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Model description of the transit-time problem for fast particles crossing a laser beam
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The model description of the spectral line broadening for atoms crossing the laser beams is presented.
The combined effect of the transit-time broadening, natural broadening, and transverse Doppler broadening
is considered. This is done by introducing one-parametric adiabatic damping of atom-laser interaction where
the particles interact with the laser during a finite time interval. The simplest rectangle distribution of the light
intensity inside the laser beam is employed. The dependence of absorption probability on the transit time for
different detunings is calculated and compared with earlier results. The limits for using the Lorentz line profile
for describing the interaction of fast particles with laser beams are established.
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I. INTRODUCTION

It is well known that the finite interaction time between the
particles in atomic (molecular) beams and laser beams leads to
the broadening of atomic spectroscopic lines. This broadening
is called transit-time broadening and the corresponding width
is called transit width. In many experiments, where the atomic
resonant spectroscopy is used the transit width becomes larger
than the natural (radiative) width. This happens in the case of
very fast particles or when the upper or lower resonant atomic
(molecular) state is metastable. As a particular example we
may refer to the recent experiment on the observation (no
observation is yet recorded) of the electron electric dipole
moment in the resonant transition in molecule ThO where
the lower resonant state is metastable [1]. Another version of
such experiment with ThO for the transition with the upper
metastable state was proposed recently in Ref. [2], and see
also Ref. [3].

There are several books and papers where the transit-time
problem was discussed from different points of view. We may
refer to the books [4,5] and to Refs. [6—11] and the references
therein. In these books and papers various methods (density
matrix approach [9,10], relativistic field-theoretical perturba-
tion theory [11]) were applied. As a rule the electromagnetic
field created by a laser beam is considered as classical but the
interaction of this field with atoms (molecules) is treated in
frames of quantum mechanics. Thus, the problem is solved
within some model (classical electromagnetic potential) but
with the proper choice of this model all the necessary de-
tails of the process, i.e., characteristics of the absorption line
profile, can be accounted for, including the transit broaden-
ing. This broadening (transit width I'7) can be introduced in
different ways: either simply via the Heisenberg inequalities
I'rt > 1 (here t is the transit time) [4], or in a more com-
plicated way solving the equations of motion for the particle
(atom) moving in the laser field [9,10].

However, as far as we know, there were no attempts
to justify the application of the Lorentz line profile theory
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for description of atoms (molecules) interacting with laser
beams during finite time intervals. This becomes especially
important when the natural broadening (natural width I'y) is
negligible, as in the case that the ThO molecule and transit
broadening (transit width I'7) begin to determine the Lorentz
profile of the resonant spectroscopic line, taking the place of
I'y in the Lorentz denominator. To justify this replacement
and to fix the experimental parameters, allowing this replace-
ment, is the main goal of the present paper. In our theory both
broadenings, ['y and I'7, arrive in the energy denominators as
a result of evaluation of interaction between atomic electron
and classical potential, presenting the laser field.

In the subsequent sections we will consider one by one the
transit width 'z, natural width 'y, and transverse Doppler
width I'p for atomic beams and their combination.

II. TRANSIT BROADENING

For description of the resonant laser light absorption by
the bound electron in an atomic beam we evaluate the am-
plitude for the elastic photon scattering on the bound atomic
electron. The imaginary part of this amplitude will represent
the absorption; the square modulus of this part will give the
probability of absorption. Dependence of this probability on
the frequency detuning and on all types of broadening will
represent the absorption resonant spectral line—the main in-
strument in our paper.

Using standard perturbation theory we begin with an ex-
pression for the amplitude, corresponding to the Feynman
graph Fig. 1. We should stress that we are working in the
Furry picture, which has become standard for relativistic
calculations of atoms and molecules. This picture is espe-
cially adjusted for calculations of bound particle systems (see
Refs. [12—-14]). In the case of atoms it employs the complete
set of one-electron wave functions which are the solutions
of the Dirac equation for the electron in the Coulomb field
of the nucleus or the complete set of solutions of the Dirac-
Hartree-Fock equations for many-electron atoms. Unlike the
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FIG. 1. The first-order Feynman diagram for the resonant inter-
action between laser light (dashed line) and bound electron (solid
line). Here A denotes the initial state of an electron, A’ is the final
state of the electron, in case of elastic scattering A’ = A, and 7 is the
resonant state. The wavy line denotes an emitted photon, w; is the
laser frequency, and w is the frequency of the emitted photon.

ordinary description where the incident photon interacts with
the atomic electron during the time interval from r = —oo
to oo we assume that the atom (molecule) interacts with the
electromagnetic classical potential created by the laser beam
during the transit time t. This interaction is resonant; the atom
becomes excited and then decays. We consider both the cases
when an atom decays inside and outside the laser beam, i.e.,
an arbitrary relation between the natural width I'y and transit
width I'7. In both cases the decay is influenced by the transit
time 7. Therefore in both vertices in Fig. 1 the time integration
is limited by the t value. The excitation and the decay should
be considered as unique processes. The fast decay will corre-
spond to the case I'y > 'y and will automatically reproduce
the results with T = oo.

The S-matrix element for the process, depicted in Fig. 1
within the ordinary description, is

§® = (—je)? f dxdx' V4 (x)y" A, (x)S (x, x )y

x AL () Pa (), 1

where x = (r, t), r is the space coordinate vector, ¢ is time, y*
(u =0, 1, 2, 3) are Dirac matrices, e is the electron charge,
Y is the bound electron wave function, ¥ is the Dirac conju-
gatlon of w A «(x) is the laser harmonic classical potential

A (x) = (r)e"“L’ , wy, is the laser frequency, Ay (x) is the
complex conjugated photon wave function A, (x) = A (r)e"‘”,
and o is the emitted after decay photon frequency. S (x, x') is
the electron propagator:

Z Y)Y, (1)
AN /i (t—t") n
S(x,x)— /d E, (1 —i0) 4+ o' @

Summation in Eq. (2) runs over entire Dirac spectrum for the
atomic electron:

Yn(x) = Y (r)e ", 3)

where E, are the energies of bound electrons. The resonance
condition is w; = E, — E,4, and the resonant state n is a state
with positive energy. Throughout the paper we use the rela-
tivistic units i = ¢ = 1 (% is the Planck constant, and c is the
speed of the light) and pseudo-Euclidean metric with metric
tensor g, = (—1, —1, —1, 41). After substitution of Egs. (2)
and (3) in Eq. (1) and integrating over the time variables we

get
2
SO = _%(271)2 / drdr'  (r)y" A, (r)
VAL (YA ) (0, — w). (4)

Yn (D), (r')
x Z En — EA — @y,

In the resonance approximation only one term in the sum
over n in Eq. (4) remains. Usually, in experiments with in-
teraction of atomic and laser beams and, in particular, in
experiments of the type of Refs. [1-3], the main quantity of
interest is the absorption probability for the photon within an
atomic beam. The standard theory for absorption (emission)
of the photon by an atomic electron is following Ref. [15].
Instead of absolute probability, the transition rate is introduced
by definition

Wiy = =181 )
if = T ifl
where T is the observation time. Here i and f denote the
initial and final states. The |S; f|2 contains squared §(E; — Ey),
where E; and E are the initial and final energies of the whole
system of particles. This expression is infinite. Then one of
the § functions is presented as the Fourier integral

1 [ .
S(El — Ef) = Z / el(Ei—Ef)tdt (6)
—00
and replaced by
1 T2
st -Ep =5 [ e ta )
-T/2
so that

8(E; — Ef)or(Ei — Ey) = 8(E; — Ef)ér(0)
T

The transition rate ;s defined by Eq. (5) becomes now finite.
However, with introduction of transit time 7 this procedure
becomes uncertain. The existence of two different time inter-
vals T and T makes the definition of transition rate nonunique.
Below we will demonstrate how it is possible to avoid it using
the adiabatic damping of interaction between the photons and
electrons.

Unlike the nonrelativistic quantum mechanics, where tran-
sit time can be introduced via dependence of absorption on
gauge invariant electric field, we have to deal with electric-
field potentials [see Eq. (1)] and the gauge invariance problem
should be discussed from the beginning. The classical laser
potential in Eq. (4) is a pure vector potential. The scalar
potential is absent due to the absence of electric charges in
the laser beam. The vector potential A(r,t) we can choose,
for example, as

A(r, t) — eLeiu)Lte—iva,_r’ (9)

where v;, and e, are the laser beam direction and polariza-
tion vectors, respectively, and wy, is frequency. In the case
when the scalar potential is absent, the gauge invariance

062811-2



MODEL DESCRIPTION OF THE TRANSIT-TIME PROBLEM ...

PHYSICAL REVIEW A 109, 062811 (2024)

condition is
divA = 0. (10)

The potential Eq. (9) satisfies this condition, since vectors
vz, and ey, are orthogonal:

divA = —i(vie ) = 0. (11)

Equation (9) corresponds to the rectangular distribution of the
light intensity within the laser beam. Moreover, the real laser
is not pure monochromatic as in Eq. (9). The generalization
is straightforward but we remain with these simplifications
because they do not influence our main goal—investigation
of the transit-time problem.

The standard definition of the amplitude of any process is

Sir = —2mildis6(E; — Ey). (12)
Below we will use another definition:
Sir = —Uiy. 13)
The absolute probability of the process we define as
Wiy = Uil (14)

According to the discussion above an expression for the am-
plitude of the process of the laser light scattering on an atom
can be written down in the form [see Eq. (4)]

AIV,LA In)(nlywAyA)
U=eQ2r)? Z R —— S(w

- a)L)’

(15)
where

({1 Aulf) = / dry 40y AL ) f). (16)

In the resonance approximation the amplitude is proportional
to the resonant energy denominator:

U= Q2n)Al(w, w)8(w — wr) = (2n)2AAL5(w —wy),
w

(17)
where

A = (Al Ay ln) (nly, AL A), (18)

and Aw = E, — Eq — o is the detuning. In principle, A
depends also on w;, via dependence of the potential Eq. (9).
However, this dependence is nonresonant (NR) and we can
set w; = E, — E4 everywhere but in the resonant energy de-
nominator. This assumption is common for the resonance
spectroscopy studies. In Eq. (12) the most important is the
factor I(w, wy) which determines the dependence of the ab-
sorption (emission) intensity on the frequency (detuning) and
on the various types of broadening. This factor, which may be
called “reduced amplitude,” will be the main subject of our
further studies. In the case of the absence of any broadening
the reduced amplitude is I(w, w) = Aw

To introduce the transit time 7 we will apply the adia-
batic S-matrix approach employed earlier for the evaluation
of the energy levels for bound electrons in relativistic theory
of atoms [16—18]. This approach consists of multiplying the

operator Hi () (interaction of electromagnetic and electron-
positron fields in the interaction representation) which enters
the S-matrix element and corresponds to each interaction ver-
tex in the related Feynman graph, by adiabatic exponent e 1!,
At the end of evaluation A — 0, which makes the process of
introducing the interaction “adiabatic.” We introduce the adi-
abatic exponent in both vertices in the Feynman graph Fig. 1,
describing the interaction of an atomic electron with the clas-
sical laser potential not to make it adiabatic but to make it
finite in time. For this purpose we do not set A — 0, but set it
equal to A = %, where 7 is transit time. The T value remains
as a parameter in the theory which depends on the particular
experimental conditions. It is natural to define t via particle
velocity v and the laser beam diameter d. Presenting v as the
sum of two components v = v, + v, where indices || and
1 correspond to the parallel and orthogonal directions with
respect to the direction of the atomic beam, and assuming that

the atomic and laser beams are orthogonal, we may set T = 4.

V)
where v; = |v)||. The component v, will define the transverge
Doppler broadening (see Sec. IV). Below it will be shown that
with introduction of the adiabatic exponent both expressions
for the amplitude Eq. (17) and for the probability Eq. (14)
will become finite (dependent on transit time 7). It should
be noted that the introduction of the time-dependent damping
factor violates the Lorentz invariance of the expression for the
absorption probability. However, Lorentz invariance is of mi-
nor importance for the process with bound electrons since in
this case there always exists one preferable frame of reference
connected with the atomic nucleus for atoms or with center of
mass for molecules.

A question about the choice of damping factor also might
arise. The answer is that there is no reason for the dependence
of the results on this choice, at least in the case when the
damping effect is not too strong. What “too strong” means
for the problem of interest we will discuss at the end of
this section. Regardless, the adiabatic exponential form of the
damping factor is, to our mind, most plausible.

For our purposes it will be enough to consider further only
time- and frequency-dependent parts of the amplitude, i.e.,
to set

U, = Ay (o, o), (19)

where

1 1
Ji(w, wp) = —,/dtdt’dw/—,
i E,(1—-i0)+ o
iEnte*ilee*)»|f|eiw,(l*l/)e*iEAl/eiwf,e*Mf'\ )

(20)

X e

For performing the integration over time variable ¢ in Eq. (20)
we employ the following formula (known as the Poisson

kernel):
+ .
/ oodtef)»\tHiat — L 1 — 1 :
oo 2 la+ik  —a+ir

L2 5@ @1
= == a),
T A2+ a? .
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which approaches 8(a) as A — 0. Then for the integral
Eq. (20) we will have

11 / e, 1 A
=7 ) -

2win? J_o  E,—i8+ o (Ef+owp + @')? + A2

A
X b

(Ea+ o+ o)+ A2

where § > 0 is the infinitesimal shift indicating that the reso-
nant state is the positive-energy one. To connect Eq. (19) with

Eq. (12) which after introduction of the adiabatic exponent
should look like

U, = Al (o, wr)8.(w — wr) (23)

(22)

we need to separate out from J; (w, wy ) the factor
1 A

The expression for the amplitude U Eq. (17) is diver-
gent twice: first, for the elastic scattering when w = wy,
and second, at the point of resonance, when Aw — 0.
Both divergences can be avoided by introduction of the
adiabatic exponent: evaluation of the integral J; (w, wr) per-
formed in the Appendix for arbitrary values of A results in
a finite expression for J;,(w = w;). So expression (22) for
J.(w = wp) can be used for determination of the amplitude
Uy (w = wyp) via

Up(w = o) = Al (0 = o)0 (0 — or), (25)
for the determination of reduced amplitude

hw=w)=Ji(0=w)s (@=w),  (20)
and for regularization of Eq. (17) for v = wy:

Uw=uwr) = 1i_1)1})l/{,\(w = wr). (27)

The general expression for J; (w, @) is (see the Appendix)

hlw—wL) = T @ o (24)
which tends to §(w — wr) as A — 0.
|
T Z(EH_EA_w%)ZJrAz (E, —E4 —w)? + A2

1 1
_E,,—EA—w—i)»a)L—w—ZikiI)'

Keeping A # 0, using Eq. (25) and expanding Eq. (28) in

terms of =2~ in the limit  — @, we find (see the Appendix)
I ) 1 A2
w = = —
T T a2 \UE, — Ea — @) + 277
1 1
AEn—EA—wL—zA
L= o) Lo, X (30)
w=w)=|- .
g t Aw—ih | [Aw? + A2

Now we can set also A = 0 and find that for the infinite transit
time T = oo we return to the value I = ﬁ in Eq. (17). For
large detuning, Aw >> X (as, for example, is required in the
experiment proposed in Refs. [2,3]), the standard form of the
Lorentz spectral line profile, i.e.,

1

I)\N—iv
Aw—EFT

(€29)
is restored, where I'r = 2A. Transit width 'y replaces here
the natural width I'y. This proof is the main result of our
paper. From Eq. (30) we can see that for small detuning (very
close to the point of resonance) the dependence of the line pro-
file on the transit time becomes complicated and the Lorentz
profile is not valid anymore. The critical relation between Aw
and 7 is

Awt > 1. (32)

Formally, Eq. (32) coincides with the uncertainty relation, but
its sense is different: the uncertainty relation determines the
limit for the accuracy of measuring frequency, but Eq. (32)
sets the limit for using the Lorentz form for description of the
line profile.

1 1 1 1
2w —wp | E, — Es —wp —IAw— wp, — 2iA

(28)

III. NATURAL BROADENING

In fact, it can be shown that the transit-time width and
radiative width can be taken into account simultaneously.
The theory of a spectral line profile dependent on the natural
broadening within quantum electrodynamics was first formu-
lated by Low [19] (see further development in Ref. [20]).

In particular, for the process described by the Feynman
graph Fig. 1 we need to take into account the infinite chain
of the electron self-energy insertions into the internal electron
line. The first term of this chain is given by the Feynman
diagram Fig. 2. The corresponding S-matrix element can be
written as (in case of elastic scattering)

S = (—ie)* / dxidxadinsdes (6" A, (1S 32)

x y"28(xa, x3)y" 8 (x3, xa)y Ay, (Xa)Wa (x4)
X DM2M3(x2a -x3)1 (33)

A A’

FIG. 2. The Feynman diagram Fig. 1 with one electron self-
energy insertion. The internal wavy line denotes the photon
propagator, and other notions are the same as used in Fig. 1.
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where D, (x2, x3) is the photon propagator in the Feynman
gauge,

Dy (x2, x3) = O / N 7Y
" : 2miryg
J
4 _ (—ie)* dxrdodxdxwde dede”dQ x U ) mg )Z
N = 2niy x1dxydxsdxsdw dw” dw X Yalry)y w (T
ny
Wn_;('@)wm(m)

— E,,(1— i0) + "

x oMl pmiEats ,=iQt—13)

The adiabatic exponents are inserted only in the x; and x4
vertices and not in the vertices x, and x3, corresponding to the
interaction of the atomic electron with the vacuum photon,
since this kind of interaction always takes place in the infinite
time interval. In the resonance approximation only one term
in the sum over n; with n; = n remains. Similarly, only one
term n3 = n in the sum over n3 remains. Here it may be worth
it to mention the validity of the resonance approximation
which is used throughout this paper. The NR correction to the
energy levels in atoms was considered by many authors, in-
cluding, for example, in Ref. [20]. In the hydrogen atom these
corrections may reach the level of a few kHz and influence
the accuracy of determination of the transition frequencies
in hydrogen [21]. Still in such systems as the ThO molecule
which are of most interest for us, the NR corrections are of
the order Ang = Ff\, /wo. With T'y & 1 Hz for the metastable
state and wy = Ey — E4 ~ 10'° Hz these corrections become
negligible. After integration over time and frequency vari-
ables in Eq. (35) in the resonance approximation a diagonal
matrix element of the electron self-energy can be separated
out. This matrix element in the general case can be presented
as [20]

Iummd (w)

WE@ = Y - [ do—ma o )

— — 811t
Lyuda (@) = f dridra ), (r)v, (r)y "y ==
12

x My, (1 )W, (r2). (37)

Then in the resonance approximation in case A = 0 Eq. (35)
can be written as

(n|E(Ey)|n)

@ _ ¢@
Sas = SuA Ao

, (38)
where Aw is detuning Aw = E,, — Ep — wr, and n is the
resonant state.

Similarly, the contributions of many electron self-energy
insertions in the resonance approximation can be introduced.
As a result, the following consequence will arise [19,20]:

S (Sw)
u~s<2><1+A—w+(Aw> +> (39)

ry3 = |rp — 3], Q is the frequency of the vacuum photon, and
d,v is the Kronecker delta.

After insertion in Eq. (33) adiabatic exponents we
get

Y, (F) Y, (r2) y Yy (r2) Y, (13)
E, (1 —i0)+ o & E,,(1—i0)+ "

ny

) . . . . o o :
X VM4AZ4 (r4)WA(r4))/M2)/M3 /:2“3 el|Q|V23 % elEAll elelle*lllllelw (Tlflz)elw (fz*ls)elw (13*14)6*16014
23

(35)

(

where ¥, = (n|S(E,)|n). This consequence represents the
geometric progression and can be converted to

1 1 1
U~ —

Aa)1+% - Aw+ X,

(40)

In Eq. (40) the matrix element X,,, can be presented tradition-
ally as X, =L, — %Fn, where L, is the Lamb shift of the
resonant level n and I';, = 'y is the radiative (natural) width.

Replacing S@ in Eq. (38) by S'* and using again Eqgs. (31)
and (40) for the case of large detuning (Aw > A) we obtain
for the reduced amplitude

1
L~ : — 41
" Aw— iy —iTy @D

Here we neglect the Lamb shift, since we are interested only
in broadening.

IV. TRANSVERSE DOPPLER BROADENING

Having the absorption amplitude for the atomic (molecu-
lar) beam crossing the laser beam in the form Eq. (41) it is
easy to take into account the transverse Doppler width I'p.
This broadening arises due to the chaotic (thermal) motion
of atoms within the beam in the direction orthogonal to the
direction of the beam. For this purpose we have to introduce
the Doppler effect, replacing the frequency w in Eq. (41)
by (1 — *+) and the velocity v; by the average velocity
of chaotic motion of atoms. This averaging is commonly
performed by convolution of amplitude with the Maxwell
distribution of atomic velocities. Also commonly the natural
broadening is incorporated in the process of this averaging.
It is important that in our approach the dependence of the
amplitude on 'y is exactly the same as the dependence on
'y and that I'7 did arrive in the energy denominator.

Then the result of averaging we can present in the form
(see, for example, Ref. [22])

1
<a)( — %) —wy — %(FN+FT)>AV

1
= [g(u, v) —if(u, v)], (42)

w — o
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where wyg = E, — Ex, w — wy = Aw, and variables u and v
are defined as

w — W

- : 4

u o (43)

r
v = LFT, (44)
2I'p

Ip = wpr, (45)
¢
2kT

v = 7, (46)

where k is the Boltzmann constant, 7 is the absolute tempera-
ture, and M is the mass of an atom (molecule). The functions
g(u, v) and f(u, v) are

gu, v) = Imy/me ' [1 — d(—iw)], (47)

f(u,v) =Rey/me ™ [1 — d(—iw)], (48)

where w = u + iv, ®(z) is the error function [23]. In case of
u > 1 and v <« 1 the asymptotic expressions are valid:

1
glu, v) ~ —, (49)
u

Fu, v) ~ \/neﬂﬂ:—z. (50)

With Egs. (42)—-(50) we come to the final expression for the
reduced absorption amplitude dependent on the parameters
Aa), FN, FT, and FDI

1

w — W

L = [g(u, v) —if(u, v)]. (5D
Absorption corresponds to the imaginary part of Eq. (51). The
real part is corresponding to the dispersion. Note that Eq. (51)
is valid only when Eq. (31) is valid, i.e., when I't < Aw.
For the very fast particles close to the resonance (A > Aw)
the dependence on the transit time becomes more complicated
[see Eq. (30)].

V. RESULTS AND DISCUSSION

As the results of our paper in this section we present the
numeric dependence of absorption probability in the experi-
ments with crossing the atomic (molecular) beam and laser
beams on the transit time v =I'} ! and on the frequency
detuning Aw. This probability is represented by the ratio
f(u,v)/(w — wy) [see Eq. (42)] and is depicted in Fig. 3.
As a particular example we employ the proposed experiment
[2,3] for observation of space- and time-parity odd Faraday
rotation on the ThO molecule. In this experiment the tran-
sition from the ground state to the metastable excited state
is chosen for the observation of the resonant optical rotation
in an external electric field. The natural width Ty ~ 1s~! is
considered to be negligible compared to I'y. The velocities
of the molecules in the beam are assumed to be about v} ~
10* cms™!. The transverse Doppler widthis ', &~ 108 s~! and
detuning is of the order of several I'p. In this experiment
the absorption represents the parasite effect and should be
made as small as possible compared to the dispersion respon-
sible for the optical rotation. The dispersion is represented

24x10°!

2x10°1

1.6x1071

1.2x10° 1

8x10712

4x10712

T (s)

9 4x10712 L2x10°! 2x1071 2.8x1071 3.6x10°1 4.4x1071

FIG. 3. The absorption probability vs transit time for different
detunings Aw = w — wy.

by the ratio g(u, v)/(w — wp) in Eq. (42). In Fig. 4 the ratio
f(u, v)/g(u, v)is plotted as a function of 7 for different Aw =
o — wp values. Qualitatively the dependencies in Figs. 3 and
4 correlate with the corresponding dependencies obtained in
Ref. [10] on the basis of nonrelativistic quantum-mechanical
calculations. The behavior of f(u,v)/g(u, v) in Fig. 4 con-
firms the choice of the parameters in the experiment [3].

VI. CONCLUSIONS

Now we can state once more that the main goal of our
paper is achieved: this is the proof that in the description
of the process of photon absorption by atoms within cross-
ing of atomic and laser beams the transit width plays the
same role as the natural width and may be inserted in the
Lorentz energy denominator for the resonant absorption. Our
aim was to find out whether this insertion is always justified.
In particular, it was important for the proposed experiment
on the search for the electric dipole moment of the electron
by observation of the Faraday optical rotation in an electric
field.

The resolution of this problem is given by Eq. (30).
Conditions necessary for the experiment to remain within
the Lorentz picture of the spectral line profile look like
Awt > 1. Fortunately, these conditions are compatible with
the detuning value Aw =~ 5I'p considered as optimal in
Refs. [2,3].

flu,v)
g(u,v)
8x1077

6x1077

4x10°7

2x10°7

T ()

0 9x10-7 4x10~7 6x107 8x1077  107%  1.2x107% 1.4x107 1.6x10°°

FIG. 4. Ratio absorption and dispersion as a function of transit
time for different detunings.
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APPENDIX: EVALUATION OF THE INTEGRAL EQ. (22)

For evaluating the integral Eq. (22) we apply the Cauchy
theorem, closing the contour of integration in the lower half
plane of the complex variable o’ (see Fig. 5). Our scheme
for calculating the integral is the following. First, we set
6 = 0, and then pole 1 is located on the real axis. Second, we
integrate in the complex plane using the contour depicted in
Fig. 5. This contour runs along the real axis surrounding pole
1 by a semicircle. This explains the arrival of the factor 1/2 in
the contribution of pole 1. Then

J = 2mi[iRes| + Res; + Res3], (A1)

where Res; (i = 1, 2, 3) are the residues in the corresponding
poles. The integral over the large half circle vanishes since it
behaves like ¢, where R = |'|, when R — oo. The poles are

Fs
w)=—E,+i8, 0, =—Ey —wp —ir ,and wy = —E4 —w —
iA. The corresponding residues are
R 22 1 1
es) = — ,
' 2 (B, — Es — o) + A2 (Ey — Eq — @) + A2
(A2)
22 1
Res, = — -
72 E, —Eys —wp — i)
1 1 1 (A3)
X A )
2iL ) w — wp — 2IA w — wy,

Y

g
=

ot
X
w X

FIG. 5. Integration of Eq. (22) in the complex plane «'. The poles
are denoted by numbers 1, 2, and 3. The residue for pole 1 is located
in the upper half plane, since the energy E, of the resonant level n is
positive.

A2 1

Ress = -
N T E —Ei—w—ir

X <—L> ! - ! . (A4)
2iA ) wp — w — 2IA o —
From Egs. (A1)—(A4) follows Eq. (29) in the main text.
Next we expand Eq. (29) in terms of the parameter “=*
by a finite value of A and w — w;, up to the first-order terms
in =4, Then using Eq. (26) we find

. A3 1
P TNE, —Es—w 2+ AP E,—Eq—w, —ih)’
(AS)

which coincides with Eq. (30) in the main text.
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