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Strong frequency correlation and anticorrelation between a Raman laser
and its pump laser for positive and negative dispersions
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We show that the frequency of a Raman laser is highly correlated or anticorrelated with the frequency of
the Raman pump laser, depending on whether the dispersion experienced by the Raman laser is positive or
negative. For a subluminal laser, corresponding to a positive dispersion with a group index that is much larger
than unity, the shift in its frequency is approximately the same as that in the Raman pump laser. In contrast,
for a superluminal laser, corresponding to a negative dispersion with a group index that is close to zero, its
frequency shifts in the direction opposite to that of the Raman pump lasers and has an amplitude that is larger
by a factor approximately equaling the inverse of the group index. These findings would play a critical role in
determining the maximum achievable sensitivity of sensors employing such lasers, especially under conditions
where the pump laser linewidth is broadened significantly beyond the Schawlow-Townes linewidth due to

classical fluctuations.
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I. INTRODUCTION

For a highly dispersive laser (HDL), the change in the fre-
quency as a function of a change in the cavity length or other
mechanisms, such as the Sagnac effect, gets greatly ampli-
fied or suppressed [1-3], compared with a conventional laser,
depending on the group index. This property makes HDLs
potentially suitable for precision metrology, such as rotation
sensing [4-8], gravitational wave detection [9,10], and dark
matter searches [11,12]. HDLs can be divided into two cate-
gories based on their properties: superluminal and subluminal
lasers. Inside a superluminal (subluminal) laser, the group
velocity of the laser field is much larger (smaller) than the
speed of light in vacuum. To realize an HDL, it is necessary
for the gain spectrum to be much narrower than what is typi-
cally used for lasers. In principle, many different approaches
can be used to realize such gain profiles. However, for many
applications, including rotation sensing, it is necessary to en-
sure that the gain process is unidirectional. As such, in our
recent studies of both subluminal [13,14] and superluminal
[15-23] lasers, both theoretically and experimentally, we have
made use of Raman transitions in alkali atoms to produce the
requisite narrow features in the gain spectrum. For the case of
positive dispersion, necessary for subluminal lasers, the gain
is produced simply by employing a three-level A transition,
along with an auxiliary level that enables optical pumping
of atoms into one of the two ground states. Application of a
pump laser coupling this state to the intermediate state, under
large detuning, produces a narrow gain spectrum for a probe
applied on the other leg of the A transition, around the fre-
quency that corresponds to two-photon resonance [24,25]. For
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the case of negative dispersion, necessary for superluminal
lasers, we have usually combined a pair of A transitions in
two different isotopes: one for producing a narrow gain peak
and the other for producing a narrower dip in the gain profile.
We have investigated many variations of this dual-isotope
approach [17,18,20,21]. We have also investigated other ap-
proaches for realizing a superluminal laser employing a single
isotope only [16,19,22,23]. In this paper, we only consider
the case where two isotopes are used. Specifically, we use
the approach presented in Refs. [20,21] for concreteness of
discussions. Due to the similarity in the gain and dispersion
spectra of the approaches using the dual isotopes, the behavior
of superluminal lasers employing other dual-isotope-based
schemes can be somewhat different from the results presented
in this paper. On the other hand, the conclusion reached here
may not necessarily apply to the schemes employing a single
isotope. The exact behavior of each individual approach can
be investigated by solving the explicit model that includes all
the relevant energy levels and optical transitions.

In most of these studies, we had assumed that the frequency
of the pump laser is a delta function. However, in one recent
study, we had investigated the effect of fluctuations in the
frequency of the pump laser [26]. In the study presented in
Ref. [26], we observed experimental evidence of a correla-
tion between the frequency of the Raman laser and that of
the pump laser. To account for this effect, we investigated
a mechanism in which the spectral width of the pump laser
is modeled in terms of random jumps in its phase. First, the
gain for a weak probe was calculated using the steady-state
solutions of the density matrix equations of motion, for a
given phase of the pump laser and a given phase of the probe.
This gain was independent of the relative phase between the
pump and the probe. Next, we changed the phase of the pump
abruptly and determined the temporal variation of the gain
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over a time window that is short compared with the time it
takes for the system to achieve a steady state. The gain was
then averaged over this time window, and the averaged gain
amplitude was studied as a function of changes in the probe
phase. It was found that the averaged gain was maximum
when the change in the probe phase matched the change in the
pump phase. While this model provided a plausible reason for
the observed correlation between the frequencies of the pump
and the Raman lasers, it was not rigorous nor complete enough
to predict quantitatively the degree of this correlation. In this
paper, we describe a model that evaluates the frequency shift
in the Raman laser when the center frequency of the Raman
pump is varied, while ignoring its spectral width. The model
we presented in Ref. [26] was stochastic and can possibly
be used to determine the correlation between the random
phase jumps of the pump and the laser. In contrast, the model
we present here is deterministic and can be used to determine
the correlation between the shifts in the center frequency of
the laser and that of the pump. This analysis would apply to
situations where the change in the pump frequency is not due
to random phase jumps.

It needs to be noted that, for the approach considered in
this paper, the cause of the frequency shift in the Raman laser
is a frequency shift in the Raman pump, which is formally
equivalent to a change in the hyperfine splitting between
the two ground states. The change in the hyperfine splitting
between the ground states can be caused by many effects,
including the light shifts produced by the Raman pump and
the optical pump. The conclusion reached here can be applied
to determine the Raman laser frequency shifts induced by a
change in the hyperfine energy difference in addition to a
frequency shift in the Raman pump.

The rest of this paper is organized as follows. In Sec. II,
we describe the effect of the perturbation in the Raman pump
laser frequency on a subluminal laser with linear index vari-
ations. In Sec. III, we describe how the superluminal laser
behaves as a function of the Raman pump frequency for
both linear and nonlinear index variations. In Sec. IV, we
discuss the effects of light shifts produced by the Raman
pump laser(s), the optical pumping laser(s) [OPL(s)] as well
as the HDL itself. In Sec. V, we discuss the implications of
the findings of this paper on HDL-based sensors. Concluding
remarks are presented in Sec. VI.

II. SUBLUMINAL LASER

The simplest subluminal laser is just a Raman laser,
employing a three-level atomic system, as illustrated schemat-
ically in the left panel of Fig. 1. Here, we assume that an
optical pump transfers atoms from state |1) to |2) via coupling
to an auxiliary level not shown in this diagram. This process
can be represented simply as a decay rate from state |1) to |2).
When this rate is stronger than the rate of collisional excitation
from state |2) to |1), the population in state |2) will be larger
than that in state |1) in steady state, in the absence of any other
fields. This creates the so-called Raman population inversion,
which is needed for Raman gain. For simplicity of discussion
and analytical modeling, we ignore here the rate of collisional
excitation from state |1) to |2) and vice versa and consider

S .
o) f B
13) N Youn
e,
Qp
0 ‘ Q. | Optical
L pumping
él"
- |2) |1)_ eff
Lerr 4 Optical
umpin
1) —] pumping

FIG. 1. Schematic illustration of the Raman gain process. Here,
Qp and 2, are the Rabi frequencies of the Raman pump and the
Raman probe, respectively. dp is the Raman pump detuning with
respect to the |2) < |3) transition. g is the two-photon detuning,
defined as the difference between the Raman probe detuning and
the Raman pump detuning. The spontaneous decay rate from the
excited state is denoted as I';. The effective decay rate induced by
the optical pumping is denoted as [ef. Qg is the Rabi frequency
of the effective field that couples the effective two-level system. See
text for additional details.

only the effective decay rate from state |1) to |2) due to the
optical pumping process.

Consider next the application of a Raman pump along
the |2) <> |3) transition and a Raman probe (with vanish-
ingly small intensity) along the |1) <> |3) transition. Here,
Qp and €2;, are the Rabi frequencies of the Raman pump and
the Raman probe, respectively. We denote by 6p the Raman
pump detuning with respect to the |2) <> |3) transition and
by (6p + S4ifr) the Raman probe detuning with respect to the
|1) <> |3) transition. As such, the quantity d4ifr represents the
two-photon detuning, which can also be called the Raman
detuning. The Raman gain is maximal when &g = O; thus,
the value of §4i remains small during the operation of the
Raman laser. In contrast, we choose the value of §p to be
very large compared with the excited state linewidth (for a
Doppler broadened medium, the value of §p is chosen to be
larger than the Doppler width of the |2) <> |3) transition). We
also assume that §p > Qp > ;. Under these conditions, one
can adiabatically eliminate state |3) [27], and the interaction
can be modeled as being equivalent to an effective two-level
system, as shown in the right panel of Fig. 1. The derivations
for adiabatic elimination of the excited state are included in
Appendix. In this two-level system, the Rabi frequency of the
effective field can be expressed as

Q2
Qupp ~ 2L
T s,

and the detuning is given by the two-photon detuning Jif-
In steady state, the coherence of this two-level system can be
written as

, (D

Qeir (28 — 1Tefr)
2Q2 + T2 +48%

2)

P =

where ' is the effective decay rate due to optical pumping
and § = Sgir + (Q%—Q%)/%p. It needs to be noted that the
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Rabi frequency and the detuning of the Raman pump are
kept fixed. Therefore, Q2. is proportional to €2;, and we can
write Qe = 6 ;, where we have defined 8 = Qp/25p as a
constant parameter. We further define I' = 'y so that Eq. (2)
can be expressed as

o 0Q(286 —ilh)
©202Q2 + T2 4462

The polarizability of the gain medium can be then
written as

P21 3)

P
5 =Nuopsi, “)

where N is the number density of atoms and p is the dipole
moment of a single atom for the |1) <> |3) transition. The
value of p3; is approximately proportional to po; [28], for
the range of parameters of interest, and the ratio p3;/p0z; is
approximately a real number and equivalent to 8, so that we
can write p3; & 6 p,;. The validation of this approximation is
also presented in Appendix.

We can also express the polarizability in terms of the elec-
tric field and the susceptibility as

P =eoxE, ®)

where &y is the vacuum permittivity, x is the susceptibility ex-
perienced by the subluminal laser field, and E is the amplitude
of electric field for the subluminal laser. We can then equate
Egs. (4) and (5) and find

_ 2NOpo
B 80E

By definition, we have the Rabi frequency of the sublumi-
nal laser as

X P21 (6)

HoE

Q= % (7
Equation (6) can be then rewritten as
_ 2NOuG
- flé‘oQL
_ 2Nu§ 6928 —il)
 TiegS 202Q2 + T2 + 482
_ 2NO* Ul 28 —il’
© ey 202Q2 + T2 4482
The complex index of the gain medium is

n=+y14+x

~ X
~ 1+ 5 C)]
This approximation is valid for |x| < 1, which is true for
utilizing Rb vapor as the gain medium. The gain and the index
can be then expressed as

X P21

®)

i Gol'?/2

R SRS L — (10)

2 20%2Q; + T2 4442

x’ Gol'$
—1+%5 - : 1
Ty T T g ae (11
2N6? 2

0= 9, (12)
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FIG. 2. Schematic illustrations of (a) the optical fields and the
relevant energy levels in the subluminal laser. (b) The unsaturated
gain and index spectra experienced by a vanishingly weak probe field
as functions of the Raman probe frequency before the Raman pump
frequency shifts (solid line) and after the Raman pump frequency
is shifted by Ap (dotted line), respectively. (c) The gain and index
spectra as functions of the Raman laser frequency.

where x’ (x”) is the real (imaginary) part of the susceptibil-
ity. Combining Egs. (7) and (12), we can express the Rabi
frequency as

Qz _ SOG()F E2

- 13
L™= 2nNg2 (13

The gain and index can be expressed as functions of E:

¢
= — 14
oy (14)
2¢8/T
=1 , 15
n + E2+77 (15)
ANT
¢ = Gyt (16)
)
hN
= (' 4 45> ) 17
n=(T"+ )80Gol" (17)

It needs to be noted that 7 is a function of the frequency of the
subluminal laser, while ¢ is a constant.

The mechanism for a subluminal laser is illustrated
schematically in Fig. 2(a). For the discussion in this para-
graph, the only parts of Fig. 2(a) that are relevant are the
beams at frequencies wp and wyy; the remaining parts of this
figure are discussed later on. As described earlier, the optical
pumping produces a population inversion between the two
ground states. When the Raman pump is applied on the |2) <>
|3) transition, Raman gain is produced in the vicinity of the
two-photon resonance frequency on the |1) <> |3) transition.
In the presence of a properly tuned cavity around this medium,
this gain produces the subluminal laser. Here, we denote the
original frequency of the Raman pump and the subluminal
laser as wpy and wyg, respectively. Before the subluminal
laser field is established in the cavity, the unsaturated gain
and index spectra experienced by a vanishingly weak probe
field are illustrated by the solid curves in Fig. 2(b), where the
horizontal axis is the probe frequency with wprope = wro + 8.
As can be seen, these spectra shift in frequency when the
Raman pump frequency changes. In what follows, we assume
that the cavity length is Ly, which corresponds to a value for
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which the original frequency of the subluminal laser coincides
with the center frequency of the gain profile.

Next, we consider the situation where the subluminal laser
based on this gain is operating and reaches steady state. The
gain and index spectra under this condition are shown in
Fig. 2(c), where the horizontal axis is the frequency of the
subluminal laser, defined as wpaser = wro + 8. In the follow-
ing discussion, we use w to replace wp,s, for simplicity in
notations. For concreteness of discussion, we assume that the
lasing cavity is a ring resonator consisting of three mirrors,
two of which are perfect reflectors, and the output coupler has
a finite transmissivity. We also assume that the gain medium
fills the whole cavity. For a given cavity length, the lasing
frequency will have a fixed value. A variation in the lasing
frequency can be produced by changing the cavity length. In
these plots, the range of the lasing frequencies is restricted to
the values over which the gain experienced by the probe per
pass is more than the loss due to the finite reflectivity of the
output coupler. As such, the value of the gain shown in the top
panel of Fig. 2(c) simply equals the loss at the output coupler.

When the cavity length is changed a little, the wavelength
of the light must change to ensure that the round-trip phase
shift is a multiple of 2. The corresponding change in the
frequency is determined by the index of the gain medium. The
profile shown in the bottom panel of Fig. 2(c) is based on this
interpretation of the index for a laser. By equating the gain to
the loss of the cavity, the amplitude of the subluminal laser as
a function of the frequency can be determined. Specifically,
we equate Eq. (14) to the loss of the cavity, namely, 1/20,
with Q being the quality factor of the cavity:

_ ¢ 1
TEX+n 20
E*=20¢ — 1. (19)

Using this value of E Zin Eq. (15), we see that the index can
be written as

, (18)

s

1

ng=1+ or 8. (20)
The subscript s in Egs. (18) and (20) indicates saturated quan-
tities. It should be noted that the expression for the gain and
index profiles, as written in Eqs. (10) and (11), apply for all
cases. However, when the laser reaches a steady state, the
value of the gain gets constrained to match the cavity loss.
It is these values that we denote as being saturated quantities.
This constraint also means that the denominator in the
rightmost expression in Eq. (10) remains constant as a func-
tion §, which represents the change in the laser frequency.
Since this denominator is the same as that of (n—1) in
Eq. (11), the value of (n—1) varies linearly as a function of
the change in the laser frequency due to the presence of § in
the numerator of (n—1). As a result, the saturated index is
perfectly linear over the range of lasing frequencies [15,29].
For simplicity in notations, the saturated index within this

frequency range can be expressed as

ne =14 as, (21)

where o = 1/(2QT") is the slope of the saturated refractive
index. It should be noted that this linearity of the index is due
specifically to the fact that the gain profile is Lorentzian, and

the real and imaginary parts of the susceptibility are related
to each other by the Kramers-Konig relation [29]. If the gain
profile were not Lorentzian, such a linear variation of the
index may not occur.

The original frequency of the subluminal laser w;o obeys
the phase matching constraint, which can be expressed as

2mmceg
Ly

wrony = ) (22)
where m is the cavity mode number, ¢y is the speed of light in
vacuum, and L is the fixed length of the laser cavity. As de-
scribed previously, the cavity length is tuned to the condition
where the cavity resonance frequency with the mode number
m is the same as wy, which yields ng(wrg) = 1. The group
index at this operating frequency of the subluminal laser is
given by

a(n,
(n,0) =1+ awpo. (23)
Jw

W=

ny(wro) =

Consider next the situation when the frequency of the
Raman pump is shifted by an amount of Ap, as illustrated by
the beam at frequency o'y in Fig. 2(a). The center frequency
of the unsaturated Raman gain will be shifted by the same
amount, as illustrated by the dotted line in the top part of
Fig. 2(b). The center frequency of the unsaturated index will
also be shifted by the same amount, as illustrated by the
dotted line in the bottom part of Fig. 2(b). We denote the
new operating frequency of the subluminal laser as wy, as
illustrated using the green arrow in Fig. 2(a). Our goal is now
to determine what the value of w; would be. To determine
this, we note first that the subluminal laser frequency that
corresponds to unity refractive index, denoted as «’; (which
is not necessarily the same as w; ) is also shifted by Ap. The
shifted value of the saturated refractive index can be expressed
as

nWy=1+a(w— o). (24)

Here, we assume that the frequency shift of the Raman pump
is small enough so that the slope of the refractive index
remains the same, which is equivalent to the width of the
gain spectrum remaining unchanged. Since the cavity length
remains unchanged, it then follows from the phase-matching
condition of Eq. (22) that the new operating frequency of the
subluminal laser would obey the relation:

QLI 5| ey, = OLOMs |y (25)

where oy is the new frequency of the subluminal laser.
We define the frequency shift in the subluminal laser as

AL = wp — wyy. (26)
Using Eq. (25), we have

1
wy, — WL = Wro S —-1). (27)
ns'w:a)L

In the expression for n) evaluated at w = w;, we make
the assumption that a(w; — w;) < 1, which corresponds to
the constraint that (o, — ) ) < I'/2Gy. We can then rewrite

063513-4



STRONG FREQUENCY CORRELATION AND ...

PHYSICAL REVIEW A 109, 063513 (2024)

$5Rb (b)
e N&;I’ e :
S5 J S s 3 S = Gain
@'pifwp
@0’
—12) Optical
. ‘fOptlcal pumping
1) pumping 11

FIG. 3. Schematic of (a) the optical fields and the relevant energy
levels in the superluminal laser, and (b) the gain spectra as func-
tions of the superluminal laser frequency before the Raman pump
frequency shifts (solid line) and after the Raman pump frequency
shifts by Ap (dotted line), respectively. See text for details.

Eq. (27) as
wp — wro ~ wp{[l — oo — o)) — 1}
= awro(w; — oL). (28)

Because o'}, — wpg = Ap, we can rearrange Eq. (28) as
1

awro

(wr — wr0) = ('L — wr0) + (Wro — ®L). (29)

This can be re-expressed as

1
AL =Ap—Ap, (30)
awro
1
1 +awp AL = Ap. (31)
awro
From Eq. (23), it then follows that
A —1
2 _Tem 2 (32)
Ap ng

For a subluminal laser with a group index much larger
than unity, i.e., n, > 1, this ratio approaches unity, so that
the subluminal laser frequency moves essentially by the same
amount as the shift in the Raman pump frequency. When the
group index is close to unity, the shift in the subluminal laser
frequency can be vanishingly small.

III. SUPERLUMINAL LASER

For a superluminal laser, the gain profile is a superposition
of a broad gain and a narrow depletion. For concreteness
of discussion, we consider the approach where the gain is
produced in one isotope (*’Rb) via the Raman gain process,
and the depletion is produced in the other isotope (*’Rb) via
the Raman depletion process, as shown in Fig. 3(a) [20]. For
the discussion in this paragraph, the only parts of Fig. 3(a) that
are relevant are the beams at frequencies wpig, wpag, and wyo;
the remaining parts of this figure are discussed later on. In
85Rb, an optical pump (not shown in the diagram) couples |1)
to a state that is far away from state |3), so that its interaction
with the |1) <> |3) and |2) < |3) transitions can be ignored.
As such, the net effect of this pump is to produce an incoherent
transfer of atoms from |1) to |2). When the Raman pump 1

(RP1) at frequency wpjo is applied to the |2) <> |3) transi-
tion, a Raman gain is produced for a probe which couples
the |1) <> |3) transition, with peak gain occurring at probe
frequency w;o. In 8’Rb, a different optical pump is applied
in opposite configuration and transfers atoms from |2’) to |1")
incoherently. Thus, the same probe field experiences Raman
depletion around the two-photon resonance frequency in the
presence of the Raman pump 2 (RP2) at frequency wpyg ap-
plied to the |2') <> |3’) transition, with maximum depletion
occurring at probe frequency wyg. Thus, the center frequencies
of the gain profile and the depletion profile occur at the same
probe frequency. For this to happen, the necessary condition is
that the frequency difference between the two Raman pumps
must match the difference between the ground-state hyperfine
splitting in 8’Rb and the same in 3Rb. Explicitly, this means
that wpyo — wp1o = wa1-87 — w21-85, Where wa1_g7(wa1-8s)
is the energy difference between the two hyperfine ground
states in 8’Rb (®*Rb). The resulting gain profile is illustrated
as the solid trace in Fig. 3(b). In practice, RP2 is offset phase
locked to RP1 or generated from RP1 utilizing an electro-optic
modulator (EOM). We assume that the cavity length is tuned
to ensure that the frequency of one of the longitudinal modes
is at frequency wy . Therefore, superluminal lasing will occur
at this frequency if the gain at the bottom of the dip exceeds
the loss and the dispersion produces a group index less than
unity.

Consider now a situation when the frequency of RPI
changes to o'py, as illustrated in the left panel of Fig. 3(a). The
shift in the frequency of RP1 is denoted as Ap. The frequency
of RP2 is, by construction, shifted by the same amount,
namely, Ap, as illustrated in the right panel of Fig. 3(a).
Therefore, the gain spectrum retains the same shape but is
shifted in frequency by Ap, which is illustrated as the dotted
trace in Fig. 3(b). The center frequencies of the gain profile
and the depletion profile would now be 'y, as illustrated in
both panels of Fig. 3(a). Explicitly, we have the condition
that Ap = o'p; — wp1) = o' py — wp) = o' — wro. As a re-
sult of the change in the gain profile, the frequency of the
superluminal laser will move to a new value, denoted as wy,, as
indicated by the green arrows in both panels of Fig. 3(a). We
define the shift in the frequency as A, = wyp — wr. In what
follows, we determine the value of this shift.

As stated previously, the index after lasing for a subluminal
laser is linear under the condition where Ap is smaller than the
width of the unsaturated gain spectrum, which in most cases is
satisfied within the lasing range shown in Fig. 2(c). However,
for the superluminal laser, the index is nonlinear because the
gain spectrum is a superposition of a broad gain and a narrow
dip. The gain and index can be written as [15]

GiI?/2
G=--5 2 2
20293 + I'? + 4w — wyy)
G,I'3/2

20793 + T3 + 4w — wio)®

GiI'(w — wrp)
208Q3 + T + 4(0 — wr0)
B GrINy(w — wpp)
20392 + T2 + 4w — wro)*

(33)

(34)
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where G2y and I'j(2) are the maximum gain and the linewidth
of the broad gain (narrow dip), 21(2) is the Rabi frequency
of the superluminal laser field for 858DRb atoms, and Oi2) =
Qpi(p2)/2|8p1(p2)| With the Rabi frequency of RP1 (RP2) be-
ing denoted as Qpy(p2y. In steady state, the gain experienced
by the laser equals the loss of the cavity. Therefore, to evaluate
the saturated gain and dispersion, Eq. (33) is set equal to
the loss of the cavity, namely, 1/20Q. The Rabi frequencies
as functions of the lasing frequency w; can be then deter-
mined. As established previously, we first express the Rabi
frequency as

2 _ #Giole o (35)
'O 2N 62,

o _ Mefio i (36)
12 hieoTiy

where Ny is the number density of 8587Rb atoms, K1) 18
the dipole moment of a single item for the |1) <> [3) (|1") <
|3")) transition, and E is the amplitude of the superluminal
laser electric field. The saturated electric field amplitude can
be determined by solving the equation:

R <R (37)
B2+ E24m 20
hN
) 2 12)
me = [T, + 4@ —on?] —=—2— 38)
o= 12) Lo ]80G1(2)F1(2)
AN1 oy T 12)
_ Niole) 39
f12) 280 &

Here, G, is the saturated gain. It needs to be noted that 7,
and 17, are functions of the frequency of the superluminal
laser, while ¢; and ¢, are constants. Naturally, we keep the
positive solution for E? to Eq. (37). As such, the square of the
amplitude of the superluminal laser can be expressed as

E*= —%[771 + 12— 20051 — $)]

+ 1l = 1 — 2000 + )P - 1602015, (40)

By substituting this solution into Eq. (34), the saturated re-
fractive index can be determined. To be specific, the saturated
index is given by

2¢1(w — wro) /Ty

20w — wr)/T
E? + '

ng=14+ E2+)72

(41)

It needs to be noted that, in this expression, E 2 is a function of
(w — wrp) as well as ny(2). As a result, the saturated index is
not simply a linear function, unlike the case of the subluminal
laser. Therefore, the group index cannot not be conveniently
written down in an analytical form.

Next, we consider the effect of changing the frequencies
of the Raman pumps. In principle, the frequencies of the
two Raman pumps could vary independently. However, as
mentioned earlier, the frequencies of the two Raman pumps
are offset phase locked to one another, or the second Raman
pump is generated from the first one by using an EOM. As
such, any change in the frequency of one Raman pump would
be the same as that for the other Raman pump. We denote by

Ap the change in the frequencies of both Raman pumps. The
gain and the index can then be expressed as
_ GiI'?)2
C202Q% T+ o — o)
G, F%/2
C202Q7% + T2 + 4w — /L)
GiI'(w—aw'p)
2027 + T2 + 4w — /1)’
Gl (0w — ')
C202Q% + T2 4 Ao — )

/

(42)

(43)

To derive the expression for the saturated index, we set
Eq. (42) to 1/2Q and find the solution for £ 2 as

2

E” == +15—20 — &)

+ 1/ — 1y = 2001 + L) - 160%16,. (44)
For simplicity in notations, we define

th(g)

_ 45)
e0Gioy1)

1@ = [Fiz) + 4w — w/L)z:I

The saturated index, with a frequency shift Ap in the
Raman pumps, can be written as

20(@ —')/T1 20(w — 0'L)/Th

n,S = l + 2 2
E7 4y E7 4

(40)

The new lasing frequency needs to satisfy the resonance
condition:

wLn,x|w:a)L = @ro- (47)

As can be seen from Egs. (44)-(46), ny is a nonlinear
function of (w — @'L). As such, it is not possible, for the
general case, to solve Eq. (47) analytically, and a numerical
approach must be used to solve Eq. (47) and then evaluate the
ratio (Ay/Ap), as shown later.

A qualitative understanding of the expected behavior of the
ratio (Ar/Ap) can be obtained by considering the situation
where the frequency shift of the superluminal laser is much
smaller than the linewidth of the narrow depletion profile,
ie., Ar/Ty < 1. In this limit, the terms (o, — @')/T1(2) in
Eq. (47) can be ignored. The saturated index can be then
simplified as

. 20(@ —')/T1 20(w — 0'L)/T

~

' E? +2¢1/G E™ +24/G,
=14 (' - B)w—wy), (48)
, Ny~ 282
2) ~ = , 49
n@) £0G1(2) G )
2 |8, 2 _
E" =~ |:G1 + G o(¢ é’z)]
&1 & :
+\/|:G_1 G 0 +§2)] —40%015,  (50)
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FIG. 4. Frequency shift of the highly dispersive laser as a func-
tion of the inverse of the group index for a fixed frequency shift
(1 Hz) in the Raman pump for (a) subluminal case and (b) super-
luminal case. Note that the value of A; is the same (i.e., 0) in both
plots for 1/n, = 1. Because of the need to use a logarithm scale in
the plot on the right, the leftmost point corresponds to a value of 1/n,
slightly larger than unity, corresponding to A, = —1072 Hz.

with the following definitions for simplicity in notations:

Ol, = 22§ I/Fl . (51)
E”+2¢/Gy
2¢,/T
ﬂ/ _ ; 2/ 2 (52)

T E?420,/Gy

As can be seen, o, B/, and E 2 are independent of
(w — @'). The saturated index is then reduced to a superpo-
sition of two linear functions. If we define

a=a —p, (53)

then Eq. (48) has the same form as Eq. (24). It is thus easy
to show that the behavior of the frequency shift for the su-
perluminal laser as a function of the change in the pump
frequency, in the limit (o, — wp)/T2 K 1, is identical to
that of the subluminal laser. To be specific, the ratio between
the frequency shifts of the superluminal laser and the Raman
pumps can be expressed as

Ar_ne ] (54)
AP ng ’
d(n,w) .

n(ow) =SR2 =1t o, (55)

Lo

If we consider the situation where 0 < ny, < 1, we can

write
ﬂ  — i . (56)
A P ng

As can be seen, if A;/I'; <1 and the group index is
close to zero, the frequency shift in the superluminal laser is
magnified by the inverse of the group index comparing with
the frequency shift in the Raman pumps and in the opposite
direction.

Given that, in this limit, the form of A;/Ap as a function
of the saturated group index is the same as that of the sub-
luminal laser [i.e., (n, — 1)/n, 1, it is possible to consider the
frequency shifts for both types of lasers in a unified manner, as
illustrated in Fig. 4. Here, we have plotted A as a function of
inverse of the saturated group index, for a fixed value of Ap,
namely, 1 Hz. The case of the subluminal laser is illustrated on

104§
103§
A a2l
S‘ 10
" i A =1Hz
g 10" —=P
—APZIO Hz
100§ AP=100 Hz
| [ —AP:1 kHZ
107 ‘ ‘
10° 10! 10° 10° 10*

1/n
g

FIG. 5. The ratio of —(A,/Ap) in a superluminal laser as func-
tions of the inverse of the group index for different values of the
frequency shift in the Raman pumps.

the left panel, while that of the superluminal laser is illustrated
on the right panel. As can be seen, the sign of the shift is
opposite for these two cases. Furthermore, for the subluminal
case, the maximum shift is never bigger than the shift in
the pump frequency. On the other hand, for a superluminal
laser, the amplitude of the maximum shift can be much larger
than the shift in the pump frequency when the inverse of the
saturated group index is very large. However, it needs to be
kept in mind that, for a superluminal laser, this behavior is
valid only for a very small change in the pump frequency, and
the behavior differs significantly when the pump frequency
shift is much larger. The range of pump frequency shift for
which Eq. (54) remain valid for a superluminal laser depends
on various parameters, such as the linewidths of the narrow
depletion profile and the broad gain profile, as discussed next.

To investigate the effect of the nonlinearity of the refractive
index, we choose fixed values of Gy, '}, and I'; and vary the
amplitude G, of the narrow depletion profile to achieve differ-
ent group indices. Equation (47) is then solved numerically to
find the lasing frequencies when the frequencies of the Raman
pumps are shifted by different values. Specifically, we make
use of the solution of E’*> shown in Eq. (44) and substitute
it in Eq. (46) to find the saturated index as a function of
(w — o'). We then solve Eq. (47) by numerically evaluating
e = (o - nyl,—y, —®ro) With a varying value of w;. The
solution to Eq. (47) is deemed to be accurate enough when
a specific value of w; yields a value of ¢ smaller than the
chosen convergence tolerance. This process is repeated for
different values of n, and Ap. The results are illustrated in
Fig. 5, which shows the value of A;/Ap as a function of the
inverse of the saturated group index, for different values of
Ap. As can be seen, the frequency of the superluminal laser
is shifted in the direction opposite to that of the frequencies
of the Raman pumps (i.e., the value of A;/Ap is negative).
The parameters for generating Fig. 5 are as follows. The
maximum gain and the linewidth of the broad gain profile
are respectively 1.2 x 10° and 27 x 30 MHz. The linewidth
of the narrow depletion profile is 27 x 10 MHz. Here, N,
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FIG. 6. The saturated index within the range where the gain is
greater than the loss for the explicit dual isotopes three-level system,
illustrated as the solid trace, and the approximated results shown in
Eq. (48), illustrated as the dashed trace.

and N, are 9 x 10° and 1 x 10" m~3, respectively. Also, Q
is set to be 10°. When the superluminal laser frequency shift
is small compared with the linewidth of the narrow depletion
profile, the frequency shift in the superluminal laser agrees
very closely with the result shown in Eq. (54). Specifically,
when the inverse of the saturated group index is very large, the
value of Ay /Ap is approximately —1/n,. On the other hand,
when the inverse of the saturated group index is comparable
with unity, the value of A /Ap is approximately (ng — 1)/n,.
For larger values of Ap, the ratio |A;/Ap| approaches a
smaller value asymptotically with increasing values of the
inverse of the saturated group index. This is because, when
the value of A is outside the linear region in the derivative
of the Lorentzian profile, the superluminal laser experiences a
saturated group index that is much larger than that within the
linear region, yielding a smaller magnification factor. As such,
in a superluminal laser, two conditions need to be satisfied
simultaneously to yield a large ratio of |A;/Ap|. One is when
the frequency shifts in the Raman pumps are significantly
smaller than the linewidth of the narrow depletion profile, and
the other is when the saturated group index at the superluminal
laser frequency is close to zero.

To validate all the approximations employed when deriving
Eq. (48), we solve the laser frequency using the explicit three-
level systems in each isotope that produce the superluminal
dispersion spectrum. Specifically, we solve the density ma-
trix equations of motion for the three-level system for each
isotope and the single-mode laser equation simultaneously in
an iterative manner [13,18]. We first find the lasing frequency
for the original Raman pump frequency and a certain group
index. Then we change the Raman pump frequency by Ap,
execute the algorithm, and find the new lasing frequency and
the corresponding change Aj. This process is repeated for
different values of the group index. The results are com-
pared with the approximated Lorentzian model, presented
in Egs. (33) and (34), for the superluminal laser case for
the same parameters and Ap = 1 Hz. Figure 6 shows the
ratio —(Ar/Ap) as functions of group index for the system

involving three-level systems in each isotope, illustrated as
solid trace, and the approximated expression, illustrated as
the dashed trace. The small variations in the dual-isotope
three-level result are caused by numerical errors, which can
be suppressed by reducing the convergence tolerance and
increasing the frequency resolution. However, this process
would increase the computation time drastically. The degree
of agreement shown in Fig. 6 is arguably adequate for validat-
ing the approximations employed earlier. It should be noted
that a similar investigation can also be carried out to determine
the frequency shift for a subluminal laser using a density
matrix analysis of an optically pumped three-level system in a
single isotope. However, we have chosen not to carry out such
a study since the analytic results found for that case are far
simpler than those for the superluminal laser and valid over a
large range of parameters.

IV. EFFECTS OF LIGHT SHIFTS

In the analyses presented above, we have calculated the
frequency shift in HDLs caused by a shift in the Raman pump
frequency for the case of a subluminal laser and a matching
shift in the frequencies of both Raman pumps for the case
of a superluminal laser. Here, we discuss the effects of light
shifts of the energy levels of the ground hyperfine states and
variations thereof on the HDL frequency. The light shifts
are produced by the Raman pumps, the HDL itself, and the
optical pumps. In what follows, for the sake of simplicity,
we will refer to a single Raman pump since the subluminal
laser uses only one Raman pump, and the effects of each of
the two Raman pumps for the superluminal laser are similar.
Similarly, we will refer to a single optical pump since the
subluminal laser uses only one optical pump, and the effects
of each of the two optical pumps for the superluminal laser
are similar.

Consider first the light shift produced by the Raman pump.
The following points need to be noted in this context. First,
the light shift corresponding to the initial frequency of the
Raman pump is implicitly incorporated into the effective value
of the two-photon detuning prior to reducing the three-level
system to the effective two-level system. Second, a change in
the frequency of the Raman pump Ap also changes the value
of the light shift, which should be considered in determining
the shift in the unsaturated gain profile. However, compared
with the amount of the center frequency shift in the gain
profile directly caused by Ap, this effect is negligible since
the Raman pump is already highly detuned with respect to the
optical transition.

Next, consider the light shift produced by the HDL itself.
The following points need to be noted in this context. First, the
light shift corresponding to the initial frequency of the HDL
is already considered implicitly, in a self-consistent manner,
when the cavity is tuned to the length that makes the HDL
operate at the center of the gain peak (dip) for the subluminal
(superluminal) case. Second, a change in the frequency of the
HDL would also change the value of the light shift, which
should be considered in determining the shift in the saturated
gain profile. However, compared with the amount of the HDL
frequency shift, any additional change in its frequency due to
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this effect is negligible since it is already highly detuned with
respect to the optical transition.

Additionally, it should be noted that the density-matrix-
based numerical analysis naturally considers the effects of
light shifts induced by the Raman pump and the HDL. As
such, predictions made using this approach are expected to be
fundamentally more accurate. However, as can be seen from
Fig. 6, the agreement between this model and the analytical
model is still quite good, validating our observation that the
effect of variations in the light shifts due to the Raman pump
and the HDL is negligible.

Consider next the effect of light shift induced by the OPL.
For specificity, we consider the case where the HDL operates
along the D1 transition, so that the OPL couples one of the
ground hyperfine states to the hyperfine states in the 5Pz,
manifold. The following points should be noted in this con-
text. First, the OPL frequency can be tuned to an optimal value
so that the light shift averaged over each of the upper-level
hyperfine states and the Doppler shifts has a null value. The
fact that this is possible is evident from the observation that the
net light shift from the OPL changes sign when its frequency
is scanned from a value below resonance with respect to
the 5P3,, manifold to one that is above resonance. The OPL
frequency can be stabilized to this optimal value by using an
acousto-optic modulator to shift the frequency of a part of the
OPL and locking this shifted frequency to one of the hyperfine
transitions. Second, if we make the reasonable assumption
that the Raman pump and the OPL have similar degrees of
frequency stability, then the OPL-induced light shift would
be negligibly small when operating around this optimal fre-
quency. Finally, it should be noted that, in the three-level
model(s) presented above, we have used an effective decay
rate to account for the effect of the optical pump. However,
it is easy to update the model to include another energy level
used for the optical pumping transition [22]. If the density-
matrix-based model is used with such a four-level model, then
all the effects of light shifts from the optical pumping process
would be fully accounted for automatically.

In the preceding discussions, we have not included the
effect of changes in the light shifts caused by power variations
of the Raman pumps and the OPLs. Of course, such changes
would be formally equivalent to changes in the frequencies
of these lasers. The findings presented here can thus be used
to estimate the degree of intensity stability of the pumps that
may be needed for a given application. Such a study would be
carried out in the near future.

V. IMPLICATIONS FOR SENSORS
A. Employing HDLs

While many applications can be envisioned for the HDLs,
arguably the most obvious one is the use of a superluminal
laser for ultra-sensitive rotation sensing. A superluminal ring
laser gyroscope (SRLG) would have two counterpropagating
superluminal lasers operating in the same cavity. The find-
ings of the analyses presented above show that care must
be taken in designing such an SRLG to suppress the effects
other than rotation that can lead to differential variations in
the frequencies of the two superluminal lasers. Specifically,

the same Raman pumps and optical pumps must be used for
both directions, and the intensities of these pumps in both
directions should also be as closely matched as possible.

Another possible application of a superluminal laser is
to measure acceleration or vibration using a unidirectional
superluminal ring laser (SRL) with one of its mirrors mounted
on a metallic diaphragm or a spring. For such a device, the
findings reported here show that the ultimate sensitivity of the
device would be constrained by the frequency stabilities of
the Raman pump lasers. This constraint can be circumvented
by making use of two copropagating SRLs in different but
matching cavities, with one placed above the other, and using
an acceleration-sensitive mirror in only one of the cavities.
If both SRLs make use of the same Raman pumps and optical
pumps, with matching power levels, then the frequency differ-
ence between the two SRLs would yield a signal proportional
to the acceleration. This configuration would have the added
benefit of being insensitive to rotation.

Broadly speaking, for any application of the HDL, one
must consider the findings reported in this paper. In principle,
one can make use of Raman pump lasers and optical pump
lasers that are sufficiently stable for the application at hand.
However, for some applications, such as detection of ultra-
light scalar field dark matter [11,12], one must also consider
the fact that the frequencies of the pump lasers would also
vary due to the dark matter. Similarly, for frequency shift
measurement-based gravitational wave detection, it would be
necessary to account for any frequency shift of the pump
lasers induced by the gravitational waves.

VI. CONCLUSIONS

In this paper, we have studied how the frequency of a HDL
based on Raman gain (and Raman depletion) changes due
to changes in frequency(-ies) of the Raman pump laser(s).
Specifically, we have investigated how the degree of change in
the HDL frequency depends on the group index experienced
by the intracavity laser field. If the HDL is highly subluminal,
the output frequency shift converges to the value of the fre-
quency shift in the Raman pump laser. On the contrary, if the
HDL is highly superluminal, the ratio of the HDL frequency
shift and the Raman pump frequency shift is negative, and
its amplitude equals the inverse of the group index, when the
HDL frequency shift is small compared with the linewidth
of the depletion profile. When this constraint is not met, the
ratio saturates at some value of the inverse of the group index,
and the saturation point depends on a combination of various
parameters, such as the widths of the gain profile and the
depletion profile. We have also shown that related effects due
to light shifts and changes thereof produced by the Raman
pump(s) and the optical pump(s) as well as the HDL itself are
expected to be negligible. The finding reported here must be
considered in designing sensors based on HDLs.

Finally, we note that, for the results presented here, we
have implicitly assumed that the time scale over which
the change in the Raman pump frequency or the change in the
hyperfine splitting occurs is adiabatic compared with the time
scale needed for the laser to reach a steady state after such
changes occur. For conditions under which this assumption is
not valid, a numerical study of the laser dynamics would be
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necessary. Such an investigation would be carried out in the
near future.
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APPENDIX: EFFECTIVE TWO-LEVEL MODEL
FOR A RAMAN LASER

For the three-level system illustrated in the left panel of
Fig. 1, the complex Hamiltonian with the decay rate, after
applying rotating wave transformation and rotating wave ap-
proximation, can be written as

Sair — 5L 0
H=1 0 0 , (AL)
Qp
2

QL

—§p — s
3 8

2

~
@ ofp

where the quantities are defined in the caption of Fig. 1. The
amplitude equations can be then written as

. . ir NaY

C = —l<5diff - zeff>c1 - l<7L)C3,
. Q
C2 = _Z(TP>C35 )

. Q Q T
o —i(%)Cl _ i<7P)C2 + i(ap n %)Q, (A4)

where C;, with i = 1, 2, 3, is the amplitude of the ith energy
level. While these equations account for the decay of states
[1) and |3), they do not incorporate the effect of influx of
atoms to different states resulting from this decay. However,
under conditions where the population of |3) remains very
small (either because of very high common mode detuning
or very small Rabi frequencies), ignoring of influx of atoms to
states |1) and |2) from state |3) remains a good approximation,
as can be shown by comparing the solution found from the
effective two level model with the exact solution of the full
density matrix equations. On the other hand, the influx of
atoms from state |1) to |2) cannot be ignored. However, this
will be considered when the amplitude equations representing
the effective two-level system are augmented by the effect of
the influx from state |1) to |2) to produce the corresponding
density matrix equations of motion.

In the case relevant to this paper, the two fields are far de-
tuned with respect to the |1) <> |3) and |2) <> |3) transitions.
As such, the excitation to state |3) is vanishingly weak, and we
can assume that C3 approximately equals zero. We can then
express C; in terms of C; and C, as

Qr Qp
~ —C + .
28p + i3 28p +il'3

(A2)

(A3)

Cs Cs. (AS)

For the Raman gain process, we have the assumption
that |6p| > I['3. Under this condition, Eq. (AS) can be

approximately reduced to
Q Qp
Ci~ —C + —0GC,.
3 25p 1+ 267 2
Substituting Cs in Egs. (A2) and (A3) with Eq. (A6), we
have

. Q2 i QR
C = —i<5diff + L - : eff)C1 —i—c,,, (A7)
P

(A6)

46p 2 45
. Q2 Qp Q3
C,=— C—i—C A8
2T, 45, (A%)

These equations can be represented by the following ef-
fective Hamiltonian for the two-level system involving only
states |1) and |2):

QF + Cefr Q.Qp

(‘Sdiff + T 45p
2.2 273

45p 48p

A =h (A9)

Next, we apply another transformation to set the energy of
|1) to be zero, and the resulting Hamiltonian becomes

s L]
H=n e (A10)
0 Q2-Q
T Oar — —
For compactness of notation, we define
QLR
Qe = —2 (Al1)
45p
QZ _ QZ
8§ = Sgigy + ———L. (A12)
45p

The term (2 —32)/48p in this equation is the difference in
light shifts produced by the two fields. For the superluminal
laser in steady state, this can be treated as essentially a con-
stant. The Hamiltonian is then simplified as

=, _ileir et
H=nl 2 |
eff _3

To incorporate the effect of the influx of atoms from state
[1) to |2), we now form the corresponding density matrix
equations:

(A13)

Y e o |+ () a1

at h at source

P11 P12
_ , Al5
P |:,021 ,022:| (A1)
9
(_,;) _ [0 0 } (A16)
0 ) ouee L0 Tefoni

Since the population of state |3) is negligible, we can
impose the closed-system constraint that p;; + p2; = 1. The
steady state solution of Eq. (A14) then yields
_ Qe

29 + T + 482

Qefr (28 — ilefr)

C2Q% + T + 482

P11 =1- pxn, (A17)

P21 = Ply- (A13)
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FIG. 7. The comparison of (a) the real part and (b) the imaginary
part of the coherence for the |1) <> |3) transition between the explicit
solution of the three-level system, illustrated as the solid traces,
and the approximated results shown in Eq. (A22), illustrated as the
dashed traces.

To estimate the coherence of the |1) <> |3) transition, we
multiply Eq. (A6) by C}, which yields

Qr Qp
P31 X ——p11 + P2

Al9
28p 26p (A19)

This is valid only when |p21| & /11022, corresponding to
a nearly pure state for the |1) <> |2) coherence. One can use
Eqgs. (A17) and (A18) to determine the parameter values for
which this condition is satisfied, as shown below:

ool VIQer(28 — iTe)|?
VPIPE L JQl (9 + Tl +457)

_ \/ T2 + 4682
Q2 + T + 4682
As can be seen, the condition |po;| &~ ,/p11 022 is equivalent
10 Qefr K Leg.
By combining Eq. (A19) with Egs. (A17) and (A18), the
coherence of the |1) <> |3) transition can be expressed as
oy & Qett[$21 Qe + Q2p(28 — iTesr)]
! 26p(2Q2%, + T2, + 482

~ 1. (A20)

(A21)

Under the assumption [6p| > Qp > € for the un-
saturated case, recalling Eq. (All), it is easy to show
that Q7 Qe < Qplegr. As such, the term (£2./26p)p11 in
Eq. (A19) can be ignored. As such, the expression for p3; can
be simplified as

Qp
031 X ——p21 = 021, (A22)

26p
where we have used the parameter 6 defined in Eq. (34).

In Fig. 7, we show comparison of the real and imaginary
parts of p3; found via explicit solution of the complete set
of equations for the three-level system and the approximate
result shown in Eq. (A22). As can be seen, the agree-
ment is excellent, thus justifying the approximations used in
Eq. (A22).

For the saturated case, the Rabi frequency of the Raman
laser is in general much larger than that in the unsaturated
case. To validate the assumption &p > Qp > Q; under the
saturated condition, it is necessary to evaluate €2; using

Egs. (7) and (19):

252 2
2 _ ME Mo
Q= e = ?(2QC -n)
2
JAT2ANTQ o KN
= — — (I 46°) ———— |. A23
h2|: €0 (P + )80G0Feff (A23)

The maximum value of €2; appears when 6 = 0, so that we
can rewrite Eq. (A23) as

2 M_g 2hNTerQ  ANTer
L |max hZ £0 80G0
NT. 1
= Ko et (g — (A24)
Fl{;‘o G()

As an example, consider the case where the peak gain Gy
is twice the cavity loss rate, i.e., Gy = 1/Q. Furthermore, we
make use of the following values of the relevant parameters:
o = 2.53 x 1072° C'm, corresponding to the dipole moment
of the cycling transition in the D2 line of 3Rb, N = 10" m~3,
[ = 10%s~!. Assume that the loss in the cavity is solely
due to the finite transmission of the output coupler; the cavity
quality factor is calculated using the following expression:

2 L/A
1-R’
where L is the length of the cavity, which is chosen to be
0.1 m, A is the wavelength of the D2 line transition, which
is 780 nm, and R is the reflectivity of the output coupler of the

cavity, which is set to be 95%. Using these parameter values
in Eq. (A24), we get

2
2| = NI
Limax — heg

Q:

(A25)

0~ (7.65 x 107 s~y

(A26)

The detuning of the Raman pump |§p| is usually >1
GHz for optimal Raman gain, which is equivalent to 6.28 x
10? s~!. As can be seen, the assumption |8p| > 2 holds for

-9 %107
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FIG. 8. The saturated index within the range where the gain is
greater than the loss for the explicit three-level system, illustrated
as the solid trace, and the approximated results shown in Eq. (20),
illustrated as the dashed trace.
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the saturated condition. Figure 8 illustrates the saturated index
as a function of §4; for the explicit solution of the three-level
system (solid trace) and the approximate result using Eq. (20)

(dashed trace), showing close agreement. Thus, the approxi-
mation in Eq. (A22) is valid for both unsaturated and saturated
cases.
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