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Single ionization of H2O and C4H8O by electron impact:
Single-center description of the final state
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In this work, we report triple differential cross sections for the single ionization of H2O and C4H8O by
electron impact at intermediate to low impact energies, calculated within the framework of the CDW-EIS model
considering two different approximations to the continuum electrons’ interaction with the molecular ion in the
final state. These calculations are benchmarked with recently reported experimental data and two state-of-the-art
theoretical models. Present results suggest that a spherical average of the anisotropic potential associated to the
residual ion improves the description of these collision processes for electron emission into the scattering and
perpendicular planes, with respect to approximating it as a single center of charge +1, whereas full-perpendicular
emission is best described by this simpler approximation.

DOI: 10.1103/PhysRevA.109.062807

I. INTRODUCTION

The description of the single ionization of molecules by
electron impact represents a challenging scenario in atomic
and molecular physics, given that these processes play an
important role in biological and astrophysical contexts. More
recently, understanding their dynamics has gained relevance
in applications for radiobiology, diagnoses by medical images,
and radiotherapy. This owes to the fact that the high-energy
ionizing radiation generates a great number of secondary
electrons that can damage the DNA molecules, due to
the temporarily attachment of these electrons to the DNA
components [1–3], or when these electrons ionize adjacent
H2O molecules [4].

The dynamics of those processes can be completely ana-
lyzed by means of triple differential cross sections (TDCS),
which are a function of every kinematic parameter of the
collision, except the spin. From an experimental perspective,
TDCS for the single ionization of molecules by electron im-
pact have been reported since the 1970s (see Refs. [5–11]
among others). However, the H2O molecule was first studied
only two decades ago by Milne-Brownlie and coworkers at
an impact energy of 250 eV and for an asymmetric emission
[12]. In subsequent years, the symmetric emission regime
into perpendicular directions and at lower impact energies
was analyzed [13,14]. More recently, two three-dimensional
kinematic complete experiments were performed reporting
internormalized TDCS at 81 eV [15] and absolute TDCS at
65 eV [16]. These recent experimental reports were achieved
with the use of a reaction microscope, specially designed for
electron scattering in 2003 [17] and recently updated with a
pulsed electron beam source [18,19].

*Contact author: emiliano.acebal@uns.edu.ar
†Contact author: sotranto@uns.edu.ar

Regarding the C4H8O molecule (tetrahydrofuran or THF),
it is worth mentioning that this particular target does not di-
rectly intervene in biological processes, but can be regarded as
a molecular analog to the deoxyribose sugar, which is part of
the backbone of the DNA strands. In this sense, experimental
TDCS for the single ionization of THF by electron impact
were first reported 14 years ago [20,21] as a first step to study
collision processes involving DNA backbone components. In
2014, Ren and coworkers studied the fragmentation of THF
at an impact energy of 26 eV, observing that the C4H8O+
cation without dissociation arise only from the ionization of
the highest occupied molecular orbital (HOMO) [18]. In sub-
sequent years, the same group reported TDCS at 91 eV [22],
65 eV [16], and 250 eV [23] for the single ionization of this
molecule.

From a theoretical point of view, the models used to an-
alyze electron collisions with H2O and C4H8O targets at the
fully differential level were based on perturbative methods.
This probably obeys to the inherent complexity of these tar-
gets, which make difficult the implementation of numerical
intensive methods, of great success in atoms and H2 molecules
[24–29], and only applied to heavier molecules under the
approximation of a one-electron treatment [30]. The most im-
plemented models to study the single ionization of molecules
by electron impact are the DWBA [31] and its variations
[32–37], while variants of the Born-3C method were ap-
plied to a lesser extent [38,39]. These perturbative methods
achieved more than acceptable results for the targets under
consideration throughout several decades.

In a previous work, we implemented the CDW-EIS ap-
proximation to study the single ionization of H2O by electron
impact at 81 eV, and found good overall agreement with
the experimental data from Ref. [15], concluding that the
inclusion of the asymptotic Coulomb distortion through
eikonal phases in the initial state improves the description
of this collision process at such impact energy [40]. This
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theoretical method, widely used with great success in ion-
atom [41–51] and ion-H2O collisions [52–54], was scarcely
implemented in the context of electron projectiles and atomic
targets [40,55–59]. More recently, we have introduced a mul-
ticenter CDW-EIS description to analyze oriented H2 targets,
and obtained very good agreement with the experimental data
for symmetric kinematic conditions [60]. However, its imple-
mentation for nonoriented complex molecules still represents
a challenge, mainly due to the computational cost involved
compared to the single-center approach.

In this work, we implement and analyze the capabilities
and limitations of two single-center approximations to de-
scribe the interactions of the continuum electrons with the
molecular ion. Under the framework of the CDW-EIS ap-
proximation we study the single ionization of the 1b1 and
3a1 molecular orbitals of H2O and the 9b and 12a′ molecular
orbitals of the C2 and Cs conformers of THF, respectively,
by electron impact at intermediate to low impact energies.
We benchmark our results with recent experimental data and
the reported theoretical data obtained by two state-of-the-art
theoretical models.

In the next section we describe the theoretical model. Re-
sults are discussed in Sec. III, and the conclusions and outlook
are drawn in Sec. IV. Atomic units are used throughout this
work unless otherwise stated.

II. THEORETICAL MODEL

The TDCS for the electron-impact ionization of a molecule
and for a particular orientation of the molecular axes defined
by the set of Euler angles (α, β, γ ) is given by

d6σ

dEd�1d�2dαdβdγ
= Ne(2π )4 k1k2

k0

×
[

1

4

∣∣T D
f i + T E

f i

∣∣2 + 3

4

∣∣T D
f i − T E

f i

∣∣2
]
.

(1)

Here, Ne = 2 represents the number of identical electrons in
the molecular orbital to be ionized, k1 = ‖k1‖ = √

2E1 and
k2 = ‖k2‖ = √

2E2 are the scattered projectile and emitted
electron final momenta, respectively, E1 and E2 being their
emission energies, and k0 = ‖k0‖ = √

2E0 is the impinging
projectile momentum, being E0 the projectile impact energy.
T D

f i and T E
f i are the direct and exchange transition ampli-

tudes, with T E
f i (k1, k2) = T D

f i (k2, k1). The capture channel is
neglected in our one-active-electron theoretical treatment and
therefore is not included in Eq. (1).

The Gellman-Goldberger amplitude Tf i in Eq. (1) is repre-
sented in its post version by

Tf i = 〈�−
f |Wf |�+

i − ψi〉 + 〈�−
f |Vi|ψi〉. (2)

Here, ψi is the Born initial state

ψi = eik0·r1

(2π )3/2 ϕi(r2), (3)

and �+
i is the eikonal initial state (EIS)

�+
i = eik0·r1

(2π )3/2 ε(r1)ε(r12)ϕi(r2), (4)

where ε(r1) and ε(r12) are the eikonal phases

ε(r1) = e− iZ
k0

ln (k0r1−k0·r1 )
,

ε(r12) = e
i

k0
ln (k0r12−k0·r12 )

,

(5)

which are asymptotic solutions to the two-body Coulomb
problem between the projectile and a single center of charge
Z = 1 and the active electron, respectively, as described in
previous works [40,60]. We define r1 and r2 as the positions
of the projectile and the active electron, respectively, and
r12 = ‖r12‖ = ‖r1 − r2‖.

The wave function ϕi(r2) describes the molecular orbital of
the target. For H2O, we make use of Moccia’s self-consistent-
field one-center-expanded molecular orbitals [61]:

ϕ
H2O
i (r2) =

Ni∑
j=1

ai jR
ξi j
ni j (r2)Hmi j

li j
(r̂2), (6)

where H
mi j

li j
are the real spherical harmonics and R

ξi j
ni j are Slater

type functions centered on the oxygen atom given by

R
ξi j
ni j (r2) =

√
(2ξ )2ni j+1

(2ni j )!
e−ξi j r2 r

ni j−1
2 . (7)

The real spherical harmonics H
mi j

li j
can be written as a function

of the complex spherical harmonics Y
mi j

li j
as follows:

H
mi j

li j
=

⎧⎪⎪⎪⎨
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1√
2

(
Y

mi j

li j
+ (−1)mi jY

−mi j

li j

)
, if mi j > 0,

1
i
√

2

(
Y

|mi j |
li j

− (−1)|mi j |Y −|mi j |
li j

)
, if mi j < 0,

Y
mi j

li j
, if mi j = 0.

(8)

In this sense, it is convenient to separate the radial and angular
parts in Eq. (6):

ϕ
H2O
i (r2) =

∑
limi

R
mi
li

(r2)biY
mi

li
(r̂2), (9)

where the radial part Rmi
li

is

R
mi
li

(r2) =
∑

j

ai jR
ξi j
ni j (r2), (10)

and bi is a multiplicative factor arising from Eq. (8). The sum
(10) is extended for all j that satisfy li j = li and mi j = mi.

Regarding the C4H8O target, the molecular orbital wave
function ϕi(r2) was calculated by means of the linear combi-
nation of atomic orbitals (LCAO) approximation

ϕ
C4H8O
i (r2) =

NAO∑
j=1

Cjϕ
′
j (r2). (11)

In this expression, NAO is the number of atomic orbitals ϕ′
j (r2)

used, which were expanded by means of the 6-31G basis set.
The Cj coefficients for the molecular orbital were determined
by a self-consistent field calculation performed by the GAMESS

quantum chemistry package [62].
The initial perturbation operator Vi in Eq. (2) is written as

Vi = Vion(r1) + 1

r12
, (12)
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where the first term represents the projectile-ion attractive
interaction, and the second one stands for the Coulomb re-
pulsion between the projectile and the active electron.

The final state wave function represents two electrons in
the continuum of the molecular ion and is given by

�−
f = χ−(k1, r1)χ−(k2, r2)ζ (k12, r12), (13)

where the postcollisional interaction (PCI) is represented by
the confluent hypergeometric function

ζ (k12, r12) = N−(α3)

× 1F1(iα3, 1,−ik12r12 − ik12 · r12), (14)

solution to the Coulomb potential between the pair of
electrons. Here, k12 = (k1 − k2)/2, α3 = 1/(2k12) is the
Sommerfeld parameter for the electron-electron interaction
and N−(α3) = e−α3π/2�(1 − iα3). The final perturbation op-
erator Wf in Eq. (2) is obtained from the Schrödinger equation
(H − E )�−

f = Wf �
−
f leading to

Wf = −
(∇r1 f −(k1, r1)

f −(k1, r1)

)
·
(∇r12ζ (k12, r12)

ζ (k12, r12)

)

+
(∇r2 f −(k2, r2)

f −(k2, r2)

)
·
(∇r12ζ (k12, r12)

ζ (k12, r12)

)
, (15)

being f −(ki, ri ) = (2π )3/2e−iki ·riχ−(ki, ri ), with i = 1, 2.
The distorted waves χ−(ki, ri ) take into account the inter-

action of the scattered projectile and the emitted electron with
the molecular ionic core via the potential

Vion(ri ) = V e−N (ri ) + V e−e(ri )

=
︷ ︸︸ ︷
−

N∑
j=1

Zj

Ri j
+

︷ ︸︸ ︷
NMO∑
n=1

Ne

∫
d3r′ |ϕn(r′)|2

|ri − r′| . (16)

Here, the first sum V e−N represents the particles interaction
with the N nuclei of the molecule, where Zj are the different
atomic numbers corresponding to each nuclei and Ri j is the
modulus of the vector Ri j = ri − R j , being R j the position
of each nuclei. The second sum V e−e stands for the particles
interactions with the ion-remaining electrons. NMO is the num-
ber of occupied molecular orbitals, |ϕn(r′)|2 are the different
electron densities corresponding to each orbital, and Ne is the
number of electrons present in the nth orbital.

The simplest approximation to Vion completely neglects the
multicenter nature of the residual ion by considering it as a
single center of charge Z = 1 [Vion(ri ) � V1C (ri) = −Z/ri]. In
this case, the distorted waves χ−(ki, ri ) are just described by
the Coulomb functions

C−(ki, ri ) = eiki ·ri

(2π )3/2 N−(αi )

× 1F1(iαi, 1,−ikiri − iki · ri ), (17)

with i = 1, 2. This leads to the commonly known CDW or 3C
final state, which was employed with success to describe the
ionization of H2O by electron impact in energetic asymmetri-
cal conditions [38,40].

A second approximation consists in spherically averaging
the anisotropic potential Vion to obtain

U (ri ) = 1

4π

∫
d� Vion(ri ). (18)

This average procedure provides an isotropic description of
the molecular ion, the main advantage of which relies on the
fact that the distorted waves χ−(ki, ri ) can be separated into a
radial part and an angular part with respect to only one center,

χ−(ki, ri ) =
∞∑

l=0

(2l + 1)

kiri
il e−iσl ul (ki, ri )Pl (k̂i · r̂i ). (19)

Here, σl = σ Coul
l + δl , σ Coul

l = arg[�(l + 1 + iαi )], δl is the
non-Coulombic phase shift of the radial waves (δl = 0 for
the Coulomb radial waves) and Pl (k̂i · r̂i ) are the Legendre
polynomials. The radial wave functions ul (ki, ri ) satisfy the
equation[

− 1

2

d2

dr2
i

+ l (l + 1)

2r2
i

+ U (ri )

]
ul (ki, ri ) = k2

i

2
ul (ki, ri ).

(20)
This approximation was employed in previous works on ion-
CH4 and ion-H2O collisions, obtaining for the latter good
overall agreement with reported experimental doubly differ-
ential cross sections [63,64]. For electron impact, a similar
spherical average procedure was employed for NH3, CH4, and
H2O [65–68]. This procedure led to the satisfactory descrip-
tion of the experimental TDCS at the binary peak structure,
but led to mixed results in the denominated recoil peak region.

The partial waves ul (ki, ri ), together with the non-
Coulombic phase shifts δl , can be obtained through Salvat’s
code [69]. These phase shifts become negligible as l increases,
and due to the asymptotic limit of these potentials, the ra-
dial wave functions ul (ki, ri ) converge to the Coulombic ones
uCoul

l (ki, ri ), which are solutions of Eq. (20) with potential
V1C (ri). Therefore, in our computer code, the distorted waves
χ−(ki, ri ) are written as

χ−(ki, ri ) = C−(ki, ri ) +
L∑

l=0

(2l + 1)

kiri
ilPl (k̂i · r̂i)

× (
e−iσl ul (ki, ri ) − e−iσ Coul

l uCoul
l (ki, ri )

)
. (21)

By doing so, the infinite partial waves can be accounted for by
correcting from the asymptotic Coulomb wave function the
partial waves for l values lower than a certain L. The latter
is determined by analyzing the L value from which the non-
Coulombic phase shift δl can be considered negligible thus
reaching convergence. This strategy considerably reduces the
numerical effort to be performed. This model will be referred
to as spherically averaged distorted waves (SADW) final state.

The calculation of the transition amplitude (Tf i ) in Eq. (2)
involves a six-dimensional integration which was directly per-
formed by the adaptive Vegas Monte Carlo algorithm [70].
The wave-packet approach of Malcherek and Briggs [71] was
used, in order to treat the continuum-continuum transition. We
estimate our numerical uncertainty to be less than 5%.

In order to compare our calculations with the experimen-
tal data it is necessary to perform an average procedure by
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evaluating the integral

d3σ

dEd�1d�2
= 1

8π2

∫ 2π

0

∫ π

0

∫ 2π

0

d6σ

dEd�1d�2dαdβdγ

× sin βdαdβdγ , (22)

over the three Euler angles α, β, and γ , since the experimental
data do not resolve the orientation of the target at the collision
instant.

For the ionization of H2O, this procedure can be done an-
alytically, given that their molecular orbitals ϕi(r2) in Eq. (9)
are one-center expanded. Therefore, they can be expressed as
an explicit function of the Euler angles

ϕ
H2O
i (r2) =

∑
limi

li∑
μ=−li

R
mi
li

(r2)biD
(li )
μmi

(α, β, γ )Y μ

li
(r̂2). (23)

Here D(li )
μmi

(α, β, γ ) is the finite rotation matrix given by

D(li )
μmi

(α, β, γ ) = eiμγ d (li )
μmi

(β )eimiα, (24)

and the functions d (li )
μmi

(β ) are defined through Jacobi polyno-
mials [72,73]. In this sense, the transition amplitude (Tf i ) for
a particular orientation of the molecular axes can be written as

Tf i =
∑
limi

li∑
μ=−li

biD
(li )
μmi

(α, β, γ )Sμ

limi
, (25)

where Sμ

limi
is defined as Eq. (2) with

ϕi(r2) = R
mi
li

(r2)Y μ

li
(r̂2). (26)

Finally, we can use the orthogonality relation

1

8π2

∫ 2π

0

∫ π

0

∫ 2π

0
D(l )

μm(α, β, γ )D(l ′ )∗
μ′m′ (α, β, γ )

× sin βdαdβdγ = 1

2l + 1
δll ′δmm′δμμ′ (27)

to analytically evaluate the integral of Eq. (22) and obtain the
averaged TDCS

d3σ

dEd�1d�2
= Ne(2π )4 k1k2

k0

∑
limi

li∑
μ=−li

1

2li + 1

∣∣Sμ

limi

∣∣2
. (28)

Consequently, the computational effort to calculate the aver-
aged TDCS for the ionization of H2O is considerably reduced.
It requires the computation of only 22 and 28 different Sμ

limi

integrals for the 1b1 and 3a1 orbitals of H2O, respectively [61].
On the other hand, each term of the molecular orbital wave
function of THF in Eq. (11) is expanded over different atomic
centers. It should be pointed out that numerical monocentric
wave functions can be obtained from Eq. (11) by performing a
single-center expansion [74–76]. Nevertheless, while in prin-
ciple this could allow an analytic evaluation of Eq. (22) for
the THF molecule, in our work the number of Sμ

limi
integrals

to be calculated exceeds the number of transition amplitudes
Tf i required to converge the numerical average procedure. In
this work, the extended Simpson’s rule with numerical steps
of �α = 30◦, �β = 15◦, and �γ = 30◦ was employed, after

FIG. 1. Electron emission planes considered in this work: the
scattering plane xz (solid frame), the perpendicular plane yz (dashed
frame), and the full-perpendicular plane xy (dotted frame). The
angles θ1, θ2, and φ2 were taken as positive counterclockwise.

punctual checks of convergence using a denser mesh. This ac-
counts for calculating 1584 different transition amplitudes Tf i,
for each molecular orbital of each conformer of THF. It then
becomes evident that benchmarking theoretical models with
experimental data regarding nonoriented molecular targets, is
much more time consuming in computational terms, when the
initial state molecular orbitals are not single-center expanded,
even when the single-center approach for the molecular ion is
used in its final state.

III. RESULTS

In this section we present the calculated TDCS for the
electron-impact single ionization of H2O and THF by means
of the two single-center models introduced in the previous
section: the CDW-EIS and the SADW-EIS.

Present results are benchmarked against recent experimen-
tal data, and the predictions of the M3DW and MCTDW
theoretical models. The M3DW approximation mainly dif-
fers from the SADW-EIS in the initial state description. The
former approximates the projectile-target interaction with a
neutral potential [31,37], whereas the eikonal initial state
asymptotically solves the Coulomb interactions with the ac-
tive electron and molecular ion separately. In contrast, the
MCTDW method describes the interaction with the molecular
ion through multicenter distorted waves, using an anisotropic
potential [34–36]. The PCI effect is exactly included in the
CDW-EIS, SADW-EIS, and M3DW models, while in the
MCTDW approximation it is introduced via the Ward-Macek
method [77].

Three different emission planes are analyzed: the scattering
plane xz, defined by the initial and final momenta of the
projectile k0 and k1, the perpendicular plane yz, which is
the perpendicular plane to the scattering plane that contains
the impinging momentum k0, and the full-perpendicular plane
xy, perpendicular to k0. These are presented in Fig. 1.
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FIG. 2. TDCS for the single ionization of H2O by 65 eV electron impact, calculated by means of the CDW-EIS and SADW-EIS models, as
a function of the emitted electron angle in the scattering plane xz (left column), perpendicular plane yz (center column), and full-perpendicular
plane xy (right column), for an emitted electron energy of 5 eV (top row), 10 eV (center row), and 15 eV (bottom row), and a projectile
scattering angle of −10◦. Experimental data and theoretical results for M3DW and MCTDW methods were obtained from Ref. [16].

A. Single ionization of H2O

The TDCS for the single ionization of H2O by electron
impact were calculated at an impact energy of 65 eV. As
stated in the experimental work [16], ionization from the 1b1

and 3a1 orbitals leading to the H2O+ cation was studied. Due
to the limited binding energy resolution, these orbitals could
not be resolved. As a result, the reported data correspond to
the summed TDCS of the 1b1 and 3a1 orbitals. In addition,
the absolute value of the TDCS was determined in the mea-
surements, thus providing a stringent test for the theoretical
models. The final kinematic conditions are E2 = 5 eV, 10 eV,
and 15 eV for the emitted electron energy and θ1 = −10◦ and
−15◦ for the projectile scattering angle. In Eq. (21) conver-
gence was reached for L = 3, 3, and 4 for the emitted electron
and L = 7, 7, and 6 for the projectile, for E2 = 5 eV, 10 eV,
and 15 eV, respectively.

In the first place, in Fig. 2, we present the TDCS for a
projectile scattering angle of θ1 = −10◦. In the left column

we analyze the emission into the scattering plane, defined
by the initial and final momenta of the projectile k0 and k1

[Figs. 2(a), 2(d), and 2(g)]. It can be seen that the experi-
mental data exhibit a well-known structure consisting of two
peaks: the binary peak at lower emission angles, which can
be classically interpreted as a single collision of the active
electron with the projectile, and the recoil peak at higher
emission angles, which can be interpreted as resulting from a
secondary collision of the emitted electron with the remaining
ion. We observe that the CDW-EIS and SADW-EIS models
fail to predict the position and magnitude of the binary peak
at the lower emission energy considered of 5 eV. Increasing
this energy to 10 eV, the description of the experimental
binary structure improves, and for 15 eV, these models are
in very good agreement with the experimental data. Besides,
we observe that they predict a similar binary structure, since
they differ in the description of the final state of the collision,
therefore expecting that the differences between them arise in
the recoil region.
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Regarding the description of the recoil peak, we observe
that for E2 = 5 eV, in Fig. 2(a), the CDW-EIS model over-
estimates the experimental structure, while the SADW-EIS
predicts the correct magnitude. As the emission energy in-
creases to 15 eV [Fig. 2(g)], both models lead to similar results
and tend to overestimate the experimental recoil peak inten-
sity. The magnitude of the momentum transfer vector q =
k0 − k1, for electron emission energies of 5 eV and 10 eV,
is 0.50 a.u. and 0.57 a.u., respectively. It is worth mentioning
that these values of |q| are the average of the ones obtained
from ionization of the 1b1 and 3a1 molecular orbitals. These
magnitudes were already considered in our previous work at
an impact energy of 81 eV [40]. However, for E2 = 15 eV,
the electron momentum magnitude equals 1.05 a.u. while the
modulus of q is equal to 0.65 a.u.. This implies an increasing
role of momentum exchange between the molecular ion and
the emitted electron compared to the other geometries. These
trends suggest that geometries associated to electron emission
with momentum magnitudes much higher than the projectile
momentum transfer could be particularly useful to test the
final state models currently used.

In comparison with the other theoretical methods, we ob-
serve that the M3DW approximation predicts a two-peak
binary structure, not exhibited by the experimental data, in-
dicating that the asymptotic Coulomb distortion in the initial
channel provides a better agreement of this collision process,
as was concluded at an impact energy of 81 eV [40]. In
addition, this approximation overestimates the recoil peak
for the three emission energies considered. In contrast, the
MCTDW model correctly reproduces the binary structure for
low emission energies and is in better agreement with the
experimental data than the other methods in the recoil region
for E2 = 10 eV and 15 eV. This suggests that, at an impact en-
ergy of 65 eV, the multicenter effects of the molecular ion are
more significant. Nevertheless, and bearing in mind that the
absolute magnitude of the experimental data was measured,
it should be pointed out the MCTDW results underestimates
this magnitude by a factor of 1.8, whereas the other theoretical
methods predict the correct TDCS magnitude at the binary
peak.

Secondly, in Figs. 2(b), 2(e), and 2(h), we analyze emission
into the perpendicular plane yz, which is the perpendicular
plane to the scattering plane that contains the impinging mo-
mentum k0. It can be observed that the experimental data are
symmetric with respect to the beam direction (θ2 = 180◦), and
three peaks are exhibited, with two maxima around θ2 � 60◦
and θ2 � 300◦, which represent a binary collision with the
projectile, and a third peak at θ2 = 180◦, which can be inter-
preted as a double scattering of the emitted electron, first with
the projectile and then with the molecular ion. This owes to
the fact that this emission plane intersects the scattering plane
xz at θ2 = 0◦ and θ2 = 180◦, which corresponds to the same
θ2 values in the scattering plane (see Fig. 1).

For an emission energy of 5 eV, in Fig. 2(b), we observe
that the CDW-EIS and SADW-EIS models are in agreement
with the three-peak experimental structure, predicting the
correct position of the maxima, and that the latter slightly im-
proves the description of their relative magnitudes. However,
both methods underestimate the binary region. Increasing the
emitted electron energy to 10 eV and 15 eV, in Figs. 2(e) and

2(h), respectively, we again observe an improvement in the
description of the binary maxima and an overestimation of
the central recoil peak at θ2 = 180◦. For this emission plane,
the SADW-EIS provides a better description of the experi-
mental data in the binary region, while a more quantitative
analysis at the recoil peak is not allowed, due to the unavail-
ability of experimental data along the incident beam direction.

In order to complete the analysis for θ1 = −10◦, in
Figs. 2(c), 2(f), and 2(i), we analyze the electron emission
into the full-perpendicular plane xy, defined as the plane
perpendicular to k0. In this case, the experimental data are
symmetric with respect to φ2 = 180◦, and exhibit a two-peak
structure, with a binary region around φ2 = 0◦ and a recoil
peak at φ2 = 180◦. Once again, we observe an underestima-
tion of the binary region by the CDW-EIS and SADW-EIS
models, except for E2 = 15 eV. Interestingly, for this emission
plane, the CDW-EIS method is in better agreement with the
experimental data than the SADW-EIS in the recoil region,
for the three emission energies considered. It is worth men-
tioning that this emission plane intersects the scattering plane
xz at φ2 = 0◦ and φ2 = 180◦, which corresponds to values of
θ2 = 90◦ and θ2 = 270◦ in the scattering plane, respectively
(see Fig. 1). Therefore, the higher magnitude predicted by the
SADW-EIS model at φ2 = 180◦ in Figs. 2(c), 2(f), and 2(i) is
related to the wider recoil structure exhibited by this method
in the scattering plane in Figs. 2(a), 2(d), and 2(g). In addition,
it is surprising that the CDW-EIS seems to be the theoretical
method that best reproduces the experimental data for this
emission plane, for the three emission energies considered,
except for the binary structure in Fig. 2(f), where the M3DW
approximation is in excellent agreement with the experiment.

Figure 3 shows the TDCS results for a projectile scattering
angle of θ1 = −15◦. Considering the electron emission into
the scattering plane, in Figs. 3(a), 3(d), and 3(g), we observe
that the TDCS are similar to the ones presented for θ1 = −10◦
in Fig. 2 and it can be seen that the CDW-EIS and the
SADW-EIS models are the ones that exhibit the best agree-
ment with the experimental binary peak structure for the three
emission energies considered. This suggests that for large mo-
mentum transfers, the inclusion of the asymptotic Coulomb
distortion in the initial channel becomes more important. On
the other hand, the recoil structures for E2 = 10 eV and 15 eV
are still overestimated by these methods, while for E2 = 5 eV
the SADW-EIS is in very good agreement with the experi-
ment.

In addition, it is worth mentioning that for E2 = 5 eV,
in Fig. 3(a), the experimental data suggest a two-peak bi-
nary structure, which is reproduced by the CDW-EIS and
SADW-EIS models, and is not observed for the other kine-
matic conditions. For Ar(3p) targets, a CDW-EIS study in
which TDCS were analyzed as a function of the projectile
momentum transfer showed that the single-peak binary struc-
ture evolved into a two-peak structure, usually associated
to p-type orbitals, as the projectile momentum transfer was
increased [57]. Here, this two-peak structure only manifests
for E2 = 5 eV and seems to appear as the angle between the
incident beam direction θ2 = 0◦ and the momentum transfer
direction q (θq) increases. Besides, an additional maximum
around θ2 = 300◦ shows up, which is not predicted by any
of the theories. A more detailed study, analyzing the emer-
gence of this additional peak and the evolution of the binary
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FIG. 3. Same as Fig. 2, but for a projectile scattering angle of −15◦.

structure is suggested, increasing the spectrum of kinematic
conditions.

Considering emission into the perpendicular plane yz, in
Figs. 3(b), 3(e), and 3(h), we observe that the three-peak
experimental structure is well reproduced by the CDW-EIS
and SADW-EIS models, with an underestimation of the binary
region for low emission energies, and an overestimation of the
recoil region for high emission energies, already seen for θ1 =
−10◦ in Fig. 2. Once again, the SADW-EIS method provides
the best agreement with the experimental binary structure.

Finally, for an electron emitted in the full-perpendicular
plane xy, in Figs. 3(c), 3(f), and 3(i), we again observe that
the CDW-EIS model is the one in best agreement with the
experimental data, as was seen for θ1 = −10◦ in Fig. 2, which
is surprising since it is the theoretical method that includes, in
the final state of the collision, the simplest description of the
molecular ion.

In this sense, and to analyze in more detail the statements
above included, in Fig. 4 we present the ratio between the
recoil and binary peak of the full-perpendicular plane xy, i. e.,
the TDCS at φ2 = 180◦ divided by the TDCS at φ2 = 0◦, with
θ2 fixed at 90◦, as a function of the emitted electron energy.

We include results obtained for projectile scattering angles of
−10◦, −15◦, and −20◦. From the analysis of Figure 4, we
observe that the experimental ratio decreases as the emission
energy increases, and it can be seen that the CDW-EIS and
MCTDW models are in good agreement with the experimental
data. This behavior, already observed in previous measure-
ments at an impact energy of 81 eV [15], is expected, since for
larger emission energies the active electron has less time to in-
teract with the molecular ion, and therefore, the probability of
backward emission (φ2 = 180◦) is disfavored against forward
emission (φ2 = 0◦). On the other hand, the SADW-EIS and
M3DW approximations predict a ratio that increases with the
emission energy in disagreement with the experimental data
of Fig. 4.

In addition, in Fig. 5 we present the same results, but as a
function of the magnitude of the momentum transfer q, where
we observe that the CDW-EIS and MCTDW models follow
the experimental trends, as was observed in Fig. 4. On the
other hand, it is striking that for E2 = 5 eV, the SADW-EIS
method correctly reproduces the recoil-binary ratio, except
for the least momentum transfer case (q = 0.50 a.u.), where
a slight overestimation is obtained. This emission energy
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FIG. 4. TDCS recoil-binary ratio for the full-perpendicular plane
xy, calculated by means of the CDW-EIS and SADW-EIS models,
as a function of the emitted electron energy and for a projectile
scattering angle of (a) −10◦, (b) −15◦, and (c) −20◦. Experimental
data and theoretical results for M3DW and MCTDW methods were
obtained from Ref. [16].

corresponds to a final momentum magnitude of the active
electron of k2 = 0.61 a.u. Therefore, for the two cases where
q > k2, the SADW-EIS model is in very good agreement
with the experimental recoil to binary ratio in the full-
perpendicular plane. This inequality (q > k2) implies that the

FIG. 5. Same as Fig. 4, but as a function of the magnitude of the
projectile momentum transfer vector.

active electron can be emitted from a binary collision with
the projectile, without the necessity of the molecular ion to
participate. In this case, an overestimation of the interaction
with the residual ion would not strongly affect the TDCS.
In Figs. 2 and 3 we observed that the best agreement with
the experimental data achieved by the SADW-EIS model was
for E2 = 5 eV and θ1 = −15◦ [Figs. 3(a), 3(b), and 3(c)].
Besides, in Fig. 5, it can be seen that whenever q < k2, the
SADW-EIS model predicts a relative recoil-binary magnitude
much higher than the experiment, with this difference becom-
ing less significant as the magnitude of the momentum transfer
q approaches the magnitude of the final momentum of the
emitted electron k2.

We can then conclude that a spherical average of the
anisotropic potential of the H2O+ ion does not solve the dis-
crepancies observed for every kinematic condition analyzed,
with respect to approximating the molecular ion as a single
center of charge Z = 1. Although a better description of the
experimental data for the scattering and perpendicular planes
is obtained by the SADW-EIS method, the CDW-EIS model
predicts better results for the full-perpendicular plane at an
impact energy of 65 eV.

B. Single ionization of THF

In order to extend the monocentric descriptions of the
final state of the process of single ionization of molecules
to more complex targets, in Fig. 6 we present the TDCS for
the single ionization of THF by electron-impact calculated
at an impact energy of 250 eV. This energy is much larger
than the one considered for H2O, and allows us to neglect
the exchange transition amplitude in Eq. (1), thus reducing
the computational cost by one-half. We benchmark our results
with experimental data that represents emission from the 9b
and 12a′ molecular orbitals of the C2 and Cs conformers
of THF, respectively, in a 80% : 20% proportion [23] and
with the theoretical models MCTDW and M3DW. Provided
that the experimental data are relative, a common factor is
used to normalize the results of Ref. [23], both experimental
and theoretical, to our theoretical results. The final kinematic
conditions are E2 = 10 eV and 15 eV for the emitted electron
energy and θ1 = −10◦ for the projectile scattering angle. In
Eq. (21) convergence was reached for L = 7 and L = 8 for
the emitted electron and L = 30 and L = 29 for the projectile,
for E2 = 10 eV and E2 = 15 eV, respectively.

First, in Figs. 6(a) and 6(d), we focus on electron emission
into the scattering plane xz, where we observe that the exper-
imental binary and recoil structures are not so well defined
as for the H2O case, mainly for E2 = 10 eV. In addition,
the binary region seems to exhibit a minimum around the
direction of the momentum transfer q, observed for H2O when
θq > 40◦, in Fig. 3(a). In this case, for the kinematic condi-
tions analyzed, θq � 70◦. It can be seen that the CDW-EIS
and SADW-EIS models predict a double peak binary struc-
ture, reproducing the minimum around q. In particular, the
contributions to the molecular orbital 9b of the C2 conformer
are mostly from atomic orbitals of the p type. Nevertheless,
the experimental structure seems to exhibit more than two
peaks, feature that becomes less pronounced as the emission
energy is increased from 10 eV to 15 eV. Regarding the recoil
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FIG. 6. TDCS for the single ionization of THF by 250 eV electron impact, calculated by means of the CDW-EIS and SADW-EIS models, as
a function of the emitted electron angle in the scattering plane xz (left column), perpendicular plane yz (center column), and full-perpendicular
plane xy (right column), for an emitted electron energy of 10 eV (top row) and 15 eV (bottom row), and a projectile scattering angle of −10◦.
Experimental data and theoretical results for M3DW and MCTDW methods from Ref. [23] were scaled to the present theoretical results.

structure, we observe that the SADW-EIS model improves
the description of its relative magnitude, with respect to the
binary region, mainly for an emitted electron energy of 10 eV.
Besides, the CDW-EIS method predicts a unique recoil peak
around the opposite direction of the momentum transfer, while
the SADW-EIS suggests a structure consisting of a series
of local maxima, with decreasing magnitude towards higher
emission angles. This structure seems to better describe the
experimental data.

From the comparison with the other theoretical methods,
we observe that the M3DW approximation predicts an oscil-
latory structure throughout the whole angular range, correctly
describing the relative magnitude between the recoil and
binary regions, though exhibiting a maximum around the pro-
jectile scattering angle, in disagreement with the experiment.
Moreover, the minimum predicted around q is much deeper
than the one exhibited by the experimental data. On the other
hand, the MCTDW model predicts a wide binary structure,
which seems to properly describe the experimental data for
E2 = 15 eV, but with almost no recoil probability for any of
the emission energies analyzed.

Figures 6(b) and 6(e) show the TDCS for emission into the
perpendicular plane yz. There, we observe that the symmetry
required by the cross section with respect to θ2 = 180◦ is
fulfilled by the experiment and the theories. The experimental
data exhibit two maxima around θ2 � 60◦ and θ2 � 300◦,
which are not reproduced by the CDW-EIS and SADW-EIS
models. The former predicts a plane structure in the whole
angular range, while the latter correctly describes the succes-
sion of local maxima exhibited by the experiment between

θ2 = 90◦ and θ2 = 270◦, mainly for 10 eV. In contrast, the
M3DW approximation reproduces the binary symmetric max-
ima, but predicts a peak around θ2 = 0◦, not present in the
experiment, as in the scattering plane. The MCTDW model
presents no visible structure in the whole angular range for
emission into the perpendicular plane yz.

Finally, considering emission into the full-perpendicular
plane xy, in Figs. 6(c) and 6(f), we again observe that the sym-
metry around φ2 = 180◦ is fulfilled by the experiment and the
theoretical models. The experimental data show a three-peak
structure, with a maximum around φ2 = 180◦, corresponding
to the recoil region, and two binary maxima around φ2 � 60◦
and φ2 � 300◦ for 10 eV, which become wider as the emission
energy is increased to 15 eV. It can be seen that the CDW-EIS
and SADW-EIS models correctly reproduce this structure, but
with the latter not giving a recoil-binary ratio prediction as
good as the former, as was observed for H2O. In this case,
the magnitude of the momentum transfer is lower than the
final momentum of the emitted electron, for both emission
energies considered. Nevertheless, the differences exhibited
between these models in Figs. 6(c) and 6(f) are not big enough
to attribute them to an overestimation of the interaction with
the residual ion. In comparison with the other theories, we
observe that the M3DW approximation predicts a three-peak
structure, but with incorrect relative magnitudes between the
maxima, while the MCTDW model predicts a low binary peak
and no recoil structure.

In this sense, while no perfect agreement is achieved by any
of the theoretical methods with the experimental data in the
three emission planes for the kinematic conditions analyzed,
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we observe that the SADW-EIS model improves the descrip-
tion of the TDCS with respect to the CDW-EIS approximation
in the scattering and perpendicular planes. Nevertheless,
and in concordance with what was observed for H2O, the
CDW-EIS model is the approximation that best describes this
type of processes in the full-perpendicular plane.

IV. CONCLUSIONS

In this work, we have implemented two single-center
approximations to the final state of the process of single
ionization of molecules by electron impact: the well-known
CDW, which approximates the molecular ion as a single
center of charge Z = 1, and the SADW model, which spher-
ically averages the anisotropic potential associated to the
residual ion.

For the single ionization of H2O at an impact energy of
65 eV, we observed that these two models are able to correctly
reproduce the binary peak experimental structure, but do not
yield a good prediction of the recoil peak, mainly when the
magnitude of the momentum transfer increases. Besides, the
SADW-EIS model overestimates the relative magnitude be-
tween the recoil and binary peak, considering emission into
the full-perpendicular plane. This behavior can be attributed to
an overestimation of the continuum particles interaction with
the residual ion. In comparison with the M3DW approxima-
tion, we support the conclusions presented in Ref. [40], where
it was suggested that the inclusion of the asymptotic Coulomb
distortion in the initial channel leads to an improvement of the
description of the binary region.

Considering the single ionization of THF at an impact
energy of 250 eV, we observed that the SADW-EIS model

slightly improves the description of the experimental data,
with respect to the CDW-EIS approximation, only for electron
emission into the scattering and perpendicular planes. More-
over, this seems to be the theoretical method, which achieves
the best overall agreement with the experimental data for the
kinematic conditions hereby analyzed.

Strikingly, and for both H2O and THF targets, the
CDW-EIS model provides the best description of the ex-
perimental structures in the full-perpendicular plane. Present
results suggest that, for the geometries explored, an asymp-
totic physical picture of the molecular ion consisting in a
single center of charge Z = 1, leads to a better description
of the reported data compared to existing approximations that
improve the description of the anisotropic potential in the
vicinity of the molecular nuclei.

To summarize, present results suggest that no perfect
agreement is achieved by any of the theoretical methods so far
used to describe the reported data. Efforts are actually being
directed in our group in order to include a multicenter descrip-
tion of the final state interaction in the CDW-EIS model for
nonoriented complex molecular targets. Despite the fact that
the calculation of TDCS is much more time consuming, as
already stated, this study will hopefully let us determine the
limitations of the single-center treatments shown in this work.
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