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Chiroptical responses modulated by competitions between structural chiralities and magnetizations
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We study chiroptical scattering properties of magneto-optical structures possessing rotation symmetries, with
both rotation axis and externally applied static magnetic field parallel to the incident direction. For no less
than threefold rotation symmetries (with or without magnetizations), cross sections of scattering and extinction
are invariant as long as the incident polarizations locate on the same latitude line of the Poincaré sphere
(polarization ellipses of the same ellipticity but different orientations), while for general incident polarizations,
cross sections of scattering and extinction are ellipticity-weighted arithmetic average of those for circularly
polarized incident waves. We further characterize the chiroptical responses through relative distinctions between
cross sections for incident waves of left-handed and right-handed circular polarizations, and reveal that the
external magnetic field can both suppress and enhance the chiroptical responses, depending on its direction
and strength. When the chiroptical response is fully eliminated by the magnetization, the cross sections get
decoupled to the polarization ellipticities as well, becoming fully independent of arbitrary incident polarizations.
Our arguments are based on global structural symmetries only, and thus all conclusions drawn are irrelevant to
local geometric parameters or specific material parameters of the scatterers, as long as the rotation symmetry is
preserved. The principles we have revealed can be applied in many magnetism-induced nonreciprocal structures,

and are robust against any rotation-symmetry-preserving structural defects and perturbations.
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I. INTRODUCTION

Studies of chiroptical responses induced by structural chi-
ralities or nonreciprocal magnetizations both date back to the
19th century and currently constitute a main theme pervad-
ing most branches of photonics [1-4]. Early studies were
largely concentrated on clusters (such as solutions) of chiral
molecules that are abundant and randomly distributed, which
are effectively isotropic as there is no preferred orientation
direction. As a result, light incident at any direction effectively
interacts with chiral molecules of all possible orientations,
and the chiroptical responses obtained are thus automatically
molecular orientation averaged, being naturally independent
of the incident direction [1]. In recent years, with the rapid
development of high-precision fabrication nanotechnology,
a significant portion of investigations into optical chirali-
ties is shifted from randomly distributed to highly oriented
systems with different sorts of symmetries [2—4]. This has
significantly broadened the horizons of chiral photonics and
rendered enormous flexibilities for explorations of the inter-
play among structural orientations and geometric symmetry,
electromagnetic duality symmetry, optically induced artificial
magnetism, and magnetization that breaks reciprocity [1-12].

Here, we study the chiroptical responses of magneto-
optical scattering particles that are no less than threefold
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rotationally symmetric. The optical chirality is characterized
by relative distinctions between cross sections of extinc-
tion and scattering, for incident waves of right-handed and
left-handed circular polarizations (RCP and LCP). When ro-
tation symmetry axis, incident direction, and external static
magnetic field are parallel, cross sections of extinction
and scattering are correlated with ellipticities (positive and
negative for left and right handedness, respectively) while
irrelevant to orientations (in terms of semimajor axis) of the
incident polarization ellipses. For general polarizations, cross
sections are ellipticity-weighted arithmetic average of those
for LCP and RCP incident waves. As a result, extinction and
scattering cross sections always reach their extremes (max-
imum and minimum) for circularly polarized (CP) incident
waves. We further show that magnetizations can enhance or
suppress the chiroptical responses, depending on the direction
and strength of the externally applied magnetic field. When
the chiroptical response in terms of scattering (extinction)
is fully eliminated, with or without external magnetizations,
the scattering (extinction) cross sections would become fully
independent of the polarization ellipticity too, remaining in-
variant for incident waves of arbitrary polarizations. Our
reasoning is solely based on the symmetry arguments, and
thus all conclusions drawn are irrelevant to local geomet-
ric or material parameters of the scatterers, as long as the
rotation symmetry is preserved. Our study on chiroptical
responses modulated by the interplay among geometric chi-
ralities, rotation symmetries, and static magnetizations could
play a significant role in both fundamental explorations
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FIG. 1. (a) The Poincaré sphere (parametrized by three Stokes
parameters S » 3) employed to represent incident polarizations. The
latitude x corresponds to ellipticity of the polarization ellipse
(x > O for left-handedness on the northern hemisphere; x < 0 for
right-handedness on the southern hemisphere; x = 0 for linear po-
larizations) and longitude v corresponds to the ellipse orientation.
(b) A scattering configuration consisting of six cylinders orientated
along the z axis and made of magneto-optical materials (geometric
parameters specified within the figure) that exhibits C; rotation sym-
metry (rotation axis along the z axis) and no mirror symmetry. Both
the incident direction and the externally applied magnetic field are
parallel to the rotation symmetry axis.

and practical applications relying on magnetism-induced
nonreciprocity.

II. THEORETICAL MODEL AND FORMALISMS
FOR SCATTERINGS AND CHIROPTICAL RESPONSES

The polarization of the incident wave can be represented
through the Poincaré sphere [parametrized by the Stokes vec-
tor (S1, 52, 83) or angle vector (x, ¥), whose entries are,

respectively, latitude and longitude as shown in Fig. 1(a)]
[13,14]: x € [—m /2, w /2] characterizes the ellipticities of the
polarization ellipses, with positive and negative x (northern
and southern hemisphere) corresponding to left- and right-
handedness, respectively (see Fig. 1; LCP and RCP waves
locate, respectively, at S3 = +1 and x = £ /2, and all linear
polarizations locate on the great circle S3 =0 and x = 0);
latitude v € [0, 27r] characterizes the orientations of the po-
larization ellipses in terms of the semimajor (or semiminor)
axis (see Fig. 1; ¥ = 0 and ¢ = m for semiaxis along x and
v, respectively; the semiaxes for LCP and RCP waves are not
defined, and so are i at S3 = +1). For an incident wave of
polarization locatmg at (x;, ¥;) on the Poincaré sphere the
unit field vector E; can be represented in CP unit basis (R and
L) as

E; = sin T /2R + cos T Xy, (1)
4 2 4 2

Here, it is clear that the polarization is directly expressed in
terms of half the Poincaré angles of x /2 and /2 rather than
the angles themselves. The underlying profound mathematics
is that polarizations correspond to 1-spinors, which are effec-
tively the square roots of the Stokes vectors [15,16].

When the whole scattering configuration exhibits n-fold
(n > 3) rotation symmetry (both the incident direction and
the external magnetic field are parallel to the rotation axis,
which are fixed along the z direction), it has been previously
proved that the two scattering channels of incident LCP and
RCP waves are fully decoupled from each other [7]. That is,
for unit-amplitude incident waves of arbitrary polarizations,
the cross sections of scattering and extinction (Cyc, and Cex)
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FIG. 2. Scattering and extinction spectra for incident polarizations on the same [(a) and (c); invariant yx; the corresponding angle vectors
(x, ¢) are specified] and different [(b) and (d); RCP and LCP] latitude lines, with zero [(a) and (b); B, = 0] and nonzero [(c) and (d);
B, =1 T] magnetizations. (¢) The dependence of CDs, cx: On B, at a randomly selected incident wavelength A; = 210 um. Two points (E; at
B, = —0.86 T and S; at B, = 1.6 T) are pinpointed, where CD,,; = 0 and CD,., = 0, respectively. (f) The dependence of cross sections (CDey
at £, and CDy, at S;) on the varying incident polarizations transversing half the great circle (S, = 0), covering LCP (8 = 0), linear polarization

along the x axis (¢ = m/2), and RCP (6 = m).
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can be expressed as (without extra interference terms)

. T Xi
Csca,ext(Bz) = Sln2 <Z - E) sca, ext(B )

s Xi
+ COSZ <Z - ) ) sca,ext Z) (2)
where C2

senext (Csea, O o) are cross sections (scattering and ex-
tinction as indicated by the subscripts) for unit-amplitude
incident RCP (LCP) wave; B, is the externally applied mag-
netic field to magnetize the magneto-optical scatterers. It is
clear from Eq. (2) that the scattering and extinction cross
sections (i) are irrelevant to the orientations of the polarization
ellipses (v; independent) and thus are invariant for polar-
izations locating on the same latitude line of the Poincaré
sphere, and (ii) for incident waves of arbitrary polarizations
are ellipticity-weighted arithmetic average of those with RCP
and LCP incidences, and they always reach their extremes for
CP incident waves.

Simple algebraic manipulations reduce Eq. (2) to

sca ext(B ) - 2[ sca, ext(B )+ sca, ext(BZ)]
- 5 Sln(Xl)[ sca, ext(B ) qca ext(B )] (3)

We further define the mean cross section for CP waves as

sca exl(B ) - 2[ sca, exl(B )+ sca, ext(Bz)] and the Cross sec-
tion contrast as Cy, o (B;) = 2[ seaext(Bz) — bca ext (B It
is clear that CJf, ., (B:) represents exactly the cross sec-
tions for linearly polarized incident waves with x; = 0. Then,
Eq. (3) is further simplified as

Coeaext(B2) = Cy ext (B2) = SIn(Xi)Ciy e (B2)- (4

The chiroptical responses of the scattering system can be
characterized by a generalized chirality factor defined as [17]

CD (B ) _ sca ext (B ) sca ext (BZ)
sca,ext z) —
sca ext (B ) + sca ext (BZ)
Coenext(B:
=2 :c_d,ext( e) ’ (5)
Csca,ext (BZ)

with which Eq. (4) becomes

Cucaext(B2) = Cfy o (B[ 1 — 5 $in(X:)CDscq ext (B2)]. (6)
When the chiroptical responses are eliminated
[CDsca,exl(Bz) = 0], we have

Cieaext(By) = Cgiy e (Bo), )

which means that the scattering or extinction cross sec-
tions become fully independent of the incident polarizations.

III. SCATTERING PROPERTIES AND CHIROPTICAL
RESPONSES OF ROTATIONALLY SYMMETRIC
MAGNETO-OPTICAL SCATTERERS

Our model and formalisms presented in Sec. II are gener-
ally applicable to any configuration exhibiting no less than
threefold rotation symmetry. As a next step, without loss
of generality, we turn to a specific threefold rotationally
symmetric scattering configuration shown in Fig. 1(b) for

verifications of our model. It consists of two sets of three iden-
tical magneto-optical circular cylinders (for larger cylinders:
radius ryp = 8 um and height sy = 120 um; for smaller ones:
ro = 5 um and hy = 60 um) and they are centered on vertices
of equilateral triangles with all axes of the cylinders orientated
along the z axis. The cylinders are made of magneto-optical
materials, and the relative permittivity tensor & can be ex-
pressed as (L denotes the components on the transverse x-y
plane)

_ &1 —iSB 0
g=|isg & 0]. ¥
0 0 &

For the magneto-optical polar semiconductor material n-
doped InSb, the entries in the matrix above can be expressed
as (adopting the Drude-like model and neglecting the higher-
order magnetic terms) [18,19]

N Al LV oot
wf — @~ iy o[} — @+l P
) a)zwc
€p/Ec0 =
B/ oo o[(@+ily)? — wz]
2 1 p
w? — w? — il ,w “p
£:/600 = B . ’
/€0 W2 —w? —iT,0 ol+ily) ®

Here, w is the angular frequency of the incident wave; g5, =
15.7 is the high-frequency dielectric constant; w; = 2.28 X
10" rad/s is the longitudinal optical phonon frequency:;
wr = 2.13 x 10" rad/s is the transverse optical phonon fre-
quency; w, = 1.97 x 10" rad/s is the plasma frequency;
I, =3.55 x 10 rad/s is the phonon damping constant;
'y =2.13 x 10" rad/s is the free carrier damping constant.
The nondiagonal element &5 is proportional to the cyclotron
frequency w, = eB,/m*, where e and my are, respectively,
the electron charge and mass, and the effective mass m* =
0.022 my.

Numerical results in this work are obtained through com-
mercial software COMSOL MULTIPHYSICS. The simulation
domain consists of six cylinders with the vacuum background
truncated by perfectly matched layers (PMLs). The calcula-
tion domains can be automatically meshed according to the
internal COMSOL MULTIPHYSICS algorithm, and further manual
modifications of the mesh density can ensure computational
convergence and sufficiently high data precision. For plane
waves incident along the z axis, we show in Figs. 2(a)—(d)
the scattering and extinction spectra for polarizations of the
same [Figs. 2(a) and 2(c)] and different [Figs. 2(b) and 2(d)]
latitude lines of the Poincaré sphere. It is clear that for both
scenarios of zero [Figs. 2(a) and 2(b)] and nonzero [Figs. 2(c)
and 2(d); B, = 1 T] external magnetic field, the scattering and
extinction cross sections are correlated with ellipticities only,
and have nothing to do with the polarization ellipse orienta-
tions. We then randomly select an incident wavelength A; =
210 um, and show at this wavelength the relation between
CDgcaext and B; in Fig. 2(e). It is clearly shown that the chi-
roptical responses can be suppressed or enhanced, depending
on the direction and strength of the magnetization. It is worth
noting that the dependence of CDy, is more complicated than
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FIG. 3. (a) A modified scattering configuration that exhibits not
only C; rotation symmetry, but also an extra mirror symmetry with
the symmetry plane perpendicular to the z axis. Scattering and ex-
tinction spectra for incident RCP and LCP waves, with zero [B, = 0
in (b)] and nonzero [B, =1 T in (c)] magnetizations. (d) The de-
pendence of CDg, ¢ On B, at the incident wavelength A; = 210 um.
Two points (E, at B, =0 and S, at B, = —0.1 T) are pinpointed,
where CD.y = 0 and CDy., = 0, respectively. (e) The dependence
of of cross sections (CDgy, at [E; and CDy, at S,) on varying incident
polarizations transversing half the great circle (S, = 0).

that of CDy,, as is evident in Fig. 2(e). This is largely due
to the sophisticated correlation between material absorption
and B, [Eq. (9)], since extinction is the sum of scattering and
absorption according to the optical theorem [17].

We have further marked two points (E; at B, = —0.86 T
and S| at B, = 1.6 T) where the chiroptical responses in terms
of extinction and scattering cross sections are completely
eliminated, respectively (CDex sca = 0). At those points, we
show in Fig. 2(f) the evolutions of the corresponding cross
sections (CDgy at E; and CDy, at S;) for varying incident
polarizations covering the semigreat circle of S, =0 (6 =0
for LCP; 6 = 7 /2 for linear polarization along the x axis;
0 =  for RCP). As expected [see Eq. (7)], both extinction
and scattering cross sections remain invariant, and are fully
independent of polarization states of incident waves.

It has been previously proved that for reciprocal struc-
tures, combined rotation and mirror (perpendicular to the
rotation axis) symmetries would eliminate the chiroptical re-
sponse in terms of extinctions (CDey = 0), and thus render
the extinction cross sections fully independent of the inci-
dent polarization [6,7]. The configuration shown in Fig. 1(b)
is modified to a new configuration shown in Fig. 3(a) that
exhibits both C; rotation symmetry and a perpendicular mir-
ror symmetry. We further show in Fig. 3(b) (B, = 0) and
Fig. 3(c) (B, = 1 T) the scattering and extinction spectra with
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FIG. 4. (a) Another modified scattering configuration that ex-
hibits not only C; rotation symmetry but also extra mirror symmetries
with the symmetry planes parallel to the z axis. Scattering and extinc-
tion spectra for incident RCP and LCP waves, with zero [B, = 0 in
(b)] and nonzero [B, = 1 T in (c)] magnetizations. (d) The depen-
dence of CDqc, ext On B, at the incident wavelength A; = 210 um.

incident CP waves for the modified scattering cluster. The
dependence of CDy, ex¢ On B, at A; = 210 um is summarized
in Fig. 3(d), where two other chiroptical response elimination
points are marked (E, at B, = 0 on which CD¢y = 0, and
S, at B, = —0.1 T, on which CD, = 0). The incident po-
larization independence of the corresponding cross sections at
E, and S, are further confirmed by Fig. 3(e). The symmetry-
reciprocity-induced elimination of chiroptical response CDex;
is confirmed by Figs. 3(b) and 3(d) [see E,]. When the scat-
terer is magnetized (B, # 0), reciprocity is broken and thus
the chiroptical responses in terms of extinction would gener-
ally be restored [Fig. 3(d)].

It has also been proved that joint operations of rotation
and mirror (parallel to the rotation axis) symmetries would
eliminate chiroptical responses in terms of not only extinction
(CDext = 0) but also scattering (CDg., = 0), and make all
cross sections polarization independent. We have studied such
a structure shown in Fig. 4(a), with the polarization indepen-
dence of scattering and extinction cross sections confirmed by
Fig. 4(b). With the presence of external magnetic field (B, #
0), magnetization would effectively break the mirror symme-
tries, and thus render both cross sections dependent on the
incident polarizations gain, as verified by the spectra shown
in Fig. 4(c) with B, = 1 T. The dependence of CDg¢, ¢xt On B,
at A; = 210 um for this scattering configuration is shown in
Fig. 4(d), which further confirms that external magnetizations
restore the chiroptical responses and polarization dependence
of both scattering and extinction cross sections.

IV. CONCLUSION AND PERSPECTIVE

To conclude, we study the interplay between geometric
structural chiralities and external magnetizations, and explore
how their competitions affect the chiroptical responses of
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scattering systems. It is revealed that for magneto-optical
scatterers, an externally applied static magnetic field can sup-
press or enhance the chiroptical responses, depending on the
direction and strength of the magnetizations. With properly
designed magnetic field, the optical chiralities in terms of scat-
tering and extinction cross sections can be fully eliminated,
which together with the rotation symmetry would induce
scattering properties that are fully independent of arbitrary
incident polarizations. All our conclusions drawn are based
on principles of symmetries and thus are broadly applicable,
which are protected by global structural symmetries and are
irrelevant to detailed geometric shapes or optical material
parameters. The principles we have revealed might find sig-
nificant applications in various branches of photonics that
involve magnetism and particle scattering.

In this study, we have explored the overlapped regions
among various disciplines of Mie scattering, chiral op-
tics, geometric symmetries in optics, and electromagnetic

nonreciprocity. Possible future works and extensions include
incorporating other symmetries (such as electromagnetic du-
ality symmetry [8,9] and parity-time symmetry [20,21]),
merging with synthetic magnetism and other synthetic di-
mensions in photonics [22,23], and introducing temporal
modulations and the exceptional concept of time crystals
[24,25]. Those potential extensions and generalizations can
not only significantly broaden the horizons of all disciplines
involved, but also bring extra dimensions of freedom to ex-
ploit for extreme light-matter interaction manipulations.
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