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State-insensitive wavelengths for light shifts and photon scattering from Zeeman states
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Atoms are not two-level systems, and their rich internal structure often leads to complex phenomena in
the presence of light. Here, we analyze off-resonant light scattering including the full hyperfine and magnetic
structure. We find a set of frequency detunings where the induced atomic dipole is the same irrespective of the
Zeeman state, and where two-photon transitions that alter the atomic state turn off. For alkali-metal atoms and
alkaline-earth-metal ions, if the hyperfine splitting is dominated by the magnetic dipole moment contribution,
these detunings approximately coincide. Therefore, at a given “magical” detuning, all Zeeman states in a
hyperfine manifold behave almost identically, and can be traced out to good approximation. This feature prevents
state decoherence due to light scattering, which impacts quantum optics experiments and quantum information
applications.
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I. INTRODUCTION

The simplest toy model of quantum matter is a two-
level system. This theoretical concept finds its realization in
different experimental platforms, ranging from trapped ions
[1,2] and neutral atoms [3,4], to artificial two-level systems
based on superconducting circuits [5] or solid-state devices
[6,7]. In particular, trapped ions and neutral atoms are gen-
erally addressable at optical frequencies and are inherently
identical, which makes them ideal building blocks of larger
systems such as quantum computers [8,9], quantum simula-
tors [10,11], and metrological devices [12–14].

However, the internal structure of atoms, with fine, hy-
perfine, and Zeeman levels, prevents them from behaving as
true two-level systems, instead displaying open transitions and
complex dynamics involving many levels [15–17]. This rich
level structure allows for state preparation through optical
pumping [18], the realization of scalable quantum informa-
tion platforms [19–25], and the exploration of spin models
with larger-than-spin- 1

2 particles [26–33], among many ap-
plications. Nevertheless, open transitions are in many cases
undesired, as they lead to qubit decoherence and heating.
However, restricting atoms to a specific subset of levels is
challenging, as it requires initial state preparation and either
strict adherence to selection rules to prevent leakage out of a
two-level subspace, or continual repumping (e.g., optically) to
recover atoms that have left the desired level subspace.

Under certain conditions, however, atoms behave iden-
tically irrespective of their internal state. One example is
that of state-independent, or “magic,” trapping. Here, the
ground and excited states of a transition are both trapped
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by light of a particular wavelength and polarization such
that the induced ac Stark shifts are the same for both levels
[34]. Magic wavelengths create potentials for both states that
have a consistent frequency separation in the presence of
amplitude noise, therefore minimizing heating and limiting
decoherence. Atoms held in magic wavelength potentials en-
able the realization of higher precision optical atomic clocks
and more efficient quantum information protocols [35–39].
Magic wavelengths were first found for clock transitions in
strontium [35,40,41] and since extended to other atomic clock
candidates such as ytterbium [42,43] and mercury [44]. Magic
wavelengths have also been found for optical transitions in ce-
sium [45] and in alkaline-earth-metal ions [46–48]. Moreover,
magic potentials generated by multiple frequencies have been
implemented for optical transitions in rubidium [49–51].

In this paper, we extend the concept of magic wavelengths
to Zeeman states in the same ground-state hyperfine manifold.
We find conditions for state-independent photon scattering,
showing that at a particular “magic detuning” all Zeeman
states scatter incoming light in exactly the same manner. Such
state-independent scattering requires two criteria to be met:
the amplitude and polarization of the induced dipole must be
identical for all Zeeman states, and the atom must not change
its Zeeman state as it scatters. We show that these require-
ments yield three separate conditions for the polarizability
tensor. For a large class of atomic species, these conditions are
all met at approximately the same frequency. This coalescence
requires (1) scattering via three excited states, (2) for the
hyperfine splitting to be dominated by the nuclear magnetic
dipole contribution, and (3) for the atomic spectrum not to fea-
ture other relevant lines. We find optimal detunings to achieve
state-independent optical responses of alkali-metal atoms and
alkaline-earth-metal ions, and find that scattering for the most
optimal species,133Cs, can be state independent at up to a part
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FIG. 1. Scattering from a hyperfine-split line. (a) The atom is initially in a (ground-state) hyperfine manifold F (shown here as F = 1 for
simplicity, but generically F � 1). The atom is then driven (blue) off resonantly via the three lines with F ′ ∈ {F − 1, F, F + 1}, scattering light
(red). Two types of scattering processes that can occur are depicted. The atom can Rayleigh scatter, returning to its original state, or Raman
scatter, changing state during the process. (b), (c) An atom in an F = 1 state is driven by a linearly x-polarized field and scatters light. (b) For
a generic detuning, an atom prepared in a superposition of states becomes entangled with the scattered field, as the polarization and amplitude
of the field depend on the Zeeman state. (c) At a magic detuning, the generated field is independent of the Zeeman state.

in 107. We show this condition also implies that the ac Stark
shift becomes state independent, and discuss its relevance to
cavity quantum electrodynamics (QED) experiments, where
this effect was recently demonstrated and utilized [52].

Our paper proceeds as follows. In Sec. II, we introduce our
formalism to describe the response of an atom to an external
field, the generalized polarizability tensor. In Sec. III, we
introduce the conditions needed such that the atomic Zeeman
state becomes irrelevant. In Sec. IV, we find the detunings that
satisfy those conditions. In Sec. V we show that, for atoms
where the hyperfine structure is dominated by the nuclear
magnetic dipole moment, these detunings coalesce to a single
“magic detuning.” In Sec. VI we discuss how to optimize the
detuning to minimize unwanted scattering, and then perform
that optimization for alkali-metal atoms and alkaline-earth-
metal ions in Sec. VII. We connect these results to the ac Stark
shift in Sec. VIII A. In Sec. VIII B, we discuss its relevance to
cavity QED experiments and, in particular, to the experiment
performed in Ref. [52].

II. GENERALIZED POLARIZABILITY TENSOR

We consider an atom driven by the electric field of
monochromatic light. In the following, we describe the math-
ematical structure used in the rest of the paper. We discuss the
level structure of the atom, how to characterize its response
to the field, the coordinate basis used to perform the charac-
terization, and how to evaluate the necessary dipole matrix
elements.

A. Atomic structure

The ground-state angular momentum of an atom is defined
by its nuclear spin I and its (ground state) total electron
angular momentum J . Assuming I + J � 1, the ground state
is split into different hyperfine manifolds labeled by |I − J| �
F � I + J . In the absence of a magnetic field, each of these
ground hyperfine manifolds has a 2F + 1 degeneracy due to
its Zeeman sublevels, labelled mF . We consider light scatter-
ing via an excited state with total electron angular momentum
J ′. This state is also subject to hyperfine splitting, such that

scattering is via three excited hyperfine manifolds F ′ ∈ {F −
1, F, F + 1}. This structure can be found in transitions such
that J ′ = J + 1 ∀ F , or such that J ′ = J and F � I + J − 1
or J ′ = J − 1 and F � I + J − 2. The necessary structure is
most readily found in alkali-metal atoms and singly ionized
alkaline-earth-metal ions scattering from the D2 line with
J ′ = J + 1. The simplest configuration of an F = 1 hyperfine
manifold is shown in Fig. 1(a). The environment is assumed
to be frequency selective, e.g., a resonant optical cavity, such
that scattering from the F ′ levels to other ground hyperfine
manifolds can be neglected.

B. Atomic response to an electric field

We consider that the atom is driven by a monochromatic
field of frequency ω. The input field operator reads as

Êin(r) = Ê(+)
in (r) e−iωt + c.c, (1)

where Ê(+)
in is the positive-frequency component of the field

with polarization ε̂, and r is the position of the atom. Here,
for generality, the field is considered as an operator, but the
treatment described in the rest of the paper is valid and un-
changed if applied to a classical amplitude.

Under weak driving, such that the induced excited state
population is negligible, the response of an atom in state
|F, mF 〉 is captured by the polarizability tensor, i.e.,

αμν (F, mF , ω)

= −
∑

F ′,mF ′

〈F, mF | dν |F ′, mF ′ 〉 〈F ′, mF ′ | dμ |F, mF 〉
h̄�F ′

, (2)

where μ, ν are polarization indices, dν(μ) is the atomic dipole
operator projected onto polarization ν(μ), and �F ′ = ω − ωF ′

is the detuning of the drive field from the F − F ′ resonance
transition frequency. The above expression is derived under
the rotating-wave approximation, valid for �F ′ � ωF ′ .

The polarizability tensor encodes the dipole induced by the
field on the atom and, therefore, also the field scattered by
the atom. Specifically, an atom in state |F, mF 〉 at position
r subject to the input field defined in Eq. (1) produces an
output field at position r′ with χ -polarized positive-frequency
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component

Ê
(+)
out,χ (r′) = μ0ω

2
∑
μ,ν

Gχμ(r′, r, ω)αμν (F, mF , ω)Ê
(+)
in,ν (r).

(3)

In the above equation, μ0 is the permeability of free space,
Gχμ(r′, r, ω) is the Green’s tensor of the electromagnetic
environment that describes the propagation of the output field
from the atomic position to some position r′,1 and Ê (+)

in,ν (r)
is the ν-polarized positive-frequency component of the input
field.

The standard form of the polarizability tensor does not
describe all possible scattering processes, as it does not allow
for the atom to change from its initial Zeeman state. The
absence of state-changing transitions is usually justified by
assuming they are strongly off resonant due to a large Zeeman
splitting [54]. However, in the absence of a large magnetic
field, one should instead consider a more general map that
includes different initial and final Zeeman state. Inspired by
Eq. (2), we define the “generalized polarizability tensor” as

αnm
μν (F, ω)

= −
∑

F ′,mF ′

〈F, n| dν |F ′, mF ′ 〉 〈F ′, mF ′ | dμ |F, m〉
h̄�F ′

, (4)

where we have dropped the subscript F from the ground
Zeeman states, simply using m and n for the sake of clarity.

In general, the state of the atom becomes correlated with
the field, and the positive-frequency component of the field
operator is related to the atomic coherence operators between
Zeeman states as

Ê
(+)
out,χ (r′) = μ0ω

2
∑

ν,μ,m,n

Gχμ(r′, r, ω) αnm
μν (F, ω)

× Ê
(+)
in,ν (r) |F, m〉 〈F, n| . (5)

Elements of the generalized polarizability tensor that are diag-
onal in the atomic state (i.e., n = m), correspond to Rayleigh
scattering processes and are simply given by the polarizability
tensor of Eq. (2). Off-diagonal elements (i.e., n �= m) corre-
spond to Raman processes. Both these processes can generate
correlations between the atom and scattered field, and so
(even in the absence of Raman processes), an atom initially
in a superposition of m states will decohere as correlations
develop. For the field to be independent of |m〉 〈n|, we require
the generalized polarizability tensor to be of the form∑

m,n

αnm
μν (F, ω) |m〉 〈n| = αμν (F, ω) 1, (6)

i.e., for αnm
μν to be diagonal in the Zeeman state (this is,

only nonzero when n = m), and to be independent of m, i.e.,

1As the Green’s tensor describes propagation of the electro-
magnetic field, its precise spectral and spatial form depends on
the boundary conditions. For instance, the spatial dependence of
the Green’s tensor for the guided mode (of wave vector k) of a
waveguide reads as G(z′, z, ω) ∝ exp(ik|z′ − z|), while for a Fabry-
Pérot cavity it reads as G(z′, z, ω) ∝ cos(kz) cos(kz′) [53], where in
both cases we have assumed light propagation only along the z axis.

αmm
μν (F, ω) = αμν (F, ω) ∀ m such that the above sum over the

atomic states becomes the identity. Note that this condition
means that for all Zeeman states we recover the conventional
polarizability tensor of Eq. (2), with the additional constraint
that it is independent of m. Thus, if a state-insensitive wave-
length can be found, the polarizability tensor can be calculated
by choosing any m value in Eq. (2). In the following, we use
these criteria to find conditions on the dipole matrix elements,
and find detunings at which the atomic state does not become
correlated with the field.

C. Choice of polarization basis

The coordinate system can be arbitrarily chosen without
loss of generality, and so we choose both the quantization
axis of the atoms and the propagation direction of the drive
to be z. Therefore, the polarization vector of the drive field
lies in the x-y plane.2 Within this plane, it is convenient to
work in a basis defined by the circular polarization unit vectors
ε̂± = (ε̂x ± iε̂y)/

√
2. Using this convention, we define a unit

polarization vector parallel to that of the incoming light, and
one perpendicular, of the form

ε̂‖ = ε̂+ cos θ + ε̂− sin θ, ε̂⊥ = ε̂+ sin θ − ε̂− cos θ. (7)

The angle θ encodes the “ellipticity” of the drive: for θ =
{0, π/2}, the field is purely circular, for θ = π/4, the field
is purely linear. This choice of basis requires setting the x-y
axes such that

ε̂‖ = ε̂x(cos θ + sin θ )/
√

2 + iε̂y(cos θ − sin θ )/
√

2, (8)

which is to say that the x axis is defined to be identical to the
real part of the input light polarization vector.

D. Evaluating dipole matrix elements

Due to selection rules, only three sets of dipole matrix
elements can be nonzero: those corresponding to σ±- and
π -polarized transitions. We define the dipole matrix elements
as (see Appendix A for full expressions)

rm,F,F ′ = 〈F, m| d+ |F ′, m + 1〉 , (9a)

sm,F,F ′ = 〈F, m| d− |F ′, m − 1〉 , (9b)

tm,F,F ′ = 〈F, m| dπ |F ′, m〉 . (9c)

These selections rules can be used to eliminate the sums
over mF ′ in the generalized polarizability tensor of Eq. (4).

III. CONDITIONS FOR STATE-INDEPENDENT
SCATTERING

Here, we find conditions where the scattering response of
the atom is independent of the atomic state. For the general-
ized polarizability tensor not to correlate the output light with

2Note that this choice of polarization is not the same as that in
Ref. [52], where it was assumed the (linear-polarized) drive was π

polarized. Here, we choose a different polarization axis because it is
more convenient for the algebra to work in the x-y plane for arbitrary
elliptical polarization. Of course, the physics is unaffected by this
choice, and our results will hold for any choice of polarization axis.
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the atomic state, it needs to be independent of the input and
output atomic state. This requires Rayleigh scattering from all
states to occur at the same amplitude, and for all states not to
be able to Raman scatter.

A. Rayleigh scattering

The first required condition is that the atom Rayleigh
scatters (i.e., m = n) at a rate that is independent of its
Zeeman state. For scattering into the parallel mode, we need
αmm

‖‖ (F, ω) = α‖‖(F, ω) ∀ m. These terms are given by

αmm
‖‖ (F, ω)

= −
∑

F ′,mF ′

〈F, m| d‖ |F ′, mF ′ 〉 〈F ′, mF ′ | d‖ |F, m〉
h̄�F ′

. (10)

Since ε̂‖ = cos θ ε̂+ + sin θ ε̂−, the above equation can be
written in terms of the dipole matrix elements as

αmm
‖‖ = −

∑
F ′

r2
m,F,F ′ + s2

m,F,F ′

h̄�F ′

−
∑

F ′

(cos2 θ − sin2 θ )
(
r2

m,F,F ′ − s2
m,F,F ′

)
h̄�F ′

. (11)

For linear polarization, cos θ = sin θ , and for the above ex-
pression to be state independent there is only one condition:
that the sum of the two different-handed terms is independent
of m. This condition restricts the amplitude of the induced
dipole to be identical for all states.

For arbitrary elliptical polarization, the difference between
the two terms must also be independent of m. The dipole
matrix elements have the symmetry

r2
m,F,F ′ = s2

−m,F,F ′ . (12)

Therefore, the difference between the two different-handed
terms is zero for the m = 0 state. For this difference to be
independent of m, it must be zero for all m. This condition
enforces that the induced dipole preserves the ellipticity of
the input field.

We also require that Rayleigh scattering into the perpen-
dicular mode occurs at the same rate for all m. These elements
can be written as

αmm
⊥‖ (F, ω) = −

∑
F ′

〈F, m| d⊥ |F ′, mF ′ 〉 〈F ′, mF ′ | d‖ |F, m〉
h̄�F ′

.

(13)

Note that αmm
π‖ = 0 ∀ m because the atomic state must change

to conserve spin when scattering π -polarized light. As above,
this expression can be written in terms of dipole matrix ele-
ments as

αmm
⊥‖ (F, ω) = − sin θ cos θ

∑
F ′

(
r2

m,F,F ′ − s2
m,F,F ′

)
h̄�F ′

. (14)

For pure circularly polarized input light (θ = {0, π/2}) this
condition is trivially met, as the above equation describes
the difference in ellipticity of the input field and the induced
dipole, and light with a given circular polarization cannot
induce a dipole of opposite handedness. For input light with

arbitrary polarization, the condition is akin to that above: the
difference between the two different-handed terms must be
zero for all m.

B. Raman scattering

The Zeeman state should not change in the scattering pro-
cess. Not all states can Raman scatter both polarizations of
light, as shown in Fig. 2(c), and so the only possible way to
eliminate m dependence from Raman scattering is for it to be
zero. Therefore,

αnm
μ‖ = −

∑
F ′

〈F, n| dμ |F ′, mF ′ 〉 〈F ′, mF ′ | d‖ |F, m〉
h̄�F ′

= 0

(15)

for all n �= m and all output polarizations. Due to selection
rules, only two types of Raman processes can occur, with
associated polarizabilities

αm+2,m
−+ = −

∑
F ′

rm,F,F ′sm+2,F,F ′

h̄�F ′
, (16a)

αm+1,m
π+ = −

∑
F ′

rm,F,F ′tm+1,F,F ′

h̄�F ′
. (16b)

Exploiting the generalized polarizability tensor symmetry

α−n,−m
ν∓ = αn,m

ν± , (17)

it is easy to see that processes that decrease the magnetic
number are also zero when the two conditions above are met.

C. Summary

In summary, three conditions on the dipole matrix elements
need to be satisfied for state-independent light scattering. If
they are all met at the same drive frequency for all m, then the
generalized polarizability tensor is independent of the Zeeman
state and the field will not be correlated with the atomic state.
The conditions are summarized below:

(1) Preserved dipole ellipticity. The difference between the
different-handed dipole matrix elements must be zero. This
implies

∑
F ′

r2
m,F,F ′ − s2

m,F,F ′

�F ′
= 0. (18)

We denote the detuning at which this condition is met �⊥,
as the induced dipole has no component perpendicular to the
input field.

(2) Equal dipole amplitude. The sum of the different-
handed dipole matrix elements must be independent of m.
This implies

∑
F ′

r2
m,F,F ′ + s2

m,F,F ′

�F ′
= f (F, F ′). (19)

We denote the detuning at which the condition is met �‖, as
the parallel component of the induced dipole has the same
amplitude for all states.
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FIG. 2. Scattering processes that depend on the Zeeman state. (a) The ellipticity of the field may not be preserved in the induced dipole.
Due to symmetry, states m and −m will respond in opposite ways, and thus this process is m dependent. (b) The amplitude of the induced
dipole may be different for different states. (c) Scattering processes that change the Zeeman state can occur. Since not all states can undergo
these processes, they are m dependent.

(3) Zero Raman scattering. Raman processes must not
occur. This is guaranteed if∑

F ′

rm,F,F ′sm+2,F,F ′

�F ′
= 0, (20a)

∑
F ′

rm,F,F ′tm+1,F,F ′

�F ′
= 0. (20b)

We define the detunings that satisfy these equations as �c,π

respectively.
In the following sections, we find detunings that separately

satisfy each of these conditions.

IV. DETUNINGS TO MEET STATE-INDEPENDENT
SCATTERING CONDITIONS

A. Preserved dipole ellipticity

Here, we find the detuning that satisfies Eq. (18), which
ensures that the induced dipole has the same polarization as
the input field. In our considered setup, the sum has three
terms with F ′ ∈ {F − 1, F, F + 1}. The set of three detunings
{�F ′ } are not independent from each other, and two of them
can be defined as differences from the other. We define the
detuning from the central F ′ = F line, i.e., �F ≡ �, such that
�F±1 = � + ζ±1, where ζ±1 = ωF − ωF±1 is the hyperfine
splitting between excited states. By direct evaluation of the
dipole matrix elements, the above sum becomes (see Ap-
pendix B for details)

1∑
l=−1

(−1)l [2 + l (2F + 1) − l2](2F + 1) − 2l

�⊥ + |l| ζl
{{F + l}} = 0,

(21)

where {{F + l}} denotes the square of a Wigner 6- j symbol of
the form

{{F + l}} ≡
{

J J ′ 1
F + l F I

}2

, (22)

where J and J ′ are the electron angular momentum quantum
numbers of the ground and excited states, respectively, and
I is the nuclear angular momentum quantum number. Impor-
tantly, Eq. (21) contains no m dependence, and so �⊥ is the
same for all m states. This occurs because r2

m,F,F ′ − s2
m,F,F ′ is

always linear in m, and so it simply factors out. The above

equation has two trivial solutions, �⊥ → ±∞. These solu-
tions simply describe that if the probe light is infinitely far
detuned, then all m states have no response, trivially making
them respond in the same way. There are also two nontrivial
solutions that can be found by rearranging the expression into
a quadratic equation in �⊥. For the specific case of scattering
on a D2 line, they are real. Details on the form of the solutions
and their derivation are provided in Appendix B.

B. Equal dipole amplitude

Here we find the detuning that satisfies Eq. (19) and en-
sures that the induced dipole parallel to the input field has the
same amplitude for all m states. Following the same procedure
as above, we expand the sum in Eq. (19) as three terms with
F ′ ∈ {F − 1, F, F + 1} and then expand the dipole matrix
elements. In this case we find that r2

m,F,F ′ + s2
m,F,F ′ has two

contributions: a scalar term and a term that is quadratic in m.
For the scattering rate to be m independent we thus require the
sum over the terms quadratic in m to be zero. As above, since
the m dependence is the same for every term, it simply factors
out, and any solution that is found works for all m states. The
detuning at which the above condition is met for all m states
is thus the solution to

1∑
l=−1

(−1)l (2 − l2)(2F + 1) − l

�‖ + |l|ζl
{{F + l}} = 0. (23)

This equation again has two trivial solutions, �‖ → ±∞. To
find potential nontrivial solutions, we rearrange the terms into
a quadratic equation. In the case of scattering on a D2 line,
the coefficient for the �2

‖ term is zero, and thus the condition
has only one nontrivial solution. Details on the form of the
solution and its derivation are provided in Appendix C.

C. Zero Raman scattering

1. Circular scattering

Here, we find a detuning that satisfies Eq. (20a). Sub-
stituting in expressions for the dipole matrix elements (see
Appendix A) reduces the expression to Eq. (23), and so
Raman processes involving two circular photons are zero at
�‖.
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2. π scattering

Here, we find a detuning that satisfies Eq. (20b). By substituting in expressions for the dipole matrix elements as before we
arrive at the condition

1∑
l=−1

(−1)l (2F + 1)(2m + 2) + l[F (2F + 2) − m − 1] − l2(2F + 1)(m + 1)

�π + |l| ζl
{{F + l}} = 0. (24)

This expression has two parts: one proportional to m and one
independent of m. The m-dependent terms take a familiar
form, that of Eq. (23). The Raman rate thus becomes m in-
dependent at �‖. The m-independent part is zero at a third
detuning condition �π . For scattering on a D2 line, the ex-
pression for �π can be simplified using the zero combination
of the three Wigner 6- j symbols we found in the derivation of
�‖ [Eq. (C5) in Appendix C], and is given as

�π = ζ+1{{F }}
{{F + 1}} − {{F }} . (25)

V. APPROXIMATING THE HYPERFINE SPLITTING

The hyperfine splitting can be expressed in terms of a
sum over different nuclear multipole moments [55,56]. Typ-
ically, the largest contribution is given by the magnetic dipole
moment interaction, described by the magnetic dipole hyper-
fine constant Ahfs, with the largest corrections arising from
the electric quadrupole and magnetic octopole moments, de-
scribed by Bhfs and Chfs, respectively.

If the magnetic dipole moment is the sole contributor (or
by far the most dominant one), the hyperfine splitting reads

δhfs = Ahfs

2
[F ′(F ′ + 1) − I (I + 1) − J (J + 1)]. (26)

The hyperfine splitting between excited states is thus

ζ+1 = −Ahfs(F + 1), (27a)

ζ−1 = AhfsF. (27b)

Substituting these values into the expressions for �⊥,�‖,
and �π we find that all three of our detunings have a
common root (full details of this derivation are provided in
Appendix D). This brings us to the key finding of our paper:
for atoms scattering on a D2 line, there is a detuning where
the generalized polarizability tensor does not correlate the
Zeeman state with the field at all.

VI. OPTIMIZATION OF THE
STATE-INSENSITIVE DETUNING

We have shown that, for cases where hyperfine struc-
ture results only from the nuclear magnetic dipole moment,
the hyperfine structure interval rule guarantees that all three
state-independence criteria can be met at a single detuning.
However, this interval rule does not strictly hold when higher-
order nuclear moments are included. In this more general
situation, and as shown in Table I, we no longer find a sin-
gle detuning at which all three criteria apply. Nevertheless,
to the extent that higher-order nuclear moments contribute

only weakly to hyperfine structure, the three state-independent
criteria are all approximately fulfilled at the same detuning.

Here, somewhat ad hoc , we derive a detuning at which the
conditions for state-independent scattering are all nearly sat-
isfied. We approach this problem by considering the distance
between the generalized polarizability tensor from an “ideal”
one, defined as α̃nm

μ‖ (F, ω) with entries

α̃mm
‖‖ (F, ω) = α00

‖‖ (F, ω) ∀ m, (28a)

α̃nm
μ‖ (F, ω) = 0 ∀ n �= m, μ �=‖ . (28b)

The “magic distance” is obtained from the square of the
(normalized) Frobenius norm of the difference between these
two tensors, i.e.,

M(F,�) =
∑

n,m,μ

∣∣∣∣∣ α̃
nm
μ‖ (F, ω) − αnm

μ‖ (F, ω)

α00
‖‖ (F, ω)

∣∣∣∣∣
2

. (29)

Since we use the polarization of the input field to define our
basis, the only relevant parts of the generalized polarizability
tensor are those with polarization parallel to the input field. As
such, we only concern ourselves with the output polarization
index, and initial and final atomic state indices. For species
where the hyperfine spin is half-integer, there is no m = 0
state, and the normalization is instead performed with the
m = 1

2 state. Minimizing M(F,�) provides a “nearly state-
independent scattering” detuning.

The dependence of the magic distance with frequency for
87Rb is shown in Fig. 3. Imperfections in the generalized

FIG. 3. Optimization to find the magic detuning. The overall
value of the magic distance defined by Eq. (29) is shown along with
the different contributions to that value. Vertical dashed lines show
the detunings that meet each condition, while the solid vertical line
shows the optimized detuning. The example shown here is a 87Rb
atom in the F = 1 line driven with linear light.
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polarizability tensor due to Rayleigh scattering into the per-
pendicular and parallel modes are minimized at �⊥ and �‖,
respectively. Raman scattering of circular light is also min-
imized at �‖, while Raman scattering of π -polarized light
is minimized close to �π . Note that this does not occur
exactly at �π because that detuning is only where the state-
independent fraction of the Raman scattering is zero, as the
m-dependent part is minimized at �‖, and so minimizing
π -polarized Raman scattering is a compromise between these
two values. This is also the reason why the primary contribu-
tion of imperfections to the generalized polarizability tensor
is π -polarized Raman scattering. As such, the overall optimal
detuning for this species lies relatively close to �π . Neverthe-
less, the magic distance is relatively flat across a fairly broad
range of detunings, and small perturbations from the optimal
detuning do not drastically increase the magic distance.

VII. OPTIMIZED DETUNING

In this section, we calculate the relevant detunings for
different species of atoms and atomic ions. We focus on alkali-
metal atoms and singly ionized alkaline-earth-metal atoms.
In both cases, the single outer electron provides a simple
and clean spectrum, and the values of J and J ′ are always
such that the above analysis is valid. We optimize for linear
polarization, yielding an optimized detuning we define as ��.
It should be noted that the optimized detuning does depend
on the polarization of the input field, but the impact is small.
The optimized detuning for a circular input field is generally
within 1 MHz of ��, and for elliptical polarizations the opti-
mal detuning varies smoothly between these values.

A. Alkali-metal atoms

We first consider alkali-metal atoms. These encompass
species with both integer and half-integer hyperfine spin, as
well as a variety of nuclear spin. Table I shows the detuning
conditions �⊥,‖,π for experimentally relevant alkali metals, as

FIG. 4. The normalized difference between �⊥ and �‖, as a
function of the ratio of (electric quadrupole vs magnetic dipole) hy-
perfine contributions, |Bhfs/Ahfs|. �⊥ is chosen as the solution closest
to �‖. Generically, the two detunings are close to one another if the
relative contribution of the electric quadrupole moment is very small.
Data are shown for ground-state hyperfine manifolds F = I + 1

2 (+
symbols) and F = I − 1

2 (× symbols).

well as the optimized detuning �� and the magic distance at
that detuning.

The detuning conditions share a similar root for all consid-
ered species. The most dissimilar are found for 85Rb, where
the F = 2 line has roots almost 80 MHz apart. The closest are
found for 133Cs, where they are within 1 MHz of each other.
As anticipated, this is directly related to the contributions to
the hyperfine splitting, as 85Rb and 133Cs have the highest and
lowest relative electric quadrupole contributions, respectively.
Figure 4 shows that, generically, the relative detuning differ-
ence decreases together with the relative electric quadrupole
contribution. The two species that do not perfectly fit this
trend are the two isotopes with half-integer hyperfine spin 6Li
and 40K, where the difference is smaller than the general trend.

TABLE I. Properties of alkali-metal atoms, values of detunings that meet certain conditions, and optimized detunings for minimal magic
distance. Only one line is presented for 6Li as, due to its nuclear spin I = 1, scattering from the F = 1

2 level is only via two F ′ levels. Two
isotopes of potassium, 39K and 41K, are also omitted, as the hyperfine structure of the D2 line is close to degenerate and not known to sufficient
accuracy to perform these calculations [59,60].

Atom F ζ+1 (2π MHz) ζ−1 (2π MHz) Bhfs/Ahfs �⊥ (2π MHz) �‖ (2π MHz) �π (2π MHz) �� (2π MHz) M(F,��)

6Li [56] 3/2 2.9 −1.8 0.087 0.58, 2.38 2.41 2.32 2.39 6.7 × 10−4

7Li [57] 1 6.0 −2.9 0.052 1.45, −15.0 −15.5 −15.0 −15.0 3.0 × 10−5

7Li [57] 2 9.4 −6.0 0.052 1.55, 9.11 8.92 9.40 9.05 9.4 × 10−4

23Na [58] 1 −34.3 15.8 0.147 −8.0, 85.1 93.8 85.8 85.5 1.7 × 10−4

23Na [58] 2 −58.3 34.3 0.147 −9.4, −53.4 −50.3 −58.3 −52.4 7.9 × 10−3

40K [59] 7/2 33.3 −24.2 0.45 3.5, −73.0 −77.8 −74.0 −73.4 5.7 × 10−4

40K [59] 9/2 44.1 −33.3 0.45 3.9, 60.6 57.6 64.1 60.1 3.0 × 10−3

85Rb [60] 2 −63.4 29.4 1.03 −7.7, 140.6 227.6 147.9 143.9 7.2 × 10−3

85Rb [60] 3 −120.6 63.4 1.03 −13.4, −118.9 −97.3 −150.8 −113.9 6.0 × 10−2

87Rb [61] 1 −156.9 72.2 0.148 −36.4, 389.4 429.4 392.2 391.2 1.8 × 10−4

87Rb [61] 2 −266.7 156.9 0.148 −42.8, −244.3 −229.9 −266.7 −239.5 8.0 × 10−3

133Cs [62] 3 −201.29 151.22 −0.00981 −25.20, 453.04 452.36 452.90 452.99 3.0 × 10−7

133Cs [62] 4 −251.09 201.29 −0.00981 −25.12, −352.05 −352.50 −351.53 −352.13 1.9 × 10−6
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TABLE II. Properties of singly ionized alkaline-earth-metal ions and values of detunings that meet certain conditions, and optimized
detunings for minimal magic distance. All integer hyperfine spin isotopes of alkaline-earth-metal atoms have no nuclear spin, and therefore
no hyperfine splitting, while 133Ba+ cannot have a magic detuning due to its nuclear spin of I = 1

2 . For the higher F level for both radium
isotopes, the optimization procedure for linear polarization finds no minima between �⊥ and �π , such that it instead finds the trivial � → ∞
solutions, and so no optimized detuning is obtained.

Ion F ζ+1 (2π MHz) ζ−1 (2π MHz) Bhfs/Ahfs �⊥ (2π MHz) �‖ (2π MHz) �π (2π MHz) �� (2π MHz) M(F,��)

43Ca+ [63] 3 122.0 −88.1 0.223 14.8, −272.6 −282.3 −274.5 −273.3 1.5 × 10−4

43Ca+ [63] 4 159.9 −122.0 0.223 15.8, 216.4 210.3 223.9 215.4 1.0 × 10−3

85Sr+ [64] 4 275.0 −315.9 −4.08 36.3, −657.8 −503.2 −605.0 −642.2 0.023
85Sr+ [64] 5 154.1 −275.0 −4.08 15.0, 423.5 846.3 213.2 450.2 0.199
87Sr+ [64] 4 198.4 −203.0 −2.46 24.0, −461.0 −381.1 −436.5 −453.4 0.010
87Sr+ [64] 5 157.0 −198.4 −2.46 14.4, 323.8 439.7 235.5 336.1 0.069
89Sr+ [64] 2 171.9 −77.9 1.07 20.5, −380.2 −643.7 −401.1 −389.7 8.0 × 10−3

89Sr+ [64] 3 331.9 −171.9 1.07 36.6, 324.4 263.2 414.9 310.2 0.065
91Sr+ [64] 2 163.3 −115.0 −0.234 28.5, −384.5 −365.4 −381.0 −383.0 2.1 × 10−4

91Sr+ [64] 3 200.6 −163.3 −0.234 27.5, 273.2 271.2 275.8 272.8 7.4 × 10−5

135Ba+ [65] 1 −167.0 54.0 0.522 −27.9, 403.7 920.2 417.5 413.0 3.8 × 10−3

135Ba+ [65] 2 −398.0 167.0 0.522 −56.3, −294.9 −233.2 −398.0 −272.6 0.118
137Ba+ [65] 1 −161.9 34.7 0.727 −18.4, 382.6 −1216.0 404.8 398.4 0.011
137Ba+ [65] 2 −474.1 161.9 0.727 −60.9, −314.9 −221.3 −474.1 −283.9 0.251
221Ra+ [66] 2 681.1 −1136.2 −60.9 231.9, −1946.4 −1073.6 −1589.2 −1833.0 0.084
221Ra+ [66] 3 −1001.8 −681.1 −60.9 −227.8, 623.9 734.9 −1252.3 N/A N/A
223Ra+ [66] 1 751.8 −808.3 15.3 368.7, −2060.2 −1224.5 −1879.5 −1965.4 0.025
223Ra+ [66] 2 −1034.3 −751.8 15.3 −270.0, 720.6 795.2 −1034.3 N/A N/A

For these species, the different nuclear spin means the electric
quadrupole shift contribution is of a different magnitude even
for the same Bhfs. Since 23Na and 87Rb have the same ratio of
hyperfine contributions and the same nuclear spin, they also
have the same detuning difference. For all species, the de-
tuning difference is smaller for the hyperfine level F = I + 1

2
than for F = I − 1

2 .
The usefulness of these magic wavelengths is likely greatly

reduced for lithium experiments, as the detuning is found very
close to a resonance. For 6Li, the detuning conditions are met
less than 1 MHz from resonance with the F ′ = 1

2 excited state.
For 7Li, they are met around 6 and 10 MHz from excited-
state resonances for the F = 1 and 2, respectively. Therefore,
to meet the criterion of essentially no atomic excitation, one
would need to use extremely weak laser power. Furthermore,
there will be much higher sensitivity to frequency differences
between Zeeman states.

B. Alkaline-earth-metal ions

For singly ionized alkaline-earth-metal ions, the hyperfine
splitting contributions are generally not dominated by the
magnetic dipole moment. For many ions, the optimized de-
tuning is thus less magic than for the majority of alkali-metal
atoms, as shown in Table II. Two exceptions are 43Ca+ and
91Sr+, where the optimized detuning should provide close to
magic behavior. For many ions, the electric quadrupole contri-
bution is actually larger than the magnetic dipole contribution.
This is best exemplified by the two radium isotopes, where for
some choices of F and input polarization, the optimization
procedure instead finds the trivial � → ∞ solutions rather
than any local minima.

VIII. APPLICATIONS

A. Magic wavelength for hyperfine manifolds:
State-independent ac Stark shift

The ac Stark shift on a level |F, mF 〉 induced by the input
light is readily given by

�E (F, m, ω) = −
∑
μ,ν

Re
[
αmm

μν (F, ω)
]
E (−)

μ (r)E (+)
ν (r), (30)

where E (−)
μ (r) = 〈Ê (−)

μ (r)〉 is the expectation value of the
field. Unraveling the polarizability in terms of the dipole ma-
trix elements, the shift reduces to

�E (F, m, ω) =
∑

F ′

|E (+)
0 |2
�F ′

[(
r2

m,F,F ′ + s2
m,F,F ′

)
+ (cos2 θ − sin2 θ )

(
r2

m,F,F ′ − s2
m,F,F ′

)]
, (31)

which implies that the ac Stark shift is also independent of m
for �‖ = �⊥. As expected, the detuning that offers the closest
to a magic wavelength depends on the polarization of the field.

The conditions we found above directly relate to the tra-
ditional description of the ac Stark shift in terms of scalar,
vector, and tensor shifts. Our condition for preserved dipole
ellipticity makes the vector Stark shift zero, while the condi-
tion for equal dipole amplitudes removes the m2 dependence
of the tensor shift.

While the values for the optimized detuning we find here
are too close to resonance to efficiently trap atoms without
significant atomic saturation and heating, the magic detuning
can be useful in other contexts. For instance, the state-
independent ac Stark shift is translated to state-insensitive
mechanical forces, potentially allowing for optomechanical
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applications where the Zeeman state can be traced out. The
magic detuning could then be used to explore optomechanical
driven-dissipative phase transitions [67–69].

B. State-independent scattering in cavity QED

One consequence of the magic detuning is the ability
to perform cavity and waveguide QED experiments without
the need for careful state preparation. In waveguide QED,
emitters are strongly coupled to a continuum of confined
propagating modes [70,71]. Frequency selection to elimi-
nate scattering to the other hyperfine ground states could
be achieved with a photonic crystal waveguide [72]. One
complication is that the confinement of the field allows
for a longitudinal polarization component, such that the
coordinate system considered above is incomplete. How-
ever, Rayleigh scattering of π -polarized light must also be
state independent at the magic detuning due to symmetry
arguments.

Our predictions for state-independent light scattering were
experimentally confirmed in Ref. [52]. In this experiment, a
tweezer array of up to eight single rubidium atoms was placed
in a cavity and driven with linearly polarized light. The atoms
were able to scatter light into two degenerate cavity modes
with polarization parallel or perpendicular to the initial drive
light. Generically, this is a complicated problem involving
atoms scattering drive photons into both polarization modes of
the cavity, exchanging photons with the cavity, and changing
their Zeeman state in the process. However, by operating at the
magic detuning, one can eliminate the Zeeman state, reducing
the Hamiltonian to an effective drive of the cavity and a
dispersive shift to its frequency. In this experiment, scattering
at the magic detuning enabled the observation of superradiant
and subradiant scattering from an atomic array into the cavity.
Operation at the magic detuning guarantees that the induced
atomic dipoles have the same polarization as the drive light
and that only Rayleigh scattering occurs. The former was
confirmed by measurements of the polarization of the cavity
output light, while the latter was confirmed by the scaling of
the scattered field with atom number. A full derivation of the
Hamiltonian in this limit is provided in Appendix F.

IX. CONCLUSIONS

In conclusion, we have shown the generic existence of
a “magic detuning” for scattering on the D2 line of alkali-
metal atoms and alkaline-earth-metal ions. At this detuning,
a driven atom will respond in the same manner regardless of
its Zeeman state, to very good approximation. Therefore, the
complex level structure of a single hyperfine manifold driven
off resonantly via three excited manifolds reduces to that of an
off-resonantly driven two-level atom. This eliminates the need
of Zeeman state preparation in quantum optics and atomic
physics experiments. At the magic detuning, a prepared super-
position of Zeeman states is not altered by the trapping light,
nor does it decohere due to correlations with the scattered
light.

The magic detuning strictly occurs only in the absence of
dc magnetic fields. Generally, Zeeman shifts must be small
in comparison to the frequency range in which the response

is close to magic. The magic condition also requires scatter-
ing to be via three excited hyperfine manifolds. Therefore,
the nuclear spin has to be I � 1. Scattering via only two
excited hyperfine manifolds cannot be magic. The necessary
conditions for scattering on such a D1 type line can be met
independently, but they do not coincide (see Appendix E
for details). Moreover, we have neglected scattering to other
hyperfine ground levels assuming that the environment is
frequency selective (such as, for instance, a cavity). If the
environment is not frequency selective, such as in free space,
the lifetime of atoms would be limited by the rate of sponta-
neous emission to the other ground-state hyperfine manifold,
as spontaneous emission to both hyperfine manifolds cannot
be state independent at the same detuning. Repopulation of
the desired hyperfine level is possible through a repump field,
which can be trivially magic if the hyperfine splitting between
the two hyperfine levels is much larger than that between
the excited levels, such that the pump is effectively infinitely
detuned. However, spontaneous emission and repumping will
still decohere the atomic state. This limits the usefulness of the
magic detuning in free space to situations where strictly main-
taining coherence between the Zeeman states is not crucial.

The level to which the magic detuning conditions hold
depends on the origin of the hyperfine splitting of the ex-
cited states. If the magnetic dipole dominates over the electric
quadrupole (and higher-order moments), the approximation is
very good. While we have focused on single-valence electron
atoms and ions, the same physics may hold for the multi-
electron case. To find state-insensitive frequencies for Zeeman
states, one must find a combination of the quantum numbers
that meets the necessary criterion given in Eq. (C5) in Ap-
pendix C. One has to be careful with multivalence electron
atoms, where the spectrum is more cluttered and hyperfine
splitting is more complicated as it must include configuration
interactions [55,73]. However, as evidenced by the case of
85Rb, where the electric quadrupole contribution to the hyper-
fine splitting is of similar magnitude to that of the magnetic
dipole, the magic detuning is very robust to other sources
of hyperfine splitting. Therefore, if the hyperfine splitting is
still given by the magnetic dipole contribution to even a broad
approximation, the two-level picture may still hold. The pres-
ence of a magic detuning may also be interesting in the context
of molecules [74], where magic conditions for trapping have
been found for rotational states [75,76]. However, the pres-
ence of a cluttered spectrum due to rotational and vibrational
states may prove problematic.
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APPENDIX A: EVALUATING THE DIPOLE MATRIX ELEMENTS

Using the Wigner-Eckart theorem, the dipole matrix elements for the atomic transitions are given by

〈F, m| dν |F ′, mF ′ 〉 = 〈J||d||J ′〉(−1)2F ′+mF +J+I
√

(2F + 1)(2J + 1)(2F ′ + 1)

{
J J ′ 1
F ′ F I

}(
F 1 F ′
m q −m − q

)
,

(A1)

where q ∈ {−1, 0,+1} corresponds to photons with polarization ν ∈ {σ−, π, σ+}, respectively. It is convenient to work in units
such that 〈J||d||J ′〉(−1)2F ′+J+I√(2F + 1)(2J + 1) = 1, as this is a constant for all transitions from a given hyperfine manifold.
In these units, we define dipole matrix elements as

rm,F,F ′ = (−1)m
√

2F ′ + 1

{
J J ′ 1
F ′ F I

}(
F 1 F ′
m 1 −m − 1

)
, (A2a)

sm,F,F ′ = (−1)m
√

2F ′ + 1

{
J J ′ 1
F ′ F I

}(
F 1 F ′
m −1 −m + 1

)
, (A2b)

tm,F,F ′ = (−1)m
√

2F ′ + 1

{
J J ′ 1
F ′ F I

}(
F 1 F ′
m 0 −m

)
, (A2c)

where J is the total electron angular momentum quantum number, I is the nuclear spin quantum number, and {. . . } and (. . . )
represent Wigner 6- j and 3- j symbols, respectively.

1. Expressions for Wigner 3- j symbols

The Wigner 3- j symbols can be calculated using the Racah formula. They are given by

(
F 1 F ′
m 1 −m − 1

)
= (−1)2F+m−F ′+1

√
2(F + F ′ − 1)!

(F ′ − F + 1)!(F − F ′ + 1)!(F + F ′ + 2)!

(F − m)!(F ′ + m + 1)!

(F + m)!(F ′ − m − 1)!
, (A3a)

(
F 1 F ′
m −1 −m + 1

)
= (−1)F+m

√
2(F + F ′ − 1)!

(F ′ − F + 1)!(F − F ′ + 1)!(F + F ′ + 2)!

(F + m)!(F ′ − m + 1)!

(F − m)!(F ′ + m − 1)!
. (A3b)

For π -polarized transitions, it is necessary to write expressions for each F ′ separately. The Wigner 3- j symbols are

(
F 1 F + 1
m 0 −m

)
= (−1)F−1+m

√
2(F + 1 − m)(F + 1 + m)

(2F + 1)(2F + 2)(2F + 3)
, (A4a)

(
F 1 F + 1
m 0 −m

)
= (−1)F−1+m 2m√

2F (2F + 1)(2F + 2),
(A4b)

(
F 1 F − 1
m 0 −m

)
= (−1)F+m

√
2(F + m)(F − m)

(2F − 1)2F (2F + 1)
. (A4c)

2. Expressions for Wigner 6- j symbols

Similarly, the Wigner 6- j symbols can also be calculated by the Racah formula. For the D1 and D2 lines, respectively, they
are given as

{ 1
2

1
2 1

F ′ F I

}
= (−1)F ′+F+1

√
(F ′ − F + 1)!(F − F ′ + 1)!(F ′ + F + 2)(F ′ + F + 1)(F ′ + F )

6
(
F + I + 3

2

)(
F + I + 1

2

)(
F ′ + I + 3

2

)(
F ′ + I + 1

2

) , (A5a)

{ 1
2

3
2 1

F ′ F I

}
= (−1)F ′+I+3/2

(
I + F ′ + 5

2

)
!

×
√ (

F ′ + 3
2 − I

)
!
(
I − F + 3

2

)
!(F ′ + F − 1)!

12
(
I + F + 3

2

)(
I + F + 1

2

)(
F ′ + I − 3

2

)
!(F ′ − F + 1)!(F − F ′ + 1)!

(
F + I + 5

2

)
!(F ′ + F + 2)!

.

(A5b)
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APPENDIX B: DERIVATION OF �⊥

In Sec. IV A, we find a solution to

∑
F ′

r2
m,F,F ′ − s2

m,F,F ′

�F ′
= 0. (B1)

Using the analytic expressions for the dipole matrix elements (see Appendix A), this condition becomes

∑
F ′

(2F ′ + 1)

{
J J ′ 1
F ′ F I

}2

�F ′

[(
F 1 F ′
m 1 −m − 1

)2

−
(

F 1 F ′
m −1 −m + 1

)2
]

= 0. (B2)

We can then evaluate the Wigner 3- j symbols (see Appendix A 1 for expressions) to find

∑
F ′

1

�F ′

2(2F ′ + 1)(F + F ′ − 1)!

{
J J ′ 1
F ′ F I

}2

(F ′ − F + 1)!(F − F ′ + 1)!(F + F ′ + 2)!

[
(F − m)!(F ′ + m + 1)!

(F + m)!(F ′ − m − 1)!
− (F + m)!(F ′ − m + 1)!

(F − m)!(F ′ + m − 1)!

]
= 0. (B3)

For all possible values of F ′ ∈ {F − 1, F, F + 1} the expression in the square brackets is always linear in m, such that all m
dependence can be eliminated. The solution to Eq. (B1) is thus m independent.

As in the main text, we denote the detuning at which induced ellipticity goes to zero as �⊥. We focus on the D2 line, so we
define this detuning from the central excited line F ′ = F , such that we make the substitutions �F = �⊥ and �F±1 = �⊥ + ζ±1.
Our condition then becomes

2F (2F + 3)

�⊥ + ζ+1

{
J J ′ 1

F + 1 F I

}2

− 4F + 2

�⊥

{
J J ′ 1
F F I

}2

+ (1 − 2F )(2F + 2)

�⊥ + ζ−1

{
J J ′ 1

F − 1 F I

}2

= 0. (B4)

This can be rearranged into a quadratic equation in the detuning. It has two solutions of the form

�⊥ = −b ± √
b2 − 4ac

2a
, (B5)

where

a = 2F (2F + 3)

{
J J ′ 1

F + 1 F I

}2

− (4F + 2)

{
J J ′ 1
F F I

}2

+ (1 − 2F )(2F + 2)

{
J J ′ 1

F − 1 F I

}2

, (B6a)

b = ζ−12F (2F + 3)

{
J J ′ 1

F + 1 F I

}2

− (ζ−1 + ζ+1)(4F + 2)

{
J J ′ 1
F F I

}2

+ ζ+1(1 − 2F )(2F + 2)

{
J J ′ 1

F − 1 F I

}2

,

(B6b)

c = −(4F + 2)

{
J J ′ 1
F F I

}2

ζ−1ζ+1. (B6c)

This is guaranteed to yield two solutions because a �= 0 and b2 − 4ac > 0 for F � 1, which is required to scatter off the D2

line, as shown below.

Proof that there are always two roots to the equation for �⊥ for scattering on the D2 line

Here we demonstrate the presence of two values of �⊥ that solve Eq. (B4) for the cases of J = 1
2 and J ′ = 3

2 . We define

A = 2F (2F + 3)

{ 1
2

3
2 1

F + 1 F I

}2

, (B7a)

B = −(4F + 2)

{ 1
2

3
2 1

F F I

}2

, (B7b)

C = (1 − 2F )(2F + 2)

{ 1
2

3
2 1

F − 1 F I

}2

, (B7c)

such that the coefficients of the quadratic equation read as

a = A + B + C, b = ζ−1A + (ζ−1 + ζ+1)B + ζ+1C, c = ζ−1ζ+1B. (B8)
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For there to be two physical roots we require a �= 0 and b2 − 4ac > 0. For the cases where J = 1
2 and J ′ = 3

2 , we can use the
identity

F 2(F + J − I + 2)(F + J + I + 3)

(J + I − F + 1)(F + I − J )(2F + 3)
− 2F − 1 + (F + 1)2(J + I − F + 2)(F + I − J − 1)

(F + J − I + 1)(2F − 1)(F + J + I + 2)
= 0 (B9)

which will be proven in Appendix C. We then simplify the expression such that the condition for a = 0 is{
1
2

3
2 1

F + 1 F I

}2

=
{

1
2

3
2 1

F F I

}2

. (B10)

This cannot be true for any combination of F and I that satisfies F = I ± J and F � 1, and so there are always two roots to the
quadratic equation. For those roots to be real we require

[Aζ−1 + B(ζ−1 + ζ+1) + Cζ+1]2 > 4(A + B + C)(Bζ−1ζ+1). (B11)

Expanding out allows for the rearrangement

A2ζ 2
−1 + 2ACζ−1ζ+1 + B2(ζ−1 − ζ+1)2 + C2ζ 2

+1 > 2ABζ−1(ζ+1 − ζ−1) + 2BCζ+1(ζ−1 − ζ+1). (B12)

We can use the expressions above to see that A is positive, B is negative, and C is negative for F � 1 which is required for
scattering on the D2 line. Furthermore, ζ±1 have opposite signs. This means that all terms on the left-hand side are positive,
while only one of the terms on the right-hand side can be, depending on the sign of ζ+1 − ζ−1. We can bound the size of these
terms through [the same process can be followed if 2BCζ+1(ζ−1 − ζ+1) is positive]

[Aζ−1 − B(ζ+1 − ζ−1)]2 � 0 ⇒ A2ζ−1 + B2(ζ+1 − ζ−1)2 � 2ABζ−1(ζ+1 − ζ−1), (B13)

and show that the inequality is always valid, and Eq. (B4) always has two real nontrivial roots.

APPENDIX C: DERIVATION OF �‖

In Sec. IV B, we find a detuning where

Sm,F,F ′ (ω) =
∑

F ′

r2
m,F,F ′ + s2

m,F,F ′

�F ′
(C1)

is independent of m. By substituting in expressions for the dipole matrix elements and Wigner 3- j symbols (see Appendix A)
we find

Sm,F,F ′ (ω) =
∑

F ′

1

�F ′

2(2F ′ + 1)(F + F ′ − 1)!

{
J J ′ 1
F ′ F I

}2

(F ′ − F + 1)!(F − F ′ + 1)!(F + F ′ + 2)!

[
(F − m)!(F ′ + m + 1)!

(F + m)!(F ′ − m − 1)!
+ (F + m)!(F ′ − m + 1)!

(F − m)!(F ′ + m − 1)!

]
. (C2)

This can be simplified to

Sm,F,F ′ (ω) =

⎡
⎢⎢⎢⎣F 2 + 3F + 2 + m2

(2F + 1)(2F + 2)

{
J J ′ 1

F + 1 F I

}2

� + ζ+1
+ F 2 + F − m2

F (2F + 2)

{
J J ′ 1
F F I

}2

�
+ F 2 − F + m2

2F (2F + 1)

{
J J ′ 1

F − 1 F I

}2

� + ζ−1

⎤
⎥⎥⎥⎦,

(C3)

where we use the same convention above that detunings are defined from the F ′ = F level. For the scattering to be m independent
simply requires that the sum of the quadratic terms is zero. The detuning �‖ thus satisfies the condition

2F

�‖ + ζ+1

{
J J ′ 1

F + 1 F I

}2

− 4F + 2

�‖

{
J J ′ 1
F F I

}2

+ 2F + 2

�‖ + ζ−1

{
J J ′ 1

F − 1 F I

}2

= 0. (C4)

As above, this can be rearranged to a quadratic equation in �‖. However, for scattering on the D2 line, the �2
‖ coefficient in that

equation is

2F

{ 1
2

3
2 1

F + 1 F I

}2

− (4F + 2)

{ 1
2

3
2 1

F F I

}2

+ (2F + 2)

{ 1
2

3
2 1

F − 1 F I

}2

= 0. (C5)
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This is also true for other combinations of J , J ′, and F , but not all, as discussed in Appendix C. This means that Eq. (C4) has
only one solution

�‖ =
(2F + 1)

{ 1
2

3
2 1

F F I

}2

ζ+1ζ−1

F

{ 1
2

3
2 1

F + 1 F I

}2

ζ−1 − (2F + 1)

{ 1
2

3
2 1

F F I

}2

(ζ+1 + ζ−1) + (F + 1)

{ 1
2

3
2 1

F − 1 F I

}2

ζ+1

. (C6)

Proof that there is only one root to the equation for �‖ for scattering on the D2 line

The quadratic coefficient for the condition to find �‖ is

D = 2F

{
J J ′ 1

F + 1 F I

}2

− (4F + 2)

{
J J ′ 1
F F I

}2

+ (2F + 2)

{
J J ′ 1

F − 1 F I

}2

. (C7)

For there to be a single nontrivial root for �‖, and for the magic detuning to exist when the hyperfine splitting is dominated by
the magnetic dipole contribution, we require D = 0. There are three possible cases of J ′ = {J − 1, J, J + 1}. In the following,
we treat the specific case of J ′ = J + 1, a class which includes scattering on a D2 line. In this case we have that{

J J + 1 1
F ′ F I

}2

= g(F, I, J )
(F ′ + J − I + 1)!(J + I − F ′ + 1)!(F ′ + F − 1)!(F ′ + J + I + 2)!

(F ′ + I − J − 1)!(F ′ − F + 1)!(F − F ′ + 1)!(F ′ + F + 2)!
, (C8)

where g(F, I, J ) is a function that does not depend on F ′ and so is a constant factor in Eq. (C7). Using this expression we find
that the condition for D = 0 becomes

F 2(F + J − I + 2)(F + J + I + 3)

(J + I − F + 1)(F + I − J )(2F + 3)
− 2F − 1 + (F + 1)2(J + I − F + 2)(F + I − J − 1)

(F + J − I + 1)(2F − 1)(F + J + I + 2)
= 0. (C9)

The ground-state hyperfine level must have F = I + J − n where n ∈ N is a positive integer (or zero) such that F � 1,
F � J − I , and F � I − J . We can use this to simplify the expression and find solutions for a particular n. A few pertinent
examples are given below. Cases not covered here can be found by setting F = I + J − n, inputting in the specific values of I
and J and solving for n. If n meets the criteria above, then a magic detuning exists for that combination of F , I , and J .

a. n = 0

For n = 0, F = I + J is the maximum angular momentum hyperfine level. Solutions are found by solving

F 2(2F − 1)(2J + 2)(2J + 1) − (2F + 1)(2F − 1)(2F − 2J )(2J + 1) + (F + 1)(2F − 2J − 1)(2F − 2J ) = 0. (C10)

This expression has five roots which can be found by rearranging to the form

2F (2F 2 + 3F + 1)J (2J − 1) = 0. (C11)

Three of the roots are found as F = 0,− 1
2 ,−1. All of these are unphysical as we require F � 1. As such, the only roots

are J = 0, 1
2 . This means a magic detuning exists for scattering via a line where J ′ = J + 1 for J = 0, F = I , and for J = 1

2 ,
F = I + 1

2 . The second case is exactly that for scattering on the D2 line from the highest F hyperfine level.

b. n = 1

For n = 1, F = I + J − 1 is the second highest angular momentum hyperfine level. Solutions are found by solving

F 2J (2F − 1)(2J + 1)(F + 2) − J (2F + 1)(2F − 1)(2F − 2J + 1)(2F + 3) + 3(F + 1)2(F − J )(2F − 2J + 1) = 0. (C12)

Unlike the equation above, this does not reduce to an easily solved form, but it can be shown that there are physical solutions for
J = 1

2 with F free and for F = 5, J = 2. The former case is again that for the D2 line, but now from the lower hyperfine level.

APPENDIX D: DERIVATION OF �⊥ = �‖ WHEN THE HYPERFINE SPLITTING IS DOMINATED BY THE MAGNETIC
DIPOLE CONTRIBUTION

Here, we consider a hyperfine splitting given solely by the magnetic dipole moment, i.e.,

δhfs = Ahfs

2
[F ′(F ′ + 1) − I (I + 1) − J (J + 1)], (D1)
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where Ahfs is the magnetic dipole hyperfine constant. This yields

ζ+1 = −Ahfs(F + 1), (D2a)

ζ−1 = AhfsF. (D2b)

By substituting the approximations of the hyperfine splitting above into the detuning solutions, we show that all three solutions
coincide. An important part of this derivation harnesses that Eq. (C5) is satisfied. While we consider J = 1

2 and J ′ = 3
2 here, it

should be noted that the following exists for all J, J ′ where Eq. (C5) is true.

1. �⊥ when the hyperfine splitting is dominated by the magnetic dipole contribution

Using the combination of Wigner 6- j coefficients in Eq. (C5) to eliminate the F ′ = F − 1 terms, we arrive at the following
form for the quadratic coefficients in Eq. (B6):

a

Ahfs
= 4F (2F + 1)

[{ 1
2

3
2 1

F + 1 F I

}2

−
{ 1

2
3
2 1

F F I

}2
]
, (D3a)

b

Ahfs
= 2F (2F + 1)

{ 1
2

3
2 1

F + 1 F I

}2

+ 2F (2F + 1)2

{ 1
2

3
2 1

F F I

}2

, (D3b)

c

Ahfs
= F (4F + 2)(F + 1)

{ 1
2

3
2 1

F F I

}2

. (D3c)

One can then show that

b2 − 4ac

A2
hfs

=
[

2F (2F + 1)

{ 1
2

3
2 1

F + 1 F I

}2

− 2F (2F + 1)(2F + 3)

{ 1
2

3
2 1

F F I

}2
]2

(D4)

and make the simplification

�⊥
Ahfs

=
−

{ 1
2

3
2 1

F + 1 F I

}2

− (2F + 1)

{ 1
2

3
2 1

F F I

}2

±
[{ 1

2
3
2 1

F + 1 F I

}2

− (2F + 3)

{ 1
2

3
2 1

F F I

}2
]

4

[{ 1
2

3
2 1

F + 1 F I

}2

−
{ 1

2
3
2 1

F F I

}2
] , (D5)

such that the two solutions are

�⊥
Ahfs

=
−(F + 1)

{ 1
2

3
2 1

F F I

}2

{ 1
2

3
2 1

F + 1 F I

}2

−
{ 1

2
3
2 1

F F I

}2 , (D6a)

�⊥
Ahfs

= 1

2
. (D6b)

One of these coincides exactly with �π .

2. �‖ when the hyperfine splitting is dominated by the magnetic dipole contribution

The same trick can be used to simplify the denominator of Eq. (C6). Leveraging the zero combination of the Wigner 6- j
coefficients and substituting in the approximations to the hyperfine splitting, one arrives at

�‖
Ahfs

=
−(F + 1)

{ 1
2

3
2 1

F F I

}2

{ 1
2

3
2 1

F + 1 F I

}2

−
{ 1

2
3
2 1

F F I

}2 . (D7)

This matches �π , and thus one of the solutions �⊥, and thus confirms the existence of a magic detuning if the hyperfine splitting
can be approximated as arising solely from magnetic dipole moment.
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APPENDIX E: CONSIDERING THE D1 LINE

We can follow the same procedure to find detunings that meet our conditions for scattering on the D1 line, where scattering
is via two levels with F ′ ∈ {F, F + 1} if F = I − 1

2 and F ′ ∈ {F − 1, F } if F = I + 1
2 . However, the values of �⊥ and �‖ are

never equal, and so a magic detuning cannot be found.

1. Finding �⊥

We now find a single solution to Eq. (21) as one of the terms has a zero Wigner 6- j coefficient. As above, we define �⊥ as
the detuning at which ellipticity goes to zero. We find

F = I − 1

2
: �⊥ =

ζ+1(2F + 1)

{
J J ′ 1
F F I

}2

F (2F + 3)

{
J J ′ 1

F + 1 F I

}2

− (2F + 1)

{
J J ′ 1
F F I

}2 , (E1a)

F = I + 1

2
: �⊥ =

ζ−1(2F + 1)

{
J J ′ 1
F F I

}2

(1 − 2F )(F + 1)

{
J J ′ 1

F − 1 F I

}2

− (2F + 1)

{
J J ′ 1
F F I

}2 . (E1b)

2. Finding �‖

For scattering on the D1 line via two levels with F ′ ∈ {F, F ± 1}, the detunings are

F = I − 1

2
: �‖ =

ζ+1(4F + 2)

{
J J ′ 1
F F I

}2

2F

{
J J ′ 1

F + 1 F I

}2

− (2F + 1)

{
J J ′ 1
F F I

}2 , (E2a)

F = I + 1

2
: �‖ =

ζ−1(4F + 2)

{
J J ′ 1
F F I

}2

(2F + 2)

{
J J ′ 1

F − 1 F I

}2

− (2F + 1)

{
J J ′ 1
F F I

}2 . (E2b)

APPENDIX F: EFFECTIVE HAMILTONIAN
TREATMENT FOR CAVITY QED

As in the main text, we consider an atom initial-
ized in a hyperfine state F , with 2F + 1 Zeeman states
{ −m,−m + 1, . . . , m } and driven on the D2 line by an arbi-
trary superposition of σ±-polarized light. The atom can scatter
into a cavity (or equivalently a waveguide) (see Fig. 5). The
cavity has two modes with σ± polarization and degenerate
frequency.

The system follows a master equation (h̄ = 1)

ρ̇ = −i[Ĥ , ρ] + κL[â]ρ + κL[b̂]ρ, (F1)

where â (b̂) is the annihilation operator for the σ+ (σ−) po-
larized cavity mode, L[Ô]ρ = 2ÔρÔ† − Ô†Ôρ − ρÔ†Ô and
the total Hamiltonian is Ĥ = Ĥsys + Ĥint. In the rotating frame
of the drive, the system Hamiltonian is

Ĥsys = δ(â†â + b̂†b̂) +
∑

F ′
�F ′

∑
mF ′

|F ′, mF ′ 〉〈F ′, mF ′ |, (F2)

where δ = ω − ωc is the detuning between drive and cavity
mode, �F ′ = ω − ωF ′ is the detuning of the drive from the
excited manifold F ′. We assume that all Zeeman shifts are
negligible such that all Zeeman states can be considered at the

FIG. 5. Setup. A single atom coupled strongly to (a) a cavity or
(b) a waveguide is driven off resonantly at a Rabi frequency �. The
atom is coupled to the cavity or waveguide at a strength g, such that
light is scattered by the atom off three detuned hyperfine levels into
the cavity and waveguide. The cavity axis or waveguide is chosen as
the quantization axis z, such that the drive and cavity and waveguide
modes couple to σ±-polarized transitions in the atom.
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same energy. The interaction Hamiltonian is

Ĥint =
∑
F,F ′

(
cos θ �

2
+ gâ

) ∑
m

rm,F,F ′ |F ′, m + 1〉〈F, m| +
∑
F,F ′

(
sin θ �

2
+ gb̂

) ∑
m

sm,F,F ′ |F ′, m − 1〉〈F, m| + H.c., (F3)

where � is the Rabi frequency of the drive, g is the coupling strength of the atom to the cavity, and θ encodes the ellipticity of
the drive, as in the main text.

In the limit of �/�F ′ � 1 ∀ F ′, the atomic saturation is essentially zero, and one can adiabatically eliminate the excited
states. This yields an effective Hamiltonian

Ĥeff = δ(â†â + b̂†b̂) +
∑

m

[(
U a

mâ†â + U b
mb̂†b̂ + ωm

)|m〉〈m| + �̃m(|m + 2〉〈m| + |m〉〈m + 2|)

+ hm(b̂†â|m + 2〉〈m| + â†b̂|m〉〈m + 2|) + η+,Ray
m (â + â†)|m〉〈m| + η−,Ray

m (b̂ + b̂†)|m〉〈m|
+ cos θ ηRam

m (b̂†|m + 2〉〈m| + b̂|m〉〈m + 2|) + sin θ ηRam
m (â†|m〉〈m + 2| + â|m + 2〉〈m|)], (F4)

where we have dropped the F notation from the atomic states and defined various effective parameters. The effective frequency
of the atomic states is given by the light shift from the drive laser and from cavity population

U a
m =

∑
F ′

g2r2
m,F,F ′

�F ′
, U b

m =
∑

F ′

g2s2
m,F,F ′

�F ′
, ωm =

∑
F ′

�2
(
cos2 θ r2

m,F,F ′ + sin2 θ s2
m,F,F ′

)
4�F ′

. (F5)

There are also coupling terms between atomic states which conserve photon number. This corresponds to two-photon transitions
mediated by two oppositely polarized drive photons or the transfer of population between the two cavity modes. These processes
occur at rates

�̃m =
∑

F ′

cos θ sin θ �2rm,F,F ′sm+2,F,F ′

4�F ′
, hm =

∑
F ′

g2rm,F,F ′sm+2,F,F ′

�F ′
. (F6)

The final group of terms correspond to describe processes where the atoms scatter into the cavity. This can happen in two ways:
returning to the same atomic state or changing atomic state. Employing the same designations of Rayleigh and Raman scattering
as in the main text, these scattering rates read as

η+,Ray
m =

∑
F ′

cos θ �gr2
m,F,F ′

2�F ′
, η−,Ray

m =
∑

F ′

sin θ �gs2
m,F,F ′

2�F ′
, ηRam

m =
∑

F ′

�grm,F,F ′sm+2,F,F ′

2�F ′
. (F7)

Simplifications at the magic detuning

It is convenient to transform the effective Hamiltonian into the parallel and perpendicular basis. These modes are composed
of the circularly polarized modes as

ĉ‖ = cos θ â + sin θ b̂, ĉ⊥ = sin θ â − cos θ b̂. (F8)

Using these expressions and assuming we operate at a magic detuning, the above Hamiltonian reads as

Heff = δ(ĉ†
‖ĉ‖ + ĉ†

⊥ĉ⊥) +
∑

m

[(U ‖ĉ†
‖ĉ‖ + U ⊥ĉ†

⊥ĉ⊥ + ωm)|m〉〈m| + η‖,Ray(ĉ‖ + ĉ†
‖ )|m〉〈m|] (F9)

= (δ + U ‖)ĉ†
‖ĉ‖ + (δ + U ⊥)ĉ†

⊥ĉ⊥ + η‖,Ray(ĉ‖ + ĉ†
‖ ), (F10)

where we have defined new m-independent dispersive shifts and cavity scattering rates. These can be calculated for any choice
of m and take the form

U ‖ = cos2 θ U a
m + sin θ2 U b

m, U ⊥ = sin2 θ U a
m + cos2 θ U b

m, η‖,Ray = cos θ η+,Ray
m + sin θ η−,Ray

m . (F11a)

In this form, the Hamiltonian reduces to that of an off-resonantly driven cavity. While the perpendicular cavity mode is also
dispersively shifted, it does not play a role in dynamics. We thus write the single-atom Hamiltonian as

Heff = (δ + U ‖)ĉ†
‖ĉ‖ + η‖,Ray(ĉ‖ + ĉ†

‖ ). (F12)

We now consider N atoms, each coupled to the cavity at gj = sin ϕ jg0, where ϕ j = kc · r j encodes the strength of coupling
between an atom at position r j to a standing-wave cavity mode with wave number kc. The Hamiltonian is then the sum over
these N atoms and gives

Heff = δĉ†
‖ĉ‖ +

N∑
j=1

sin2 ϕ j U ‖ĉ†
‖ĉ‖ + sin ϕ j η

‖,Ray(ĉ‖ + ĉ†
‖ ). (F13)
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If all atoms couple equally and in phase then
∑

j sin ϕ j = N , and the field intensity scales as N2. If atoms couple equally but
with alternating signs, then the sum is zero for an even number of atoms or one for an odd number. These results align with those
observed in Ref. [52].
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