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Generation and control of population difference gratings in a three-level hydrogen atomic medium
using half-cycle attosecond pulses nonoverlapping in the medium
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Recently, the possibility of the generation and interaction of unipolar half-cycle electromagnetic pulses
with quantum systems has been the subject of active research. Such pulses can find many different and
interesting applications. They are able to excite quantum systems very fast. Based on the numerical solution
of Maxwell-Bloch equations, this paper studies theoretically the possibility of guiding and ultrafast controlling
population difference gratings by a sequence of half-cycle attosecond pulses in a three-level resonant medium.
The parameters of the model medium (transition frequencies and transition dipole moments) match those in
a hydrogen atom. We show the possibility of guiding periodic gratings and dynamic microcavities on different
resonant transitions in the medium. We also consider the superradiance of polarization waves and atomic gratings
produced by half-cycle pulses.
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I. INTRODUCTION

The study of the generation and interaction of ultrashort
electromagnetic pulses with matter has been one of the most
important topics in modern optics since the advent of the first
lasers [1]. Attosecond pulses are now in active use for ultrafast
control of electron dynamics in matter [2–6]. Progress in this
field has led to the award of the Nobel Prize in Physics in
2023. This underlines the importance and relevance of this
direction in modern physics [7].

The pulses obtained in these studies consist of multiple
half waves, i.e., they are bipolar. If all but one of the half
waves are cut off, we obtain pulses of shortest duration in a
given spectral range, the so-called unipolar half-cycle pulses
[8,9]. For pulses of this type, an important characteristic is
the electric pulse area. It is defined as the integral of the
electric-field strength �E over time t at a given point in space �r
[10–12]:

�SE (�r) =
∫ +∞

−∞
�E (�r, t )dt . (1)

In practice, it is difficult to obtain strictly unipolar pulses.
However, in some cases it is possible to obtain pulses with a
shape close to unipolar pulses, which have a pronounced half-
wave field and trailing edge of the opposite polarity [2,8,13–
25]. Purely unipolar pulses are also possible in some cases
[9,23,26–28]. Provided this trailing edge is weak and long,
it has no effect on the quantum system. Subcycle pulses can
affect it, as it is purely unipolar [29–31]. Therefore, in the
following we consider the effect of a pure unipolar half-cycle
pulse without a trailing edge. This can be a good approxima-
tion to the experimental half-cycle pulses.

Such pulses have attracted the attention of researchers
because of the peculiarities of their effect on micro-objects:
They can be rapidly excited by transmitting a mechanical

momentum to a charged particle in one direction [8,32–34].
This opens up the possibility of using them in a variety of
applications, e.g., ultrafast control of atoms, molecules, and
nanostructures [29,32–36] and holography with ultrahigh res-
olution of fast-moving objects [37] (see [8] for an overview of
recent research in this direction).

The possibility of generating population difference grat-
ings in a resonant medium is one such interesting application.
In general, the interference of two or more coherent quasi-
monochromatic laser beams is used to create such gratings
when the beams are superimposed in the medium [38]. The
gratings produced in this way find various applications in
optics. For example, they are used as Bragg mirrors in optical
fibers [39,40]. However, the possibility of ultrafast control
of such gratings, i.e., turning them on, turning them off,
changing their period, etc., is obviously hampered by the
traditional way of creating gratings based on the interference
of overlapping monochromatic beams. Ultrashort [41–43] and
extremely short pulses (ESPs) are very well suited for this
purpose [44–48]. Previously, the first experiments in which
a photon echo was formed demonstrated the formation of
gratings by nanosecond laser pulses that do not overlap in the
medium [41,42]. The gratings that were created in this case
have found application in echo holography [49,50]. However,
ultrafast control of such gratings is not possible with long
multicycle pulses.

In a given spectral interval, half-cycle pulses have the
shortest duration [8]. In the case of half-cycle pulses, direct
interference in the conventional sense is impossible. However,
in this case it is possible to generate population gratings due
to the interference of the electric areas of the pulses [51].
On closer examination, the formation of the gratings can
be explained by the interference of the polarization waves
induced by the previous pulse with those of the following
pulse [44,45]. The possibility of studying and controlling
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gratings with single- and half-cycle pulses has been studied
previously in various approximations (a two-level medium,
small-field-amplitude approximation in a rarefied medium
without consideration of propagation effects, sudden pertur-
bation approximation, etc.) [44–48]. See [52] for a review
of the results of early studies. Such approaches are very
simplistic as they do not take into account the spatiotem-
poral dynamics of the polarization and the inversion in a
multilevel medium, which are to exhibit much more complex
dynamics.

Sometimes the question of grating formation in a real
multilevel medium by ESPs makes researchers skeptical. This
casts doubt on some studies of how subcycle pulses interact
with matter in the two-level approximation. Furthermore, the
coherent propagation of subcycle pulses in matter has mainly
been the subject of two-level approximation studies [53–59].
Including additional levels can lead to the complex behavior
of coherent phenomena, such as photon echo [60]. This raises
the urgent question of conducting these studies using more
realistic multilevel models, considering spatial and temporal
dynamics of the field, medium polarization, and population of
levels.

We also note that in our case the refractive index of the
medium changes rapidly in both space and time. Our medium
is therefore an example of a spatiotemporal photonic crystal
(STPC) [61–63]. Such media have been a very interesting sub-
ject of research in recent times (see the reviews in [64–67]).
In addition to their fundamental importance, they are also
of interest for their potential use in frequency conversion
of reflected radiation [66], creation of novel laser sources
[65,68], and other uses [67]. Therefore, the issues discussed
below may be interesting from the viewpoint of creating and
controlling STPC properties.

The aim of this paper is to analyze theoretically the possi-
bility of generating and controlling gratings using a sequence
of half-cycle attosecond pulses in an extended three-level
medium. The theoretical analysis is based on the numerical
solution of the material equations for a three-level medium
coupled to the wave equation. In this analysis, the pulses did
not overlap in the medium. Atomic hydrogen was used as the
resonant medium.

In contrast to previous studies of two- [44,45] and three-
level rubidium atomic media [69], which primarily yielded
harmonic gratings, here we present a more complex and un-
usual dynamics of the structures. The shape of the population
grating not only differs from a harmonic one, but also varies
at different resonant transitions in the medium. This work is
an extension of previous studies in the two-level and other
aforementioned approximations that aims at broadening its
scope. The superradiance of the induced polarization waves
and gratings is also considered.

II. THEORETICAL MODEL AND SYSTEM UNDER
CONSIDERATION

The effects of the propagation of ESPs in an extended
medium must be taken into account for a more accurate
study. In this case, a joint numerical solution of the system
for the density matrix of a three-level medium and the wave

equation for the electric field was performed. This system of
equations has the form [70,71]

∂

∂t
ρ21 = −ρ21

T21
− iω12ρ21 − i

d12E

h̄
(ρ22 − ρ11)

−i
d13E

h̄
ρ23 + i

d23E

h̄
ρ31, (2)

∂

∂t
ρ32 = −ρ23

T32
− iω23ρ32 − i

d23E

h̄
(ρ33 − ρ22)

−i
d12E

h̄
ρ31 + i

d13E

h̄
ρ21, (3)

∂

∂t
ρ31 = −ρ31

T31
− iω13ρ31 − i

d13E

h̄
(ρ33 − ρ11)

−i
d12E

h̄
ρ32 + i

d23E

h̄
ρ21, (4)

∂

∂t
ρ11 = ρ22 + ρ33

T11
+ i

d12E

h̄
(ρ21 − ρ∗

21)

−i
d13E

h̄
(ρ13 − ρ∗

13), (5)

∂

∂t
ρ22 = −ρ22

T22
− i

d12E

h̄
(ρ21 − ρ∗

21)

−i
d23E

h̄
(ρ23 − ρ∗

23), (6)

∂

∂t
ρ33 = −ρ33

T33
+ i

d13E

h̄
(ρ13 − ρ∗

13)

+i
d23E

h̄
(ρ23 − ρ∗

23), (7)

P(z, t ) = 2N0d12Reρ12 + 2N0d13Reρ13 + 2N0d23Reρ32, (8)

∂2E (z, t )

∂z2
− 1

c2

∂2E (z, t )

∂t2
= 4π

c2

∂2P(z, t )

∂t2
. (9)

Here ρ11, ρ22, and ρ33 are the populations of the first, second,
and third states of the atom respectively; ρ21, ρ32, and ρ31 are
the nondiagonal elements of the density matrix determining
the dynamics of the polarization of the medium; ω12, ω23,
and ω13 are the transition frequencies of the medium; d12,
d13, and d23 are the dipole moments of these transitions; and
h̄ is the reduced Planck constant. The equations also include
relaxation terms Tik .

The medium parameters (transition frequencies and transi-
tion dipole moments) have been chosen to be close to those
for a hydrogen atom [72,73] (see Table I).

As initial conditions, a pair of half-cycle Gaussian pulses
was sent from the boundaries of the integration region into the
medium:

E (z = 0, t ) = E01e−(t−�1 )2/τ 2
, (10)

E (z = L, t ) = E02e−(t−�2 )2/τ 2
. (11)

Delays �1 = 2.5τ and �1 = 29τ were chosen in such a way
that the pulses did not overlap simultaneously in the medium.
The system of equations (2)–(9) has been solved numeri-
cally. The density-matrix equations (2)–(7) were solved by the
fourth-order Runge-Kutta method. The solution of the wave
equation (9) was done by the finite-difference time-domain
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TABLE I. Parameters of the model and excitation pulses used in calculations.

Parameter Value

transition frequency 12 (corresponding wavelength) ω12 = 1.55 × 1016 rad/s (λ12 = 121.6 nm)
dipole moment of transition 12 d12 = 3.27 D
transition frequency 13 (corresponding wavelength) ω13 = 1.84 × 1016 rad/s (λ13 = 102.6 nm)
dipole moment of the transition 13 d13 = 1.31 D
transition frequency 23 (corresponding wavelength) ω23 = 2.87 × 1015 rad/s (λ23 = 656.6 nm)
dipole moment of transition 23 d23 = 12.6 D
atomic concentration N0 = 1014 cm−3

pulse amplitude E01 = E02 = 45 × 107 V/cm
pulse duration τ = 100 as
relaxation times Tik Tik = 1 ns

method. Three-dimensional propagation of half-cycle pulses
can be described by the one-dimensional wave equation, for
example, in coaxial waveguides, since they have no cutoff
frequency [74].

The total length of the computational domain is L = 12λ0.
The medium was placed between the points z1 = 4λ0 and 8λ0.
In the calculations, as the pulses reached the boundaries of the
integration domain, they were reflected from it and returned to
the medium, but did not overlap. In Fig. 2, the movement of
the pulses is shown schematically by arrows, where the digits
denote the pulse number.

The three-level approximation serves as a convenient
model of a resonant medium, as it already allows one to pre-
dict phenomena arising beyond the simplest two-level model
[75]. In this sense the three-level model can be reasonably
considered as a useful approach to study the few-cycle and
subcycle pulse interaction with different resonant media. Re-
garding the contribution of ionization, as it was shown in
[34], the ionization probability in these conditions (the pulse
duration much less than the periods of medium transitions)
is fully determined by the electric pulse area SE or, to be
more specific, by the ratio of the electric area of exciting
pulses SE to the certain atomic scale Sat = h̄/ea0, with the
electron charge e and the radius of the first Bohr orbit a0. The
ionization becomes relevant when the electric area of exciting
pulses SE is comparable to Sat and can be neglected when
SE � Sat.

For the parameters given in Table I, we have SE ≈ 0.6Sat,
so we can consider that the effect of the ionization is not so
strong. If we reduce the amplitude of the electric field in the
calculations to E0 = 30 × 107 V/cm, the ratio SE/Sat = 0.4 is
obtained. The amplitude of the gratings will decrease slightly
in this case. However, in general, their spatiotemporal dynam-
ics will remain qualitatively similar to those obtained with the
parameters given in Table I.

It is worth emphasizing that the ionization phenomena
would not cause the observed effects to disappear. Indeed,
even for noticeable ionization probability, the excitation
pulses would still cause population of excited levels and
thus the waves of the induced medium polarization, so the
population gratings would arise anyway due to the inter-
ference of these polarization waves with the consequent
excitation pulses. However, ionization can indeed effect the
parameters of these arising gratings, such as the modulation
depth.

Furthermore, the results of the numerical solution of the
time-dependent Schrödinger equation show that for half-cycle
pulses shorter than the resonant transition periods, the prob-
ability of excitation and ionization of the quantum system
also depends on the delay between pulses [31,76]. The second
pulse can partially return the wave packet to the quantum well
ionized by the first pulse, reducing the ionization probability.

It should be noted that some other recent studies have
shown that coherent two-level dynamics can even survive for
several Rabi cycles in the attosecond timescale, when the
ionization is taken into account. Specifically, in Ref. [77] the
authors report on the record fast attosecond Rabi oscillations
in He atoms, where the resonant coupling of two-level bound-
bound transitions prevails, in contrast with the dominance of
bound-continuum transitions in the conventional strong-field
infrared regimes. These findings also confirm the possibility
of few-level models to describe the actual dynamics of mul-
tilevel media excited by strong and very short (attosecond)
pulses. In addition, the carrier-wave Rabi flopping was ob-
served in atomic [78] and semiconductor media [79] driven
by few-cycle pulses.

III. GRATING DYNAMICS WITH HALF-CYCLE
PULSE EXCITATION

The results of the numerical integration of the system of
equations (2)–(9) with the parameters given in Table I are
shown in Figs. 1–4. Figure 1 illustrates the spatial and tem-

FIG. 1. Spatial and temporal dynamics of medium polarization
P(z, t ).
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FIG. 2. Spatial and temporal dynamics of the medium population
difference ρ11 − ρ22 under the action of half-cycle Gaussian pulses,
with the directions of their propagation shown by arrows.

poral dynamics of the medium polarization P(z, t ). Figures 2
and 3 provide the population differences at the 1-2 and 2-3
transitions. Figure 4 shows the population differences at 1-3
transition.

To further illustrate the dynamics of the population dif-
ference structure, the instantaneous values of the population
inversion n after the third and fourth collisions for all three
transitions are shown in Fig. 5; in Fig. 3 the same sections are
denoted by a and b, respectively. From Fig. 2 we can see that
at the 1-2 transition a grating formation takes place after pulse
2. However, this grating is not strictly harmonic. The polariza-
tion of the medium oscillates not only at the frequency of the
1-2 transition, but also at the frequencies of other transitions
due to the presence of the third level. Figure 1 shows these
oscillations. The amplitude of the grating is thus modulated in
space.

We can also see from Fig. 2 that the third and subse-
quent pulses change the grating parameters, shifting in space,
erasing or reducing the depth of modulation, etc. This distin-
guishes our case from that considered in rubidium in Ref. [69].
In those calculations, the shape of the resulting grating was
closer to the harmonic, as in the two-level medium.

However, at the 1-3 transition (see Fig. 4), structures ap-
pear that are closer in form to harmonic structures. A more
interesting situation occurs at the 2-3 transition (see Fig. 3).
In this case, a microcavitylike structure with lateral Bragg
mirrors is formed near the point z = 6.5λ0. Near this point,

FIG. 3. Spatial and temporal dynamics of the medium population
difference ρ22 − ρ33.

FIG. 4. Spatial and temporal dynamics of the medium population
difference ρ11 − ρ33.

the population difference has almost a constant value [see
Fig. 5(a)]. A periodic grating of populations, the Bragg grat-
ing, appears on the sides. Similar microcavities appeared
when unipolar rectangular pulses collided in a two-level
medium [80]. After the passage of the next (fourth) pulse, the
structure acquires a more complex character, namely, similar
to the superposition of two periodic structures (“beats”), as
shown in Fig. 5(b). It is interesting to note that after the third
pulse, near the points z = 5λ0 and 7.5λ0 the population dif-
ference for the 1-2 transition also stays at an almost constant
value ρ22 − ρ33 ∼ 0 [see Fig. 5(a)]. Further evolution of the
structure, as shown in Fig. 5(b), shows a complex beat form
with multiple peaks.

Thus, as sometimes assumed, the effect of population grat-
ings predicted in a two-level medium does not disappear when

n
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23
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FIG. 5. Instantaneous value of the population differences n12

(black solid line), n13 [red (gray) solid line], and n23 [blue (gray)
dashed line] as a function of the coordinate at a fixed moment in
time at (a) t = 9.011 fs and (b) t = 11.297 fs corresponding to time
sections a and b in Fig. 3.

063113-4



GENERATION AND CONTROL OF POPULATION … PHYSICAL REVIEW A 109, 063113 (2024)

FIG. 6. Electric-field spatiotemporal distribution. The medium is
excited by the two pulses 1 and 2 (thick black cross indicted by white
arrows). The population relaxation time T1k = T1 = 100 fs and the
nondiagonal density-matrix-element (polarization) relaxation time
T2k = T2 = 10 fs. The other parameters are given in Table I. The
medium is placed between the points z1 = 4λ0 and 8λ0. The pulses
overlap at the point z = 10λ0, outside the medium.

additional levels of the medium are taken into account. The
inclusion of the additional levels leads to a change in the form
of the gratings, which may be different from the harmonic
form. However, the harmonic form is possible as well [69].
Thus, the consideration of other levels of the medium results
in a more varied dynamics of the system.

The difference between the shape of medium inversion
gratings and harmonic gratings is easily explained by medium
polarization behavior. While in a two-level medium, where
there is only one resonant transition, the passing pulse 1 leaves
behind a running wave of polarization oscillating at the tran-
sition frequency, in a multilevel medium the situation is more
complicated. The passing pulse leaves behind oscillations of
the coherence of the medium (nondiagonal elements of the
density matrix) at each resonant transition of the medium.
The resulting polarization will also oscillate at all transition
frequencies of the medium. The polarization wave that is
induced by the first pulse does not oscillate at a single fre-
quency, as can be seen in Fig. 1. The second and subsequent
pulses coherently control these oscillations, resulting in the
appearance of nonharmonic grids at each medium resonant
transition and forming more complex standing polarization
structures.

IV. SUPERRADIANCE OF POLARIZATION WAVES AND
INVERSION GRATINGS

The considered polarization waves exist for the coherence
time of the medium T2. These polarization structures and
population gratings can emit electromagnetic radiation af-
ter the passage of excitation pulses [81]. This radiation can
be considered as a superradiation of the medium [82,83],
i.e., a collective spontaneous emission of the atoms of the
medium that occurs in the absence of external excitation
pulses.

The spatiotemporal behavior of the electric field in the
integration domain obtained using the parameters from Ta-
ble I is shown in Fig. 6. Corresponding polarization behavior
is shown in Fig. 7. Only the values of the relaxation times

FIG. 7. Spatial and temporal dynamics of medium polarization
P(z, t ) for the case of Fig. 6.

have been changed as T1k = T1 = 100 fs and T2k = T2 = 10
fs to make the effect clearer. Only two pulses 1 and 2 have
excited the medium in this example. After the pulses had
passed through, the polarization waves were formed. They
decay with time after the pulse passage can be seen in Fig. 7,
while radiating light in both directions is shown in Fig. 6.
Such radiation from the grating and the polarization of the
medium should be taken into account in mode-locked lasers
generating few-cycle pulses. In particular, in the case of
ultrashort-cavity lasers, the mode-locked regime is due to
coherent effects [84], so the radiation from such gratings and
polarization structures can strongly affect the mode-locking
regime.

V. CONCLUSION

In this work we have demonstrated the possibility of gen-
erating ultrafast control of population difference gratings in
a three-level medium by a sequence of half-cycle attosec-
ond pulses, based on the numerical solution of the system
of Maxwell-Bloch equations. The parameters of the medium
were taken to be close to those of an atomic hydrogen. The
pulses did not overlap with each other in the medium. It was
shown that considering additional levels of the medium also
leads to the formation of gratings. However, the dynamics of
the system may differ from the case of a two-level medium.
This extends the applicability of previous results using two-
level and other approximations.

It was shown that the shape of the gratings in general
can differ from the purely harmonic one previously observed
in the two-level medium. Also, the shapes of these gratings
generated at different resonant transitions of the medium are
very different from each other. The shape is almost harmonic
at some transitions. At others, it is possible to form dynamic
microcavities. This has previously been demonstrated in a
two-level medium.

We have also considered the contribution of the superra-
diance effects, i.e., the collective emission of the atoms (in
the absence of external excitation) produced by polarization
waves and population gratings. After the pulses have passed,
these polarization waves exist for the medium coherence time
T2 and emit light in both the forward and backward directions
of the medium. The emission of these gratings is important
in mode-locked lasers operating in the few-cycle regime, as it
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can strongly influence the dynamics of the generated pulses
[84].

This study presents an avenue for further research in the
optics of unipolar half-cycle pulses [8] and for the study
of media with rapidly changing parameters, i.e., space-time
photonic crystals [63–67].
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