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Single-photon manipulations based on optically controlled chiral couplings in waveguide structures
of Rydberg giant atoms

Yao-Tong Chen ,! Lei Du®,? Zhihai Wang,1 M. Artoni®,>*" G. C. La Rocca®,>" and Jin-Hui Wu®'-#
1School of Physics and Center for Quantum Sciences, Northeast Normal University, Changchun 130024, China
2Department of Microtechnology and Nanoscience, Chalmers University of Technology, 41296 Gothenburg, Sweden
3Department of Engineering and Information Technology, Brescia University, 25133 Brescia, Italy
*European Laboratory for Nonlinear Spectroscopy, 50019 Sesto Fiorentino, Italy
SNEST, Scuola Normale Superiore, 56126 Pisa, Italy

® (Received 19 December 2023; accepted 3 June 2024; published 25 June 2024)

Two interacting Rydberg atoms coupled to a waveguide may realize a giant-atom platform that exhibits
controllable (phase-dependent) chirality through which the direction of nonreciprocally scattered photons can
be switched on demand, e.g., by the geometrical tuning of an external driving field. In our platform, at variance
with traditional setups, the chirality arises from a simple optical implementation of the local phase difference
between two coupling points of the Rydberg giant atom. When employing two (or more) driving fields, this
platform can also be used as a frequency converter with its strongly asymmetric efficiency being significantly
enhanced via the chiral couplings. Our Rydberg giant-atom platform is well suited for chiral quantum optics
applications and further offers direct scalability for reaching tunable frequency conversion in the optical domain.
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I. INTRODUCTION

Rydberg atoms with large principal quantum numbers,
combining long coherence times and strong long-range in-
teractions, can serve as attractive building blocks for many
important applications, including scalable quantum comput-
ing and long-distance quantum communication [1-3]. Note,
in particular, that strong Rydberg interactions can well sup-
press multiple atomic excitations within a blockade radius
by shifting the resonance of double atomic excitations [4],
which opens possibilities to explore single-photon gener-
ation [5-7], quantum logic gates [8—10], entangled states
[11-14], and quantum simulators [15,16]. Very recently, in-
teracting Rydberg atoms have been considered as a new
platform to implement actual giant-atom physics working in
the optical domain, with peculiar self-interference effects and
entanglement-onset dynamics [17]. It is then worth noting that
giant atoms have emerged as a novel paradigm in quantum
optics and are generally characterized by multiple couplings
with electromagnetic or acoustic modes at distinct points,
hence breaking the dipole approximation [18]. Experimental
platforms of typical giant atoms are presently available includ-
ing, e.g., superconducting quantum circuits [19-22], coupled
waveguide arrays [23], and ferromagnetic spin systems [24].

Benefiting from diverse geometric structures owing to
multiple coupling points between giant atoms and waveg-
uide modes, rich interference effects can be introduced
to modify relevant interactions, opening a broad field of
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perspectives for controlling photon transport and information
processing. A series of unique characteristics, e.g., frequency-
dependent atomic relaxation rates and Lamb shifts [25-27],
nonexponential atomic decay [20,28], in-band decoherence-
free interactions [21,29-31], and long-lived entanglement
generation [32], have already been discovered in different
giant-atom schemes. Especially, for some chiral setups based
on giant atoms, unlike others based on spin-momentum lock-
ing effect [33-35] or topological waveguides [36,37], the
direction-dependent couplings can be realized by introducing
a local coupling-phase difference to break the time-reversal
symmetry, resulting in chiral spontaneous emission and
nonreciprocal transmission [38—41]. Considering specifically
designed multilevel atomic structures in waveguide quantum
electrodynamics systems, more abundant behaviors of photon
scattering will appear, including asymmetric photon routing
[42,43] or circulating [44,45], and efficient frequency conver-
sion [46-49].

This paper aims at tackling a few issues of the optical
giant-atom physics using Rydberg atoms, building upon our
earlier work [17]. We extend this work to encompass scenarios
involving multiple drivings and chiral couplings to attain on
demand nonreciprocal light scattering and asymmetric fre-
quency conversion. In Sec. II, we consider the basic case of
two two-level Rydberg atoms coupled to one waveguide mode
and driven by one external field (see Fig. 1). In an appropriate
regime, both single-excitation states remain unpopulated and
can be adiabatically eliminated, leading to an equivalent giant
atom coupled to the waveguide mode at two points. Scattering
properties of this giant atom are sensitive to the relative phase
of two waveguide-atom coupling coefficients and also con-
trolled by the driving field’s angle of incidence, thus yielding
tunable nonreciprocal transmissivities.

©2024 American Physical Society
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(@)  driving field Q4

FIG. 1. Schematic diagram for achieving nonreciprocal trans-
mission of one waveguide mode. (a) Two two-level Rydberg atoms
interacting via a vdW potential Vg, coupled to a waveguide mode
a respectively at x; = 0 and x, = d, and driven by a coherent field
Q.. If the driving field is oblique with angle «, there will be a
phase difference as it reaches the two atoms ascribed to optical path
difference /; (see the inset). (b) The four-level configuration in the
two-atom basis where driving field 2., is matched in frequency
with waveguide mode a on both left and right paths of two-photon
resonance. (c) The equivalent two-level giant atom exhibiting two
coupling points when adiabatically eliminating two single-excitation
states.

In Sec. III, we consider another case in which different
Rydberg atoms are driven by different external fields matching
different waveguide modes in frequency under the two-photon
resonance (see Fig. 4). While this nonlocal system with each
waveguide mode exhibiting one coupling point no longer
mimics a giant atom, and hence exhibits reciprocal scattering
properties, it may operate as a symmetric frequency converter
whereby a photon propagating in one waveguide mode, in-
dependent of its input port, can be converted into a photon
propagating in the other waveguide mode and vice versa.
In Sec. IV, we consider the more complex case in which
both Rydberg atoms are driven by two external fields and
coupled to two waveguide modes with matched frequencies
under the two-photon resonance (see Fig. 6). This nonlocal
system with each waveguide mode exhibiting two coupling
points behaves as a giant atom again and becomes sensitive to
the two relative phases of the four waveguide-atom coupling
coefficients. Its frequency conversion properties can be made
highly asymmetric and more efficient, e.g., by changing the
angle of incidence of each driving field.

II. NONRECIPROCAL TRANSMISSION

We consider two identical atoms 1 and 2 with resonant
transition frequency w, and intrinsic dissipation rate y (into
the free space) from Rydberg state |r) to ground state |g).
They are driven by a coherent field with Rabi frequency

Q.1 and coupled to a photonic crystal waveguide at x; = 0
and x, = d, respectively, as shown in Fig. 1(a). They also
interact via a van der Waals (vdW) potential Vg = Cg /R6 [1],
where Cg and R are the vdW coefficient and the interatomic
distance, respectively. This potential shifts the frequency of
double-excitation state |r;r,) from 2w, to 2w, + Vg yet with-
out affecting the frequency w, of single-excitation states |r;g»)
and |g;7>). The driving field is assumed to exhibit a frequency
w¢1 close to w, + Vg but sufficiently far detuned from w,.
We further assume that w, + Vi falls within a band gap of
the waveguide, while w, corresponds to a propagating waveg-
uide mode a. Then, the two upper transitions |ryg>) — |ri72)
and |g1r,) — |rir2) only couple with the driving field 2.,
while the two lower transitions |g1g2) — |r142) and |g182) —
|g172) only couple with the waveguide mode a. Based on all
above considerations, as done in our recent work [17], we
can obtain a four-level configuration in the two-atom basis as
shown in Fig. 1(b) where the detuning A = w.1 — (@, + Vg)
is restricted by |A.;| < Vg and the resonance condition on
two-photon transition |g;g2) — |rir2) can be satisfied for a
matching waveguide-mode frequency w, — Aj.

The system Hamiltonian, under the rotating-wave approxi-
mation, can be written as (& = 1)

Hy, = (0. —iy)(|g1r2){(g172] + |r182)(r1821)

+a%+%—mwmmmm+/ﬁm%d@
+[/gﬂmwﬂnaﬂm&%H&hH&&w%ﬁ

+Qdfmﬂwwﬂ0wﬂ+8Mmmx&mD+Ha}
(1)

Here, ay (a,t) refers to the bosonic annihilation (creation)
operators of waveguide mode a denoted by wave vector k,
and frequency wy,; 0 represents the phase difference between
two Rabi frequencies of a common magnitude €2, for differ-
ent atoms, which is easily controlled by utilizing an oblique
driving field with angle « deviating from the normal to the
waveguide. To be more concrete, we have 6; = k.;/; where
k.1 is the wave vector of the driving field and /; = d sin«
is the optical path difference between the two driving points
(being 6, = 0 when the field is incident normally). Under
the Weisskopf-Wigner approximation, we further have a con-
stant coupling strength gy, = g, for the waveguide modes
of frequencies wy, ~ w, and a constant atomic decay rate
I, = g/v, into these waveguide modes with v, being the
group velocity of waveguide photons. The present model dif-
fers from that in [17] for an extra relative phase 6;, which
would bring equivalent chiral couplings into play as discussed
later.

Above, we have first provided Hamiltonian Hy, in the
momentum space because it allows for an exact description
of the present model and is also indispensable for deriving
the conditions under which a four-level Rydberg pair can be
regarded as a two-level giant atom (see Appendix A). To
investigate the scattering of a single waveguide photon by
two interacting Rydberg atoms initially in the ground state
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|g142), however, it is more convenient to employ the approach developed by Shen and Fan [50,51], used in [39,49,52,53], and
referred to as the Bethe-ansatz approach [54]. This approach requires, in particular, the real-space Hamiltonian

Hy, = (0, — iy)(Irng2){rgl + 1g1m2){(g1m2]) + Qe + Vs — 2iy)|rir2){rir| +/

+00

dx |:a/£r (x) <a)0 + il@%)ai(x)

—00

, ] 9 , +00
+ aRT(x)<wo - lvg£>ak(x):| +/ dx{§(x)galar(x) + ar(x)1|ri1g2){g182]

oo

+ 8(x — d)galar(x) + ar(0)1lg172) (g182] + Hec.}) + Qe ™ (|ryra) (rigal + ¥ |rir)(gira]) + Hee. 2)

obtained from Hj, via a standard Fourier transform [51]. Here,
ap = aje ™ (a] = d)fe* ) and ag = djpe™* (af, = djj e~ )
denote the annihilation (creation) operators of left-going and
right-going photons in waveguide mode a, respectively, with
a; and aj representing spatially slowly varying envelopes.
Note also that the delta functions §(x) and 8(x — d) describe
two spatially separated coupling points, and we have cho-
sen wy = w, as the frequency around which the dispersion
relation of waveguide mode a can be linearized as wy, =
wo — (ko £ kg)v, with “+7 (“=7) referring to the left (right)
branch. For a waveguide photon of central frequency wy, (its
detuning is defined as &, = wr, — w,) incident from port 1 on
the left or from port 2 on the right, one can solve the stationary
Schrodinger equation Hy |Wys, ) = wie|Wa,) to examine the
eigenstate

+00 )
[Wa,) = / dx[ @GR (0)ag(x) + Py (Nag (9]0, g12)

o0

+ 1,10, r1g2) + |0, gira) + uj|0, rir2), 3)

where |0, g1g2) denotes the vacuum state of the system
without waveguide photons and excited atoms; u‘,‘}, u?, and
u’ are the excitation probability amplitudes of different
atomic states. Note that all terms in |W, ) belong to the
single-excitation subspace of waveguide photons, as the
double-excitation state |rjr,) corresponds to a two-photon
transition from the ground state |g;g,) in which only one
quantum of the waveguide mode is exchanged (the other
comes from the driving field).

Moreover, under appropriate boundary conditions, the den-
sities of probability amplitudes for right-going and left-going
photons can be written respectively as

D (x) = e*H{O(—x) + A[O(x) — O(x — d)]
+11520(x — d)},
®4 (x) = e " 11 O(—x) + A2[O(x) — O(x — d)]},
4)

J

eff 202 .
Hy = |2w.+ Vs — A = 2iy ||rra)(rira| +

cl

+00

o0

(

referring to the case where one photon is incident from the left
(i.e., port 1) of the waveguide, or

Php(x) = A3 [O(x) — O(x — d)] + 1220 (x — )},

D4 (x) = e R @(x — d) + Ay[O(x) — O(x — d)]

+1-10(—x)}, ®)

referring to the case where one photon is incident from the
right (i.e., port 2) of the waveguide. Above, we have used
A;3 (Ay4) to denote the probability amplitudes for a right-
going (left-going) photon within the region of 0 < x < d,
while ®(x) is the Heaviside step function with ®(x) = 0 for
x<0,0x)=1/2forx =0, and O(x) = 1 for x > 0, using
the half-maximum convention [55]. All unknown coefficients
appearing in |W, ) can be obtained straightforwardly (see
Appendix Al) from the solution of Hj W4 ) = wia|Wa,),
This then yields two transmissivities 71—, = |t1_,2|2 and
1 = |ta1|?, which are in general different (i.e., nonre-
ciprocal) due to equivalent giant-atom chiral couplings as
discussed below.

A. Equivalent giant atom

Under the two-photon resonance condition (i.e., A, +
Ora = 0) and with detunings much larger than coupling
strengths (i.e., |8kq| = |Ac1| > 2.1, &4), it has been shown
that the double-excitation state |r;r,) decays directly to the
ground state |g;g»), exhibiting a giant-atom self-interference
behavior [17]. Now we try to show that the scattering proper-
ties of two Rydberg atoms can also be equivalent to those of a
giant atom under the same considerations. For this purpose,
we assume that both atoms are initially at state |g;g») and
will be excited to state |r;r,) directly by a waveguide-mode
photon and a driving-field photon together, leaving the single-
excitation states |r;g,) and |g;r,) almost unpopulated during
the scattering process. Then, one can adiabatically elimi-
nate states |r;g»>) and |gir2) [56,57] and obtain the effective
momentum-space Hamiltonian Hj{f of a two-level giant-
atom as shown in Fig. 1(c) from the original momentum-
space Hamiltonian Hy, (see Appendix A2). With H{" in
hand, it is straightforward to obtain the effective real-space
Hamiltonian [51]

d
dx[ag(x)(a)cl + wy + ivga>a'L(x)

R 9 +00 )
+ap (X)(a)d +wo — ivga)a;e(x)} + { / dx&alar(x) + aL (0)]|rir2)(g1821[8(x) + 8(x — d)e™ ] + HC} (6)

[e¢]
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where 2931 /A, is the effective energy shift of state |rr;)
and &, = —g,Q.1/A is the effective coupling strength of
relevant two-photon transition processes.

Again, the eigenstate of Hj)ff|‘i'Ax) = (Wrqg + ®c1 )I\i’Ax) can
be written as (Bethe-ansatz approach)

+00 ) 5
9,) = / A0l (0) + B, (0al (0]10. g12)

o]

+ 00, ryra), (7)

where ®%,, &4, and @} have similar physical meanings as
o4, @4, and ) in Eq (3), respectively. Then, for a pho-
ton of central frequency wy, incident from port 1 or port 2
of the waveguide, one can obtain the analytical expressions
of transmissivities T¢, = |r¢ )|? and T3, = 5 | |* (see
Appendix Al) as

2

et _ Siot + 2iy — 2Y,e%sing,
122 7 8100 4 21y + 20X, (1 + ei%ecosh)) |

et _ | S+ 2iy —2Wge "sing, | ®
22T S0 + 20y + 20T (1 + eitacosh)) |

with it = Ska + Act + 292, /A1 denoting the total two-
photon detuning, Y, = &2/ v, the decay rate into waveguide
mode a at each coupling point, and ¢, = k,d the phase ac-
cumulated between two coupling points that can be taken as
constant in the Markovian regime [39]. In this subsection,
we wish to test the validity of adiabatically eliminating two
single-excitation states, and first focus on the nonchiral case
of a normal driving field’s incidence (6; = 0) corresponding
to a reciprocal transmission with 7" = T, = 7 and
T=Ti-2="T.

Comparing the spectra of transmissivities 7 from the
four-level double-atom model and T°T from the two-level
giant-atom model in Figs. 2(a)-2(c) for different values of
A1, it is clear that T and T°f become closer and closer as
A, increases, indicating that the adiabatic elimination be-
comes more and more reliable. At the same time, we note
that ¥, = Fanl/Afl becomes smaller for larger A.;, which
causes the minimum values of T and T, represented by a dip
around &, >~ — A, to increase. In particular, we find that the
two-level giant-atom model is very accurate at A, = 300,
for which we have plotted 7' (T°) against detuning 8, and
phase ¢, in Fig. 2(d) to show the typical phase-dependent
transmission spectra of a giant atom. It is also worth noting
that 7¢(T) = 1 with ¢, = (2n + 1) (n is an integer) refers
to the specific case of two Rydberg atoms equivalent to a
giant atom being decoupled from the waveguide mode. The
above findings can find appropriate explanations from Eq. (8).
For instance, the phase-dependent transmission spectra can
be attributed to the overall Lamb shift —27Y,cos6;sin¢, and
decay rate 2Y,(1 + cosfjcos¢,) as induced by waveguide
mode a and controlled by the driving field. Such a periodic
phase modulation depending also on A, and €2, through Y,
occurs due to two-path interference effects arising from the
giant-atom two-point couplings. That is, a left-incident photon
accumulates the phase ¢, when traveling directly from x; = 0
to x, = d, or acquires the phase —0; when absorbed (emitted)
at x; = 0 (x, = d) together with a driving field photon. The
self-interference of a photon between the direct path (¢,) and

© - T

0
-30.1 -30.05 -30
5k‘a /Fu,

-30.1 -30.05 -30

5ka /Fa

FIG. 2. Reciprocal transmissivities 7 and T°T vs detuning &,
with ¢, = 2n+ 1/2) and (a) A, = 10T, (b) A, = 20T, and
(c) A, = 30T,. (d) Reciprocal transmissivity T (T°") vs detuning
drq and phase ¢, (modulo 27) with A, = 30I",. Other parameters
are taken as 8, = 2nrw, y = 1073, Q. =y, Vs =2 x 10*T",, and
', = 1 MHz.

the indirect path (—6;) then results in above phase-dependent
Lamb shift and decay rate. Similarly, for a right-incident pho-
ton, it accumulates again the phase ¢, when traveling directly
from x, = d to x; = 0, but acquires a reversed phase #; when
absorbed (emitted) at x, = d (x; = 0).

B. Equivalent chiral couplings

It is now worth recalling that coupling phases may be intro-
duced, e.g., through Josephson-junction loops when threaded
by external fluxes [38] or through a dissipation port at the
coupling point [41] in superconducting quantum systems.
Here, we present a much simpler method to realize chiral cou-
plings in the optical domain based on our Rydberg giant-atom
platform, where the chirality is attained by controlling the
nonvanishing local phase difference 6; between two coupling
points of the equivalent giant atom [38—40]. Directly adjusting
the incident angle o of an oblique driving field would then
enable one, in the presence of intrinsic atomic dissipation
(y # 0), to realize the nonreciprocal transmission.

We plot in Figs. 3(a)-3(c) relevant transmissivities against
detuning &, when a waveguide photon is incident from port 1
on the left or from port 2 on the right in the case of perfect chi-
ral couplings with ¢, = 2n+ 1/2)w and 6, = 2n + 1/2)x.
It is clear that, around the two-photon resonance &, >~ —A,q,
transmissivities 77_,, and Tf’gz from port 1 to port 2 (or T,
and 75| from port 2 to port 1) are very different for different
values of A.j. That is because, other than determining the va-
lidity of adiabatically eliminating two single-excitation states
[the same conclusion is depicted in Figs. 2(a)-2(c)], a change
of A,y will result in different values of the waveguide decay
rate Y, while the intrinsic dissipation rate y remains fixed.
For instance, in Fig. 3(c), we can observe Tj_, ~ T ~

1-2 —

0 (I ~ TZEEI = 1) at the resonance point when Y, and
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FIG. 3. Nonreciprocal transmissivities 7_,, and 7,_,; as well as
Tleﬁz and T;ﬁl vs detuning &, with ¢, =6, = 2n+ 1/2)7 and
(a) A, = 10T, (b) A, =201, and (¢) A, = 300,. (d) Trans-
mission contrast ratio / vs phases 6; (modulo 2r) and ¢, (modulo
2m) with 8, = —30.067T", and A, = 30I",. Other parameters are

the same as in Fig. 2.

y are almost the same. Therefore, with the experimentally
reasonable parameters of Y, used here, Rydberg atoms are
most suitable to realize perfect nonreciprocal transmission
due to the fact that their intrinsic dissipations are about two
orders smaller compared with those of typical atoms [58-60].
Furthermore, the transmission contrast ratio

_ 712*)1 - 711*)2
T2—>l +Tl—>2’

plotted in Fig. 3(d), shows that the transmission nonreciproc-
ity due to the chiral couplings can be easily tuned by the
relative phases 6; and ¢,,.

It is worth noting that y plays a crucial role in the non-
reciprocal transmission and we have I = 0 when neglecting
y [39]. This decay rate may increase a few times when two
Rydberg atoms are close to the waveguide [61], but its detri-
mental effects can by mitigated by employing stronger driving
fields. Let us start by considering left- and right-incident pho-
tons together; they are scattered differently in general, with
1o, # 15 |, due to different interplay of phases ¢, and +6,
in the numerators of £ , and #™ | in Eq. (8), which we now
rearrange as

Stot — 2V ,c080;sing, + i(2y — 27X sinf;sing, ),
S0t — 2V zco86sing, + i(2y + 27 ,sind;sing, ). (10)

9

It shows that, only when y =0, left-incident and right-
incident photons exhibit the same transmittivity 7, = 7 |
though they experience different two-path interference ef-
fects described by +6; of the driving field. When y # 0,
however, the numerators of ) and #£ | are different in
their imaginary parts, not by sign but by magnitude, so

that we must have Tl"g2 * T;El. In particular, left-incident

photons are not transmitted with 77T, =0 (I = 1) in the
case of &y = 2Y,cos0;sing, and y = Y,sinf;sing,, while
right-incident photons are not transmitted with 77T, =0
(I =—1) in the case of 8o = 2Y,cos0;sing, and y =
—Y,sinf;sing,. More specifically, at the resonance (Sir =
0), nonreciprocal transmission (I = +1) occurs for 8 =
2n+1/2)r and y = £Y sing, or 6; = 2n — 1/2)wr and
y = FY,sing,, while reciprocal transmission (I = 0) occurs
for 6, = (2n+ 1) or ¢, = 2n+ 1)m, in agreement with
Fig. 3(d).

We finally discuss suitable experimental parameters by
considering ground state |g12) = |5S1/2, F = 2, mp = 2) and
Rydberg state |ri,) = |75P;, my = 3/2) for two *’Rb
atoms, exhibiting transition frequency w, ~ 27 x 1009 THz,
intrinsic lifetime t >~ 964 us (y ~ 1.0kHz), and vdW coeffi-
cient Cg ~ 27 x 2.8 x 102 s~ 'um® [17]. Thus, we have R =
JCs/Ve >~ 3.1um for Vg >~ 20 GHz corresponding to ¢, =
ked >~ 20.77 in the case of R=d and |8y K Vs K w,.
Keeping R and hence V; invariant, we can use optical tweez-
ers [62] to change d in the xy plane from 2.8 to 3.1 um
for a misalignment within the range [25.4°,0°] to gain a
27 modulation of ¢,. Considering that 6; >~ ¢,sin« obtained
with w.; ~ wr, >~ w, depends on both ¢, and «, it is im-
possible to determine « for a given 6; when we vary ¢,
as in Fig. 3(d). Hence, we stress here that 6, can be tuned
from 67 to 87 for o € [16.8°,25.3°] in the case of ¢, €
[18.77,20.77]. Note also that « is tuned in the xz plane
and its change has no influences on the misalignment in
the xy plane. Similar remarks hold for the relation between
phase 6, and angle § of a second driving field, as discussed
below.

(a) driving field Q., _ driving field Q.

19192}

FIG. 4. Schematic diagram for achieving symmetric frequency
conversion between two waveguide modes. (a) The same waveguide-
coupled Rydberg-atom platform as in Fig. 1(a) except atoms 1 and
2 are driven by coherent fields 2., and ., at different incident
angles, respectively. (b) The four-level configuration in the two-atom
basis where driving field ., (2.;) is matched in frequency with
waveguide mode a (b) on the left (right) path of two-photon reso-
nance. (c) The equivalent two-level nonlocal atom coupled to each
waveguide mode at one point when eliminating two single-excitation
states.

063710-5



YAO-TONG CHEN et al.

PHYSICAL REVIEW A 109, 063710 (2024)

Since the spatial extents of highly excited Rydberg states
may compare with the optical wavelengths of both driving
fields and waveguide modes, the issue of continuous cou-
plings, rather than pointlike couplings, should be considered.
But, we can verify through a dynamical solution method in the
momentum space (see Appendix A3) that the nonreciprocal
transmission is robust since all results found above re-
main essentially quantitatively unchanged even for continuous
couplings.

III. SYMMETRIC FREQUENCY CONVERSION

In addition to realizing nonreciprocal transmission for
one waveguide mode, another possible application of our

J

Rydberg-atom platform is to attain frequency conversion
between two waveguide modes. This can be implemented by
applying coherent fields €2, and 2., with frequencies w,; and
¢ upon atoms 1 and 2, respectively, as shown in Fig. 4(a).
If we further assume |w.] — @w| > Qc1.2, €ach atom will
couple to a different waveguide mode (a or b), rather than
the same waveguide mode (@) as shown in Fig. 1(a), under
the two-photon resonance from ground state |g;g») to double-
excitation state |ryr;). This then results in the four-level
configuration in the two-atom basis as shown in Fig. 4(b),
whereby driving field €., and waveguide mode a form the
left path while driving field 2, and waveguide mode b form
the right path. Accordingly, the system Hamiltonian can be
written as

Hp, = (@, — iy)(lg1m2){g172| + [r1g2){r1g2]) + Qwe + Vs — 2iy)|rir)(rir| + / dk,waa)ay + / dkywisb) by

+ [ f dkagaai|riga)(g182] + f dkpgpbilgira)(g1821€™ 4+ Qe1e ™ |rir) (r182] + Qeae 2 e |rir) (g172] + Hc]

where bz (br) is the bosonic creation (annihilation) operators
of the second waveguide mode with frequency wy; and wave
vector kjp; g is the constant coupling strength between atom
2 and waveguide mode b and we will assume g, = g, for
simplicity; 6, = k.l is the phase difference with respect to
optical path difference /, = dsin 8 for the second driving
field at incident angle . Transferring Hp, in the momentum
space into Hp_in the real space, one can calculate scatter-

J

+00
HET = <2we Ve — - 2i7/>|71V2><71’2| +/

o0

+00

Y

(

ing possibilities and conversion efficiencies of a right-going
or left-going photon in waveguide mode a by solving the
stationary Schrédinger equation as done in the last section
for Hy, .

In a similar way, adiabatically eliminating the single-
excitation states |r;g,) and |g;r,), one can obtain the effective
real-space Hamiltonian from its momentum space representa-
tion (see Appendix B) as

. d
dx|:ag (x)(a)cl + wy + ivg£>a2(x)

/ 0, , AW , 0
+ aRT(x) we1 +wo — ivg— Jap(x) | + / dx bLT(x) we + wo + ivg— b (x) + b,;(x) W + wo — Vg — b%(x)
dax oo ox ax

+00
+ f dx{&ular(x) + ap (X)]|r172) (218218 (x) + &[br(x) + b (X)]|r172) (818218 (x — d)e™ + H.c.}, (12)

o0

with A = wer — (0 + Vo) and §, = —g,2c2/Acp. Here,
by = b e ™ ¥ (b] = b e**) and bg = bie™* (bl, = biie~ o)
denote the annihilation (creation) operators of left-going and
right-going photons in waveguide mode b, respectively. This
Hamiltonian refers to an effective two-level system as shown
in Fig. 4(c) that should be regarded as a nonlocal atom (but
not a giant atom) since each of the two involved waveguide
modes exhibits a single coupling point, thus yielding no self-
interference effect. Its eigenstate can be written as

+o0
|Wp,) = / dx[®E(x)ap(x) + @5, (x)aj (x) + BBy (x)bf (x)

(o]

+ @8 ()b (0)]10, g1g2) + @510, rir), (13)

(

where &%, | (x) and ®} ,, (x) describe the densities of prob-
ability amplitudes for a right-going or left-going photon in
waveguide modes a and b, respectively.

In this case, for example, if a single photon is incident
from port 1 or port 2 of waveguide mode a, two ground-
state Rydberg atoms will make a two-photon transition to
the double-excitation state, simultaneously extracting another
photon from the first driving field €2.;. Then, they will relax
back to the ground state, emitting a photon into the other
waveguide mode b along with another photon into the second
driving field ., or a photon into the original waveguide
mode a along with another photon into the first driving
field 2.;. Based on the Bethe-ansatz approach, one has (see
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FIG. 5. Effective reflectivity S

off |, transmissivity S ,, and total
eff

conversion efficiency 5?23 + S5%,, (compared with Sy, Si-.,, and
S1-3 4+ S1-4) vs detuning &, with (a) y =0 and Q| = Q, =T,
b))y =10"3T, and Q| = Qo =T, (¢) y =0 and Q. = Qe =
2T, and (d) y = 107°T", and Q. = Q, = 2T,. Other parameters
are Ay = —Ap =30, Vo =2 x 10°T,,and I, = T', = 1 MHz.

Appendix B)

Seff — _iTa ?
U (0 + Y) + (a4 Aer +2iy) |
gt _ |+ Gra+ Aar +2iy) :
2T+ ) + B + A +2iy) |
2

Seff _ —i/ Y,
123 7 (Y, + ) + (Bpa + At +2iy) |
2

s, = —iv XaTs (14)
240y + Y) + (a4 Aer +2iy) |

with Y, = &7 /v, = I',Q%, /A2, and ¢, = kpd. We have also

set 8y = wpp — w, = —0, due to the requirement of en-
ergy conservation in a close-loop giant-atom transition with
Ao = —A.. Here, S‘ffil (S‘fiz) denotes the effective reflec-

tivity (transmissivity) of mode a, while S§™ , (S¢T ) refers to

the effective backward (forward) conversion efficiencies into
waveguide mode b. It is clear that they are immune to phases
0, and ¢, appearing in Hp, since there is only one path for
scattering a photon in mode a and converting it into mode b, as
shown in Fig. 4(c), where two-path interference effects do not
occur anymore. Note also that the right-incident case (from
port 2) is a symmetric process compared with the left-incident
one (from port 1) as considered above because S, , 5 , are
reciprocal, being insensitive to relevant phases even if the two
driving fields are oblique (¢ # 0 and 8 # 0).

We plot in Fig. 5 $$T |, ST, and S5 ; + S5, by com-
paring them with Sy, 1, S;_», and S| 3 + S|_.4 obtained from
the original Hamiltonian Hp, with A,y = —An =300, Itis
evident that the adiabatic elimination of two single-excitation

(a) driving field Q; driving field Q.4

|9192)

FIG. 6. Schematic diagram for achieving asymmetric frequency
conversion between two waveguide modes. (a) The same waveguide-
coupled Rydberg-atom platform as in Fig. 4(a) except atoms 1 and
2 are both driven by coherent fields €2.; and ., at different angles
of incidence. (b) The four-level configuration in the two-atom basis
where driving field 2., (£2.,) is matched in frequency with waveg-
uide mode a (b) on both left and right paths of two-photon resonance.
(c) The equivalent two-level giant atom coupled to each waveguide
mode at two points when eliminating two single-excitation states.

states is valid again since there is no difference between S¢', j
and S;_, ;. Moreover, the optimal value of frequency conver-
sion efficiency quantified by S ; + S, is only 0.5 when
ignoring the intrinsic atomic dissipation (y = 0) and taking
Y, = Y}, as shown in Figs. 5(a) and 5(c). In fact, we have
(i) S¢tf . = S, and they are further equal to SST , if we set
Y, = T} and (ii) Zj=1 S‘f‘i ; = 1 by virtue of energy conser-
vation in the waveguide modes if we set ¥ = 0, as can be seen
from Eq. (14). The inclusion of y in Figs. 5(b) and 5(d) would
lower the conversion efficiency, yet one could increase Rabi
frequencies 2., and Q, to raise Y, = Y}, thus reducing the
negative effect of y. In addition, the sum of Z‘;:] Sfi ; will
become less than unity given that a part of energy must leak
into the free space from the excited giant atom, though it may
approach unity in the far-detuned region. The above findings
(S5 5 4 S5, < 0.5 and SST ; =S¢ ) prompt us to investi-
gate another scenario for improving the conversion efficiency
and meanwhile achieving the asymmetric scattering.

IV. ASYMMETRIC FREQUENCY CONVERSION

We further consider the case where each Rydberg atom
is driven by two coherent fields €2.; and ., as shown in
Fig. 6(a). This then results in the four-level configuration in
the two-atom basis as shown in Fig. 6(b), where both left
and right paths of the two photon resonant transition from
ground state |g;g») to double-excitation state |rjr) can be
implemented with driving field €2.; and waveguide mode a
or with driving field 2., and waveguide mode b. As discussed
below, this means of all-optical control will enable one to en-
hance the efficiency and select the directionality of frequency
conversion via tunable chiral couplings, yet without altering
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the system’s physical structure. The relevant Hamiltonian reads as

He, = (w. — iy)(|g112) (g172] + |r182)(r1&2]) + Qw, + Vs — 2iy)|rir) (rir| + /dkawkaazak + /dkbwkbbzbk
* [/ dkagaar(Ir182)(g182] + 1g172) (g1821€™) + / dkpgpbi(Ir182) (81821 + |g172) (g1821€™) + Qere™ ™ (|rir2) (r1g2]

+ ') (ginl) + Qee ™ (|rr) (rigal + € rr)(girl) + HC] (15)

where the two local phase differences 6, and 6, as defined before can be independently controlled by changing the respective
driving fields’ angles of incidence.

After adiabatically eliminating the single-excitation states |r;g>) and |g ) in a way similar to that considered in the last
two sections, one can attain from He, the effective Hamiltonian Hf e“ (see Appendix C), which if transferred into the real space
becomes
eff cl 2932 . oe rt . 0 ’

He = <2we +Ve— — — —<= — 21y>|r1r2)(r1r2| +/ dx|:aL (x)(a)cl + wo + wga)“ﬂx)

[e.0]

A 8 ! ] oo / . a /
+ aRT(x) (a)cl + wy — ivga>aR(x) + / dx|:bLT(x) (a)cz + wo + ’Uga>bL(x)

o]

9 +00
+ b/T(X)<wc2 +wy — lvga )b}q(x) + { / dx&,lar(x) + ar(xX)]rir2){g18>]

o0

+00
X [8(x) +8(x — d)e'™ ] + H.C-} + / dxEp[br(x) + b ()Irir2) (81821[8(x) + 8(x — d)e™] + HC} (16)

[e¢]

Li(Ac1+8)t +i(A+6ka )t

Here, the high-frequency oscillation terms e and e have been neglected by assuming |A.; + 8| >
8bS21/8rp and |App + Sral > 8422/ 8ka, While taking A,y + 8, >~ 0 and Ay + 8 =~ 0. This regime corresponds to the case
in which detunings A.; and A, of the two driving fields are sufficiently large in magnitude and opposite to each other. In this
way, as shown in Fig. 6(c), the equivalent two-level system as a combination of the model in Fig. 1(c) and the model in Fig. 4(c)
behaves like a giant atom again because it is coupled to both waveguide modes at two points, allowing for the occurrence of
self-interference effect for each waveguide mode.

With Hgff in Eq. (16) and taking |W¢, ) = [ ) in Eq. (13) as the corresponding eigenstate, for a single photon of waveguide
mode a incident from port 1 on the left, it is viable to compute (see Appendix C)

peit |pett _ —iT,(1 4 ei¢“€ié' )(1 + ePee) '
=1 = P11 Ska 4+ Act + 2iy + 2iY,(1 + eitacosty ) + 2iX,(1 + ei®rcosh,)

Ska + Aet + 2iy — 2Y,e%sing, + 2iY,(1 + € coshs)
Ska + Acp + 2iy + 2iY,(1 + ei®acosh)) + 2i T, (1 + eiPrcosh,)
i /T T (1 + e ei®)(1 + et

Pt = = 4 . ,
s =it al Ska + Act + 2iy + 2iT (1 + ei®ecost ) + 2iY,(1 + eircoshy)

eff
Pl—>2

‘pl—>2

or 2 —i /Y 0p(1 + e7Prei®2)(1 + e/Pae=1)
= P, = Y ‘ . ‘ , (17)

Peff
=4 Ska + Act + 2iy + 20T (1 + ei®acost)) + 2iY,(1 + ei®rcosby)

(

representing, in order, the effective reflectivity, transmissivity,
and backward and forward conversion efficiencies. In these
expressions, phase difference 6; (6,) between two driving
points of the coherent field 2. (£2.,) will bring about chiral
coupling effects together with phase difference ¢, (¢p) be-
tween two coupling points of the waveguide mode a (b). Then,
the scattered photon can be routed toward a selected port
while suppressing the probabilities toward other ports, which
definitely improves reflectivity P |, transmissivity P ,, or
frequency conversion efficiencies Pfit .5 and P, on demand.

Figure 7 shows typical spectra of the effectlve reflec-
tivity, transmissivity, and backward and forward conversion

efficiencies for different values of relevant phase differences
and intrinsic decay rates. It can be seen from Figs. 7(a)
and 7(b) that, when the two coherent fields are at nor-
mal incidence (i.e., 6; = 6, = 0), the equivalent couplings
are nonchiral and the optimal frequency conversion effi-
ciency P, + P, = 0.5 is the same as that found in the
last section. For the perfectly chiral case corresponding to
0 =6, =02n+1/2)7r and ¢, = ¢, = 2n+ 1/2)w shown
in Figs. 7(c) and 7(d), the forward conversion efficiency can
approach unity around &, >~ —A.; with y =0, though in
general being smaller than unity for y # 0. This is because
both reflectivity Pfl | and backward conversion efficiency
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FIG. 7. Effective reflectivity P{T,, transmissivity PfT,, and

backward P¢T ; and forward P{TT , conversion efficiencies vs detuning
Ska- (@), (b) pp = (2n+1/2)m, 6, =0, =2nm, and y =0 (a) and
y =107, (b). (c), (d) ¢p = Cn+ 1/2)7,0, =6, = 2n+ 1/2)m,
andy =0(c)and y =107, (). (e), ) ¥y =0,0, =6, = 2n +
1/2)m, and ¢, = 2n + 1)z (e) and ¢, = (2n — 1/2)7 (f). Other pa-
rameters are ¢, = 2n+ 1/2)w, Qo = Qe =20, Aoy = —Ap =
30r,, Vo =2 x 10°T,,and ', = T', = 1 MHz.

P"’ffg = 0 remain zero, independent of &;,, as a result of
perfect destructive interference contributed by 1 + ¢%e/®
and 1+ ¢%e, respectively, as can be seen from Eq. (17).
Hence, our waveguide-coupled Rydberg-atom system is an
excellent platform to realize high-efficiency frequency con-
version, needing neither multiple-level atomic configurations
nor specific devices like Sagnac interferometers [46]. It is also
important that one can adjust the output ports of mode b con-
verted from mode a by tuning ¢, to attain P{™ ; = P, = 0.5
with ¢, = (2n + 1) shown in Fig. 7(e), or Pl"if)3 = 1 with
¢ = (2n — 1/2)m shown in Fig. 7(f), in the ideal case with
y = 0. As a corollary of this observation, the equivalent chi-
rality of waveguide modes a and b can be controlled separately
with different values of ¢, and ¢;. Indeed, the functions of
¢, and 0; (¢ and 6,) are similar, both of which can be used
to tune the chirality of waveguide mode a (b) as depicted in
Fig. 3(d) only for waveguide mode a.

Based on this chiral coupling mechanism, it is natural
to consider the possible realization of asymmetric frequency
conversion by comparing scattering behaviors of a left-
incident photon with that of a right-incident photon in the
same waveguide mode. In fact, for a photon incident from port
2 in mode a, the analytical expression of total conversion effi-
ciency PST  + P§ , will be identical to that of P{™ ; + PFTT if
we make the replacement 012 — —01». Itcan be found from
Figs. 8(a) and 8(b), with ¢, = ¢, = 2n + 1/2)7 and 6, = 0,
that the spectra of the above two conversion efficiencies into

1

0.5

0

1

0.5
0 0 — - 0

-30.05 -30 -29.95 0 1 2
5ka/ra ¢a/7r

FIG. 8. Effective total conversion efficiency (a), (c) P, + P{T,
and (b), (d) Perf Peﬁ ™ 4 vs detuning 8, and phase 6, (modulo 2)
with ¢, = ¢, = (2n + 1/2)m (a), (b); vs phases ¢, = ¢, (modulo
2m) and 6, (modulo 2r) with §;, = —30I", (c), (d). Other parameters
are the same as in Fig. 7 except 6, = 2nm and y = 0.

mode b have an inverse dependence on 6, for the left-incident
and right-incident photons in mode a. That means the chirality
of mode a is enough to realize asymmetric frequency conver-
sion since it can fully determine whether a photon in mode a
can be first absorbed by the two atoms and then converted into
mode b while the chirality of mode » will only determine the
output port (3 or 4) of the photon converted into mode b. Note
also that Pze_)3 =P 4 always holds in Figs. 8(a) and 8(b) due
to the fact that 6, = O refers to the nonchiral case. Figures 8(c)
and 8(d) show that ¢, and ¢, will also determine the chirality,
and with ¢, = ¢, = nm the frequency conversion turns out to
be symmetric, which is consistent with Fig. 3(d).

V. CONCLUSIONS

Waveguide-coupled Rydberg atoms represent a relatively
new form of hybrid quantum systems, made of individual
components with complementary characteristics, e.g., long
coherence times, flexible all-optical control, and available
transition frequencies; these systems are of interest to a wide
range of areas, from quantum computation and communi-
cation to quantum sensing. The present paper represents a
detailed and systematic account of the large degree of control
over the range and the nature of equivalent chiral couplings
and nonreciprocal scattering enabled by two Rydberg atoms
coupled to a waveguide so as to form a giant atom. Our
waveguide-coupled Rydberg giant-atom platform may also be
adapted to work as a frequency converter with an efficiency
that can exhibit a strong asymmetry and be significantly
enhanced via chiral couplings. It is certainly noteworthy to
mention here that our model can be easily expanded to accom-
plish a multifrequency conversion. This entails incorporating
additional driving fields with varying frequencies, coupled to
the upper transitions, to successfully implement two-photon
transitions. We believe that our proposal provides an innova-
tive approach to chiral giant-atom physics and one that may
lead to novel results on the Rydberg nonlinearity at optical
frequencies.
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APPENDIX A: NONRECIPROCAL TRANSMISSION WITH ONE SINGLE FIELD

1. Two Rydberg atoms without any constraints

Here we would like to show how to apply the Bethe-ansatz approach to solve the scattering problem for the two Rydberg
atoms. By solving the eigenequation Hy |Wy4 ) = wie|Wa,) from Egs. (2) and (3) in the main text, one can obtain

. J .
Wra P (x) = efo* (a)o — ivga—x> DA (e % g, 8(x)up + gu8(x — d)u?,

. 0 .
Wra L, (x) = o (a)o + ivga—x) D4 ()™ + g, 80} + ga8(x — d)u?,

Wity = (@, — iy Yty + 8a[ P(0) + PL(0)] + Qer4f,
Wl = (0, — iy )} + o[ PR(d) + PL)] + Qere"ugy,
Oratly = (@0 — Ay — 2iy ) + Qs + Qe (A1)

where wy, is the frequency of one incident photon satisfying wi, = wo + (ks — ko)v,. For the left-incident case (from port 1),
substituting the wave functions ¢2R,aL(x) in Eq. (4) into Eq. (A1), we obtain

0= —ivg(Ay — 1) + gaj,

0 = —ivg(ti2 — A + gaul,

0 = —ivg(ri1 — A2) + galt,

0= —ingze_i¢“ + gau‘:,

0= SA1 +As + it + 1)+ Qi) — B + i

0= g?a(A1€[¢“ + Aze P+ 11 0e) + Qere” Ml — (Skq + iyl

0 = Qe + Qe u — (8p + At + 2iy )t (A2)

with ¢, = k,d = kod + (wra — wo)d /v, that can be seen as a constant in the Markovian regime [39] and 8§y, = wi, — w,. Then
solving Eq. (A2) numerically, one can get the transmissivity from port 1 to port 2 as Tj_» = |t;_|>. If the photon is incident
from the right port, i.e., port 2, then one can similarly substitute Eq. (5) into Eq. (A1) to obtain the transmissivity from port 2
to port 1. It can be found that all the results are the same compared with the left-incident case yet with an opposite sign of the
phase difference, i.e., 6; <> —6;.

2. Equivalent giant atom with large detunings

Based on the effective Hamiltonian theory [56,57], for the model shown in Fig. 1 in the main text, we first need to obtain the
Hamiltonian in the interaction picture from Hy, in Eq. (1) as

avf
Ha, () = IWUI + U Hy U,

:/ dkagaara(I1182) (81821 + |g172) (g1821€™ e ! + Qe 2 (|r1r2) (r1ga + € [rim2) (gira|) + Hee.y,  (A3)
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where the unitary operator Uy = e " with Hy, = w.(|g172)(g172] + |r182)(r182]) + Qe + Vo)lrira) (rira| + [ dkawraa;, ara-
Then the effective Hamiltonian in the interaction picture can be obtained as

t
H (1) = —ita, (1) / Ha, (t)dt'
0

28, 202 .
~ =24 dk,ag.ay 18182)(8182) — —L|rir) (rira| — 2iy|rir) (rir|
Ska Acl
Q. et , '
+ g“(s;l f dkaakaeil@kﬂr&])t|Vlr2>(g1g2|(1 i elkad)
ka
Qe ] .
— gcAl— / dkaazael(tsku#»Arl)t|g1g2) (r1r2|(1 + e*lkad) T, (A4)
cl

where we have omitted a few terms related to the single-excitation states |r;g>) and |gr;) since they are decoupled from
other states and only interact with each other. Assuming A.; + 8, >~ 0 and |A1], |Skal > Qc1, 84> We will have the effective
Hamiltonian in the Schrédinger picture as

eff dU; T geff
HAk =l7U2+U2HAk (I)Uz
2

2Q Lo
= <2a)e + Vs — A b 21}/> |r1r2)(r1r2| + / dky(wpq + wcl)azaaka + / dkagczaku(l + elk“delel)lrlrz)(glggl + H.c.,
cl
(AS5)

where &, = —g,Qc1/Ac1 and U = e with Hy, = — o, + Vo) rir)(rirn| — [ dkwk + o )azaaka. Then this effective
momentum-space Hamiltonian can be transformed to the real space as in Eq. (6) in the main text.

Then, with the same procedure, by solving the eigenequation H jffI\Ile) = (wrq + a)cl)|‘~TIAA> from Eqgs. (6) and (7) in the main
text, one can get the following equations: '

- . i - . .
(Wha + @) P (x) = & (wd + wp — ivga) P ()R 1 £, [8(x) + 7 8(x — d)it,

- . 0\ -~ . .
(ko + @)D, (x) = e~ (wd + wo + iv%)@;(x)e"‘ox + £,[8(x) + € 8(x — d))il,

2
(Wra + 0e))ils = <2we + Vs — ZAQ“ — 2iy>ﬁ3 + E,[ DA (0) + @4, (0)] + Eue™ ™ [Dhp(d) + D4, (d)] (A6)

cl

and
0 = —ivg (A" — 1) + &,i1,
0 = —ivg(1", — AST) e + &™),
0= —ivg(rffil - Agff) + Saﬁﬁ,
0 = —ivASTe ™ 4 £,e™ i),

_&
2

. . 4 . 202
(AST 4+ AST + 5T+ 1) + %“e*’el (AST e AST ™00 4 47T i) — (éka + A+ = cl 4 2iy>ﬁ;}. (A7)
cl

0

The effective transmissivity Tl"‘gz = |tfi2 | of Eq. (8) can be obtained from solving Eq. (A7). The transmissivity Tz‘fl = |t§i1 |2

in Eq. (8) of a right-incident photon is dealt with in the same way as above.

3. Continuous-coupling case based on dynamical solution method

In the case of continuous coupling, elucidating the wave-function ansatz in real space can be challenging, particularly due to
the unclear delineation of the coupling region. Therefore, we are considering the application of the dynamical solution method
based on the momentum-space description [28,54]. Additionally, we illustrate the process of obtaining transmissivities for the
pointlike coupling case once again, providing an example. Based on the effective Hamiltonian in Eq. (A5), the time-evolving
state at time 7 in the single-excitation invariant subspace can be written as

Wy, (1)) = f dkglei(t)al, + ca(t)al, 110, g1g2) + Fy ()]0, ri72). (A8)
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Therefore, we have the dynamical equations for the equivalent giant atom:

2
a,ﬁi:(t):—( —idg i +2y>ﬁd(r>—zs [ dkar+ et e —ie [k +e e e
cl
de1(t) = —iwgger (t) — iig(1E(1 + e *ed ™),
dea(t) = —iwgaea(t) — g ()E( + el ey (A9)

with & = &,/+/2m. c1(t) and ¢, (¢) refer to the right- and left-propagating fields, respectively. Integrating the latter two equations,
we have

t
ci(t) = e |:c1(0) —iE(1 + e el / dt’ﬁg(t/)ei“’k“”},
0

cr(t) = e~ inat |:cz(0) — (1 4 "de™) / d;’ag‘(t’)eiwka’}. (A10)
0

Inserting these two equations into the dynamical equation of ﬁ;‘(r) in Eq. (A9) and after arranging, we have

2Q? . . .
AGES —<iwe i —im =t +2 )ftﬁ(t)"'vE f dwgg(1 + ¢t/ M)e ! ¢, (0)

cl 8
iy / dwga(1 + €7tV )e ™0l ¢ (0)
U
2
E / dt MA(I)/dwk 7zw;\a(t t)_l_ —iwga(t—t' d/vg) —i6, +€7lw’m(t t'+d/vg) 191]
0

Vg

2
E / dt MA(I )/dwk —iwpa (t—t') _I_efia)k,,(tft’fd/vg)ei@] _‘_efia)ka(tfturd/vg)efib‘]]
v
8

. 2931 ~ E iwyed /vy ,—i0 —iwyat
=—|iw, —iA;q — i A + 2y u‘;}(t) —i— [ dwga(1 + &'/ Pee™ 1) e Pkl ¢1(0)
cl vg

- iE / dwga(1 4 e~ @l /Vs =iy p=ional ¢ ()
Vg

27152 . _ip i
5 / dr'iy (128t — 1)+ 8(t" —t +d/vg)e™™ +8(t" — 1 — d/vg)e'™]
¢

27[52 ~ i6 i6
5 / dr'iy(tH[28(t — 1)+ 8(t" —t +d/vg)e™ + 81" —t —d/vg)e "]
¢

. 2931 ~ g iwpad /vy ,—i0 —iwyat
=—|iw, —iA;q — i A + 2y ufi\(t)—lv— dwy,(1 + '/ Pee™ 1) e™ Pkl ¢ (0)

cl g
— ii / dwga(1 + e~ Oad/Veg=iyp=iond ¢ ()
v

2 2 2
_ 4t ) — 2mé Ot — d/vy)ity(t — d/vg)e™™ — ?@(x — d /vty (t — d/vg)e™. (Al1)
8 8 8

Here, we have assumed 11’3 (t) = Ofort < 0 and thus neglected the Heaviside step function ®(¢ — d /v,). By Fourier transforming
this equation and with the initial condition 12‘3(0) = 0, we have

20?2 2 . ) 2 . )
—iit}y (wa) = —<iwe —iAg —i—— + 27/)% (k) — 1228 (1 4 omdliagi0)¢, (0) — 1225 (1 4 ¢ iomsl/iag~0)0)
Ac Vg Vg
4 &? 4 &? .
it i1y (0ra) — ’f it} (wxa)e" ! e cosb) (A12)
8 8

and

(1 e veg = >c1<0> +E (el ey 0)
w0 = [ dow, e, (A13)
Oka — 0o+ Aot + 250 4 21y + 14”é (1 4 ei@wad/vscosh))
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For the left-incident photon with ¢ (0) #£ 0 and ¢,(0) = 0, we substitute this equation into the equation of ¢ (¢):

) 2 ) ) 1 iwy,d [vg ,—i6) 0
C](t) — e_lwk“l01 (0) _ lé_(] + e—lwk“d/vgelgl) dwka ( "i_ e e )Cl( )
v

g W, — e + Agy + L 2iy + 14”5' (1 + e®had/ecosh))

1
x e*twkat/ dt/ﬁg(t/)el(wkafwka)t ,
0

e1(00) = e_i“’k“’cl(O) 1 — l47r§2 1+ cos(a)kad/vg)cosel + sin(wyqd /v,)sind;

(A14)
Ve wpy — we + Ay —+— L+ 2iy + 14”5 (1 4 ei@xad/vecos0))

which is in the long-time limit. Therefore, the transmissivity Tleifz = 'l“( )
(0

can be expressed as

2
<Sa+AC + “—}—21 — 27 ,e?sin
Y — 1 y P (A15)
Ska + Aci + a4 4 2y + 2, (1 + ei®ecosh;)

with Y, = &2/ v,, which is the same as that in Eq. (8) in the main text calculated from the Bethe-ansatz method.
Taking continuous coupling into account, considering the example with the coupling distribution represented by exponential

functions as v; (x) = Se” 51 at x = 0 and v (x) = —e &l=dl at x = d, the momentum-space Hamiltonian can be written as
202,
Hy' = (2% + Ve —

cl

_ 21)/) i) (rira| + / dko(0ra + wer)ay, axe + a] paxr)

+ / dx f dka{al, |8} (el[vi(x) + va(x)]e" ™ + aly|g) (el [v1 (x) + vy (x)]e e’

+ arzle)(gl[vi (x) + va(x)]e e 4 ayple) (gl[vi (x) + va(x)]e” e MY, (A16)

where A is the characteristic width and [ dxv; »(x) = § is satisfied. The coupling phase difference is no longer a constant which
should be expressed as a function of position 6(x) = x6; /d assuming that the driving field is incident with an unchanged angle.
Then the dynamical equations become

2

ZQCI zkx —if(x)
B,ud (t)y=— — A — 1 A + 2y )i (t) — l/a’x/dk [vi(x) + va(x)]e™ z1(t)

cl

—i / dx f dka[v1(x) + v2(x)]e Rt e D7, (1),
dz1(t) = —iwgazi (t) — ifiy (1) / dx[vi (x) + va(x)]e” *exe®™),

8,22(1) = —iwnaza(t) — ity (1) / dx[vi (x) + vy (x)]ehe e @), (A17)

With the same procedure, we have
2

202
Qity (1) = —(iwe = iba =i

L+ 2V>”d (1) — _fdx/dwka V1 (X) + Vo (x)]e e/ Vs gm0 gminal 7, (0)
cl

i —iWyaX Vg ,—10(X) —iwiat
- dx | dwga[vi(x)+va(x)]e te e 22(0)
8

1 1

~ 5 df’ﬁﬁi”(t’)/dX/dx’/dwka[vl(x)vi(x’)+ V()2 (x) 4 V1 (X2 (x) + V2 ()2 (x)]
g JO

« [e—iwka[t—t’—\x—x’l/vy] + e—iwk,,[t—t’ﬂx—x’l/vg]](e—iO\x—x’I n ei9|x—x’|)

2
c

cl

2Q
B _<"we iy —i— - +2V) - / dx/ a1 () + w2 ()]s V=000t 7, (0)

_ vi/dx/da)ka[w(x)—k vy (x) e~ @kax/ Ve g0 () g =inat 7, ()
I3
. dt/ﬁg((t/) / o / o /‘ dwga[v1 V1 (X)) + V1 OV (X)) + v1 ()2 (x) 4+ 12 (s (X)]
0

Ug

X (80" — 1+ v = x'l/vg) +8(t — 1 — |x — x| Jup) (™ - 7Ty
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2Q2 j : . ,
B _<"we — B =i+ 2V>f’2“<t> - / dx/ o[ (x) + va(x)]e s Ve~ 0010t 7, (0)
cl

& / dayg[v1(x) + va(x)]e™ /om0 = onl 7, (0)
Ug

— UZ/O dt’ﬁd"(t’)/dx/dx’/da)ka[vl(x)vl(x’)+vl(x)UQ(x')+vl(x’)vz(x)+v2(x)v2(x')]
8

X [0 — e = X| /v)ity (1 — |x — ¥ Jug)l(e™ P 4 &), (A18)
After Fourier transforming this equation as

B Z [ dx[vy(x) + vo(x)]e' e/ Vee Wz, (0) + 2—” L [ dx[vi(x) 4 va(x)]e” @ Ve 007, (0)
iy (Wa) = — (A19)
Wia —we—l—ACl—i— r‘—i—2zy—i—F

with F =3 fdxfdx [vl(x)vl(X)+v1(x)vz(x)+ vl(x )Vz(x)+v2(x)vz(x Yei@ralv=x1/ve (e= 0= 4 o¥l=xT) " we replace

[ dxvi2(x) to 2;1 fd(pvl 2 (@) with Pi(p) = £ 7l @/ v /D] ang g = (Wka/vg £ 01 /d)x. We
have

TS dotn o) + mae)le ’w*ax/vge-'ﬂmzl(m + [ dglDi(g) + Da(g)le /e W5 0))
0 = [ do et (A20)
Wra — We + Agt + + 20y +iQU 4+ 2iJ + Doy + T, + idex +iJ),)

where
*© *® / / / . * / / / 16T“
I'= / d<ﬂ/ de'vi(p)Di(¢)cos(p — @) = / dw/ d@ vy (@)ia(g)cos(p — @) = —5—, (A21)
o Jeoo o0 S0 (A2 +4)
% © _ , o0 o L YuA(A+12)
J =/ dw/ de'D1(p)1 (¢ )sinlg — ¢'| =/ dw/ de' D2 (@) D2 (¢ )sinlp — ¢'| = a(AZT‘r)Z’ (A22)
e o L, , 16 cos[(wia/ve + 61/d)d] ,
e = / d / dg'D1 ()02 (¢ )eos(p — ¢') = ( = vy e N P 2 (A23)
o0 o 16T ,cos[(wra/ vy — 61 /d)d] ,
= [mdwﬁwdw D1(¢)02(¢ )eos(p — @) = (A§+j)2 e (A24)
> S (Vo Vi / Aoy vert0) /)
Jox = /_Oodfp /_Ood<.0 D1 (@) (¢ )sin|g — ¢'| = m{[g(wka/vg+91/d)d +e &
x 2A% (wpa/Vg + O0/d)d + 12A + A°] + 16sin[(wra/ve + 01 /d)d]}, x> X/, (A25)
T do 7 dols (o) (0 s , a g o1\ g/t
_/700 ¢[m @' D1(@)ha(p)sinfp — ¢'| = m{[ (Wka/vg — 01 /d)d + e~
x 20 (wpa/vg — 01/d)d + 12A + A°] + 16sin[(wra /vy — 01 /d)d]},  x < x'. (A26)

For the left-incident photon with z;(0) # 0 and z,(0) = 0, we substitute this equation into z;(¢) as
21(1) = el 7 (0) — i f de / d¢'[D1(p) + Da(@)]e e

~ ’ ~ V] i@ X' [V p—10(x") 0 ) t ) o
x /da),’m [Vl ((p ) + VZ((p )]e e 21 ( ) e*lwkat / dtlﬁgp (t/)ez(wka—a)k“)[ ,
W, — We + A ~|— 2% +21y +iQT +2iJ + Top + T, + idex +iJ)) 0

[dy fdfp/[ﬁ(w) + Do (@)][D1(¢") + D2 (9")]cos(p — @)
Wra — We + Agy + 2] +2iy +iQT +2iJ + T + T + idex +iJ),)

z1(00) = e iz (0)4 1 —i

: 2iC+T)
= itz (0)] 1 — i+ Tey) . (A27)
Wra — We + A + +21y +iQ2L 4+ 2iJ + Lo + T, + idex +iJ))
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. . . 2
Therefore, the transmissivity T, = £ can be expressed as

=27 |5OF

(Ska + Acl +

202
A

cl

L2y — QT + T +J.) + il — i,

(A28)

TeffC _
1-2 — 20
Sku + Acl + A

2
c

cl

With the same procedure, for the right-incident photon with z;(0) = 0 and z5(0) # 0, we can get the transmissivity 7,

lz2(00)2
p 38

2
Sta+ Aet + 22+ 2iy — (2 + Jux +J},) + T, — iTey

L 2iy +i(20 + 20 + Doy + Tl 4 i + i)

eff,

-1 =

(A29)

2—1 — 2[

Sta + Act + 2 + 2y + (2T + 20J + Ty + Ty + iy + i)

It is clear that continuous couplings will only change the Lamb shift and effective decay rates, which can be seen from
Eqgs. (A21)-(A26). Figure 9 shows that even considering the continuous coupling the main results only undergo quantitative
changes. Figures 9(a) and 9(b) correspond to the nonchiral and chiral case respectively, indicating that the transmission window

and nonreciprocal transmissions still hold.

APPENDIX B: SYMMETRIC FREQUENCY CONVERSION
WITH TWO DIFFERENT FIELDS

Similarly, for the model shown in Fig. 4 in the main text,
we move to the interaction picture of Hamiltonian in Eq. (10)
in the main text as

Hp, (1) = / dkagaarae " |r1g2) (g1

+ f dkogsbise ™ ) g 1 12) (g122]
+ Qere B rry) (1165

+ Qe e 1) (g1 + He.  (B1)

So the effective Hamiltonian in the interaction picture can be
obtained as

2

Ska

% ;
+ S_b/dkbbkbbkb|glg2><glgz|
kb

HT(1) / dkoarad), |9182) (8122]

2 2
— QC]""% [r1ra)(rira| = 2iy [rir) (rim|
Acl ACZ

1 7 1
) el \ el
- = X 1 - 1=2
— 7t I e Tﬁﬁl
off,
05 : 05 - o
| — T,
}
@ o)
-30.2 -30.1 -30 -29.9 -30.2 -30.1 -30 -29.9

6/«(1 /Fa 61“1 /F”

FIG. 9. Transmissivities 7", and 7%, with pointlike couplings

and T:™, and 7™ with continuous couplings for (a) 6, = 6, = 0 and
(b) 6 =6, =02n+1/2)m with ¢, = ¢, = 2n+1/2)w and A =
/2. Other parameters are Q. =TIy, A, =30T,, y = 107°T,,

Vs =2 x 10°T,, and T, = 1 MHz.

an —i
+ 8adiel /dkaakae Ot Be) |1y 1)) (g1 82
ka
Q. it . .
4 8p2ocal © / dkpbype™ T8 pikod |1 1)y (o) 05 |
Sk
+He. +... (B2)

and in the Schrédinger picture as
2
Hy' = <2we +Ve——=———"=— 2i]/>|r1r2)(r1r2|
+ f dky(@ra + @), + / dky(@xy + @c2)b,bry
+/dka€aaka|r17’2>(glgz|

+ / dksrbire’™ e 1) (g182] + He. (B3)

Then the effective Hamiltonian in the real space can be ob-
tained as Eq. (11) in the main text.

Similarly, by solving the eigenequation HgT|Wp )=
(wra + a)cl)l‘ilgx) from Egs. (11) and (12) in the main text,
one can obtain

. A FRW A
(@rka + ©c1)PER(x) = " (600 - iv%) B (x)e o
+ £,8 ()it
FB —ikox . 8 i B ikox
(Wka + we1 )P (x) =e wo + zvga D) (x)e
~B
+ &.8(x)iiy,
- R
(Wra + @1 )P (x) = (wo + o — w1 — wga) B (x)
+ & 8(x — )il
- o0\ &
(Wra + @c1)Ppy (x) = (wo + oo — wer + lvga> &} (x)

+ £, 8(x — d)iib,
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(wka + wcl)ﬁg = (2we + V6 - 2”/ )ﬁg
+ &,[D5:(0) + @%, (0]
+ &e [ DPp(d) + Dy ()] (BA)

Then we substitute the ansatz below (assuming the photon is
incident from port 1):

8 = " [O(—x) + si1,0)],
|

&5 = e—ikax[seff 1@(—x)],

Opp = [T, 00 — d)],

dp = e[S, 0(—x + d)] (B5)
and we can calculate the reflectivity, transmissivity, and back-

ward and forward conversion efficiencies as in Eq. (13) in the
main text.

APPENDIX C: ASYMMETRIC FREQUENCY CONVERSION WITH TWO DIFFERENT FIELDS

For the model shown in Fig. 6 in the main text, the Hamiltonian in the interaction picture based on Eq. (14) can be expressed

as

He, (1) = / dkagatrae™ ™ (1120 {g182] + € |g1r2) g1821) + / dksgsbe™™ (112} (81821 + €] g1r2) g1 821)

+ Qe 2 (1) (rigal + €7 1) (gim]) + Qeae A

2(lrir2) (r1gal + €% |rim)(ginl) + He. (ChH

With the same procedure, the effective Hamiltonian in the interaction picture can be obtained as

2g
Ml = 25 28, / dhatraal 152} 8182 + o / dksbiobl, 8182 {g182] +

2848b

ka
2

/dkaakab;tﬂglgz)(8182|€[(5“’78k“)t

+ Zg:f” / Qhsbuse]182) g1 — 22 1y )|

- —29;15262 |F112) (ry @B =Bt %ljcz|r1rz>(rlrzle"(AfrA“)’

+ gaggileiel /dkaakae_i(ak"JrA")’(l + e )rir)(gi1g2] + 4%16% / dkpbpe A (1 4 €N riry) (818
" ot

+ g—bg(zs:,eml / dkybype™" AL 4 €MD) rir2) (g182] + % / dkakbe™ A (1 4 kD)) (g12]

+Hec. +.... a €2)

Besides omitting the terms related to the single-excitation states done as the last two models, the terms with e

Fi(Ac1+8)t

and et (A2t can also be discarded since they are regarded as high-frequency oscillation terms if assuming |Aqq + 8xp| >

8b21/8kp and | Ay + Sgal > 8422/ 8ka, While taking A.; + 8, =~ 0 and Ay, + 8 =~ 0. Then, in the same way, after transfer-
ring the Hamiltonian to the Schrodinger picture, one can obtain the real-space effective Hamiltonian as Eq. (15) in the main
text.

Similarly, by solving the eigenequation one can obtain

- . d\ = )
(@10 + @) BG() = €% (w0 — v ) D)™ + [£,500) + £, x — )i,
ikox 9 c ikox i0
(@10 + 0)BG () = €% (0 + 0, ) B, (10 + [£,806) + 6™ 8(x — ),

N . 9\ . . )
(Oka + 0c1) D (x) = ™0* (wo + W — w1 — ivg5><l>§,g(x)e""°" + [£8(x) + Epe™ 8(x — d)]ig,

= ; Rl
(@0 + 0BG () = €74 @0 + w2 — @01 + 0, ) B (0 + [8,66) + G 8(x = d i,

(Oka + @G = Qe + Vs — 2iy)i + E,[ D (0) + D, (0)] + Eue ™ [Dp(d) + D, (d)]

+ & BFr(0) + BFL(O)] + &re ™ [Bip(d) + B ()]. ©3)
We substitute the new ansatz below with two coupling points of each waveguide mode (assuming the photon is incident from
port 1):
&, = el {O(—x) + COM) — O — d)] + p1-20(x — d)},
®G, = e p1_1O(—x) + G OW) — O(x — d)]},
5, = G O(0) — O — d)] + p1oa®x — d)},
5, = e p130(—x) + G [O(x) — O — d)]}. (C4)

The reflectivity, transmissivity, and backward and forward conversion efficiencies can be calculated as in Eq. (16) in the main
text.
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