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Single-photon scattering and bound states in a one-dimensional waveguide
with a topological giant atom
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We investigate the single-photon scattering and bound states in a coupled resonator waveguide (CRW)
which couples to a topological giant atom (TGA) via two distant sites. Here, the TGA is constructed by a
one-dimensional Su-Schrieffer-Heeger chain with a finite length. By modulating the topological phase of the
TGA, the incident photon in the CRW can be completely reflected or transmitted, and is therefore beneficial to
designing a coherent photonic device. Meanwhile, we also achieve two pairs of bound states locating respectively
above and below the continuum. Whether the gap is open or closed depends on the boundary condition of
the TGA. Therefore, the combination of topology and interference provides us with an exciting opportunity to

manipulate the photonic state in the context of waveguide quantum electrodynamics.
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I. INTRODUCTION

The light-matter interaction plays a crucial role in the fun-
damental sciences [1,2], underpinning the rapid development
of quantum technology. Recently, the light-matter interaction
in waveguide structures has attracted much attention and led
to many theoretical [3] and experimental studies in the waveg-
uide quantum electrodynamics (QED) [4] community, such
as dressed or bound states [5—11], phase transitions [12,13],
single-photon devices [14-16], and exotic topological and
chiral phenomena [17-22]. At the same time, the dynami-
cal control of single-photon transmission is a hot topic in
constructing quantum networks [23], since photons provide a
reliable output of quantum information and the single photon
is considered to be one of the most suitable carriers of quan-
tum information. In quantum devices and quantum networks
[24-26], one-dimensional (1D) waveguides [27,28] are es-
sential light-matter interfaces, and controllable single-photon
transport with linear and nonlinear dispersion relationships
has been extensively studied [29-31].

In the traditional treatment, the light-matter interaction is
often modeled by the dipole approximation, where the atoms
are treated as pointlike dipoles [32]. However, recently, the
study of the interaction in atom-waveguide systems has been
extended to the interaction between the photon and giant
atom(s), where the nonlocal light-matter interaction occurs
with multiple points. In the giant atom community [33—41],
since the interactions between the waveguide photons and the
giant atoms include multipath quantum interferences, many
new phenomena that do not exist in traditional small atom
systems have been predicted, such as a tunable bound state
[42—45], decoherence-free interaction [46], electromagneti-
cally induced transparency [47,48], Autler-Townes splitting
phenomena [49], chiral physics [50-54], and many others
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[55-57]. The physical basis behind these phenomena is the
interference and delay effects in the propagation of the
photon/phonon between different coupling points.

On the other hand, Haldane and Raghu [58,59] proposed to
manipulate the photon transport via a topological structure in
2008, which paved the way for the development of topological
photonics [60—67]. In the simplest one-dimensional case, a
topological waveguide can be constructed [68,69] through a
Su-Schrieffer-Heeger (SSH) [70] chain, which is character-
ized by a nonzero winding number or zero-mode edge state(s)
in a topologically nontrivial phase with a periodic boundary
condition (PBC) or open boundary condition (OBC), respec-
tively [71-74]. Especially, an edge state in a one-dimensional
SSH chain has been experimentally observed, and the lo-
calization length has been extracted in terms of survival
probability in Ref. [75].

Therefore, combining the unique effect of the nonlocal
light-matter interaction in giant atom quantum optics
and the robust natural effect of the topological photonics, we
here investigate the manipulation of a single-photon state in
the context of waveguide QED. To this end, we couple a
one-dimensional SSH chain with a finite length to an infinite
coupled resonator waveguide (CRW), to study the photonic
scattering and dressing state in a single excitation level. Since
a short topological SSH chain supports a few discrete energy
levels and couples to the CRW via two distant sites, in what
follows, we refer to it as a topological giant atom (TGA).
Thus, the topological nature of the TGA is utilized to adjust
the photon state in the CRW. Our findings imply that single-
photon scattering can be modulated by the topological phase
of the TGA and the bound state is controlled by its boundary
conditions.

II. MODEL AND HAMILTONIAN

As schematically shown in Fig. 1, the system we consider
is composed of two arrays of CRW. The upper one is an
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FIG. 1. Schematic diagram of coupling of a TGA to an infinite
CRW via two coupling points. The upper part is a TGA formed by a
finite SSH chain with #; and 7, being the intra- and intercell hopping
amplitudes, respectively, and #; is the cyclic hopping amplitude. The
lower part is an infinite CRW. The TGA coupled to the CRW via two
separate sites of j = 0 and j = N, and the coupling strengths for the
two sites are both J.

N + 1 site [i.e., (N + 1)/2 pairs for odd N] SSH chain and
the lower one is an infinite CRW with a uniform photonic
hopping strength. The upper SSH chain supports finite dis-
crete energy levels and serves as the TGA, whose topological
nature is discussed below. The TGA couples to the CRW
nonlocally via two separate sites of j =0 and j = N. The
Hamiltonian H of the system can be divided into three parts,
i.e., H = HC + HS + H[.

The first part, H,, represents the free Hamiltonian of the
CRW, and is expressed as

+00
H. = w, Za;aj —& Z (0;4_1611' +ajaj), (1)
J

j=—00

where w, is the bare frequency of the resonators and a; (aj)
is the bosonic creation (annihilation) operator on site j, which
satisfies the commutation relation [a;, aj.] = 1. £ is the hop-
ping strength between the nearest resonators.

The second part, Hg, of the Hamiltonian H represents the
free Hamiltonian of the TGA [consisting of L unit cells, L =
(N + 1)/2 for odd N], which can be written as

L L
Hy =Y w.(C} ,Cas+Cj,Co)+ 11 Y _(Ch Coy +He)
=1 =1
L—1

+ 6 ) (C ., Coi+He) +1(Ch Cpy + He).

=1
2)

In the TGA, each unit cell hosts two resonators A and
B with an identical frequency w,, and Cs; (Cp;) is the
bosonic annihilation operator at the A (B) sublattices of
the /th unit cell (see Fig. 1). The intra- and intercell hop-
ping amplitudes are #; and f,, respectively. Here, we use
the value of 73 to distinguish between the boundary condi-
tion of the TGA. For the PBC, we set t; = t,. In the case
of PBC, the topological phase transition is characterized by
the winding number w. In the topologically trivial phase
(|t1] > |2]), the winding phase is w = 1. Otherwise, in the
the topologically nontrivial phase (|¢1| < |f2]), the winding
phase is w = 0. For the OBC, we set t3 = 0, and the TGA
supports the boundary state in the topologically nontrivial
phase, but not in the trivial phase.

The third part H; of the Hamiltonian describes the cou-
pling between the TGA and the CRW via the zeroth and

Nth resonators with the same coupling strength J. Under
the rotating-wave approximation, the Hamiltonian H; can be
written as

H; = J(a)Ca1 +ajCp . + H.c.). (3)

III. SINGLE-PHOTON SCATTERING

In this section, we will discuss the behavior of single-
photon scattering by an open TGA (3 = 0). We consider that a
single photon with wave vector k is incident from the left side
of the waveguide. Since the excitation number in the system
is conserved, the eigenstate in the single-excitation subspace
can be written as

E) =) U;al|G)+ Y _XC,IG)+ Y _¥ChIG), (4)
J ! l

where |G) represents that all of the resonators in the CRW
and TGA are in their vacuum states. U; is the probability
amplitude for finding a photonic excitation in site j of the
CRW, and X; (Y;) describe the excitation amplitudes in site
A; (B)) of the TGA. In the regimes of j < 0,0 < j < N, and
J > N, the amplitude U; can be written in the form

e 4 pe~iki, Jj <0,
Uj= Ae*i - Be7 i 0 < j<N, )
ek, Jj>N,

where r and r are respectively the single-photon reflection
and transmission amplitudes. Furthermore, the second line
in the above equation implies that the incident photon can
be transmitted (reflected) by the left (right) leg of the TGA
with amplitude A (B). The transmitted photon then propagates
back and forth in the spatial regime covered by the TGA with
0<j<N.

Solving the Schrodinger equation H|E;) = E|E;) in the
region of j # 0, N, it yields a dispersion relationship of E;, =
w, — 2& cos k. Furthermore, the continuity conditions at j = 0
and j =N give 1 +r = A + B and Ae*™N + Be™*N =tV
respectively.

We begin with the simplest case with N = 1, in which the
TGA is composed of one A site and one B site as shown in
Fig. 2(a). An analytical expression for the reflection amplitude
r can be obtained as

iE(Ay +t)sink
"I IA FEEE - DA 1) =
iE(Ay, — 1) sink
(Al +E@* + D)(Ay— 1) — J2

where A = E; — w, and A, = E; — w, represent the detun-
ing between the propagating photon in the waveguide and the
bare resonators in the CRW and the TGA, respectively. Since
spontaneous radiation for all of the resonators is ignored, it
satisfies that R + T = 1, where R = |r|? is the reflection rate
and T = |¢|? is the transmission rate.

In Fig. 2(c), we demonstrate the reflection rate R as a func-
tion of photon-atom detuning A, in the resonance condition,
that is, w, = w,. The result for the scheme of a single cell
[N =1 shown in Fig. 2(a)] is illustrated by the blue solid
curve. The two complete reflection peaks (R = 1) characterize
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FIG. 2. (a) Schematic diagram of the model when N = 1.
(b) Schematic diagram of TGA where only one of the two sites
is coupled to CRW via one resonator. (c) The reflection rate R as
a function of detuning A, for N = 1. The parameters are set as
t = 0.5, w, = o, = 20§.

the intercoupling inside the TGA. Moreover, when only one
of the two sites in the TGA couples to one resonator in the
lower CRW [shown in Fig. 2(b)], the single-photon reflection
is characterized by the Rabi splitting behavior. As shown in
the figure, the peaks of the orange dashed line locate exactly at
the frequency A, = +¢;. The deviation from the Rabi splitting
for the two sites being coupled originates from the photonic
interference effect when it propagates back and forth, and this
interference is peculiar for the giant atom setup.

Next, let us move to the case of N > 1, in which the
topological properties of the TGA take effect. In Fig. 3, we
demonstrate the reflection rate R for N = 5 as a function of the
detuning A,. As shown in the figures, the reflection rate shows
a complicated behavior in the two-band regime of —|¢ +
bl < Ay < —|tj — | and |t} — | < Ay < |t} + 1. In the
gapped regime with —|t; — 1| < A, < |t} — 1], the reflection
rate behaves differently when the TGA undergoes a topolog-
ical phase transition. For example, in the topologically trivial
phase (| > ,), we illustrate the results for 7, = 0.1£ in the
cases of #; = 0.2¢ and #; = 0.5, respectively, in Fig. 3(a).
For small #; with #; = 0.2&, there exists a small peak at zero
detuning A, = 0. As #; increases, the peak is smoothed and
it forms a relatively wideband for R = 0 near the regime of
A, = 0. It implies that the incident photon will be completely
transmitted. This is due to the constructive interference caused
by the photonic backward and forward propagation in the
spatial regime covered by the TGA. It implies that the TGA in
the topologically trivial phase can be used to realize quantum
cloaking [76,77], that is, the presence of TGA has no effect
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FIG. 3. The reflection rate R as a function of detuning A, for
N =5, and (a) 1, = 0.1, (b) #; = 0.1&. The parameters are set as
J =09, w, = w, =20¢.

on the propagation of the photon in the CRW. In other words,
the photon in the CRW cannot “see” the TGA, i.e., the TGA
is invisible. On the other hand, when the TGA works in the
topologically nontrivial phase, the destructive interference be-
tween photons results in complete reflection and the reflection
window (R = 1) is demonstrated in Fig. 3(b) near the resonant
regime of A, = 0.

The results in Fig. 3 indicate that we can use the TGA to
construct the coherent single-photon device. When a value of
order of 100 MHz of #,(3) is achieved experimentally [78], we
can realize quantum cloaking or complete reflection with a
bandwidth of about 100—-200 MHz, which is in the same order
of t; and 1,.

We continue our discussion by considering single-photon
scattering when the bare resonator is not in resonance with the
TGA. In Fig. 4, we demonstrate reflectance R as a function
of photon-atom detuning A, under a nonresonant condition,
i.e., w, # w.. The result of the single-cell scheme (N = 1)
is illustrated by the solid blue line. The dotted orange and
yellow lines represent the result in the topologically trivial
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FIG. 4. The reflection rate R as a function of detuning A, when
the bare resonator is off resonant with the TGA. The parameters are
setasJ = 0.9¢, w, = 18¢, and v, = 20§.

and nontrivial phase, respectively, for N = 5. We find that
the asymmetric reflection curve is completely different from
the resonance condition, and around the reflection point, the
reflection yields a Fano shape [79,80]. With an increase of
the size of the TGA, the reflection rate shows a complicated
dependence on the detuning A,. This means that off resonance
we can induce Fano physics in such a hybrid system. We also
observe that there will be one or more complete reflection
frequencies (excluding the edge of the photonic propagation
band), depending on the values of N. It implies that we can
design on-demand single-photon transistors by adjusting the
size of TGA in our waveguide QED setup.

IV. SINGLE-PHOTON BOUND STATE

In the previous section, we have studied the single-photon
scattering states which locate inside the propagating band
Er € [w. — 2&, w. + 2§]. Due to the coupling between the
TGA and the CRW, the translational symmetry of the system
is broken, leading to the photonic bound states which lie
outside the propagating band. Here, we resort to numerical
diagonalization of the Hamiltonian to find these bound states
when the TGA works in the topologically nontrivial phase
(t < b).

In Figs. 5(a) and 5(b), we plot the energy spectrum by
considering that the TGA works in the PBC (13 =t,) and
OBC (13 = 0), respectively. As expected, we observe a con-
tinual band which supports the propagating modes in both
cases and a difference arises from the bound states outside
the continuum. In the PBC, there exist two pairs of nonde-
generate bound states, which locate symmetrically above and
below the continuum and are denoted by E,;, E,, E3, and
E4, respectively, as shown in Fig. 5(a). Within the available
experimental parameter £ = 100 MHz, the gap between the
gap state A = E| — E; = E3 — E4 is in the order of 10 MHz
in the condition of J = 3£. As a comparison, when the TGA
works in the OBC, pairs of bound states become degenerate

26 T T T
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FIG. 5. The energy spectrum for N =29 in (a) t3 =t,, and
(b) 3 =0. The parameters are set as f, =0.1&, 1, =0.2§,
w, = w. = 20&.

as shown in Fig. 5(b). Moreover, it satisfies Es = (E| + E»)/2
and Eg = (E3 + E4)/2.

The above transition from degenerate bound states to non-
degenerate ones provides an effective approach to detect the
boundary condition of the TGA. To this end, we introduce
an auxiliary probing atom whose resonant frequency satisfies
w, = Eg and observe its excitation evolution. Then, the prob-
ing Hamiltonian is expressed as

Hy=H + (0, — iy)le) el + f(rra; + He), (D)

which demonstrates that the probing atom is coupled to the jth
cavity with the coupling strength f, and y and 7, = |e),(g]
are the spontaneous emission and raising operator of the prob-
ing atom.

Preparing initially the probing atom in the excited state and
the TGA-CRW coupled system in the ground state, we plot the
excitation dynamics of the probing atom in Fig. 6 by taking
J = 3&. Here, the probing atom is located in the resonator
of j =0, that is, the left leg of the TGA. Since the probing
atom is large detuned from both bound states in the condition
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FIG. 6. The evolution of the population in the excited state for
the probing atom for 7, =3 (blue solid line), and #; = 0 (orange
dashed line). The parameters are set as N =29, o, = o, = 20§,
w, = Eg = 16.65¢, t; = 0.1&, , = 0.2§, J = 3§, f =2 x 1073,
y =2 x 1074,

of f < |w — E34), the probing atom is effectively decoupled
from the TGA-CRW system in the PBC. As a result, the
dynamics of P.(t) = (|e),{e|) shows an exponential decay,
which is determined by the spontaneous dissipation rate y
as shown by the solid line in Fig. 6. In the OBC, a pair of
nondegenerate bound states emerge into the degenerate ones,
which resonate with the probing atom, so that the dynamics
exhibits a Rabi oscillation character as shown by the dashed
line. In this sense, the boundary condition of the TGA can be
detected in a coherent manner.

V. REMARKS AND CONCLUSIONS

In this paper, we have constructed a TGA via a finite SSH
chain which couples to the CRW. In the single excitation sub-
space, we discuss the scattering and bound states, respectively.
We find that the photonic scattering behavior can be modu-
lated by the topological nature of the TGA. Together with the
interference effect during the propagation of the photon in the
waveguide, we can design a wideband cloaking or reflection
photonic device when the TGA works in the topologically
trivial or nontrivial phases, respectively. As for the bound
states which locate outside the continuum, the energy gap can

be closed or opened, depending on the boundary condition of
the TGA.

In the current experimental availability, the proposed
model can be realized in superconducting circuits. In 2014,
the first experiment which coupled the superconducting trans-
mon quantum qubit and the surface acoustic wave (SAW)
waveguide was realized. Here, the qubit is 20 times larger
than the wavelength of the SAW in size and it therefore
reached the giant atom regime [81]. This ratio between the
size of the giant atom and the wavelength was then developed
to 100 and the light-matter interaction was achieved by tens
of MHz [37]. Additionally, a giant atom was also achieved by
coupling artificial atoms created with Josephson junctions to
superconducting circuits through capacitance or inductance.
In Ref. [40], the giant atom was experimentally coupled to
a waveguide at multiple, yet well-separated, locations. The
distance between two coupling points could reach 20.54 mm
[48]. Recently, the topology of two nested giant spin ensem-
bles (GSEs) has been experimentally demonstrated, where
the distance between the two inner (outer) coupling points
is designed to be 8.3 (16.6) cm [82]. It provides a new
platform for “giant atom” physics. Moreover, the CRW con-
structed with nine superconducting qubits is also realized in
the experiment, where the nearest-neighbor coupling strength
is £/2m =50 MHz [83]. In a recent experiment, Painter’s
group expanded the CRW consisting of a 42 unit-cell array of
capacitively coupled lumped-element microwave resonators
[84], and a SSH topological structure was also constructed
with a hopping strength J(1 &= §) where J/2m = 368 MHz,
8 = 0.282. Furthermore, the qubit-resonator coupling strength
in such a structure was achieved by g/2m = 124.6 MHz [78]

The establishment of TGA in our work provides an
unconventional approach to regulate the transmission and
distribution of the single photon in the CRW. Here, the inter-
ference effect for the propagation of the photon in the regime
of the giant atom will be applicable in quantum control and
quantum information processing. We hope that our work of
controlling photons through giant atom systems combined
with topologies will stimulate further research into the hy-
brid system and broaden the range of application of artificial
giant atoms.
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