(i) Seff

1→3 ≡ Seff
1→4 and they are further equal to Seff

1→2 if we set
ϒa = ϒb and (ii)

∑4
j=1 Seff

1→ j ≡ 1 by virtue of energy conser-
vation in the waveguide modes if we set γ = 0, as can be seen
from Eq. (14). The inclusion of γ in Figs. 5(b) and 5(d) would
lower the conversion efficiency, yet one could increase Rabi
frequencies �c1 and �c2 to raise ϒa = ϒb, thus reducing the
negative effect of γ . In addition, the sum of

∑4
j=1 Seff

1→ j will
become less than unity given that a part of energy must leak
into the free space from the excited giant atom, though it may
approach unity in the far-detuned region. The above findings
(Seff

1→3 + Seff
1→4 � 0.5 and Seff

1→3 ≡ Seff
1→4) prompt us to investi-

gate another scenario for improving the conversion efficiency
and meanwhile achieving the asymmetric scattering.

IV. ASYMMETRIC FREQUENCY CONVERSION

We further consider the case where each Rydberg atom
is driven by two coherent fields �c1 and �c2 as shown in
Fig. 6(a). This then results in the four-level configuration in
the two-atom basis as shown in Fig. 6(b), where both left
and right paths of the two photon resonant transition from
ground state |g1g2〉 to double-excitation state |r1r2〉 can be
implemented with driving field �c1 and waveguide mode a
or with driving field �c2 and waveguide mode b. As discussed
below, this means of all-optical control will enable one to en-
hance the efficiency and select the directionality of frequency
conversion via tunable chiral couplings, yet without altering

063710-7



YAO-TONG CHEN et al. PHYSICAL REVIEW A 109, 063710 (2024)

the system’s physical structure. The relevant Hamiltonian reads as

HCk = (ωe − iγ )(|g1r2〉〈g1r2| + |r1g2〉〈r1g2|) + (2ωe + V6 − 2iγ )|r1r2〉〈r1r2| +
∫

dkaωkaa†
kak +

∫
dkbωkbb†

kbk

+
[∫

dkagaak (|r1g2〉〈g1g2| + |g1r2〉〈g1g2|eikad ) +
∫

dkbgbbk (|r1g2〉〈g1g2| + |g1r2〉〈g1g2|eikbd ) + �c1e−iωc1t (|r1r2〉〈r1g2|

+ eiθ1 |r1r2〉〈g1r2|) + �c2e−iωc2t (|r1r2〉〈r1g2| + eiθ2 |r1r2〉〈g1r2|) + H.c.

]
, (15)

where the two local phase differences θ1 and θ2 as defined before can be independently controlled by changing the respective
driving fields’ angles of incidence.

After adiabatically eliminating the single-excitation states |r1g2〉 and |g1r2〉 in a way similar to that considered in the last
two sections, one can attain from HCk the effective Hamiltonian H eff

Ck
(see Appendix C), which if transferred into the real space

becomes

H eff
Cx

=
(

2ωe + V6 − 2�2
c1

�c1
− 2�2

c2

�c2
− 2iγ

)
|r1r2〉〈r1r2| +

∫ +∞

−∞
dx

[
a′†

L (x)

(
ωc1 + ω0 + ivg

∂

∂x

)
a′

L(x)

+ a′†
R (x)

(
ωc1 + ω0 − ivg

∂

∂x

)
a′

R(x)

]
+
∫ +∞

−∞
dx

[
b′†

L (x)

(
ωc2 + ω0 + ivg

∂

∂x

)
b′

L(x)

+ b′†
R (x)

(
ωc2 + ω0 − ivg

∂

∂x

)
b′

R(x)

]
+
{∫ +∞

−∞
dxξa[aR(x) + aL(x)]|r1r2〉〈g1g2|

× [δ(x) + δ(x − d )eiθ1 ] + H.c.

}
+
{∫ +∞

−∞
dxξb[bR(x) + bL(x)]|r1r2〉〈g1g2|[δ(x) + δ(x − d )eiθ2 ] + H.c.

}
. (16)

Here, the high-frequency oscillation terms e±i(�c1+δkb)t and e±i(�c2+δka )t have been neglected by assuming |�c1 + δkb| 	
gb�c1/δkb and |�c2 + δka| 	 ga�c2/δka, while taking �c1 + δka � 0 and �c2 + δkb � 0. This regime corresponds to the case
in which detunings �c1 and �c2 of the two driving fields are sufficiently large in magnitude and opposite to each other. In this
way, as shown in Fig. 6(c), the equivalent two-level system as a combination of the model in Fig. 1(c) and the model in Fig. 4(c)
behaves like a giant atom again because it is coupled to both waveguide modes at two points, allowing for the occurrence of
self-interference effect for each waveguide mode.

With H eff
Cx

in Eq. (16) and taking |�̃Cx 〉 = |�̃Bx 〉 in Eq. (13) as the corresponding eigenstate, for a single photon of waveguide
mode a incident from port 1 on the left, it is viable to compute (see Appendix C)

Peff
1→1 = ∣∣peff

1→1

∣∣2 =
∣∣∣∣ −iϒa(1 + eiφa eiθ1 )(1 + eiφa e−iθ1 )

δka + �c1 + 2iγ + 2iϒa(1 + eiφa cosθ1) + 2iϒb(1 + eiφbcosθ2)

∣∣∣∣
2

,

Peff
1→2 = ∣∣peff

1→2

∣∣2 =
∣∣∣∣ δka + �c1 + 2iγ − 2ϒaeiθ1 sinφa + 2iϒb(1 + eiφbcosθ2)

δka + �c1 + 2iγ + 2iϒa(1 + eiφa cosθ1) + 2iϒb(1 + eiφbcosθ2)

∣∣∣∣
2

,

Peff
1→3 = ∣∣peff

1→3

∣∣2 =
∣∣∣∣∣

−i
√

ϒaϒb(1 + eiφbeiθ2 )(1 + eiφa e−iθ1 )

δka + �c1 + 2iγ + 2iϒa(1 + eiφa cosθ1) + 2iϒb(1 + eiφbcosθ2)

∣∣∣∣∣
2

,

Peff
1→4 = ∣∣peff

1→4

∣∣2 =
∣∣∣∣∣

−i
√

ϒaϒb(1 + e−iφbeiθ2 )(1 + eiφa e−iθ1 )

δka + �c1 + 2iγ + 2iϒa(1 + eiφa cosθ1) + 2iϒb(1 + eiφbcosθ2)

∣∣∣∣∣
2

, (17)

representing, in order, the effective reflectivity, transmissivity,
and backward and forward conversion efficiencies. In these
expressions, phase difference θ1 (θ2) between two driving
points of the coherent field �c1 (�c2) will bring about chiral
coupling effects together with phase difference φa (φb) be-
tween two coupling points of the waveguide mode a (b). Then,
the scattered photon can be routed toward a selected port
while suppressing the probabilities toward other ports, which
definitely improves reflectivity Peff

1→1, transmissivity Peff
1→2, or

frequency conversion efficiencies Peff
1→3 and Peff

1→4 on demand.
Figure 7 shows typical spectra of the effective reflec-

tivity, transmissivity, and backward and forward conversion

efficiencies for different values of relevant phase differences
and intrinsic decay rates. It can be seen from Figs. 7(a)
and 7(b) that, when the two coherent fields are at nor-
mal incidence (i.e., θ1 = θ2 = 0), the equivalent couplings
are nonchiral and the optimal frequency conversion effi-
ciency Peff

1→3 + Peff
1→4 = 0.5 is the same as that found in the

last section. For the perfectly chiral case corresponding to
θ1 = θ2 = (2n + 1/2)π and φa = φb = (2n + 1/2)π shown
in Figs. 7(c) and 7(d), the forward conversion efficiency can
approach unity around δka � −�c1 with γ = 0, though in
general being smaller than unity for γ �= 0. This is because
both reflectivity Peff

1→1 and backward conversion efficiency
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FIG. 7. Effective reflectivity Peff
1→1, transmissivity Peff

1→2, and
backward Peff

1→3 and forward Peff
1→4 conversion efficiencies vs detuning

δka. (a), (b) φb = (2n + 1/2)π , θ1 = θ2 = 2nπ , and γ = 0 (a) and
γ = 10−3�a (b). (c), (d) φb = (2n + 1/2)π , θ1 = θ2 = (2n + 1/2)π ,
and γ = 0 (c) and γ = 10−3�a (d). (e), (f) γ = 0, θ1 = θ2 = (2n +
1/2)π , and φb = (2n + 1)π (e) and φb = (2n − 1/2)π (f). Other pa-
rameters are φa = (2n + 1/2)π , �c1 = �c2 = 2�a, �c1 = −�c2 =
30�a, V6 = 2 × 104�a, and �a = �b = 1 MHz.

Peff
1→3 = 0 remain zero, independent of δka, as a result of

perfect destructive interference contributed by 1 + eiφa eiθ1

and 1 + eiφbeiθ2 , respectively, as can be seen from Eq. (17).
Hence, our waveguide-coupled Rydberg-atom system is an
excellent platform to realize high-efficiency frequency con-
version, needing neither multiple-level atomic configurations
nor specific devices like Sagnac interferometers [46]. It is also
important that one can adjust the output ports of mode b con-
verted from mode a by tuning φb to attain Peff

1→3 = Peff
1→4 = 0.5

with φb = (2n + 1)π shown in Fig. 7(e), or Peff
1→3 = 1 with

φb = (2n − 1/2)π shown in Fig. 7(f), in the ideal case with
γ = 0. As a corollary of this observation, the equivalent chi-
rality of waveguide modes a and b can be controlled separately
with different values of φa and φb. Indeed, the functions of
φa and θ1 (φb and θ2) are similar, both of which can be used
to tune the chirality of waveguide mode a (b) as depicted in
Fig. 3(d) only for waveguide mode a.

Based on this chiral coupling mechanism, it is natural
to consider the possible realization of asymmetric frequency
conversion by comparing scattering behaviors of a left-
incident photon with that of a right-incident photon in the
same waveguide mode. In fact, for a photon incident from port
2 in mode a, the analytical expression of total conversion effi-
ciency Peff

2→3 + Peff
2→4 will be identical to that of Peff

1→3 + Peff
1→4 if

we make the replacement θ1,2 → −θ1,2. It can be found from
Figs. 8(a) and 8(b), with φa = φb = (2n + 1/2)π and θ2 = 0,
that the spectra of the above two conversion efficiencies into

FIG. 8. Effective total conversion efficiency (a), (c) Peff
1→3 + Peff

1→4

and (b), (d) Peff
2→3 + Peff

2→4 vs detuning δka and phase θ1 (modulo 2π )
with φa = φb = (2n + 1/2)π (a), (b); vs phases φb = φa (modulo
2π ) and θ1 (modulo 2π ) with δka = −30�a (c), (d). Other parameters
are the same as in Fig. 7 except θ2 = 2nπ and γ = 0.

mode b have an inverse dependence on θ1 for the left-incident
and right-incident photons in mode a. That means the chirality
of mode a is enough to realize asymmetric frequency conver-
sion since it can fully determine whether a photon in mode a
can be first absorbed by the two atoms and then converted into
mode b while the chirality of mode b will only determine the
output port (3 or 4) of the photon converted into mode b. Note
also that Peff

2→3 = Peff
2→4 always holds in Figs. 8(a) and 8(b) due

to the fact that θ2 = 0 refers to the nonchiral case. Figures 8(c)
and 8(d) show that φa and φb will also determine the chirality,
and with φa = φb = nπ the frequency conversion turns out to
be symmetric, which is consistent with Fig. 3(d).

V. CONCLUSIONS

Waveguide-coupled Rydberg atoms represent a relatively
new form of hybrid quantum systems, made of individual
components with complementary characteristics, e.g., long
coherence times, flexible all-optical control, and available
transition frequencies; these systems are of interest to a wide
range of areas, from quantum computation and communi-
cation to quantum sensing. The present paper represents a
detailed and systematic account of the large degree of control
over the range and the nature of equivalent chiral couplings
and nonreciprocal scattering enabled by two Rydberg atoms
coupled to a waveguide so as to form a giant atom. Our
waveguide-coupled Rydberg giant-atom platform may also be
adapted to work as a frequency converter with an efficiency
that can exhibit a strong asymmetry and be significantly
enhanced via chiral couplings. It is certainly noteworthy to
mention here that our model can be easily expanded to accom-
plish a multifrequency conversion. This entails incorporating
additional driving fields with varying frequencies, coupled to
the upper transitions, to successfully implement two-photon
transitions. We believe that our proposal provides an innova-
tive approach to chiral giant-atom physics and one that may
lead to novel results on the Rydberg nonlinearity at optical
frequencies.
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APPENDIX A: NONRECIPROCAL TRANSMISSION WITH ONE SINGLE FIELD

1. Two Rydberg atoms without any constraints

Here we would like to show how to apply the Bethe-ansatz approach to solve the scattering problem for the two Rydberg
atoms. By solving the eigenequation HAx |�Ax 〉 = ωka|�Ax 〉 from Eqs. (2) and (3) in the main text, one can obtain

ωka�
A
aR(x) = eik0x

(
ω0 − ivg

∂

∂x

)
�A

aR(x)e−ik0x + gaδ(x)uA
b + gaδ(x − d )uA

c ,

ωka�
A
aL(x) = e−ik0x

(
ω0 + ivg

∂

∂x

)
�A

aL(x)eik0x + gaδ(x)uA
b + gaδ(x − d )uA

c ,

ωkauA
b = (ωe − iγ )uA

b + ga
[
�A

R(0) + �A
L (0)

]+ �c1uA
d ,

ωkauA
c = (ωe − iγ )uA

c + ga
[
�A

R(d ) + �A
L (d )

]+ �c1e−iθ1 uA
d ,

ωkauA
d = (ωe − �c1 − 2iγ )uA

d + �c1uA
b + �c1eiθ1 uA

c , (A1)

where ωka is the frequency of one incident photon satisfying ωka = ω0 + (ka − k0)vg. For the left-incident case (from port 1),
substituting the wave functions �A

aR,aL(x) in Eq. (4) into Eq. (A1), we obtain

0 = −ivg(A1 − 1) + gauA
b ,

0 = −ivg(t1→2 − A1)eiφa + gauA
c ,

0 = −ivg(r1→1 − A2) + gauA
b ,

0 = −ivgA2e−iφa + gauA
c ,

0 = ga

2
(A1 + A2 + r1→1 + 1) + �c1uA

d − (δka + iγ )uA
b ,

0 = ga

2
(A1eiφa + A2e−iφa + t1→2eiφa ) + �c1e−iθ1 uA

d − (δka + iγ )uA
c ,

0 = �c1uA
b + �c1eiθ1 uA

c − (δka + �c1 + 2iγ )uA
d (A2)

with φa = kad = k0d + (ωka − ω0)d/vg that can be seen as a constant in the Markovian regime [39] and δka = ωka − ωe. Then
solving Eq. (A2) numerically, one can get the transmissivity from port 1 to port 2 as T1→2 = |t1→2|2. If the photon is incident
from the right port, i.e., port 2, then one can similarly substitute Eq. (5) into Eq. (A1) to obtain the transmissivity from port 2
to port 1. It can be found that all the results are the same compared with the left-incident case yet with an opposite sign of the
phase difference, i.e., θ1 ↔ −θ1.

2. Equivalent giant atom with large detunings

Based on the effective Hamiltonian theory [56,57], for the model shown in Fig. 1 in the main text, we first need to obtain the
Hamiltonian in the interaction picture from HAk in Eq. (1) as

HAk (t ) = i
dU †

1

dt
U1 + U †

1 HAkU1

=
∫

dkagaaka(|r1g2〉〈g1g2| + |g1r2〉〈g1g2|eikad )e−iδkat + �c1e−i�c1t (|r1r2〉〈r1g2| + eiθ1 |r1r2〉〈g1r2|) + H.c., (A3)
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where the unitary operator U1 = e−iHA1 t with HA1 = ωe(|g1r2〉〈g1r2| + |r1g2〉〈r1g2|) + (2ωe + V6)|r1r2〉〈r1r2| + ∫
dkaωkaa†

kaaka.
Then the effective Hamiltonian in the interaction picture can be obtained as

Heff
Ak

(t ) = −iHAk (t )
∫ t

0
HAk (t ′)dt ′

� 2g2
a

δka

∫
dkaakaa†

ka|g1g2〉〈g1g2| − 2�2
c1

�c1
|r1r2〉〈r1r2| − 2iγ |r1r2〉〈r1r2|

+ ga�c1eiθ1

δka

∫
dkaakae−i(δka+�c1 )t |r1r2〉〈g1g2|(1 + eikad )

− g�c1e−iθ1

�c1

∫
dkaa†

kaei(δka+�c1 )t |g1g2〉〈r1r2|(1 + e−ikad ) + · · · , (A4)

where we have omitted a few terms related to the single-excitation states |r1g2〉 and |g1r2〉 since they are decoupled from
other states and only interact with each other. Assuming �c1 + δka � 0 and |�c1|, |δka| 	 �c1, ga, we will have the effective
Hamiltonian in the Schrödinger picture as

H eff
Ak

= i
dU †

2

dt
U2 + U †

2 Heff
Ak

(t )U2

=
(

2ωe + V6 − 2�2
c1

�c1
− 2iγ

)
|r1r2〉〈r1r2| +

∫
dka(ωka + ωc1)a†

kaaka +
∫

dkaξaaka(1 + eikad eiθ1 )|r1r2〉〈g1g2| + H.c.,

(A5)

where ξa = −ga�c1/�c1 and U2 = e−iHA2 t with HA2 = −(2ωe + V6)|r1r2〉〈r1r2| − ∫
dka(ωka + ωc1)a†

kaaka. Then this effective
momentum-space Hamiltonian can be transformed to the real space as in Eq. (6) in the main text.

Then, with the same procedure, by solving the eigenequation H eff
Ax

|�̃Ax 〉 = (ωka + ωc1)|�̃Ax 〉 from Eqs. (6) and (7) in the main
text, one can get the following equations:

(ωka + ωc1)�̃A
aR(x) = eik0x

(
ωc1 + ω0 − ivg

∂

∂x

)
�̃A

aR(x)e−ik0x + ξa[δ(x) + eiθ1δ(x − d )]ũA
d ,

(ωka + ωc1)�̃A
aL(x) = e−ik0x

(
ωc1 + ω0 + ivg

∂

∂x

)
�̃A

aL(x)eik0x + ξa[δ(x) + eiθ1δ(x − d )]ũA
d ,

(ωka + ωc1)ũA
d =

(
2ωe + V6 − 2�2

c1

�c1
− 2iγ

)
ũA

d + ξa
[
�̃A

aR(0) + �̃A
aL(0)

]+ ξae−iθ1
[
�̃A

aR(d ) + �̃A
aL(d )

]
(A6)

and

0 = −ivg
(
Aeff

1 − 1
)+ ξaũA

d ,

0 = −ivg
(
t eff
1→2 − Aeff

1

)
eiφa + ξaeiθ1 ũA

d ,

0 = −ivg
(
reff

1→1 − Aeff
2

)+ ξaũA
d ,

0 = −ivgAeff
2 e−iφa + ξaeiθ1 ũA

d ,

0 = ξa

2

(
Aeff

1 + Aeff
2 + reff

1→1 + 1
)+ ξa

2
e−iθ1

(
Aeff

1 eiφa + Aeff
2 e−iφa + t eff

1→2eiφa
)−

(
δka + �c1 + 2�2

c1

�c1
+ 2iγ

)
ũA

d . (A7)

The effective transmissivity T eff
1→2 = |t eff

1→2|2 of Eq. (8) can be obtained from solving Eq. (A7). The transmissivity T eff
2→1 = |t eff

2→1|2
in Eq. (8) of a right-incident photon is dealt with in the same way as above.

3. Continuous-coupling case based on dynamical solution method

In the case of continuous coupling, elucidating the wave-function ansatz in real space can be challenging, particularly due to
the unclear delineation of the coupling region. Therefore, we are considering the application of the dynamical solution method
based on the momentum-space description [28,54]. Additionally, we illustrate the process of obtaining transmissivities for the
pointlike coupling case once again, providing an example. Based on the effective Hamiltonian in Eq. (A5), the time-evolving
state at time t in the single-excitation invariant subspace can be written as

∣∣�Ak (t )
〉 =

∫
dka[c1(t )a†

kR + c2(t )a†
kL]|0, g1g2〉 + ũA

d (t )|0, r1r2〉. (A8)
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Therefore, we have the dynamical equations for the equivalent giant atom:

∂t ũ
A
d (t ) = −

(
iωe − i�c1 − i

2�2
c1

�c1
+ 2γ

)
ũA

d (t ) − iξ
∫

dka(1 + eikad e−iθ1 )c1(t ) − iξ
∫

dka(1 + e−ikad e−iθ1 )c2(t ),

∂t c1(t ) = −iωkac1(t ) − iũA
d (t )ξ (1 + e−ikad eiθ1 ),

∂t c2(t ) = −iωkac2(t ) − iũA
d (t )ξ (1 + eikad eiθ1 ) (A9)

with ξ = ξa/
√

2π . c1(t ) and c2(t ) refer to the right- and left-propagating fields, respectively. Integrating the latter two equations,
we have

c1(t ) = e−iωkat

[
c1(0) − iξ (1 + e−ikad eiθ1 )

∫ t

0
dt ′ũA

d (t ′)eiωkat ′
]
,

c2(t ) = e−iωkat

[
c2(0) − iξ (1 + eikad eiθ1 )

∫ t

0
dt ′ũA

d (t ′)eiωkat ′
]
. (A10)

Inserting these two equations into the dynamical equation of ũA
d (t ) in Eq. (A9) and after arranging, we have

∂t ũ
A
d (t ) = −

(
iωe − i�c1 − i

2�2
c1

�c1
+ 2γ

)
ũA

d (t ) − i
ξ

vg

∫
dωka(1 + eiωkad/vge−iθ1 )e−iωkat c1(0)

− i
ξ

vg

∫
dωka(1 + e−iωkad/vge−iθ1 )e−iωkat c2(0)

− ξ 2

vg

∫ t

0
dt ′ũA

d (t ′)
∫

dωka
[
2e−iωka (t−t ′ ) + e−iωka (t−t ′−d/vg)e−iθ1 + e−iωka (t−t ′+d/vg)eiθ1

]

− ξ 2

vg

∫ t

0
dt ′ũA

d (t ′)
∫

dωka
[
2e−iωka (t−t ′ ) + e−iωka (t−t ′−d/vg)eiθ1 + e−iωka (t−t ′+d/vg)e−iθ1

]

= −
(

iωe − i�c1 − i
2�2

c1

�c1
+ 2γ

)
ũA

d (t ) − i
ξ

vg

∫
dωka(1 + eiωkad/vge−iθ1 )e−iωkat c1(0)

− i
ξ

vg

∫
dωka(1 + e−iωkad/vge−iθ1 )e−iωkat c2(0)

− 2πξ 2

vg

∫ t

0
dt ′ũA

d (t ′)[2δ(t − t ′) + δ(t ′ − t + d/vg)e−iθ1 + δ(t ′ − t − d/vg)eiθ1 ]

− 2πξ 2

vg

∫ t

0
dt ′ũA

d (t ′)[2δ(t − t ′) + δ(t ′ − t + d/vg)eiθ1 + δ(t ′ − t − d/vg)e−iθ1 ]

= −
(

iωe − i�c1 − i
2�2

c1

�c1
+ 2γ

)
ũA

d (t ) − i
ξ

vg

∫
dωka(1 + eiωkad/vge−iθ1 )e−iωkat c1(0)

− i
ξ

vg

∫
dωka(1 + e−iωkad/vge−iθ1 )e−iωkat c2(0)

− 4πξ 2

vg
ũA

d (t ) − 2πξ 2

vg

(t − d/vg)ũA

d (t − d/vg)e−iθ1 − 2πξ 2

vg

(t − d/vg)ũA

d (t − d/vg)eiθ1 . (A11)

Here, we have assumed ũA
d (t ) = 0 for t < 0 and thus neglected the Heaviside step function 
(t − d/vg). By Fourier transforming

this equation and with the initial condition ũA
d (0) = 0, we have

−iũA
d (ωka) = −

(
iωe − i�c1 − i

2�2
c1

�c1
+ 2γ

)
ũA

d (ωka) − i
2πξ

vg
(1 + eiωkad/vge−iθ1 )c1(0) − i

2πξ

vg
(1 + e−iωkad/vge−iθ1 )c2(0)

− 4πξ 2

vg
ũA

d (ωka) − 4πξ 2

vg
ũA

d (ωka)eiωad/vgcosθ1, (A12)

and

ũA
d (t ) =

∫
dωka

ξ

vg
(1 + eiωkad/vge−iθ1 )c1(0) + ξ

vg
(1 + e−iωkad/vge−iθ1 )c2(0)

ωka − ωe + �c1 + 2�2
c1

�c1
+ 2iγ + i 4πξ 2

vg
(1 + eiωkad/vgcosθ1)

e−iωkat . (A13)

063710-12



SINGLE-PHOTON MANIPULATIONS BASED ON … PHYSICAL REVIEW A 109, 063710 (2024)

For the left-incident photon with c1(0) �= 0 and c2(0) = 0, we substitute this equation into the equation of c1(t ):

c1(t ) = e−iωkat c1(0) − i
ξ 2

vg
(1 + e−iωkad/vgeiθ1 )

∫
dω′

ka

(1 + eiω′
kad/vge−iθ1 )c1(0)

ω′
ka − ωe + �c1 + 2�2

c1
�c1

+ 2iγ + i 4πg2

vg
(1 + eiω′

kad/vgcosθ1)

× e−iωkat
∫ t

0
dt ′ũA

d (t ′)ei(ωka−ω′
ka )t ′

,

c1(∞) = e−iωkat c1(0)

⎛
⎝1 − i

4πξ 2

vg

1 + cos(ωkad/vg)cosθ1 + sin(ωkad/vg)sinθ1

ωka − ωe + �c1 + 2�2
c1

�c1
+ 2iγ + i 4πξ 2

vg
(1 + eiωkad/vgcosθ1)

⎞
⎠, (A14)

which is in the long-time limit. Therefore, the transmissivity T eff
1→2 ≡ |c1(∞)|2

|c1(0)|2 can be expressed as

T eff
1→2 =

∣∣∣∣∣∣
δka + �c1 + 2�2

c1
�c1

+ 2iγ − 2ϒaeiθ1 sinφa

δka + �c1 + 2�2
c1

�c1
+ 2iγ + 2iϒa(1 + eiφa cosθ1)

∣∣∣∣∣∣
2

(A15)

with ϒa = ξ 2
a /vg, which is the same as that in Eq. (8) in the main text calculated from the Bethe-ansatz method.

Taking continuous coupling into account, considering the example with the coupling distribution represented by exponential
functions as ν1(x) = ξ

�
e− 2



|x| at x = 0 and ν2(x) = ξ

�
e− 2



|x−d| at x = d , the momentum-space Hamiltonian can be written as

H effc
Ak

=
(

2ωe + V6 − 2�2
c1

�c1
− 2iγ

)
|r1r2〉〈r1r2| +

∫
dka(ωka + ωc1)(a†

kLakL + a†
kRakR)

+
∫

dx
∫

dka
{
a†

kL|g〉〈e|[ν1(x) + ν2(x)]eikaxeiθ (x) + a†
kR|g〉〈e|[ν1(x) + ν2(x)]e−ikaxeiθ (x)

+ akL|e〉〈g|[ν1(x) + ν2(x)]e−ikaxe−iθ (x) + akR|e〉〈g|[ν1(x) + ν2(x)]eikaxe−iθ (x)
}
, (A16)

where � is the characteristic width and
∫

dxν1,2(x) = ξ is satisfied. The coupling phase difference is no longer a constant which
should be expressed as a function of position θ (x) = xθ1/d assuming that the driving field is incident with an unchanged angle.
Then the dynamical equations become

∂t ũ
Ac
d (t ) = −

(
iωe − i�c1 − i

2�2
c1

�c1
+ 2γ

)
ũAc

d (t ) − i
∫

dx
∫

dka[ν1(x) + ν2(x)]eikaxe−iθ (x)z1(t )

− i
∫

dx
∫

dka[ν1(x) + ν2(x)]e−ikaxe−iθ (x)z2(t ),

∂t z1(t ) = −iωkaz1(t ) − iũAc
d (t )

∫
dx[ν1(x) + ν2(x)]e−ikaxeiθ (x),

∂t z2(t ) = −iωkaz2(t ) − iũAc
d (t )

∫
dx[ν1(x) + ν2(x)]eikaxeiθ (x). (A17)

With the same procedure, we have

∂t ũ
Ac
d (t ) = −

(
iωe − i�c1 − i

2�2
c1

�c1
+ 2γ

)
ũAc

d (t ) − i

vg

∫
dx
∫

dωka[ν1(x) + ν2(x)]eiωkax/vge−iθ (x)e−iωkat z1(0)

− i

vg

∫
dx
∫

dωka[ν1(x) + ν2(x)]e−iωkax/vge−iθ (x)e−iωkat z2(0)

− 1

2vg

∫ t

0
dt ′ũAc

d (t ′)
∫

dx
∫

dx′
∫

dωka[ν1(x)ν1(x′) + ν1(x)ν2(x′) + ν1(x′)ν2(x) + ν2(x)ν2(x′)]

× [
e−iωka[t−t ′−|x−x′|/vg] + e−iωka[t−t ′+|x−x′|/vg]

](
e−iθ |x−x′ | + eiθ |x−x′ |)

= −
(

iωe − i�c1 − i
2�2

c1

�c1
+ 2γ

)
ũAc

d (t ) − i

vg

∫
dx
∫

dωka[ν1(x) + ν2(x)]eiωkax/vge−iθ (x)e−iωkat z1(0)

− i

vg

∫
dx
∫

dωka[ν1(x) + ν2(x)]e−iωkax/vge−iθ (x)e−iωkat z2(0)

− π

vg

∫ t

0
dt ′ũAc

d (t ′)
∫

dx
∫

dx′
∫

dωka[ν1(x)ν1(x′) + ν1(x)ν2(x′) + ν1(x′)ν2(x) + ν2(x)ν2(x′)]

× [δ(t ′ − t + |x − x′|/vg) + δ(t ′ − t − |x − x′|/vg)](e−iθ |x−x′| + eiθ |x−x′|)
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= −
(

iωe − i�c1 − i
2�2

c1

�c1
+ 2γ

)
ũAc

d (t ) − i

vg

∫
dx
∫

dωka[ν1(x) + ν2(x)]eiωkax/vge−iθ (x)e−iωkat z1(0)

− i

vg

∫
dx
∫

dωka[ν1(x) + ν2(x)]e−iωkax/vge−iθ (x)e−iωkat z2(0)

− π

vg

∫ t

0
dt ′ũAc

d (t ′)
∫

dx
∫

dx′
∫

dωka[ν1(x)ν1(x′) + ν1(x)ν2(x′) + ν1(x′)ν2(x) + ν2(x)ν2(x′)]

× [
(t − |x − x′|/vg)ũAc
d (t − |x − x′|/vg)](e−iθ |x−x′| + eiθ |x−x′ |). (A18)

After Fourier transforming this equation as

ũAc
d (ωka) =

2π
vg

∫
dx[ν1(x) + ν2(x)]eiωkax/vge−iθ (x)z1(0) + 2π

vg

∫
dx[ν1(x) + ν2(x)]e−iωkax/vge−iθ (x)z2(0)

ωka − ωe + �c1 + 2�2
c1

�c1
+ 2iγ + F

(A19)

with F = i 2π
vg

∫
dx
∫

dx′[ν1(x)ν1(x′) + ν1(x)ν2(x′) + ν1(x′)ν2(x) + ν2(x)ν2(x′)]eiωka|x−x′|/vg (e−iθ |x−x′ | + eiθ |x−x′ |), we replace∫
dxν1,2(x) to

√
vg

2π

∫
dϕν̃1,2(ϕ) with ν̃1(ϕ) =

√
ϒa

�
e− 2

�
|ϕ|, ν̃2(ϕ) =

√
ϒa

�
e− 2

ϒ1
|ϕ−(ωka/vg±θ1/d )d|, and ϕ = (ωka/vg ± θ1/d )x. We

have

ũAc
d (t ) =

∫
dωka

1√
2πvg

{∫
dϕ[ν̃1(ϕ) + ν̃2(ϕ)]eiωkax/vge−iθ (x)z1(0) + ∫

dϕ[ν̃1(ϕ) + ν̃2(ϕ)]e−iωkax/vge−iθ (x)z2(0)
}

ωka − ωe + �c1 + 2�2
c1

�c1
+ 2iγ + i(2� + 2iJ + �ex + �′

ex + iJex + iJ ′
ex )

e−iωkat , (A20)

where

� =
∫ ∞

−∞
dϕ

∫ ∞

−∞
dϕ′ν̃1(ϕ)ν̃1(ϕ′)cos(ϕ − ϕ′) =

∫ ∞

−∞
dϕ

∫ ∞

−∞
dϕ′ν̃2(ϕ)ν̃2(ϕ′)cos(ϕ − ϕ′) = 16ϒa

(�2 + 4)2
, (A21)

J =
∫ ∞

−∞
dϕ

∫ ∞

−∞
dϕ′ν̃1(ϕ)ν̃1(ϕ′)sin|ϕ − ϕ′| =

∫ ∞

−∞
dϕ

∫ ∞

−∞
dϕ′ν̃2(ϕ)ν̃2(ϕ′)sin|ϕ − ϕ′| = ϒa�(�2 + 12)

(�2 + 4)2
, (A22)

�ex =
∫ ∞

−∞
dϕ

∫ ∞

−∞
dϕ′ν̃1(ϕ)ν̃2(ϕ′)cos(ϕ − ϕ′) = 16ϒacos[(ωka/vg + θ1/d )d]

(�2 + 4)2
, x > x′, (A23)

�′
ex =

∫ ∞

−∞
dϕ

∫ ∞

−∞
dϕ′ν̃1(ϕ)ν̃2(ϕ′)cos(ϕ − ϕ′) = 16ϒacos[(ωka/vg − θ1/d )d]

(�2 + 4)2
, x < x′, (A24)

Jex =
∫ ∞

−∞
dϕ

∫ ∞

−∞
dϕ′ν̃1(ϕ)ν̃2(ϕ′)sin|ϕ − ϕ′| = ϒa

(�2 + 4)2

{[
8(ωka/vg + θ1/d )d + e− 2(ωka/vg+θ1/d )d

�

× 2�2(ωka/vg + θ0/d )d + 12� + �3
]+ 16sin[(ωka/vg + θ1/d )d]

}
, x > x′, (A25)

J ′
ex =

∫ ∞

−∞
dϕ

∫ ∞

−∞
dϕ′ν̃1(ϕ)ν̃2(ϕ′)sin|ϕ − ϕ′| = ϒa

(�2 + 4)2

{[
8(ωka/vg − θ1/d )d + e− 2(ωka/vg−θ1/d )d

�

× 2�2(ωka/vg − θ1/d )d + 12� + �3
]+ 16sin[(ωka/vg − θ1/d )d]

}
, x < x′. (A26)

For the left-incident photon with z1(0) �= 0 and z2(0) = 0, we substitute this equation into z1(t ) as

z1(t ) = e−iωkat z1(0) − i
∫

dϕ

∫
dϕ′[ν̃1(ϕ) + ν̃2(ϕ)]e−iωkax/vgeiθ (x)

×
∫

dω′
ka

[ν̃1(ϕ′) + ν̃2(ϕ′)]eiω′
kax′/vge−iθ (x′ )z1(0)

ω′
ka − ωe + �c1 + 2�2

c1
�c1

+ 2iγ + i(2� + 2iJ + �ex + �′
ex + iJex + iJ ′

ex )
e−iωkat

∫ t

0
dt ′ũAc

d (t ′)ei(ωka−ω′
ka )t ′

,

z1(∞) = e−iωkat z1(0)

⎧⎨
⎩1 − i

∫
dϕ
∫

dϕ′[ν̃1(ϕ) + ν̃2(ϕ)][ν̃1(ϕ′) + ν̃2(ϕ′)]cos(ϕ − ϕ′)

ωka − ωe + �c1 + 2�2
c1

�c1
+ 2iγ + i(2� + 2iJ + �ex + �′

ex + iJex + iJ ′
ex )

⎫⎬
⎭

= e−iωkat z1(0)

⎡
⎣1 − 2i(� + �′

ex )

ωka − ωe + �c1 + 2�2
c1

�c1
+ 2iγ + i(2� + 2iJ + �ex + �′

ex + iJex + iJ ′
ex )

⎤
⎦. (A27)
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Therefore, the transmissivity T effc
1→2 ≡ |z1(∞)|2

|z1(0)|2 can be expressed as

T effc
1→2 =

∣∣∣∣∣∣
δka + �c1 + 2�2

c1
�c1

+ 2iγ − (2J + Jex + J ′
ex ) + i�ex − i�′

ex

δka + �c1 + 2�2
c1

�c1
+ 2iγ + i(2� + 2iJ + �ex + �′

ex + iJex + iJ ′
ex )

∣∣∣∣∣∣
2

. (A28)

With the same procedure, for the right-incident photon with z1(0) = 0 and z2(0) �= 0, we can get the transmissivity T effc
2→1 ≡

|z2(∞)|2
|z2(0)|2 as

T effc
2→1 =

∣∣∣∣∣∣
δka + �c1 + 2�2

c1
�c1

+ 2iγ − (2J + Jex + J ′
ex ) + i�′

ex − i�ex

δka + �c1 + 2�2
c1

�c1
+ 2iγ + i(2� + 2iJ + �ex + �′

ex + iJex + iJ ′
ex )

∣∣∣∣∣∣
2

. (A29)

It is clear that continuous couplings will only change the Lamb shift and effective decay rates, which can be seen from
Eqs. (A21)–(A26). Figure 9 shows that even considering the continuous coupling the main results only undergo quantitative
changes. Figures 9(a) and 9(b) correspond to the nonchiral and chiral case respectively, indicating that the transmission window
and nonreciprocal transmissions still hold.

APPENDIX B: SYMMETRIC FREQUENCY CONVERSION
WITH TWO DIFFERENT FIELDS

Similarly, for the model shown in Fig. 4 in the main text,
we move to the interaction picture of Hamiltonian in Eq. (10)
in the main text as

HBk (t ) =
∫

dkagaakae−iδkat |r1g2〉〈g1g2|

+
∫

dkbgbbkbe−iδkbt eikbd |g1r2〉〈g1g2|

+ �c1e−i�c1t |r1r2〉〈r1g2|
+ �c2e−i�c2t eiθ2 |r1r2〉〈g1r2| + H.c. (B1)

So the effective Hamiltonian in the interaction picture can be
obtained as

Heff
Bk

(t ) � g2
a

δka

∫
dkaakaa†

ka|g1g2〉〈g1g2|

+ g2
b

δkb

∫
dkbbkbb†

kb|g1g2〉〈g1g2|

−
(

�2
c1

�c1
+ �2

c2

�c2

)
|r1r2〉〈r1r2| − 2iγ |r1r2〉〈r1r2|

FIG. 9. Transmissivities T eff
1→2 and T eff

2→1 with pointlike couplings
and T effc

1→2 and T effc
2→1 with continuous couplings for (a) θ1 = θ2 = 0 and

(b) θ1 = θ2 = (2n + 1/2)π with φa = φb = (2n + 1/2)π and � =
π/2. Other parameters are �c1 = �a, �c1 = 30�a, γ = 10−3�a,
V6 = 2 × 104�a, and �a = 1 MHz.

+ ga�c1

δka

∫
dkaakae−i(δka+�c1 )t |r1r2〉〈g1g2|

+ gb�c2eiθ2

δkb

∫
dkbbkbe−i(δkb+�c2 )t eikbd |r1r2〉〈g1g2|

+ H.c. + . . . (B2)

and in the Schrödinger picture as

H eff
Bk

=
(

2ωe + V6 − �2
c1

�c1
− �2

c2

�c2
− 2iγ

)
|r1r2〉〈r1r2|

+
∫

dka(ωka + ωc1)a†
kaaka +

∫
dkb(ωkb + ωc2)b†

kbbkb

+
∫

dkaξaaka|r1r2〉〈g1g2|

+
∫

dkbξbbkbeikbd eiθ2 |r1r2〉〈g1g2| + H.c. (B3)

Then the effective Hamiltonian in the real space can be ob-
tained as Eq. (11) in the main text.

Similarly, by solving the eigenequation H eff
Bx

|�̃Bx 〉 =
(ωka + ωc1)|�̃Bx 〉 from Eqs. (11) and (12) in the main text,
one can obtain

(ωka + ωc1)�̃B
aR(x) = eik0x

(
ω0 − ivg

∂

∂x

)
�̃B

aR(x)e−ik0x

+ ξaδ(x)ũB
d ,

(ωka + ωc1)�̃B
aL(x) = e−ik0x

(
ω0 + ivg

∂

∂x

)
�̃B

aL(x)eik0x

+ ξaδ(x)ũB
d ,

(ωka + ωc1)�̃B
bR(x) =

(
ω0 + ωc2 − ωc1 − ivg

∂

∂x

)
�̃B

bR(x)

+ ξbeiθ2δ(x − d )ũB
d ,

(ωka + ωc1)�̃B
bL(x) =

(
ω0 + ωc2 − ωc1 + ivg

∂

∂x

)
�̃B

bL(x)

+ ξbeiθ2δ(x − d )ũB
d ,
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(ωka + ωc1)ũB
d = (2ωe + V6 − 2iγ )ũB

d

+ ξa
[
�̃B

aR(0) + �̃B
aL(0)

]
+ ξbe−iθ2

[
�̃B

bR(d ) + �̃B
bL(d )

]
. (B4)

Then we substitute the ansatz below (assuming the photon is
incident from port 1):

�̃B
aR = eikax

[

(−x) + seff

1→2
(x)
]
,

�̃B
aL = e−ikax

[
seff

1→1
(−x)
]
,

�̃B
bR = eikbx

[
seff

1→4
(x − d )
]
,

�̃B
bL = e−ikbx

[
seff

1→3
(−x + d )
]

(B5)

and we can calculate the reflectivity, transmissivity, and back-
ward and forward conversion efficiencies as in Eq. (13) in the
main text.

APPENDIX C: ASYMMETRIC FREQUENCY CONVERSION WITH TWO DIFFERENT FIELDS

For the model shown in Fig. 6 in the main text, the Hamiltonian in the interaction picture based on Eq. (14) can be expressed
as

HCk (t ) =
∫

dkagaakae−iδkat (|r1g2〉〈g1g2| + eikad |g1r2〉〈g1g2|) +
∫

dkbgbbkbe−iδkbt (|r1g2〉〈g1g2| + eikbd |g1r2〉〈g1g2|)
+ �c1e−i�c1t (|r1r2〉〈r1g2| + eiθ1 |r1r2〉〈g1r2|) + �c2e−i�c2t (|r1r2〉〈r1g2| + eiθ2 |r1r2〉〈g1r2|) + H.c. (C1)

With the same procedure, the effective Hamiltonian in the interaction picture can be obtained as

Heff
Ck

(t ) � 2g2
a

δka

∫
dkaakaa†

ka|g1g2〉〈g1g2| + 2g2
b

δkb

∫
dkbbkbb†

kb|g1g2〉〈g1g2| + 2gagb

δka

∫
dkaakab†

kb|g1g2〉〈g1g2|ei(δkb−δka )t

+ 2gagb

δkb

∫
dkbbkba†

ka|g1g2〉〈g1g2|ei(δka−δkb)t − 2�2
c1

�c1
|r1r2〉〈r1r2| − 2�2

c2

�c2
|r1r2〉〈r1r2|

− 2�c1�c2

�c1
|r1r2〉〈r1r2|ei(�c1−�c2 )t − 2�c1�c2

�c2
|r1r2〉〈r1r2|ei(�c2−�c1 )t

+ ga�c1eiθ1

δka

∫
dkaakae−i(δka+�c1 )t (1 + eikad )|r1r2〉〈g1g2| + gb�c2eiθ2

δkb

∫
dkbbkbe−i(δkb+�c2 )t (1 + eikbd )|r1r2〉〈g1g2|

+ gb�c1eiθ1

δkb

∫
dkbbkbe−i(δkb+�c1 )t (1 + eikbd )|r1r2〉〈g1g2| + ga�c2eiθ2

δka

∫
dkakbe−i(δka+�c2 )t (1 + eikad )|r1r2〉〈g1g2|

+ H.c. + . . . . (C2)

Besides omitting the terms related to the single-excitation states done as the last two models, the terms with e±i(�c1+δkb)t

and e±i(�c2+δka )t can also be discarded since they are regarded as high-frequency oscillation terms if assuming |�c1 + δkb| 	
gb�c1/δkb and |�c2 + δka| 	 ga�c2/δka, while taking �c1 + δka � 0 and �c2 + δkb � 0. Then, in the same way, after transfer-
ring the Hamiltonian to the Schrödinger picture, one can obtain the real-space effective Hamiltonian as Eq. (15) in the main
text.

Similarly, by solving the eigenequation one can obtain

(ωka + ωc1)�̃C
aR(x) = eik0x

(
ω0 − ivg

∂

∂x

)
�̃C

aR(x)e−ik0x + [ξaδ(x) + ξaeiθ1δ(x − d )]ũC
d ,

(ωka + ωc1)�̃C
aL(x) = e−ik0x

(
ω0 + ivg

∂

∂x

)
�̃C

aL(x)eik0x + [ξaδ(x) + ξaeiθ1δ(x − d )]ũC
d ,

(ωka + ωc1)�̃C
bR(x) = eik0x

(
ω0 + ωc2 − ωc1 − ivg

∂

∂x

)
�̃C

bR(x)e−ik0x + [ξbδ(x) + ξbeiθ2δ(x − d )]ũC
d ,

(ωka + ωc1)�̃C
bL(x) = e−ik0x

(
ω0 + ωc2 − ωc1 + ivg

∂

∂x

)
�̃C

bL(x)eik0x + [ξbδ(x) + ξbeiθ2δ(x − d )]ũC
d ,

(ωka + ωc1)ũC
d = (2ωe + V6 − 2iγ )ũC

d + ξa
[
�̃C

aR(0) + �̃C
aL(0)

]+ ξae−iθ1
[
�̃C

aR(d ) + �̃C
aL(d )

]
+ ξb

[
�̃C

bR(0) + �̃C
bL(0)

]+ ξbe−iθ2
[
�̃C

bR(d ) + �̃C
bL(d )

]
. (C3)

We substitute the new ansatz below with two coupling points of each waveguide mode (assuming the photon is incident from
port 1):

�̃C
aR = eikax

{

(−x) + Ceff

1 [
(x) − 
(x − d )] + p1→2
(x − d )
}
,

�̃C
aL = e−ikax

{
p1→1
(−x) + Ceff

2 [
(x) − 
(x − d )]
}
,

�̃C
bR = eikbx

{
Ceff

3 [
(x) − 
(x − d )] + p1→4
(x − d )
}
,

�̃C
bL = e−ikbx

{
p1→3
(−x) + Ceff

4 [
(x) − 
(x − d )]
}
. (C4)

The reflectivity, transmissivity, and backward and forward conversion efficiencies can be calculated as in Eq. (16) in the main
text.
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