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Spectral properties and observables in ultracold Fermi gases
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We calculate nonperturbative self-consistent fermionic and bosonic spectral functions of ultracold Fermi gases
with the spectral functional approach. This approach allows for a direct real-time computation of nonperturbative
correlation functions, and in the present work we use spectral Dyson-Schwinger equations. We focus on the
normal phase of the spin-balanced Fermi gas and provide numerical results for the full fermionic and bosonic
spectral functions. The spectral functions are then used for the determination of the equation of state, the Tan
contact, and ejection rf spectra at unitarity. These results are compared to experimental data, the self-consistent
T -matrix approach, and lattice results. Our approach offers a wide range of applications, including the ab initio
calculation of transport and spectral properties of the superfluid phase in the BCS-BEC crossover.
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I. INTRODUCTION

Ultracold Fermi gases [1–3] represent a versatile tool for
studying strongly correlated quantum systems at low ener-
gies. The experimental control over the system parameters
allows for the investigation of a wide range of phenomena,
such as the BCS-BEC crossover [4–8], the formation of po-
larons [9–13], and the emergence of superfluidity [14–16].

Strong correlations, e.g., close to unitarity [1], render
the theoretical description of interacting Fermi gases a
nonperturbative problem. Therefore, various nonperturbative
approaches, such as quantum Monte Carlo (QMC) simula-
tions [17,18], self-consistent T -matrix theory [19–22], and
Dyson-Schwinger equation (DSE) [23–25] and functional
renormalization group (fRG) [26–28] approaches, have been
employed to describe the system. Various important properties
of the gas, such as transport and scattering properties [29–31]
and the excitation spectrum [32–34], are encoded in its
spectral functions, which requires the computation of the
fermionic and bosonic self-energies at real frequencies.

While QMC simulations are formulated at imaginary fre-
quencies by construction, also functional methods such as
the DSE and fRG approaches are usually formulated in Eu-
clidean space-time due to significantly reduced computational
costs. Then the computation of spectral functions requires
an analytic continuation from Matsubara to real frequencies.
While this is an ill-conditioned numerical task accompanied
by large systematic uncertainties [35] (see also [36,37] for
further discussions and developments), the advantage lies in
its simple use and fast generation of new imaginary-time
results. Respective results can be found, e.g., in [38,39].

Due to the large systematic uncertainties, direct real-time
computations are much preferable and have been performed
in similar quantum systems, e.g., in [40–48]. Most of these
works use a self-consistent T -matrix approximation and
the integrals are computed by employing various numerical
techniques.

Recently, the spectral functional approach was put forward
in [49], which utilizes directly the spectral representation of

propagators and vertices: Inserting them into nonperturba-
tive diagrams in a given functional approach, the respective
frequency sums or integrals can be performed analytically,
and the remaining real spectral integrals are readily computed
numerically. This allows for a direct computation of the spec-
tral functions in terms of spectral loop integrals. The spectral
functional approach has been developed within the framework
of Dyson-Schwinger equations, but it applies to all functional
approaches. The spectral functional renormalization has been
set up and used in [50,51], and the spectral approach is
tailor-made for application in two-particle irreducible (2PI)
resummation schemes [52], where all correlation functions
are constructed from nonperturbative propagators. It has
been successfully used for the nonperturbative computation
of spectral functions and bound-state properties in scalar
theories [49,53,54], gauge theories [55–58], and quantum
gravity [50].

In this work we use the spectral functional approach for the
computation of nonperturbative self-consistent single-particle
spectral functions in the normal phase of a strongly interacting
spin-balanced Fermi gas for all scattering lengths a and in
particular close to a Feshbach resonance [59] with a → ∞.
This constitutes an application of the spectral functional ap-
proach [49] to nonrelativistic systems. Specifically, we set
up spectral Dyson-Schwinger equations for the fermionic and
bosonic self-energies at real frequencies, yielding direct ac-
cess to their spectral functions. Notably, our approach allows
for the simultaneous calculation of the fermionic single-
particle and the bosonic two-particle (dimer) spectral function
at no additional cost. With the spectral functions we also
determine the density equation of state [16], the Tan con-
tact [60], and ejection rf spectra [7] at unitarity. Our results
agree with results from the self-consistent T -matrix approx-
imation [19,38], but the flexibility of the spectral functional
approaches gives access to more generic expansion schemes.

The present paper is organized as follows. In Sec. II we
introduce our microscopic model for the spin-balanced Fermi
gas. In Sec. III we set up the spectral Dyson-Schwinger
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equations for bosonic and fermionic propagators. Our numer-
ical results for the spectral functions as well as the density,
rf spectra, and Tan contact are presented in Sec. IV. We
summarize and provide an outlook for future work in Sec. V.

II. MICROSCOPIC MODEL

We consider a nonrelativistic two-component Fermi gas
described by the Euclidean classical action

S[ψ] =
∫ β

0
dτ

∫
d3x

( ∑
σ=↑,↓

ψ∗
σ (∂τ − ∇2 − μσ )ψσ

+ λψ∗
↑ψ∗

↓ψ↓ψ↑

)
, (1)

where λ is the coupling constant of the contact interaction. If
used on the mean-field level, λ would be related directly to the
scattering length a via [28]

λ = 8πa. (2)

Instead of using the common split into bare coupling and
cutoff contribution, Eq. (2) is readily converted into a cutoff-
independent relation including quantum effects [for more
details see Sec. III and Appendix A, in particular (A1) and
(A2)].

In (1) we also introduced the chemical potential of the
fermion species, μσ with σ = (↑,↓). The fermionic fields
ψσ (τ, x) are Grassmann valued and depend on the Euclidean
time τ , which is restricted to the circumference β = 1/T , and
the spatial coordinates x. In (1) we also used natural units
h̄ = kB = 2mψ = 1, where mψ is the mass of fermions.

The emergence of bosonic dimers and their condensation
at low temperatures in the fermionic ultracold gas can be
efficiently accommodated by rewriting the action (1) with a
Hubbard-Stratonovich transformation. Thus, we will consider
a spin-balanced system (μ↑ = μ↓ = μ), where the contact
interaction of fermions with opposite spin is replaced by the
exchange of bosonic dimers,

S[ψ, φ] =
∫ β

0
dτ

∫
d3x

( ∑
σ=↑,↓

ψ∗
σ (∂τ − ∇2 − μ)ψσ

+ νφ∗φ − h(φ∗ψ↑ψ↓ − φψ∗
↑ψ∗

↓ )

)
, (3)

where h is the Feshbach coupling between the fermions and
bosons and ν is the detuning of the dimer. On the mean-field
level, similarly to (2), the couplings and the detuning parame-
ter would be related by

λ = −h2

ν
. (4)

For the full relation on the quantum level, see Sec. III and
Appendix A, in particular (A1) and (A2).

It is readily shown that (3) reduces to (1) in the equation of
motion (EOM) of φ, also using (4). Solving (4) for the de-
tuning parameter on the full quantum level leads to (A2) in
Appendix A. Notably, while the four-fermion coupling λ gets
strongly affected by fluctuations, the Feshbach coupling h is

well approximated by its classical value, as these fluctuation
effects are encoded in ν. The latter is used to tune the (in-
verse) scattering length (for a detailed discussion of all these
properties see [28]). We also emphasize that the absence of
an explicit s-channel four-fermion scattering can be sustained
on the quantum level within the fRG approach with emergent
composites or rebosonization (for the respective conceptual
developments see [61–64] and for an application to the present
system see [65,66]). Heuristically, this approach may be
understood as a scale-dependent Hubbard-Stratonovich trans-
formation.

For a dilute ultracold Fermi gas, the effective range r0 of
the interaction is of the order of the inverse van der Waals
length lvdW and defines a physical momentum cutoff scale
� ∼ 1/r0, which is much larger than all relevant physical
scales (� 	 kF ). Throughout this work we work in the limit
of contact interactions with zero effective range such that �

can be sent to infinity in the end. For a more detailed discus-
sion of the renormalization scheme, refer to Appendix A.

The complex bosonic field φ(τ, x) was introduced as an
efficient book-keeping device for the s-channel interaction
between fermions of opposite spin. For example, bubble re-
summations of s-channel diagrams but also beyond bubble
resummations of t and u-channel contributions are encoded
in two-point function diagrams or corrections to the Yukawa
coupling. More importantly, emergent dynamical s-channel
dimer degrees of freedom are already taken care of as is their
condensation.

Hence, by tuning the dimensionless interaction strength
(kF a)−1, the system can be driven from a BCS-type su-
perfluid to a Bose-Einstein condensed state, allowing for
the exploration of the BCS-BEC crossover [44,67–69]. Here
the interaction strength is measured in terms of the Fermi
momentum

kF = (3π2n)1/3, TF = εF = k2
F , (5)

where n is the total density and we have also defined the
Fermi energy and temperature for later use. On the BCS side
of the crossover (kF a)−1 < 0, the bosonic dimer φ describes
weakly bound Cooper pairs. On the BEC side (kF a)−1 > 0,
φ describes tightly bound bosonic molecules. Bose-Einstein
condensation of the bosonic pairs, i.e., a nonvanishing ex-
pectation value of φ, leads to superfluidity in the system. In
the following we consider the normal phase of the BCS-BEC
crossover with a special focus on the strongly correlated uni-
tary regime at (kF a)−1 = 0.

III. SPECTRAL DYSON-SCHWINGER EQUATIONS

In this section we briefly introduce the coupled spectral
propagator DSEs which will be used in obtaining all numer-
ical and analytical results in this work. We also specify the
underlying approximation of the effective action.

A. Gap equations and the approximation of the effective action

Functional approaches, such as the DSEs and the fRG
or 2PI resummation schemes, provide exact nonperturbative
relations for correlation functions in terms of full propagators
and vertices (fRG) as well as the classical vertices (DSE
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FIG. 1. Fermion (solid line) and boson (dotted line) propagator
Dyson-Schwinger equation for balanced ultracold Fermi gases in the
normal phase. The notation is as defined in Fig. 2

and 2PI). For reviews, see [70] (DSEs) and [71–75] (fRG)
and [52] (2PI). The central object in these approaches is
the quantum effective action 
[�], which is the generating
functional of 1PI correlation functions, or the 2PI effective
action. Correlation functions of n fields are obtained by n
functional derivatives with respect to the mean fields, � =
(ψσ ,ψ∗

σ , φ, φ∗), where for the sake of notational simplicity
we have used the same expressions as for the classical fields.

The most important example is the full nonperturbative
two-point function, the full propagator G�, which is the piv-
otal building block of all diagrammatic functional approaches.
In terms of the 1PI effective action, it is given as the inverse of
the 1PI two-point function G� = [
(2)]−1

��∗ , which is a matrix
inverse in field space. In the normal phase, the expectation
value of the bosonic field is zero, i.e., φ = 0, and the prop-
agator, if evaluated on the EOMs, is diagonal in field space.
Since we are dealing with a balanced system, the propagators
of the ↑ and ↓ species are the same and we are left with
only one fermion propagator Gψ↑ = Gψ↓ = Gψ and one boson
propagator Gφ . The gap equation or DSE for the inverse prop-
agator 


(2)
��∗ involves the classical inverse propagator S(2)

��∗ ,
whose fermionic and bosonic components are obtained from
the microscopic action (3),

S(2)
ψψ∗ (P) = −iωn + p2 − μ, S(2)

φφ∗ (Q) = ν. (6)

Here P = (ωn, p) and Q = (εn, q) with the fermionic (ωn) and
bosonic (εn) Matsubara frequencies, respectively,

ωn = (2n + 1)πT, εn = 2nπT . (7)

The coupled Dyson-Schwinger equations for the fermion and
boson propagator are depicted in Fig. 1, while the diagram-
matic notation is summarized in Fig. 2. The renormalized
fermion and boson gap equations are given by

G−1
ψ (P) = −iωn + p2 − μ + �ψ (P),

(8)

G−1
φ (Q) = − h2

8πa
− �φ (Q),

with the renormalized fermionic and bosonic self-energies
�ψ (P) and �φ (Q), respectively. For more details on the spec-
tral renormalization procedure see Appendix A.

S(n) =

n

Γ(n) =

n

G =, ,

FIG. 2. Diagrammatic notation used throughout this work. Lines
stand for full propagators, small dots stand for classical vertices, and
larger dots stand for full vertices.

Now we specify the approximation of the effective action
used for the following computations. As already discussed
below (4), the approximation of a classical constant Yukawa
coupling h is working well as the fluctuations of the four-
fermion interaction are well captured by that in the detuning
parameter. The latter is part of the full propagator and hence
will be accessed here. This approximation is readily lifted by
also solving the spectral DSE for the Yukawa coupling and the
remnant four-fermion interaction, which will be considered
elsewhere. This leads us to the approximation of the renor-
malized finite effective action


[ψ, φ] =
∫ β

0
dτ

∫
d3x[ψ∗

σ (∂τ − ∇2 − μ + �ψ )ψσ

+ φ∗(ν − �φ )φ − h(φ∗ψ↑ψ↓ − φψ∗
↑ψ∗

↓ )], (9)

where the spin sum over σ =↑,↓ is implied. Equation (9)
includes the full frequency- and momentum-dependent
fermionic and bosonic propagator and keeps the classical in-
teraction part. This approximation incorporates the s-channel
bubble resummation with full fermionic propagators in �ψ as
the bosonic dimer propagator simply constitutes the bubble
chain.

Using (3) and (9) on both sides of the gap equations (8)
leads us to the diagrammatic expression for the nonpertur-
bative self-consistent and renormalized self-energies at finite
temperature,

�φ (Q) = h2
∫

p

⎛
⎝T

∑
ωm

Gψ (P)Gψ (Q − P) − 1

2p2

⎞
⎠,

�ψ (P) = h2
∫

q
T

∑
εm

Gφ (Q)Gψ (Q − P), (10)

with ∫
q

=
∫

d3q

(2π )3
, (11)

and similarly for the integral over p. The subtraction with
−1/2p2 on the right-hand side of the equation for �φ in (10)
arises from the spectral renormalization. Equation (10) is
given by Fig. 1 with two classical vertices in each diagram.
Note also that in the fermionic self-energy �ψ (P), the sum
is over bosonic Matsubara frequencies εm = 2mπT , whereas
in the bosonic self-energy �φ (Q), the sum is over fermionic
Matsubara frequencies ωm = (2m + 1)πT .

Evidently, the present truncation with 
(3) = S(3) in the
gap equations, i.e., (10) derived from (9), is equivalent to
an s-channel bubble resummation, also known as the self-
consistent T -matrix approximation [22,38,76]. It has been
argued in the literature that the inclusion of self-consistency
without the simultaneous inclusion of vertex corrections
may lead to incorrect results for dynamical quantities, e.g.,
the violation of the conservation laws for energy and fur-
ther conserved quantities can lead to secular behavior in a
nonequilibrium evolution. We note that the present functional
approach can be generalized straightforwardly by taking the
full three-point function 
(3) into account, as has been done
in [49,53] for a scalar theory. However, this topic requires a
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dedicated study, which goes beyond the scope of the present
work.

B. Spectral representation

The spectral representation of the propagator is at the core
of the spectral functional approach developed in [49]. In the
present work we employ the Källén-Lehmann representation
of the full propagators [38,77,78]

G(ωn, p) =
∫ ∞

−∞
dλ

ρ(λ, p)

−iωn + λ
, (12)

where ρ(λ, p) is the frequency- and momentum-dependent
spectral function. In this way, the spectral function acts as
a linear response function of the propagator, encoding the
energy spectrum of the theory. Equation (12) leads to the
inverse relation between the spectral function and the retarded
propagator

ρ(ω, p) = 1

π
ImGR(ω, p), (13)

where GR(ω, p) = G( − i(ω + i0+), p) and ω is now a real
frequency. Note that (13) always defines the spectral function,
related to the statistical function by the fluctuation-dissipation
theorem, whereas (12) only holds true for fields that define
physical asymptotic states. While this is true in the present ul-
tracold gas, it is far from obvious for theories defined in terms
of unphysical degrees of freedom such as gauge fields (for
more details see [55–57]). In summary, the present ultracold
gas is optimally suited for application of spectral functional
approaches.

The existence of a spectral representation restricts all non-
analyticities of the propagator to lie on the real frequency and
momentum axis. The fermion spectral function satisfies the
sum rule ∫ ∞

−∞
dλ ρψ (λ, p) = 1. (14)

The fermionic spectral functions satisfy ρψ (ω, p) � 0. In our
approach, the frequency and momentum dependence of the
bosonic inverse propagator is only given by the self-energy
[see Eq. (8)]. Accordingly, its spectral function is not that of a
physical state and is not normalized to unity like the fermionic
one. Moreover, the respective spectral function is not positive
semidefinite but satisfies sgn(ω)ρφ (ω, p) � 0 [78]. Note that
the negative sign of the boson spectral function for negative
frequencies guarantees the positivity of the bosonic momen-
tum distribution function [47].

Using the spectral representation (12) for the fermion and
boson propagator, the self-energies can be written in terms of
spectral loop integrals. We find for the bosonic self-energy

�φ (εn, q) = h2
∫

p

(∫
λ1,λ2

ρψ (λ1, p)ρψ (λ2, q − p)

× T
∑
ωm

1

iωm − λ1

1

i(εn − ωm) − λ2
− 1

2p2

)
.

(15)

The fermionic self-energy takes the form

�ψ (ωn, p) = h2
∫

λ1,λ2,q
ρφ (λ1, q)ρψ (λ2, q − p)

× T
∑
εm

1

iεm − λ1

1

i(εm − ωn) − λ2
. (16)

In both (15) and (16) we have used (11) and∫
λ

=
∫ ∞

−∞
dλ. (17)

Importantly, the Matsubara sum in (16) and (15) can be carried
out analytically. This leaves us with symbolic expressions
in terms of the argument εn and ωn for both self-energies
that can be evaluated at any complex frequency. The explicit
spectral integral expressions for �ψ and �φ can be found in
Appendixes B and C.

We close this section with a brief discussion of the ex-
istence of a spectral representation and its relation to the
self-consistent solution of the gap equations above. Here self-
consistent refers to the use of the same spectral function on
both sides of the gap equation, hence providing a solution
of the gap equation: If the iterative solution of the self-
consistent coupled set of spectral gap equations, described in
Appendix E, converges, it entails already the existence of the
spectral representation for fermionic atoms and dimers in the
given approximation. This is discussed further in Appendix D,
where we also provide additional numerical evidence by com-
paring the spectral representation to the diagrammatic results
at imaginary frequencies for both fermion and dimer propaga-
tors. A direct consequence of this self-consistent solution of
the gap equations is the existence of a spectral representation
for the bosonic dimer in the current approximation (a related
discussion can be also found in [42,44,46]). Let us emphasize
that the notion of self-consistency in the T -matrix approach
refers to a diagrammatic self-consistency. Note that in general
these two notions do not agree, but they agree within the
approximation used in the present work.

C. Evaluation at real frequencies

The regularized and coupled DSEs in Eq. (8) can be eval-
uated for arbitrary complex frequencies. For the extraction of
the spectral functions with (13), we choose ωn = −i(ω + iε)
with ε → 0+. The limit ε → 0+ is performed analytically
using the relation

1

x ± i0+ = P

(
1

x

)
∓ iπδ(x), (18)

where P(1/x) denotes the principal value of 1/x. This allows
us to write the imaginary part of the retarded self-energies as

Im�R
φ (ω, q) = πh2

∫
λ,p

ρψ (ω − λ, p)ρψ (λ, q − p)

× [1 − nF (ω − λ) − nF (λ)], (19)

Im�R
ψ (ω, p) = πh2

∫
λ,q

ρφ (ω + λ, q)ρψ (λ, q − p)

× [−nB(ω + λ) − nF (λ)]. (20)
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FIG. 3. Results for the fermionic spectral function ρψ (ω, p)εF for T/TF = 0.56 at different interaction strengths (a) (kF a)−1 = −0.5,
BCS regime, βμ = 0.5; (b) (kF a)−1 = 0, unitarity, βμ = 0.13; and (c) (kF a)−1 = 0.5, BEC regime, βμ = −0.54. Respective results for the
imaginary-time propagator Gψ (ωn, 0)εF at the same interaction strengths are shown in Fig. 13.

Here we have introduced the Fermi-Dirac distribution nF and
Bose-Einstein distribution nB with

nF (x) = 1

ex/T + 1
, nB(x) = 1

ex/T − 1
. (21)

Detailed derivations of the above formulas are deferred to
Appendixes B and C. Note that the pole of nB(ω + λ) in the
fermion self-energy is exactly canceled by the zero crossing
of the boson spectral function ρφ (see Sec. III B).

From the imaginary part of the fermion self-energy, e.g.,
the real part can be obtained via the Kramers-Kronig relation

Re�R
ψ (ω, p) = 1

π
P

∫
λ

Im�R
ψ (λ, p)

λ − ω
. (22)

For the real part of the boson self-energy, the renormalization
of ν has to be taken into account. The problematic vacuum
part can be treated analytically (see Appendix E). This set of
equations allows for an iterative calculation of the retarded
self-energies and therefore a direct determination of the spec-
tral functions which are presented in the next section. For
a detailed discussion of the numerical implementation see
Appendix E.

IV. RESULTS

In this section we discuss the numerical results for the
fully-self-consistent spectral functions as well as their use for
the computation of the density equation of state, the Tan con-
tact, and ejection rf spectra at unitarity. In Sec. IV A we focus
on the results obtained in real frequencies. In Sec. IV B we use
the spectral functions from Sec. IV A to compute rf spectra
in comparison to experimental data. Finally, in Sec. IV C we
compute the equation of state and use the high-momentum
dependence of the density to extract the Tan contact.

A. Spectral functions

We present numerical results for the self-consistent spec-
tral functions of the spin-balanced Fermi gas in the normal
phase at different scattering lengths and in particular at
unitarity. Physical properties of the single-particle fermion
spectral function have been discussed extensively in the lit-
erature [33,38,79]. In this work we also discuss the bosonic
two-particle (dimer) spectral function, which has not received

much attention in the past. For details on the numerical imple-
mentation, we refer the reader to Appendix E.

Figure 3 shows results for the full frequency- and
momentum-dependent fermion spectral function ρψ and
Fig. 4 shows the corresponding bosonic dimer spectral func-
tions ρφ for different interaction strengths 1/kF a, with the
Fermi momentum kF defined in (5). Furthermore, Fig. 5
shows results for the fermionic spectral function ρψ at p = 0
for the unitary Fermi gas at different temperatures, which are
used for the computation of the rf spectra in Sec. IV B. In
Figs. 3–5 the frequency ω and momentum p are measured in
the Fermi energy εF and kF , respectively, and the fermionic
(bosonic) spectral functions have units of ε−1

F (ε−1/2
F ). We state

all results in dimensionless form. Note that the bosonic dimer
spectral function is not normalized and depends on the choice
of the Feshbach coupling h. This is connected to it being
a pure interaction exchange boson and not a real particle.
To eliminate the h dependence, we multiply ρφ by h2/8π

since h2Gφ/8π is the relevant quantity, which is related to the
scattering amplitude (see Appendix A).

Our results are computed directly in real time and agree
qualitatively with the reconstruction results from previous
works for the fermion spectral function [38]. It is well known
that numerical reconstruction problems are ill-conditioned or
at least have a high condition number. Moreover, the respec-
tive ambiguities are specifically large in the low-frequency
regime at finite temperature. The computation of dynamical
properties such as the shear viscosity requires a precise deter-
mination of the low-frequency regime and its transport peaks,
which can be achieved with our spectral functional approach.
We envisage a two-step process with a direct use of Euclidean
benchmark results for a quality check of the direct spectral
computation as well as using its structural low-frequency
properties as an inductive bias for spectral reconstructions.
This allows for direct access to the spectral properties of ultra-
cold gases while maintaining the quantitative thermodynamic
results of imaginary-time approaches. In summary, this fully
justifies the increased numerical costs.

The results for the bosonic dimer spectral function encode
important information about the physics of the ultracold Fermi
gas and are consistent with previous studies. First, we observe
a very broad peak structure for weak attractive interactions
in the BCS regime and a very sharp peak structure with
thermal broadening for strong attractive interactions in the
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FIG. 4. Results for the bosonic dimer spectral function h2ρφ (ω, p)
√

εF /(8π ) for T/TF = 0.56 at different interaction strengths
(a) (kF a)−1 = −0.5, BCS regime, βμ = 0.5; (b) (kF a)−1 = 0, unitarity, βμ = 0.13; and (c) (kF a)−1 = 0.5, BEC regime, βμ = −0.54.
Respective results for the imaginary-time propagator h2Gφ (εn, 0)

√
εF at the same interaction strengths are shown in Fig. 14.

BEC regime. The latter property signals the tightly bound
molecules on the BEC side. On this side of the BCS-BEC
phase diagram at 1/kF a = 0.5, the boson spectral function is
very sharp and the system can be described as a normal Bose
liquid. On the BCS side of the crossover at 1/kF a = −0.5,
the fermion spectral function is sharper and the system is
described as a normal Fermi liquid.

Additionally, the boson spectral function reveals crucial
information about the critical region of the phase transition
to the superfluid state. The onset of superfluidity is marked
by the divergence of the boson propagator at zero frequency
and momentum G−1

φ (0, 0) = 0. This property is known as the
Thouless criterion [80]. Thus, the closer and sharper the peak
gets at zero frequency and momentum, the closer the system
is to the phase transition, until the spectral function eventually
diverges at the critical temperature. We refrain from a respec-
tive analysis and only present results in the normal phase.

Computations at and below the phase transition are be-
yond the scope of the present paper and will be considered
elsewhere. Note, however, that respective work in the spec-
tral functional approach has already been done in relativistic
systems with both the DSE and the fRG [49,53,54]. The
approximations there go beyond that used in the present work.
In [49,53,54], the full s-channel resummation of the four-point

FIG. 5. Results for the fermionic spectral function ρψ (ω, 0)εF

for the unitary Fermi gas at different temperatures, which are used
for the computation of the rf spectra.

function was considered, as well as additional diagrams that
arise in the presence of a condensate φ0. In contrast to the
Monte Carlo (MC) integration routine used here, we used
efficient integration routines in [49,53,54], aiming at optimal
convergence for low-dimensional integrals. The use of adap-
tive MC integrators in the present work has to be understood
as a test case for higher-dimensional computations as will
arise for nontrivial vertex approximations beyond mere sums
of momentum channels. This may be relevant in the presence
of competing order effects.

In summary, we emphasize that the present spectral
functional approach allows for a very efficient numerical
implementation. Indeed, one of the reasons for setting up
the spectral functional approach was its numerical efficiency,
which by now has been proven in abundance in [49,50,53–58].
These successful tests include its convergence in coupled sets
of integral equations, as well as the evaluation of bound-state
properties in the broken phase as well as through the phase
transition from the symmetric to the broken phase. Specif-
ically, self-consistent real-time computations in the broken
phase have so far solely been done in the present approach
and standard Bethe-Salpeter-type computations. We add that,
given the structural similarities of the approaches used in [81],
as well as [82], to the spectral functional approach, it should
be possible to extend the former approaches towards the bro-
ken regime along the lines of [49,53,54].

B. Radio-frequency spectroscopy

Now we use our numerical results for the spectral functions
to compute experimentally measurable rf spectra [83–85]. We
compare the results from our approach, obtained for the spin-
balanced Fermi gas at unitarity, with recent experimental data
from [7]. Specifically, we apply the relation

I (ω) =
∫

q
ρψ (εq − ω − μ, q)nF (εq − ω − μ) (23)

for the computation of rf spectra I (ω) from the fermion spec-
tral functions ρψ (see [83,86]). In Eq. (23), εq = q2 is the
classical fermion dispersion.

Note that the chemical potential μ(T ) is temperature de-
pendent and has to be determined self-consistently from the
density equation (25) below (see also [19,87–90]). More ex-
plicitly, the number density n = 1/3π2 is fixed by the choice
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FIG. 6. Calculated ejection rf spectra I (ω) for the spin-balanced
unitary Fermi gas as a function of the reduced temperature T/TF .
Results of this work (solid lines) are compared to experimental data
from [7] (circles). A Fourier broadening of 0.1εF to account for the
finite experimental resolution and a right shift by 0.09εF to account
for the final-state interaction were applied.

kF = 1, and temperature is measured in units of TF . Conse-
quently, the chemical potential μ(T ) has to be chosen such
that the density remains constant. One readily observes that
the rf spectrum is normalized to the total density n [88],

n = 2
∫

λ

I (λ). (24)

Figure 6 shows our results in comparison with the experimen-
tal data from [7]. Apart from adjusting the peak heights, no
fitting parameters have been used. In order to account for the
finite rectangular rf pulse duration and thus a finite experi-
mental resolution, a Fourier broadening of 0.1εF has been
applied. Additionally, the curves have been right-shifted by an
amount of 0.09εF to compensate for residual final-state inter-
actions [48]. Even after taking into account all these possible
factors, the calculated rf spectra do not fit the experimental
data for higher temperatures very well. This is also apparent
in the comparison of the peak position and full width as shown
in Fig. 7.

This discrepancy was already observed in [48] for the
case of a highly-spin-imbalanced unitary Fermi gas with the
non-self-consistent T -matrix approach and persists in the very
recent update in [91]. It was argued in [48] that the misalign-
ment may be caused by the missing vertex corrections, which
may also be relevant for pseudogap effects above Tc [92].

FIG. 7. Peak positions (Ep = −ωp) and full width at half maxi-
mum 
 as a function of the reduced temperature T/TF . The vertical
dashed line marks the transition to the superfluid phase.

Another possible explanation might be the absence of a trap
average (see, e.g., [93]).

C. Equation of state and Tan contact

Finally, we use the present results for the spectral functions
to compute the equation of state for the unitary Fermi gas.
Thermodynamic quantities, such as the total particle density,
can be calculated precisely in imaginary frequencies without
the need of analytic continuation. For this reason, it is a good
way to validate the new spectral approach against well-tested
and robust imaginary-time calculations [19,94–99]. The to-
tal density n of fermions at finite chemical potential μ and
temperature T can be calculated from the spectral function
via [90]

n = 2
∫

p
T

∑
ωn

Gψ (ωn, p)eiωn0+ = 2
∫

p
n(p), (25)

where the factor 2 accounts for both fermion species and n(p)
is the momentum distribution function

n(p) =
∫

λ

ρψ (λ, p)nF (λ). (26)

For recent precision computations with functional approaches
in the full phase structure of ultracold gases, see [100].
The high-momentum tail of n(p) is related to the Tan con-
tact [101,102]

lim
p→∞ n(p) = C

p4
, (27)
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FIG. 8. Large-p behavior of the momentum density n(p) of the
balanced unitary Fermi gas at T/TF = 0.9 (βμ = −0.5). The 1/p4

tail for p 	 kF is clearly visible and the contact C can be determined
from the fit. Lattice data are from [103]; see also [94].

where p = ‖p‖ and C is the contact parameter that can be
determined from the fit. For a different computation in the
DSE approach, see [25]. We have compared the present
results for the momentum density n(p) and the total den-
sity n with lattice data generated for this purpose with a
Metropolis algorithm [103]. For results in the literature also
see, e.g., [94,96,98], which use simulations with complex
Langevin equations. The results for n(p) in the present spec-
tral DSE approach compare well to the benchmark results
from the lattice simulation [103]. Moreover, in Fig. 8 we also
show a fit to the high-momentum asymptotics and we deduce
that the asymptotic 1/p4 tail is approached for

‖p‖ � pas, pas = 8kF . (28)

The Tan contact C is the slope of the asymptotics and, within
the present approach, its value for T/TF = 0.9 (βμ = −0.5)
is given by

C/k4
F ≈ 0.084. (29)

Equation (29) and further values for the Tan contact C(βμ) for
other βμ are shown in Fig. 9 and will be used for the following

FIG. 9. Universal contact Cλ4
T , where λT = √

4πβ is the thermal
wavelength, of the spin-balanced unitary Fermi gas as a function of
dimensionless chemical potential βμ. Our results in real frequencies
compare well with those of the Luttinger-Ward [19,95] and bold
diagrammatic Monte Carlo [60] approaches.

FIG. 10. Normalized density n/n0 of the spin-balanced unitary
Fermi gas as a function of dimensionless chemical potential βμ.
Results directly obtained in real frequencies (this work) are show in
comparison with experimental data from Ref. [16], the lattice [103]
(see also [96,98]), and the Luttinger-Ward approach [19,95].

determination of the density equation of state, which is an
additional benchmark result: Figure 10 shows the results for
the normalized density n/n0 as a function of dimensionless
chemical potential βμ in comparison with other approaches.
The density n0 of the noninteracting Fermi gas is given by

n0 = 2
∫

p
nF (p2 − μ) = −2 Li3/2(−eβμ)/λ3

T , (30)

where λT = √
4π/T is the thermal wavelength and Li3/2 is a

polylogarithmic function [104].
The computation of the total density (25) through the spec-

tral function requires its high-momentum tail. For an efficient
computation we split the momentum integral in (25) into
parts with radial momenta smaller and larger than pas defined
in (28),

n =
∑
±

�n±
pas

, �n±
pas

= 2
∫

‖p‖≷pas

n(p). (31)

The low-momentum part �n−
pas

is computed directly from the
spectral function, while we use the results for the asymp-
totic behavior of n(p) for the high-momentum part �n+

pas
:

Equation (27) provides us with an analytic form of the high-
momentum distribution and we obtain

�n+
pas

= 2
∫

‖p‖>pas

C

p4
= C

π2 pas
. (32)

Here we have used pas = 10kF in the explicit computation.
Our real-time method reproduces the results of the well-tested
Luttinger-Ward approach [19,95].

V. CONCLUSION

In the present work we have extended the spectral
functional approach [49] for the nonperturbative and self-
consistent computation of spectral properties in nonrelativistic
systems. The approach was used for the direct real-time
computation of fermionic single-particle and bosonic dimer
spectral functions in the normal phase of a three-dimensional
ultracold gas for a wide range of scattering lengths. The
present results were benchmarked with observables in the

063311-8



SPECTRAL PROPERTIES AND OBSERVABLES IN … PHYSICAL REVIEW A 109, 063311 (2024)

unitary limit of a spin-balanced Fermi gas: the equation of
state, the Tan contact, and ejection rf spectra in comparison to
other theoretical results and the experiment.

The present approach opens the path towards a wide range
of applications, including transport properties and the ab ini-
tio calculation of spectral functions in the superfluid phase
of ultracold Fermi gases [34,46,105], and through the phase
transition, including the evaluation of critical properties of the
system. Its potential for computations in the broken phase of
quantum systems as well as in the critical regime has already
been demonstrated in relativistic systems and the respective
computational advances can directly be applied here. Further-
more, the present approach can also be readily applied to
general spin and mass imbalance to study polaron physics
or Fermi-Bose mixtures [106–108], where even the bosonic
dimer spectral function can be measured using molecular in-
jection spectroscopy [109]. Finally, we envisage the inclusion
of vertex corrections or other classes of diagrams in system-
atic extensions towards full quantitative precision.

Note added. Recently, two works with complementary
approaches for real-time computations on the Keldysh con-
tour were published [81,82]. The respective results compare
well with our results, and in combination this provides a
systematic error control in particular within improvements.
Furthermore, another independent work on the computation
of self-consistent spectral functions of Fermi polarons was put
forth very recently [91].
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APPENDIX A: RENORMALIZATION

The four-fermion model with the action (1) or equivalently
its bosonized version with the action (3) requires regulariza-
tion and renormalization. While either version of the present
model has a physical cutoff given by the van der Waals length
[see also the discussion below (4)], the respective standard
renormalization procedure is accommodated in the present
nonperturbative spectral approach with spectral renormaliza-
tion (see [49,51]).

In the present approximation the renormalization proce-
dure is easily implemented, following the standard renor-
malization procedure (see, e.g., [3,39,110]). To begin with,
the physical renormalization condition can be extracted by
the quantum analog of the classical relation between the
two-body scattering length a in the vacuum and the full two-
to-two scattering coupling at large distances λ. In the present

approximation this is simply the bubble-resummed four-
fermion interaction and (2) turns into

−8πa = h2Gφ (0, 0). (A1)

This can be written in terms of the full physical detuning
parameter

ν = G−1
φ (0, 0) = 


(2)
φφ∗ (0, 0). (A2)

Equation (A2) is the quantum analog of the classical rela-
tion (4) and constitutes a renormalization condition of the
dimer gap equation. A renormalization at vanishing momen-
tum and frequency in vacuum yields

�φ (0, 0) = 0, (A3)

which marks the detuning parameter in the effective ac-
tion (9) as the physical one in (A2). The renormalization
condition (A3) yields the renormalized boson DSE

G−1
φ (εn, q) = − h2

8πa

− h2
∫

p

⎛
⎝T

∑
ωm

Gψ (P)Gψ (Q − P) − 1

2p2

⎞
⎠.

(A4)

We have used the T independence of h in the present approx-
imation together with the fact that the fermion propagator is
classical in the present approximation (see [24,39]). In this
approximation the renormalized vacuum result for �φ (Q) is
readily obtained from (A4) by evaluating the self-energy loop
integral with the classical fermion propagators

�φ (εn, p) = h2
∫

q

(
1

−iεn + εq + εp−q
− 1

2εq

)

= − h2

8π

√
− iεn

2
+ p2

4
(A5)

for general complex frequencies εn ∈ C. This concludes our
discussion of the renormalization of the bosonized theory
within the present approximation.

APPENDIX B: BOSON SELF-ENERGY CALCULATION

In this Appendix we discuss the explicit computations and
analytic results for the boson self-energy. Starting from (15),
we define

�φ (εn, p) = h2
∫

q

( ∫
λ1,λ2

ρψ (λ1, q)ρψ (λ2, p − q)

× I (εn, λ1, λ2) − 1

2q2

)
, (B1)

with the analytic sum over fermionic Matsubara frequencies
ωm = (2m + 1)πT ,

I (εn, λ1, λ2) = T
∑
ωm

1

iωm − λ1

1

i(εn − ωm) − λ2

= 1 − nF (λ1) − nF (λ2)

−iεn + λ1 + λ2
. (B2)

063311-9



DIZER, HORAK, AND PAWLOWSKI PHYSICAL REVIEW A 109, 063311 (2024)

Performing the analytic continuation iεn → ω + i0+ and tak-
ing the imaginary part, we end up with Eq. (19).

For the first iteration, analytic expressions for the self-
energy at finite and zero temperature can be derived. Inserting
the classical fermion spectral function ρψ (λ, p) = δ(λ − p2 +
μ), we obtain the well-known expression for the retarded
boson self-energy [42,67,111]

�R
φ (ω, p)=h2

∫
q

(
1 − nF (εq − μ) − nF (εp−q − μ)

−ω + εq + εp−q − 2μ − i0+ − 1

2εq

)
,

(B3)

where εp = p2 is the classical momentum dispersion. The
boson self-energy can be separated into a temperature-
independent part and a temperature-dependent part,

�R
φ = �R,0

φ + �R,T
φ . (B4)

After the shift q → q + p/2, the angular integration is trivial,
and we obtain the finite expression for the vacuum part

�R,0
φ (ω, p) =

∫
q

(
h2

−ω + εq + εp−q − 2μ − i0+ − h2

2εq

)

= − h2

8π

√
−y − i0+, (B5)

where we have defined y = ω/2 − p2/4 + μ. The
temperature-dependent part can be obtained analogously.
We note that the contribution from both Fermi distributions is
identical in the spin-balanced case and find

�R,T
φ (ω, p) = −h2

∫
q

nF (εq − μ) + nF (εp−q − μ)

−ω + εq + εp−q − 2μ − i0+

= − h2

4π2

∫ ∞

0

2χ (q)q2dq

q2 − y − i0+ , (B6)

with the angle-integrated function

χ (q) =
∫ 1

−1

dx

2
nF ((q ± p/2)2 − μ) =

⎧⎨
⎩

nF (q2 − μ) for p = 0

T
2pq ln

( nF (μ−q2
+ )

nF (μ−q2− )

)
for p �= 0,

(B7)

with q± = q ± p/2. Here x = cos(θpq) and θpq is the angle between the vectors p and q. Note that this function yields a nonzero
contribution in the vacuum for μ > 0. In the limit T → 0, the Fermi functions nF (x) → θ (−x) and the expression simplifies to

χT =0(q) =
{

θ (μ − q2) for p = 0
θ (μ−q2

− )
2pq [μ − q2

− − (μ − q2
+)θ (μ − q2

+)] for p �= 0.
(B8)

The real and imaginary parts can be obtained analytically by using

1

x − i0+ = P

(
1

x

)
+ iπδ(x). (B9)

There are the following two cases. If y < 0, the integrals for the real part are well defined and Im�R,T
φ = 0. If y � 0, the

imaginary part is given analytically by

Im�R,T
φ (ω, p) = − h2

4π

∫ ∞

0
dq 2χ (q)q2δ(q2 − y) = − 1

4π

√
yχ (

√
y) (B10)

and the real part Re�R,T
φ can be obtained numerically via a one-dimensional principal value integral (see [48]).

For completeness, we also give the analytic expressions for the real part at T = 0. Since the contributions from both Fermi
functions are identical, we obtain, for Re�R,T =0

φ at zero temperature (μ > 0),

Re�R,T =0
φ (ω, p) = h2

4π2

[
√

μ − y − μ + p2

4

2p
ln

(
y − ξ 2

+
y − ξ 2−

)
−

√
|y| ×

{
arctanh

(
ξ−√

y

) + arctanh
(

ξ+√
y

)
for y � 0

arctan
(

ξ−√|y|
) + arctan

(
ξ+√|y|

)
for y < 0

]
, (B11)

with ξ± = √
μ ± p/2. The p = 0 limit is given by

Re�R,T =0
φ (ω, 0) = h2

2π2
×

⎧⎨
⎩

√
μ − √

y arctanh
(√

μ

y

)
for y � 0

√
μ − √|y| arctan

(√
μ

|y|
)

for y < 0.
(B12)

The contribution from the next iterations has to be computed
numerically and gives rise to a finite correction on top of the
analytic result. For more details on the numerical treatment
see Appendix E. Finally, an exemplary plot of the fully con-
verged boson self-energy �R

φ (ω, p) is shown in Fig. 11.

APPENDIX C: FERMION SELF-ENERGY CALCULATION

For the fermion self-energy, the Matsubara sum can also
be calculated analytically. However, there is no analytic result
for the first iteration since the classical boson spectral function
is not defined. Therefore, the fermion self-energy has to be
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FIG. 11. (a) Real and (b) imaginary parts of the retarded boson self-energy �R
φ (ω, p) for the balanced Fermi gas at unitarity and T/TF =

0.56 (βμ = 0.13).

computed numerically. Starting from Eq. (16), we define

�ψ (ωn, p) =
∫

λ1,λ2,q
ρφ (λ1, q)ρψ (λ2, p − q)I (ωn, λ1, λ2),

(C1)

with the analytic Matsubara sum over bosonic frequencies
εm = 2mπT ,

I (ωn, λ1, λ2) = T
∑
εm

1

iεm − λ1

1

i(εm − ωn) − λ2

= −nB(λ1) − nF (λ2)

−iωn + λ1 − λ2
. (C2)

Performing the analytic continuation iωn → ω + i0+ and tak-
ing the imaginary part, we recover Eq. (20). Note that the pole
in nB(λ1) at λ1 = 0 is exactly canceled by the zero transition
of ρφ (λ1).

For the numerical computation of the fermion self-energy,
the high-frequency tails contribute significantly. Therefore,
we adopt a semianalytic treatment, which is discussed in
Appendix D and improves the determination of the real part
via Kramers-Kronig substantially. An exemplary plot of the
fully converged fermion self-energy �R

ψ (ω, p) is shown in
Fig. 12.

APPENDIX D: EXISTENCE OF THE SPECTRAL
REPRESENTATION

While the propagator, or two-point function, of the
fermionic atom field is that of a physical particle and hence
has a spectral representation, such a representation may not
hold for the composite bosonic dimer field. Moreover, even
in the case of the existence of spectral representations for
both fields, they may not be present in given approximations.
Within the present spectral functional DSE approach, both
the absence of a spectral representation and its failure in a
given approximation are signaled by a lack of convergence
of the iterative procedure underlying the solution of the DSE.
This has been discussed in detail in [56] using the example
of Yang-Mills theory. In turn, if such a convergent solution of
the coupled system of DSEs for the spectral functions ρψ/φ

exists, this proves the existence of the spectral representation
for both fields in the given approximation: By definition, the
diagrammatic part carries the correct complex structure un-
derlying the spectral representation, and the iterative solution
of the system of spectral gap equations only converges if (12)
with (13) provides the full propagator.

Here we demonstrate explicitly that the spectral represen-
tation of the propagators, evaluated at imaginary frequencies,
agrees with the diagrammatic solution of the imaginary-
time gap equation: In Figs. 13 and 14 we compare the full

FIG. 12. (a) Real and (b) imaginary parts of the retarded fermion self-energy �R
ψ (ω, p) for the balanced Fermi gas at unitarity and T/TF =

0.56 (βμ = 0.13).
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(a) (b) (c)

FIG. 13. Comparison of the full fermionic imaginary-time propagator Gψ (ωn, 0)εF for T/TF = 0.56 at different interaction strengths
(a) (kF a)−1 = −0.5, (b) (kF a)−1 = 0, and (c) (kF a)−1 = 0.5, obtained from the spectral representation (12) and directly from the gap
equation (8) at imaginary frequencies. Respective results for the spectral function ρψ (ω, p)εF at the same interaction strengths are shown
in Fig. 3.

fermionic and bosonic imaginary-time propagators, respec-
tively, obtained from the spectral representation in Eq. (12)
(solid lines) with that obtained within a direct evaluation of
the gap equation in Eq. (8) at imaginary frequencies (square
data points). The propagators from these two procedures agree
within the numerical errors and this agreement also extends to
finite momenta (see Figs. 15 and 16).

APPENDIX E: NUMERICAL IMPLEMENTATION

The numerical iteration is done with a standard iteration
procedure for integral equations. The first iteration step is
done for the bosonic propagator and only involves the clas-
sical fermion propagators. The following one for the fermion
propagator includes the results of the first step for the bosonic
propagator and again uses the classical fermion propagator.
All the remaining ones use the fully numerical results from the
previous steps. The respective workflow can be summarized
as follows.

(1) First iteration of the boson propagator. Start with the
analytic expression for Im�R

φ and calculate Re�R
φ on a finite

grid. To simplify the calculation, treat the divergent vacuum
part analytically (discussed below). Choose a grid size large
enough such that the numerical corrections are small. This can
be quantified in dependence on the temperature.

(2) First iteration of the fermion propagator. Take the clas-
sical fermion spectral function (δ peak) and the semianalytic

boson spectral function from the first iteration and calculate
Im�R

ψ with (20) on a finite grid. From this, obtain Re�R
ψ as

described below.
(3) Further iterations of the fermion propagator. Take the

numerical spectral functions for the fermion and boson and
calculate the self-energy as in step 2.

(4) Further iterations of the boson propagator. Take numer-
ical spectral functions for the fermions and calculate Im�R

φ

on a finite grid. Compute the difference from the non-self-
consistent result and obtain the real part. Outside the grid, glue
smoothly to the semianalytical non-self-consistent result.

For the numerical calculation of the two-dimensional func-
tions, an adaptive method is used. The sampling points are
chosen automatically based on the functional form. Fewer
samples are taken in slowly varying regions and more samples
are taken in faster varying regions. Additionally, the calcula-
tion of these sampling points can be parallelized over multiple
cores. The resulting sampling points are then linearly interpo-
lated. It is useful to simplify the interpolation by transforming
the functions onto the quadratic dispersion relation. For the
bosonic self-energy, this step can significantly improve the
resolution of sharp edges in the function. For the fermionic
self-energy, it can additionally help to ensure a large enough
distance of the grid boundary to the main peak such that
asymptotic behavior is guaranteed for all momenta.

The numerical integration of the three-dimensional self-
energy loop integrals is performed mainly with an adaptive

(a) (b) (c)

FIG. 14. Comparison of the full bosonic imaginary-time propagator h2Gφ (εn, 0)
√

εF for T/TF = 0.56 at different interaction strengths
(a) (kF a)−1 = −0.5, (b) (kF a)−1 = 0, and (c) (kF a)−1 = 0.5, obtained from the spectral representation (12) and directly from the gap
equation (8) at imaginary frequencies. Respective results for the spectral function h2ρφ (ω, p)

√
εF /8π at the same interaction strengths are

shown in Fig. 4.
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FIG. 15. Full fermionic imaginary-time propagator
Gψ (ωn, 2kF )εF for T/TF = 0.56 at momentum ‖p‖ = 2kF and
unitarity, obtained from the spectral representation (12) and directly
from the gap equation (8) at imaginary frequencies.

Monte Carlo method. This allows for maximal flexibility
when dealing with highly peaked integrands in a multidimen-
sional space and can be generalized easily towards further
classes of diagrams. However, it comes with the downside of
a long runtime in comparison to standard adaptive routines in
low dimensions like here. For this specific case, a different
adaptive integration routine using sparse grids is far more
efficient. The one-dimensional principal value integral for the
real part of the self-energy is computed efficiently using an
adaptive quadrature integration.

For the representation of the numerical self-energy on the
finite grid, an adaptive grid is chosen for the imaginary and
real parts, separately. Typical boundaries in frequency are
ω = [−200, 200]εF and in momentum p = [0, 10]kF . Ap-
proximately 10.000–20.000 grid points are needed to obtain
stable numerical results.

FIG. 16. Full bosonic imaginary-time propagator
h2Gφ (εn, 2kF )

√
εF for T/TF = 0.56 at momentum ‖p‖ = 2kF

and unitarity, obtained from the spectral representation (12) and
directly from the gap equation (8) at imaginary frequencies.

1. Boson spectral function

In this section we detail the numerical calculation and
representation of the boson spectral function ρφ . Since the
vacuum part of the bosonic self-energy is problematic, the
numerical procedure requires suitable subtraction schemes
and analytic treatment.

As seen above, the vacuum contribution to the boson self-
energy is given by

�0
φ (εn, p) = − h2

8π

√
− iεn

2
+ p2

4
− μ. (E1)

With (E1), the (retarded) imaginary part follows as

Im�R,0
φ (ω, p) = h2

8π

√
ω

2
− p2

4
+ μ. (E2)

In order to obtain the full real part Re�R
φ of the self-energy

via the Kramers-Kronig relation numerically, we can subtract
Eq. (E2) from the total numerical imaginary part Im�R

φ and
find

Re�R
φ (ω, p) = Re�R,0

φ (ω, p)

+ 1

π

∫
λ

Im�R
φ (λ, p) − Im�R,0

φ (λ, p)

λ − ω
, (E3)

where the real part of the vacuum solution is

Re�R,0
φ (ω, p) = − h2

8π

√
−ω

2
+ p2

4
− μ. (E4)

With these formulas, we can obtain Im�R
φ and Re�R

φ on a
finite grid numerically. However, the calculation of the real
part requires also information about the high-frequency tails
outside the numerical grid. In this case, the imaginary part
outside the grid is approximated by the analytic formula of
the non-self-consistent self-energy discussed in Appendix D,

Im�R
φ (ω, p) − Im�R,0

φ (ω, p) ≈ Im�R,T
φ (ω, p) (E5)

for large ω. Thus, the bosonic spectral function outside the
grid is approximated by the non-self-consistent (first iteration)
spectral function ρ

(1)
φ . A different subtraction scheme would

be to subtract the whole non-self-consistent imaginary part
straight away and only deal with differences from the first
iteration. In principle, both methods are equivalent and work
similarly. For practical reasons, we choose the latter subtrac-
tion scheme.

Another trick to improve the numerical calculation was
already mentioned above. Since the boson self-energy follows
a quadratic dispersion relation, it is practical to transform
the functions into the dispersion relation before interpolation.
This way, a better sampling and interpolation of the important
regions can be achieved. Afterward, the interpolated function
is shifted back to the correct dispersion relation.

Since the fermion spectral functions in the self-energy
integrals are very peaked for lower temperatures and higher
momenta, it might be useful to subtract a broadened classi-
cal spectral function, or the first iteration, from the further
iterations in order to improve the integration for higher mo-
menta. The contribution from the subtracted spectral function
then has to be taken into account. Since the fermion spectral
functions are represented on a finite numerical grid, the bare
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δ peak contributions from outside the grid has to be taken into
account too. This is similar to the peak-tail splits from [49].

2. Calculation of the real part via the Kramers-Kronig relation

It turns out that the calculation of the real part via
the Kramers-Kronig relation is very sensitive to the high-
frequency tails of the imaginary part. We accommodate for
this fact with an extrapolation of the high-frequency tail,
which allows us to estimate its contribution. For constant
momentum p, the high-frequency asymptotics of the fermion
self-energy is captured by the power law

lim
ω→∞ Im�R

ψ (ω) = aω−1/2, (E6)

where the constant a is determined by a fitting routine. From
this fit we can calculate the missing contribution for the real
part at a frequency ω via

δ Re�R
ψ (ω) = 2a

π
√

�
2F1

(
1

2
,

1

2
;

3

2
; − ω

�

)
, (E7)

where � = ωmax − ω, ωmax is the highest frequency of the
grid, and 2F1(a, b; c; z) is the hypergeometric function [104].
Using this high-frequency contribution from outside the
grid improves the determination of the fermion real part
significantly.

This asymptotic behavior can be shown by arguments sim-
ilar to those in Ref. [85]. We consider the high-frequency
behavior and rewrite the imaginary part of the fermion self-
energy (20) as

Im�R
ψ (ω) ∼

∫
λ1,λ2,q

ρφ (λ1)ρψ (λ2)δ(ω − λ1 + λ2)

× [nB(λ1) + nF (λ2)]. (E8)

In the limit ω → ∞, the δ function contributes only if (a) λ1

is large and λ2 is small or (b) λ2 is a large negative value and
λ1 is small. In case (b), however, the fermion spectral function
ρψ vanishes for low momenta and λ2 → −∞. Thus, only case
(a) contributes and we are left with

Im�R
ψ (ω) ∼

∫
λ2,q

ρφ (ω + λ2)ρψ (λ2)nF (λ2), (E9)

where we have used nB(λ1) → 0 for λ1 → ∞. As seen above,
the high-frequency behavior of the boson spectral function
is dominated by ρφ (ω) ∼ 1/

√
ω. Additionally, the integrand

vanishes for large negative values of λ2, since ρψ (λ2) van-
ishes, and for large positive values of λ2, since nF (λ2)
vanishes. Thus, the range of λ2 is limited and we can write

Im�R
ψ (ω) ∼

∫
λ2,q

ρψ (λ2)nF (λ2)/
√

ω ∼ 1/
√

ω, (E10)

where we used that
∫
λ2,q

ρψ (λ2)nF (λ2) = n is finite in the last

step. With the same argument we can show that Im�R
ψ (ω) is

mostly suppressed for large negative frequencies.

3. Iterative procedure

Using (20), (19), and the Kramers-Kronig relation, the
retarded self-energies can be computed in every iteration step
and fed back into the next, after extraction of the spectral
function via Eq. (13). The iterative procedure is initialized
with the classical fermion spectral function

ρ
(0)
ψ (ω, p) = δ(ω − p2 + μ). (E11)

This initial guess is inserted into the spectral form of �φ (P)
to obtain the first iteration of the boson spectral function
ρ

(1)
φ . Then ρ

(1)
φ together with ρ

(0)
ψ is inserted into the spectral

integral of �ψ (P) to obtain the first iteration of the fermion
spectral function ρ

(1)
ψ . Now ρ

(1)
ψ can be used to obtain the next

iteration for the boson spectral function ρ
(2)
φ and so on. In gen-

eral, ρ
(i)
ψ is used to obtain ρ

(i+1)
φ , and ρ

(i+1)
φ and ρ

(i)
ψ are used

to obtain ρ
(i+1)
ψ . This iteration is repeated until convergence is

reached. We observe that around 5–20 iterations are needed to
obtain a converged result with∫

λ

‖ρ (i)(λ, p) − ρ (i−1)(λ, p)‖ � 0.005 ∀ p. (E12)

As mentioned in the main text, the convergence is worse
closer to the critical temperature and the spectral functions
may oscillate between intermediate solutions. One can im-
prove the convergence by iterating twice over the fermions
or updating the spectral functions only partially.
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