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We propose a systematic method to construct robust optimal quantum control at high orders by inverse
optimization and apply it for the generation of ultrarobust optimal quantum gates. We derive explicit integrals
that characterize robustness up to seventh order against pulse amplitude for time or energy minimization. At
fifth order, time optimization is achieved for a flat pulse and a detuning featuring a dual-frequency oscillation.
We analyze its performance and compare it to composite pulse techniques: Ultrarobust inverse optimization is
considerably faster (in the range 16%—40% depending on the considered gate) than the best composite pulses

with similar performance.
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I. INTRODUCTION

Quantum gates are key elements in quantum information
and their production, which is resistant against imperfections,
is determinant to elaborate practical quantum computers [1].
Well-known alternative methods to standard adiabatic, i.e.,
slow, approximate, and energetically expensive techniques
[2,3] or accelerated adiabatic passage [4—8] use composite
techniques [9—-16]. Recently, various forms of shortcut to adi-
abaticity techniques have been proposed, which offer families
of exact solutions [17,18]. In particular, protocols based on
inverse engineering can achieve robust control via the intro-
duction of arbitrary Ansdtze, as shown in [19-22]. However,
these methods, while exact and potentially faster than standard
adiabatic passage, are not specifically designed to be optimal
and still cost unnecessary energy and time, which might be
detrimental regarding decoherence. In this paper we focus on
exact and robust gate achievements adding the requirement
of optimality, typically with respect to time or energy. We
highlight that we define such an optimality requirement in an
absolute way, which is possible when robustness is quantified.
More specifically, we apply perturbation theory to determine
the transfer profile as a function of the deviation of the ideal
controls and a given robustness order that corresponds to the
nullification of its derivatives at the corresponding order of
perturbation theory.

Optimal control theory (OCT) is a powerful tool to mitigate
intensities of the control pulses and speed up the evolution,
allowing one in principle to reach the ultimate bounds in the
system [23]. Besides numerical implementation of OCT, such
as gradient ascent algorithms [24], the Pontryagin maximum
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principle (PMP) [25-27] allows analytic (or semianalytic)
derivation of the optimal controls (typically with respect to
time or energy) in a finite-dimensional problem. The PMP
using an extended Hilbert space [28] allows an elegant inte-
gration of the robustness constraints, but leads to complicated
systems to solve.

Two geometric approaches [29-33] have been proposed
recently in order to derive optimal and robust solutions op-
erating at the ultimate bounds of the system. One approach,
referred to as robust inverse optimization (RIO) [30], is an
optimization procedure producing the geodesic minimizing a
given cost and constrained by the robustness integrals with
boundaries ensuring exact fidelity in the dynamical variable
space (typically dynamical angles). The controls are next
inversely determined from the time-dependent Schrédinger
equation and the derived geodesic. It optimally improves the
robust inverse engineering protocols of Refs. [19,20,22] since
no Ansdtze to parametrize the dynamical angles are needed.
Analytic solutions can be derived for the problem of robust-
ness with respect to pulse inhomogeneities [33]. The RIO
procedure has been demonstrated recently on IBM’s quantum
computers in a digital version for state-to-state transfer robust
against pulse inhomogeneities at third and fifth orders [34].

In this paper the RIO method is reformulated in a system-
atic way and is referred to as ultra-RIO. We derive in particular
the form of the controls robust against pulse inhomogeneities
at fifth order for state-to-state transfer (used in [34]) and
quantum gates. In this paper we assume a unitary evolution
corresponding to gate operations occurring much faster than
any decay. Aiming at optimal time is therefore of paramount
importance.

The paper is organized as follows. In Sec. II we introduce
the model and the inverse-engineering method. In Sec. III we
present the single-shot shaped-pulse (SSSP) method, which
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is generalized to solve ultrarobust problems. The method is
applied in Sec. IV to derive the differential equations by
Euler-Lagrange optimization. Optimal trajectories robust at
fifth order against field inhomogeneities are obtained in Sec. V
for arbitrary population transfers and in Sec. VI for quantum
gates. In Sec. VII we show that the optimal problem robust
in the detuning (inhomogeneous broadening) can be treated
similarly by RIO. We summarize and discuss our results in
Sec. VIII. We present in the Appendixes the details of the
calculations.

II. MODEL AND INVERSE-ENGINEERING METHOD

In this section and the next one, we follow the presentation
of [33] in order to provide the main elements to be considered
for high-order robustness. We study the Hamiltonian

H, = Hy+ AV (1a)
Al—A @ nl -5 a2+ B
—5[9 A}Jrz[aszﬂs I
where the Hamiltonian
Al—A Q
Hy =—[ o A} @

in the basis of |0) = [1 O]T and |1) =[O0 1]T represents
the qubit driven by the controls: the pulsed Rabi frequency
Q = Q(t) (considered real without loss of generality) and
the detuning A = A(¢). The term AV is a perturbation of
known form (represented by V) but of unknown amplitude,
which is characterized by the parameter A = («, 8, §). Here
a is a coefficient modifying the Rabi field amplitude (pulse
inhomogeneities), § features inhomogeneous broadening or a
slow stochastic noise in the energy levels of the qubit (i.e.,
considered in a quasistatic representation), and § features a
slow stochastic transverse noise. Taking the term V as pertur-
bation of the Hamiltonian H,, we will show that robustness
requirements with respect to changes of «, 8, and y can
be reduced to a problem of nullifying the derivatives of the
excitation profile to a target state order by order (see Sec. III).

The solution of the time-dependent Schrodinger
equation (TDSE) ih(,f—t|¢>o(t)) = Hp|go(t)) is conveniently
parametrized with three angles: the mixing angle 8 = 6(¢) €
[0, ], the internal (or relative) phase ¢ = ¢(¢) € [—m, 7],
and a global phase y = y () € [0, 2] as

ip/2
e‘ﬂ/ COS(Q/z)}e_iy/z’

e /2 in(6/2) ®)

lpo(1)) = [

corresponding to the equation of motion in the dynamical
variable space:

6 = Qsing, (4a)
¢ =A+Qcospcoth, (4b)
. cot
y =¥ _ 2% (40)
sin 0 sin 0

The inverse-engineering method consists in determining the
Hamiltonian elements from the dynamics by inverting the
TDSE H, = ih[%Uo(t,t,-)]Uo' (t,t;), i.e., from inversion of

Egs. (4), one can determine the detuning and the Rabi fre-
quency as functions of 6, ¢, and y:

A =¢@—ycosb, (5a)

0 ,
Q= — =+,/6%+y2sin’0. (5b)
sin @

We will consider €2 > 0 without loss of generality for the
problem of robustness with respect to pulse inhomogeneities.
One can determine from (4c) the phase

O0e¢<m
T l-r <9 <0

for6 >0
otherwise.

Q= arctan( - 9

y sin 6

Equation (4c) links the three angles; we can thus consider

two independent dynamical variables. We choose 6(¢) and

y (t) for practical technical reasons since the pulse area and

energy can be expressed simply as functions of theses angles

(shown below) and they provide a geometric representation

of the problem. The third dynamical variable ¢(¢) is given by
cotp = y sin6 /0, from which we obtain

@ = By sinh — 70 sin6 — yH%cosH) /(0% + y? sin 6).
(7N

One can write the pulse area [defining y; = y(#;) and yy =
v (tf)] assuming a monotonic y(t) where the + (—) sign
corresponds to y > 0 (y < 0) as

t % do\> _ _
/dtsz(t):i/ dy‘/(5> +sin2d = A@D), (8)

which does not depend on the time dependence of y (), but
only on A(y) and its derivative. We have defined the depen-
dence on y as 6(y(t)) = 6(¢). In general, when y () is not
monotonic, we can define piecewise functions @ i(y) in each
interval j where y () has a constant sign.

The pulse energy in the electric dipole approximation

S(y,G):/fdtQZ(t):/jdt(92+)'/zsin29) 9)

t

depends on the time parametrization of the pulse and thus on
the angles 6(¢) and y (). We will optimize the cost defined as
the pulse area .A, the pulse energy £ (for a fixed duration 7, —
t;), or the duration of the process, i.e., time optimization (for
a given peak amplitude of the control). We denote by |¢; (7))
the state of the complete dynamics, the solution of the TDSE
il (1)) = Hy | (1)).

III. GENERAL FORMULATION OF THE SINGLE-SHOT
SHAPED-PULSE METHOD FOR THE
ULTRAROBUST PROCESS

A. Formulation and figures of merit

From an initial condition at ¢;, we assume that the Hamil-
tonian Hy(¢) leads exactly to a given target at the end of the
process t;. The process is robust if a perturbation added to the
Hamiltonian leads to a close target at 7 in a way that is defined
below.

The SSSP method [20] consists in (i) the perturbative ex-
pansion of |¢;(¢y)), corresponding typically to a dynamics
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from the ground state |¢; (¢;,)) = |0), with respect to A,

(Prlgatp)) =1+ 01+ 0, +03+---, (10)

where O, = O(A") is defined as the (complex) robustness
integral of order n and |¢r) the target state, and (ii) the nullifi-
cation of the coefficients O,,¢, to define a robust process at a
given order n. It can be formulated in terms of propagators.
We define the propagator associated with the unperturbed
Hamiltonian Hy = Hy .9,

—b

al

a = e /P97 cos(8/2)
b = e D@+ 5in(6/2)

with |a|? + |b|?> = 1 and U, (¢, t;) associated with the traceless

Hamiltonian H, (¢). The perturbative solution reads

Uy, 1)

A A\ 2
=Up(tp,t)| 14+ Wi+ =) Wat--

Up(t, 1) = |: (11)

ih ih
1401 +0:+- Q1+ +--
=Uoty.t)| 5 | A 5 A ;
~(Q1+Q2+) 1401 +0+--
(12)
with the perturbative matrix terms
ty I
AW, =)»"[ dIOVI(to)/ dnVi(ty)---
1 t;
th—2
<[, (13)
t
the perturbation in the interaction representation
t et) f()
AVii) =AU @, )V Uy(t, ;) =h| - ) ,
1(6) = AUG (1. 1)V (OUp (1. 1) [f(t) e }
(14

the matrix elements
)‘ n )\‘ n
O, = (=) (OW,|0), Qn=| =] (1IW,|0), (15)
ih ih
and the functions

1
e(t) = 5[_8 cosf + (2 + B)cospsinf] = Z re;,
r=a,B,8

(16a)
1 .
f@) = 5[8 sinf + a(y sinf cos 6 — i6)
+ B(cos g cos O — ising)]e” = Z Afo. (16b)
r=a,B,8
The unitarity of the solution (12) imposes

1+ 01+ 0+ PHIQ+ O+ P =1 (7]

1. Population transfer

For the case of a population transfer to a target state |¢7)
(of given angle 6, and internal phase ¢y), the final global phase
yy is irrelevant and one can consider the figure of merit

Foo = lprla@ NP =14+014+ 0+ 05 +---,  (18)

i.e., up to order n,

=1+ Zn:aﬂ,

m=1

19)

where O, denotes the term of order n related to the O,, as

n—1
O =10, +2) Re(02y-0n),  (20a)

m=0
Osmi1 =2 ) Re(Ozi1-nOn), (20b)

m=0
with Og = 1. This gives, for the first terms,

0, =2Re(0,) =0, (21a)
0, = |01]* + 2Re(0>), (21b)
03 = 2[Re(03) + Re(0,0)], (21¢0)
04 = |05]* + 2[Re(0y4) + Re(0301)]. (21d)

Inserting the fidelity (18) into the unitarity condition (17)
leads to
O1+0:+ 05+ =~ + Q%+, (22)

which allows one to identify order by order the corrections to
the population transfer as functions of the off-diagonal terms
of the perturbative matrix of (12):

02n+1 =-2 Z Re(QZn-H—QO)

m=1
=0 when 0~2(m<n) = 0, (23&)
n—1
OZn = _|Qn|2 -2 ZRG(QZH—QO)
m=1
= —|Qu> when Osguen) = 0. (23b)

This in general gives expressions simpler than (but equivalent
to) (21); the first terms read

0, =0, (24a)
0, = -0, (24b)
O3 =0 when O, =0, (24¢)
0, = —|0,> when 0, =0, (24d)
Os =0 when 0, =0, =0, (24e)
Os = —|03)> when O, = O, =0, (24f)
0; =0 when 0, =0, = Og = 0. (24g)

It shows that the cancellation up to an even order 2n,
Osimsny = 0, is obtained for Q,,<, = 0, which implies that
the next term automatically cancels out, O;,+; = 0, i.e., for
a given n and for all m < n:

Orim<n) = Osimemy+1 =0 when Qe = 0. (25)
We conclude that the cancellation of the error up to an order
2n + 1 is satisfied, i.e., }'lgtz'”") =1, when Q,,<, = 0.
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2. Quantum gate: Trace fidelity

A figure of merit often adopted to determine the fidelity of
a quantum gate is defined as the trace fidelity

For = %ITr(UJU)I = Re(or (1) |da(t7)), (26)
i.e., up to order 2n + 1:

2n+1
Fo' =1+ Re(On). @7)

m=1

It can be determined by combining (20) and (23):

Re(02n+l) - - Z[Re(02n+l—m0m) + Re(QZtH—l—QO)]

m=1

=0 whenRe(0,,) =0, (28a)

Re(O _ 1 0,7 2
2;1)— 2(| nl +|Qn|)

n—1

— > [Re(O2-nOm) + Re(Qan-mOn)]

m=1

1
= —§<|0n|2 +1041*)  when Re(Oz(nn)) = 0.

(28b)
The first terms read
Re(0;) =0, (29a)
Re(02) = —3(101* + 1011, (29b)
Re(03) =0 when Re(0;) = 0, (29¢)
Re(04) = —5(102]* +10:1*) whenRe(02) =0,  (29d)
Re(0s) =0 when Re(0,) = Re(04) = 0, (29¢)

Re(0s) = —3(103* +1051*)  when Re(02) = Re(04) = 0.

(299
It shows that the cancellation up to an even order 2n,
Re(Oazn<m) = 0, is obtained for O,<, =0 and Qnc, = 0,

which implies that the next term automatically cancels out,
Re(Oy,41) = 0, i.e., for a given n and for all m < n:

Re(Ozun<ny) = Re(Ozpngny+1) =0
when Omgn = ngn =0. (30)
We conclude that the cancellation of the error up to an

order 2n + 1 is satisfied, i.e., ]—"ﬁ”” =1, when O,<, =
ngn =0.

3. Connection between trace and Frobenius fidelities

A more accurate fidelity can be used if one considers all
the elements of the gate (12), i.e., both O,, and Q,, at an
order m. This corresponds to the Frobenius distance fidelity
(or Frobenius fidelity for short) that can be considered up to
an order n:

Fo =1=3 V10 + 10l (31a)
m=1

=1-) /-2Re(O). (31b)
m=1

One concludes that the correction of the Frobenius fidelity
at order n is zero, i.e., féfg = 1, when the corrections of the
trace fidelity up to order 2n are zero, Re(Ozm<n)) =0, ie.,
Owcn = Omen = 0, i, Fo ™ = 1.

We mostly use the trace fidelity convention in the paper.
The corresponding Frobenius fidelity can be deduced from the
above arguments. For instance, to a trace fidelity up to order 5
corresponds a Frobenius distance fidelity up to order 2.

B. Integrals of robustness

In Appendix A we determine the first integrals of robust-
ness, |Q,| (A4) for the population transfer, complemented by
the |O,| (A7) for the quantum gate. The results are summa-
rized in Table I for the first terms.

C. Integrals for population transfer

The fourth (and consequently the fifth) order is zero, Oy =
0, when (i) [ dt f(t) = 0 and (ii)

/ ' e(r) / f@&Hdt'dt =0, (32)

ie.,

/ f e(t)x(t)dt =0, / f e(t)y(t)dt =0, (33)

where we have introduced the new dynamical variables which
augment the dimension of the problem,

x() = / a(thdt', x@)=a(), (34a)

y(t) = / b(thdt',  y(t) = b(), (34b)
with x(#;) = 0 and y(;) = 0, where we have defined

a(t) =Re[f(@®)], b@)=Im[f ()], (35)

ie.,
2a = (6§ sinf + ay sinf cos 6 + B cos g cos ) cosy
+ (af + Bsing)siny, (362)
2b = (6sinf + ay sin6 cos 6 + B cospcosh)siny
— (ab + Bsing)cosy. (36b)

The o robustness, involving the functions from (16)

efoa = Lysin®0 = e,, (37a)
fla=L(ysindcost —if) = f, (37b)
and

t
Xlt) = / Gl 0 =a,0), (%)

ti

t
Yult) = / b)Y, ¥ut) =by@0),  (38b)

ti

with

ay =aja = %)'/ sinf cosf cos y + %9 siny, (39a)
by, =bj/a = %)'/ sinf cosf siny — %9 cosy, (39b)
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TABLEI. Conditions for robustness at order 2n + 1 (with the trace fidelity convention for the quantum gate). Population transfer robustness
requires the (cumulated) conditions in column 2, while gate robustness requires both columns 2 and 3.

2n+1 0,=0U Re(0,,) =0U

3 [ fydt =0 [ e(t)dt = 0

5 f,:ff e() J; f(t)d'dt =0 f,:’f f@) [ fahardt =0
7 SO e@Hdr' P + Fol f; £()dr'PYdr =0 S el [} £()dt'Pde =0

is thus satisfied at fifth order for (i) fltf fo()dt =0 and (ii)
Eq. (32):

I I
/ dt yxg sin®0 =0, / dt yyesin0 =0.  (40)
t; t;

Cancellation of the sixth (and consequently the seventh) order,
O¢ = 0, requires in addition

f f{f(r)f(r) + fOld* @) +PPOldt =0 (41)

with the dynamical variable

z(t) :/ ethdt', z(t) =e(t). (42)

i

D. Integrals for the quantum gate

The fourth order involves in addition

Im/ff(t)dt/ FHdt'

- f " ar / la(t)b(t) — a(t)b(t)]dt . (43)

According to Table I, the o robustness at fourth order (and
thus at fifth order) requires (i)

1
/ e(t)dt =0,
ti

(ii) /) f(t)dt =0and [ f(t) [ f(t))dt'dr = 0, which both
can be satisfied via (A7c) for

Iy
/ f@)dt
1

Iy
= 5/ dt y sin260(x, cosy + y, siny)
1,

i

(44a)

2

t/ .
+ / dtO(xysiny —y,cosy) =0, (44b)
ti
2 l‘/ t _
—21m</ f(t)dt / f(t’)dt’)
o
t t
1 [
=§/ dt y sin20(x, siny — y, cosy)
ti
t/' .
— / dtO(xycosy +y,siny) =0, (44¢)
ti

respectively, and (iii) Eq. (40).

Cancellation of Re(Og) [and thus Re(O7)] requires in ad-

dition
t/ t
/ dt e(t) / dt' f(t")
t; t

IV. OPTIMAL «-ROBUST CONTROL: ARBITRARY
QUANTUM GATE

2
=0. (45)

In this section we treat explicitly the problem of the
o-robust optimal quantum gate (i.e., robust against pulse
inhomogeneities) and derive the corresponding differential
equations by Euler-Lagrange optimization that optimally sat-
isfy the cancellation of the integrals of columns 2 and 3 of
Table I at fifth order. The solutions in terms of the control
parameters (detuning and field amplitude) are next determined
numerically. The problem of population transfer is treated in
the next section as a particular case (where the integrals of
column 2 of Table I are considered). The quantum gates are
derived in Sec. VL.

An arbitrary SU(2) gate corresponds to

c = /D w—w) cos(9p/2) —d
U (6o, 90, v0) = |:d = (D@ sin(Go/2) & | (46)

with the angle 6 and the two phases ¢y and yy to be controlled
in a robust way. We can consider without loss of generality the
construction of a robust process driving the initial ground state
|0) to the state

io/2 .
16(,) = Ir) = [j_i%/f;fffgo/f;)}e—%/z, “7)

where the two final phases ¢y = @9 and y; = yp, while of
robust values, are not fixed a priori; they result from the
optimization procedure.

We highlight that application of a preliminary phase gate
(of phase «)

e—iK/2 0
D, = |: 0 eiK/Z] (48)

allows one to modify the global phase yy: 9 — o + «. The
phase gate can be generated by applying two successive opti-
mal robust NOT gates [33]. On the other hand, adding a static
phase 7o to the control field Q2 allows the modification of
the internal phase ¢ of the state: Q — Qe™ gives ¢y —
®o — No-

Equation (4c) implies ¢; = 7 /2. The problem features thus
the boundaries

0;=0, 0r=6y, yi=¢ =m/2 (49)
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The fidelity is given by (27). The equations corresponding to
the optimal quantum gate trajectory 6 (y ) with respect to pulse
area at fifth order are determined in Appendix B.

A. Optimization with respect to energy or time at fifth order

Robustness at fifth order corresponds to the five constraints
(44) that lead to the five integrals in the formalism of Euler-
Lagrange optimization

iy ty
Yo(y.0) = / dt y sin’ 6 = / dt go(y.0) =0,
t t;
(50a)

1 [
Vi(y, 0, X, Ya) = 5/ dt y sin20(xy cos y + Yy siny)
1

tf X
-I—/ dt O(x, siny — y, cosy)
1,

i

iy .
/ dt o1(y 70,0, %0, ) = 0, (50b)
ti

1 ty
Uy 0, 3, va) = 5/ d1 ¥ 5in 26y, cos y — xa siny)
1

f/’ X
+ / dtO(xycosy +y,siny) (50c)
1,

i

[/ .
E/ dt (v, v.0,0,x4,5¢) =0, (50d)
1

i

y
Y3(y,0,x,) = / dt yx, sin® 0
1,

i

Iy

E/ dt 3(y,0,x,) =0, (50¢e)
ti
Iy

w(y,@,ya):/ dt 7y, sin® 0

t
l‘f

E/ dt p4(y,0,y4) =0, (50f)
ti

complemented by the equations (38) governing the variables
X, and y,, which augment the dimension of the problem,

(51a)
(51b)

Xy = %)'/ sin20 cos y + %9 siny = u(y, y,0,0),
Yo = 1y sin20siny — 10 cosy = v(y,y.0,0),

with the boundaries [from the constraint fttf f(t)dt = 0 at the

final time]
Xo(t:) = X () = 0, Yo (t:) = ya(ty) = 0. (52)

The trajectories y (t), 6(t), xo(¢), and y,(¢) are a solution of
the Euler-Lagrange equations

oL d (oL

Z_Z (=) =o, 53
it o3
oL d (dL

=22 2o, (53b)
a6  dt\ 30

oL d (L

a — E(a) = 0, (53C)

oL d (dL
———|=—=—)=0, (53d)
Ve  dt \ 9y,

4

j=1
+ (O — uy, 7,6,0)]
+ 1y (O — v(y, 7,6, 0)]. (54)

In Appendix C we show that they form a system of six differ-
ential equations

with

7 4 296 cotd + (Lo — 12/2)8 cotf
+6(kycosy + kysiny) + 120 (xy Siny — yg cOsy)
+ (A3Xq 4 Agye)0 cotd = 0,

y2sinf cos® — 6 + (Ao — A2/2)y sin 6 cos O

(55a)

+ [A2(xg siny —y,cosy) +kccosy +kysinyly sin® 0

4+ (A3xg + Agye)y sinf cosh = 0, (55b)
Ky = A3y sin® 6, (55¢)
Ky = A4y sin’ 6, (55d)
Xy = y sin@cosfcosy + O siny, (55e)
Vo = y sin@cosfsiny — O cosy, (55%)

with the six Lagrangian multipliers Ao, Az, A3, A4, &y =
kx(t), and k,; = k,(#;) (where we have redefined «, —
2Ky, Ky = 2Ky, A3 = 2A3, Ay —> 2h4, Xy —> Xo/2, and y, —
Y« /2), which define the optimal robust trajectory. Concerning
the constraints, we have the five integrals (50) and the final
boundary (52) on x, and y, that can be gathered as a single
integral

X tp) + ¥ (1) = 0, (56)
which coincides with (44b).
We have, as in the lower-order case, the constant of motion
given by
d .
0=—(0*+y?sin?0), (57)
dt
which leads to a constant pulse €2y:
62 + p?sin® 0 = Q2. (58)
If we assume at initial time that |y;| < oo, we conclude that
16:] = 10l (59)
From (55a) at the initial time
296 + (ho — 22/2)6; = 0, (60)
we conclude that
Vi = —Xo/2 4+ A2 /4. 61)

We show in Appendix D that we recover the optimal trajectory
with respect to pulse area from the optimal trajectory with
respect to energy, defined by Egs. (55).
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We conclude that the problem of minimizing the pulse area
A (8) is equivalent to minimizing the time under the constraint
on the bounded control 2 < €2, and the minimum time

1 I B
Tin = (tf - t[)min = Q_()/ d)/ (9)2 + sin29 (62)

is achieved when the pulse reaches its maximum at all times
Q = Qp. The optimization with respect to the pulse energy
(78) uses the same formula (and the same trajectory), but
interpreted differently: The minimum (constant) pulse ampli-
tude Q20 min is determined from a given duration T’ = ¢y — ¢; of
the interaction as

1 rr 2
Q0min = = / dy+/ ()% + sin® 6.
T ),

B. Expression of detuning

(63)

One can express the detuning as a function of the angles 6
and y as follows. Deriving (4c) as

y sinf = (cos g (64)
leads to
7 sin@ + y0 cos§ = —p sing = —@b, (65)
which allows the substitution of ¢ (4b) in
A =¢—ycosb (66)
to give
A= —%(;7 sin@ + 276 cos 6). (67)

Using (55a), we finally obtain
A = (ko — A2/2 + A3Xg + Aayy) cOs O + [kx cOS Y + Ky Siny

+ Ax(xy Siny — y, cos y )] sin 6. (68)
This gives, in particular, at initial time,
A= do — A2/2. (69)

One can remark that the above formulation can be reduced
to the case of (arbitrary) population transfer by taking Ay =
Ao = 0, as studied below.

V. OPTIMAL «-ROBUST COMPLETE POPULATION
TRANSFER: NUMERICAL RESULTS

Optimal «-robust population transfer with respect to en-
ergy or time at fifth order is given by the trajectory solution
of Egs. (55) with the boundaries (49), but with Ag = X, =
0 since both (44a) and (44c) do not hold. We notice that
Eq. (4c) also imposes ¢y = /2 only in the case of com-
plete population transfer. The problem is investigated in detail
in Appendix E 1 for the case of complete population trans-
fer (i.e., with 8y = ). We assume a symmetric trajectory
(ES), i.e., with conditions (E8) and (E10). We determine
numerically A3=1.11084, A4= — 0.849 18, «, ; = —0.456 33,

Ky = —0.72226, yy = 1.08457, and the minimum time
Tnin = 2.710277 /2. (70)

The resulting trajectory, detuning, dynamics, and robustness
profile are shown in Figs. 1-4, respectively. We notice the

0/m

0.6 0.8 1
ks

FIG. 1. Optimal robust geodesic 8(y) corresponding to the opti-
mal fifth-order robust complete population transfer.

o —_

Detuning A (units of €)

0 0.25 0.5 0.75 1

Time ¢ (units of Tyn)

FIG. 2. Detuning (68) corresponding to the time-optimal fifth-
order robust complete population transfer, of trajectory shown in
Fig. 1 with a constant Rabi coupling €2,.

1 T T T
P
1
wm
=1
.8
-
= 0.5+ 1
=]
o8
]
[a W)
P
2
0 L L L
0 0.25 0.5 0.75 1

Time ¢ (units of Tiin)

FIG. 3. Dynamics of the populations P; = |(j|¢A(tf))|2, j=
1, 2, corresponding to the time-optimal fifth-order robust complete
population transfer (using the detuning shown in Fig. 2).
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0.98f

Fidelity
o
3

©

©

~
T

0.92r

-0.4 -0.2 0
Pulse deviation o

0.9

FIG. 4. Fidelity (transfer population P,) of the optimal fifth-order
(solid line) and third-order (dashed line) RIO complete population
transfer compared to the Rabi profile (dotted line) as a function of
the relative deviation of the pulse amplitude.

large-amplitude oscillations of the dynamics, reminiscent of
the 3w -pulse Rabi oscillations. As expected, the fifth order
features a significantly flatter profile than the third order
(determined in [33]).

VI. ROBUST ARBITRARY GATE: NUMERICAL RESULTS

We consider the construction of the optimal fifth-order «-
robust arbitrary SU(2) quantum gate as defined by (46) and
parametrized by the (given) angle 6y and the two phases ¢
and Yy and generated by the state (47) from the ground state.

A. Optimization with respect to energy or time

The boundaries read

0i=0, 0r=6, vi=ei=m/2, Yr=%, @r=¢
(71)

and
0:l = 1Q0l, 7 = —Xo/2 + A2/ (72)

We do not set yy = yy or ¢y = ¢y; they result from the
numerical calculation of the optimal solution giving y, and
@y, respectively. We have determined systematically the six
Lagrangian multipliers Ao, A2, A3, A4, Kx;, and k,; and the
minimum time for a given angle 6, in the range [0.2, 1]m,
solving Eqgs. (55) with the boundaries (71) and (72).

We started to determine the trajectory for the NOT-type gate
90 =T,

0 —ek
UNOT;K = |:e—i§ g :|’ (73)

with & = (¢o + y0)/2. We obtained two possible symmet-
ric NOT trajectories with A3 = «,; = 0, referred to as type
1 (Ao ~ 3.250€2, Ay ~ 0.8988%2, A4 ~ 1.944Q, and «, ; &
—3.510%2) and type 2 (1o ~ 0.59092, A, =~ 0.8815%2), Ay ~
—1.974Q, and «, ; & —1.549Q), respectively, of the same
pulse area A~ 4207 and yy = @9 = 7/2, ie., § =m/2.
They are shown in Figs. 5 and 6, respectively.

0/m

FIG. 5. Geodesic A(y) of type 1 corresponding to the optimal
fifth-order «-robust NOT gate (see the text for details).

By continuity of the Lagrangian parameters, one can de-
termine the trajectories for other values of 6, decreasing its
value step by step from m. In practice, the search is much
simpler when one alternatively decreases the final time Ti;,,
with which a given 6 is associated. For any given 6y < 7, we
obtain that the trajectory continuously connected to the NOT
trajectory of type 1 leads to a smaller final time Ti,;,. This
set of trajectories is simply referred to as type-1 trajectories.
For instance, for the Hadamard gate 6y = /2, one obtains
Tnin =~ 3.2/ and T, =~ 3.42/Q for types 1 and 2, respec-
tively. The corresponding detunings are shown in Figs. 7 and
8, respectively. We thus retain the type-1 trajectories. The ob-
tained Lagrangian multipliers, phases (which are numerically
determined to be identical yy = ¢p), and minimum times iy,
for the type-1 trajectories are shown in Fig. 9. One can notice
that the minimum time 7;,;, increases linearly with respect to
6y as for the Rabi solution.

The resulting values of the phases yy = ¢y are given in
Table II for some target SU(2) quantum gates parametrized
by the angles 6. The pulse area decreases as a function of 6.

0/m

-0.2 0 0.2 0.4 0.6 0.8 1 1.2
ki

FIG. 6. Same as 5 but for the geodesic 6(y ) of type 2.
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Detuning A (units of €))

-3 L L L
0 0.2 0.4 0.6 0.8 1

Time (units of Tiyy)

FIG. 7. Time-optimal detuning for the trajectory of Fig. 5.

As a particular example, the angle 6y = 7 /2 corresponds
to a Hadamard-type gate

/20t

1 T @20
i [ T4

Untigo. v = 73 e

for which we obtain the off-diagonal phase (¢o + y9)/2 =
1.0657 and the diagonal phase ¢y — Yy = O (from Table II).
We determine numerically io ~ 1.959, A, =~ 1.746, A3z =~
—1.266, A4 ~ 3.305, Kk, ; ~ 5473, ky; ~ =7.157, yo = @o ~
1.065m, and the minimum time

Tin ~ 3.207 /Q, (75)
corresponding to a constant pulse of approximate total area of
3.207. The resulting 6(¢), y (t), detuning A(z), and dynamics
are shown in Fig. 10. The resulting dynamics is shown in
Fig. 10. One can notice the antisymmetric form of the detun-
ing as for the third-order robust solution [33].

Detuning A (units of €2p)

-3 L L L
0 0.2 0.4 0.6 0.8 1

Time (units of Tiyy)

FIG. 8. Time-optimal detuning for the trajectory of Fig. 6.

—_ —_
N B D © o N
T
1

Lagrangian multipliers Ao, A2, A3, \i, Ky, Ky, (units of Q)
o

w

Trnin (units of m/€Qy), phases (units of )
)

FIG. 9. (a) Lagrange multipliers and (b) corresponding optimal
time and phases producing the fifth-order optimal robust gate as
functions of 6y (type-1 trajectories; see Fig. 5 for the NOT gate).
The curve of the (nonrobust) minimum time in the Rabi regime
Thnin.Rabi = 00/ is shown as a dashed line for reference.

B. Comparison with the composite pulse technique

In this section the performance of the RIO approach
is compared to the composite pulse (CP) technique. As

TABLE II. Approximate values of the phases yy = ¢ and pulse
areas resulting from the optimization procedure for some fifth-order
a-robust quantum gates parametrized by 6.

bo/m Y/T =@/ Pulse area (x1)
1/1000 1.50 1

1/10 1.53 2.37

1/4 1.42 277

1/2 1.065 3.20

3/4 0.740 3.70

1 1/2 4.20
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FIG. 10. (a) Optimal fifth-order a-robust geodesic 6(y) for the
Hadamard gate (6 = 7 /2) determined from numerical solution of
(55). (b) Resulting detuning and dynamics of the populations P;, j =
1, 2, realized from the ground state, for robust time-optimal control
[obtained for a constant Rabi frequency €2 according to (62)].

an illustrative example, we consider the fifth-order ro-
bust Hadamard gate (74) studied above, of pulse area
Q0T min ~ 3.207.

According to [14], the CP can be produced using a sym-
metric five-pulse sequence of respective areas (and phases as
the index) wg, 7y, Ty, Ty, Wy, , With w = 0.457, 1 = 1.9494x,
¢ = 0.5106r, and ¢3 = 1.31797. This CP features the
fastest total pulse area (3.97) known so far in the literature
for fifth-order o robustness. We conclude that RIO is consid-
erably faster than the CP (18% faster). The robustness profile
of RIO and of CP (both for fifth order) are shown in Fig. 11.
We observe identical performances for ultrahigh fidelities

(corresponding to an error below 107%). They are com-
pared to third-order RIO and (first-order) Rabi techniques.
The broadening of the curves for higher order is clearly
demonstrated.

Concerning the NOT gate, the pulse area of the RIO method
(A ~ 4.207) is 16% smaller than the best CP (A = 57) [14].

For gates with smaller targeted angles 6y, the comparative

performance of RIO increases since the total area of CP does

not change much. For instance, RIO is 40% faster than CP for

8o = 7 /10.

FIG. 11. (a) Fidelity and (b) infidelity in logarithmic scale of the

Hadamard gate as a function of the pulse deviation « for RIO, CP,

and Rabi techniques.

VII. OPTIMAL §-ROBUST POPULATION TRANSFER

In this section we show that the problem of §-robust opti-
mal control (i.e., robust against inhomogeneous broadening of
the frequencies or a slow stochastic noise in the energy level
of the qubit) can be treated similarly. We consider the problem
of complete population transfer and derive the correspond-
ing differential equations by Euler-Lagrange optimization that
optimally satisfy the cancellation of the integrals of the first

element of Table I (at third order).
Nullification up to third order leads to

Iy Iy
/ dtsinf cosy = / dtsinfsiny =0, (76)
1, 1

i i

which corresponds to the two constraints rewritten as

Iy Iy
1#1(7,9):/ dtsin@cosyE/ dt oi1(y,0) =0,
t 7

(77a)

ty tr
Ya(y,0) = / dtsinfsiny = / dt ¢2(y,0) =0.
1, 1,

i

(77b)

Since the final phase is irrelevant for the population transfer
problem, the final global phase yy is not considered.
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For such a problem with uncertainty in the detuning, one
cannot optimize with respect to pulse area, because this prob-
lem depends on the time parametrization (contrary to the
a-robustness problem). We thus consider below the optimiza-
tion with respect to a time-dependent cost, namely, the pulse
energy or the time of the process itself.

A. Energy optimization

The problem can be formulated as an optimization prob-
lem: finding the trajectory (y(¢),0(t)) that minimizes the
pulse energy

Iy . I .
Ey,0) :/ dt(92 +)'/2 sinze) E/ dt Ly(y,0,0)
t t (78)

under the two constraints (77).

1. General formulation

The problem can be solved by the Lagrange multiplier
method: The trajectory (y (), 6(t)) is the solution of

grad&(y, 0) + Aigrady (v, 0) + Argradyn(y, 0) = 0
(79
with A;, j =1, 2, the Lagrangian multipliers associated with
the constraints, where the gradient is defined as

= (5
gradé(y,0)=| 7 " ] (80a)
L% (5
- a )
dt \ o
gradyr;(y, 0) = 3% e |- (80b)
- & (57)
Equation (79) gives
9Ly 91 092
M— +h— =0, (81
dt( )+18y+28y (81a)
0Ly 0Ly el RI03)
30 dt<80)+139+289 (81b)

ie.,
d ., . .
_ZE(V sin“ @) 4 sin@(Apcosy — A;siny) =0,
(82a)
. d .
2y~ sinf cos 6 — ZEG 4 cos@(rjcosy + Aysiny) =0,
(82b)
ie.,
7 sin@ +2y0cos — Ay cosy + Ay siny = 0, (83a)
y2sinf cos — 6 + cosO(A, cosy + Arsiny) = 0. (83b)

We have divided in the equations above by a factor 2 and
redefined the A’s accordingly. The problem can be solved
numerically with the initial condition y (#;) = 7 /2, 0(#;) = 0,
and y (#;) and 6(¢;) both undefined at this stage.

2. Solution: Resonant pulse

The numerical solution of the system (83) gives A1 = 0,
Ay =1, and 6; ~ 1.142 (in fact, since the problem appears to

]
&
S 05 ]
wn
=
)
2
& ory
)
o
<
05 ' : ' '
0 0.2 0.4 0.6 0.8 1

Time (units of T')

FIG. 12. Optimal robust geodesic 6(¢) and y (¢) for the complete
population transfer robust with respect to the detuning with the final
time ty =T ~ 4.21924/w (corresponding to A, =1 and A; = 0).
The time of the change of sign of siny is #; &~ 0.4325T. The time
when 6 = 0, corresponding to a zero field Q = 0, is t, ~ 0.71627.

be singular when A; = 0, we have to use numerically a small
value for X;). Equation (83a) leads to

7 sin6 + 2y0 cos — cosy =0, (84)

of solution y = £m /2, i.e., ¢ = £m /2 (independently of the
sign of @), § = +Q (where the =+ sign is correlated with the
sign of ¢), and A =0 [28] (see Fig. 12). Equation (83b)
gives then a differential equation similar to the pendulum
equation of motion (if one shifts 6)

— 6+ Arcosh =0, (85)

where the £ sign is correlated with the sign of siny and
we have kept A = A, for the normalization of the field (also
associated with the value of 6;). The constraint reduces to

T
/ dtsin@(t)siny(t) =0, (86)
0

where the final time is defined t; = 7. We notice that sin y
has to change its sign at a time ¢#; in order to satisfy the above
constraint.

As shown in Appendix G, the angle 6(¢) for time ¢ € [0, ;]
is given by 6 (¢) of Eq. (G22), denoted by 6y(#) and written
in terms of the Jacobi amplitude function, the inverse of the
incomplete elliptic integral

Oo(t) = 2am(wt — F (7 /4, m), m) + % (87)
with A = ma? (G33), until = 1,
2
fh = ZF(t/4m), (88)
w

for which 0(¢;) = 0y(t;) = m. For time ¢ € [¢1, t,], we obtain
[similar to (G39)]

6,(t) = 2am( — wt + F(x /4, m) + 2K (m), m) — % (89)
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FIG. 13. Rabi frequency (94) corresponding to the angles of
Fig. 12.

The subsequent negative part of the pulse for time ¢ € [t,, T']
is given by 6., (¢) of Eq. (G30), denoted by 6, () (G42),

6>(t) = 2 am(wr + ¢, m) — % (90)
with
¢ = 2F (arcsin(1/y/m), m) — F( /4, m)  (91)
until the final time
T = 2F (arcsin(1//m), m)/w. (92)

The constraint that has to be satisfied reads

41 153 T
/dtsin@o(t)—/ dtsin@l(t)—/ dt sin6y(t) = 0.
0 t

15
2 93)
The pulse reads (G49)

Q) =2wdn(wt — F( /4, m), m) (94)

of peak 2y = 2w. We find numerically m =~ 1.210485 565 4,
which satisfies (93). This gives the duration 7 =
421924 /w =~ 1.3437 /w ~ 2.6861 /2y, the pulse energy
&~ 6.6623w ~ 3.331 15, and the pulse area (of the
absolute value of Q) A~ 1.45237 (independent of w).
The corresponding angles, Rabi frequency, and dynamics of
the populations are shown in Figs. 12—14, respectively. The
transfer profile plotted in Fig. 15 shows the robustness of the
process.

B. Time optimization

Minimization of the time corresponds to the Lagrangian

Iy
/ dt = Toyin, 1., Lo=1. 95)
L
In this case, we obtain
—Azcosy + Ay siny =0, (96a)
cosO(Ajcosy + Apsiny) =0, (96b)

1 . — . .

Populations
© © ©
BN (0)] (o)

o
(V)

0 1 1
0 0.2 0.4 0.6 0.8 1
Time (units of T')

FIG. 14. Optimal robust population for the complete population
transfer robust with respect to the detuning corresponding to the
angles of Fig. 12.

which is satisfied for A; = A, = 0 since the determinant
cosO(sin® y 4 cos? y) # 0. We then take (as in the uncon-
straint case) a resonant pulse A = 0, corresponding to ¢ =
/2,y =mn/2, or y =3 /2, of constant amplitude of ab-
solute value €2p > 0 [28]. This leads, at early times, for which
we choose a positive field, to

0(1) = 0o(1) = Qot, o7

with the constraint

T
/ dtsinf@(t)siny(t) = 0. (98)
0

We notice that siny has to change its sign at a time #; in
order to satisfy the above constraint, i.e., as before, such that

0.95 ¢

09

Populations

! \
, \
/ \
0.85 : ‘ 1
. : \
: \
; \

; :
; ‘
; ‘
0.8F / ‘ :
; \
; .
:

0.75 "' ' : |
-0.5 0 0.5
Detuning devation ¢ (units of €)

FIG. 15. Transfer profiles of the optimal complete population
transfer robust with respect to the detuning from resonance (normal-
ized with the peak Rabi frequency amplitude €2) for energy (solid
line) and time (dotted line) optimizations, respectively, compared to
the Rabi w-pulse profile with a square pulse (dashed line).
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Qot; = m. At later times t > t;, we have
0(t) = 6,(t) =21 — Qot, 99)

satisfying the continuity 6;(t;) = 6y(¢;), until the pulse
changes its sign at time #,,

0(t) =6,(t) = Q@ —2t)+2n fort €[, T], (100)
satisfying the continuity 6,(¢,) = 6,(t;) and finally 6,(T) =
w,i.e., T =2t — /. This leads to

1) T
/ dt sin Qqt —f dt sin Qo (t — 2t,) = 0, (101)
0

15}

which gives
1 1
—Q—O[cos Qot1E + Q—O[cos Qo —20)]) =0,  (102)

ie.,
cos Qpt, = 0. (103)

The solution Qyt, = 37 /2 gives the final minimum time (in
units of 1/ that can be chosen at will)

T =21/ (104)
and the bang pulse
Q) =Ry fort €]0,1],
° ’ (105)
Q)= —Qy fort e[, T]

of area A = 27 and energy £ = 2w Q. We notice that, for
the same peak amplitudes, while the time of operation is 25%
smaller than the one that minimizes the energy, the pulse area
is 38% larger.

The transfer profiles comparing the efficiency of RIO for
the energy and time optimization with the Rabi 7 -pulse trans-
fer are shown in Fig. 15. The energy optimization appears
more robust than the time optimization at the same order and
with a lower pulse area.

VIII. CONCLUSION

In summary, we have formulated the RIO method in a sys-
tematic way in order to produce a robust control at any desired
high order with respect to pulse inhomogeneities. Our analysis
shows that the construction of a robust process up to an odd
order 2n + 1 (for a given integer n) only requires canceling
the first n terms of the perturbative expansion (18) (for the
population transfer) or (27) for the quantum gates (using the
trace fidelity). We have applied the RIO method to generate
optimal and ultrarobust arbitrary SU(2) quantum gates with
respect to energy or time. Time «-robust optimization shows
a constant Rabi coupling and a shaped detuning for any target.

The performance of RIO was compared to the composite
technique. We then observed that RIO is considerably faster
than CP, while having a similar performance. The detuning
features a relatively simple shape with a dual-frequency os-
cillation (see Fig. 10). By comparison, the third order has a
single-frequency (elliptic-cosine) form (see [33]).

Practical application in quantum computing requires an
ultrahigh fidelity with a gate error typically not larger than

107, The trace fidelity of the Hadamard shows then an ad-
missible error in the pulse area of 10% at third order and
of 20% at fifth order (see Fig. 11). For the more demanding
Frobenius fidelity, the latter corresponds to an admissible error
of 5% at second order. The pulse shaping of Fig. 8 is then
recommended in practice to preserve ultrahigh fidelity despite
such errors in the (global) pulse amplitude or duration.

An important question that can be treated by RIO concerns
the additional constraint leading to a free single field parame-
ter. We have seen that the o robustness for time minimization
shows natural solutions with a constant coupling €2 (that can
be chosen at will) and a variable detuning, while the lowest
order of § robustness shows a constant zero detuning (res-
onance) and a variable coupling. The constraint to a single
parameter (due, e.g., to the experimental implementation) can
be treated within RIO in general by adding a new integral
characterizing this constraint in the angle coordinates. If one
considers, for instance, the o robustness with a given pulse
shape €2(¢), the angle y (¢) is more specifically related to it via

[30,35]
t y() ]
/Q(s)ds:/ dy+/(0)? +sin’ 0 (106)
" v

i

and the optimal detuning results from the optimal trajectory
6(y). Another constraint consists in considering a con-
stant detuning A = A and a variable coupling (). This
can be addressed via the rescaling of the coupling (for an
arbitrary )

s(t) = L/ Qs)ds, s=Q(1)/R, (107)
Qo Jo
leading to the reduced problem
0 o IT=A@s) Q]2
i 1B(5)) = 2[ % A(s)]Id)(S)), (108)
with
B()) = 1¢(1)),  Als) = Ag/Q1). (109)

This leads to the optimization problem with an effective vari-
able detuning and a constant coupling €29, which has been
treated in this paper. For o robustness, we have obtained a
detuning necessarily passing by zero, which corresponds to
an infinite coupling in the original problem. We conclude that
a constant detuning and a variable coupling amplitude cannot
achieve optimal « robustness.

The applicability of the RIO method requires (i) generating
the dynamical invariants [36] associated with the symmetry
of the problem, from which one can implement the inverse
engineering technique [37,38], and (ii) finding the underlying
Lagrangian multipliers (LMs). The dynamical invariants have
been derived for SU(4) symmetry with interactions of the
formo; ® 0;, 1 ® 0;,and 0; ® 1, i = x, y, z [39], which covers
most of the practical applications of quantum computation in-
volving two-qubit operation. We notice that this does not limit
the applicability to two-, three-, or four-level systems; higher
dimensions with specific symmetries can be considered [40].
For instance, one can compensate for the error in the phase
of a two-qubit controlled- PHASE gate using SU(2)-symmetry
interactions 7; = %ox Ro, Th = %ax ®oy,and T3 = 1 o,
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[41]. Concerning the LMs, we should be able to systematically
process up to one-tenth of the LMs. Robustness with respect to
field inhomogeneities (amplitude, duration, or pulse area) or
inhomogeneous broadening (detuning) requires (i) two LMs
for complete (or partial) population transfer and three LMs
for single-qubit gate (if we consider the trace fidelity) at third
order and (ii) four LMs for complete (or partial) population
transfer and six LMs for single-qubit gate (if we consider the
trace fidelity) at fifth order. If one considers robustness against
both field inhomogeneities and inhomogeneous broadening,
the number of LMs has to be multiplied by 2.

The RIO method is flexible and can be applied for various
problems. For instance, one can consider robust ultrasmall
excitation of a quantum transition needed in some applications
of quantum technologies (e.g., for single-photon generation in
cold atomic ensembles or doped solids by the Duan-Lukin-
Cirac-Zoller protocol [42,43]), as it was recently proposed in
the context of composite pulses [44]. One can then extend the
search shown in Fig. 9 for 6, below 0.27. For instance, we
obtain a robust quantum gate with 6y ~ 7 /1000 for QTin =
m, which corresponds to an ultrasmall population transfer
probability of approximately 2.5 x 1079,

The method developed in this paper can also be directly ap-
plied to take into account imperfections due to slow stochastic
noises. It has to be considered in a quasistatic representation
[29] or with adiabatic arguments. The RIO method has been
recently applied for more general noise models [45].
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APPENDIX A: CALCULATION OF THE INTEGRALS
OF ROBUSTNESS

We calculate the integrals of robustness Q, and O, from
their definition (15) and from the matrix products, symboli-
cally written as [where we define e = e(t), ¢ = e(t'), ¢’ =
e(t"), etc., and in units such that i = 1]

e fHle S
wislp L) 2]
_|ee +ff  ef — fe
_|:f€ _ef/ ff/+ee/i| (Al)

and

ron ee/—i—ff/ ef/—fe/ e’ fu
VIVIVI = [fe/_ef/ ff/+€€/:| |:f// _e//:| (A2)

(fe/_ef/)e//+(f‘f/+ee/)f// .. k
for Sec. III B. For the Q,, we obtain
ty
101 = f dt f(1)|, (Ada)

tr
|Q2| = dt

dt'le(t)f(t") — f(t)e(t/)]‘

- ‘2]” dte(t)/z dﬂf(ﬂ)—/r/ dtf(t)/t/ dt e(t)

=2 dte(t)/ dt' f(t)

1031 = dt dr dt”[f (t)e(t")e(t")

when Q; =0,  (Adb)

—e)f(e") + FOFENFE") + E(I)E(t')f(t”)]‘

3 b t 2
= ‘5/ dtf(t)(/ dﬂe(r’))
’r,» t,l t
—/ dte(t)/ dtf(t)/ dt'e(t")
’r, It/' B It
+/ dtf(t)/ dtf(t)/ dt' f(t"
,’f l t 12
- / drf(r)( / dr’f(r’))
’tf ff’ t
+/ dte(t)/ dte(t)/ dt' f(t")
— /fdte(t)/ dt’e(t’)/ dt' f(t")
”f | t 12
= ‘2] dtf(t)(f dt’e(ﬂ))
ltf zfl t
—/ dte(t)f dtf(t)/ dt'e(t)
1tf ltf _ lz
+/ dtf(t)f dtf(t)f dr' f(t")
1t, l t 12
—/ dtf(t)(/ dt/f(t/))
’t/ t/I t
+/ dte(t)/ dte(t)/ dt' f(t")
’t/ It ’l‘f
—/ dte(t)/ dt/e(t/)/ dt' f(t')
f dt[Zf(t)(/ dt’e(t’))
,_ t ; :
—f(r)( / dt/f(ﬁ)]

using

/fdt f(t)/ dt’e(t’)/ dt’e(t”)
1 [ 1 2
- 5/ dtf(t)(/ dt’e(t')) ,
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ffdt e(t)/ dr' f(t)
l Iy | ty Iy 4
=/ dte(t)f dtf(t)—/ dtf(t)/ dt’e(t)).

(ASb)

One can rewrite the term Q3 by applying integration by parts
with /(1) = f(t) and v(t) = [} dt' f(t')]*:

tr t 2 t 2
0;=2 /jdt[f(t)(/ dﬂe(ﬂ)) + f(@®) / dt' f(t" ] )
' ' ' (A6)
For the O,, we obtain
|0y] = /fdte(t), (A7a)
lf t _
10s] = / dr / d'Te()e(t) + F@OF )]
1/ [ S N :
= 5([ dte(t)) +§/t: dt f(t)
+iIm(/fdtf(t)/ dt’f(t’))‘
= / "ar f() / di' f(t')| when O, =0, (A7b)
= Im(/fdtf(t)/ dt’f(t’))‘ when O; = 0, =0,
(A7c)
|05 = / "at f dr’ f dt"[e(t)e(te(t")

+ ) fe”) +e(t) f@) ") — f@)e)fE")]

1 tf 3 tf t
:’8</ e(t)dl‘) +2/ dte(t) / dt' f(t")
tfl l‘f _ ’ t ’
—/ dte(t)/ dtf(t)/ dt' f(t")
Itf ’t[ _ ’t
+/ dtf(t)/ dtf(t)/ dt'e(t)
Itf ‘zf ’t B
—/ dtf(t)/ dte(t)/ dt' f(t")
Irf lz 2’
/ dte(t) / dr' f(t"

APPENDIX B: OPTIMAL QUANTUM GATE TRAJECTORY
WITH RESPECT TO PULSE AREA AT FIFTH ORDER

2

=2 when O; = Q) = 0.

(A7d)

Canceling the terms of the propagator expansion (12) at
first order, i.e., fl[f dte(t) =0 and f[tf dt f(t) =0, and at the

full second order, via (44c) and (40), the constraints become
[where we use (44b) to satisfy fttf dt f(t) =0]

y vy (v 3
we):/ dysinzes/ dy 90(®) =0,
Yi Yi
(Bla)

N 2 S T
’»”1()/,9,%,%):/ dy|:§sin29(fcacosy

Vi

4§ sint )0 (Ey sif1 ¥ — Fi cOS y)i|
vr .
Ef dy ¢1(y,0,0, %y, 5,) =0, (BIb)
:

1//-2(‘}/’ évia’ ya) = f

Ve 1
dy |:§ sin 26 (3, cosy — X, siny)
"

+ é(fca cos y + J sin y)j|

Yy .
E/ dy(pZ(y797972a75)0t):07 (BlC)
Vi

Yf .

Uiy, 0, %) = dy Xy sin® 0

s

”
¥s 5
dy ¢3(0,%4) =0,

I
S

(B1d)
)
Yf

Va(y, 0,54) = dy o sin 0

——

i
Yr

dy ¢4(0,4) = 0. (Ble)

I
T~

Vi

The trajectories é(y), X(y), and §,(y) are the solution of
the Euler-Lagrange equations

oL d [dL
= —(—;> -0, (B2a)
00  dy \ 50
d d [0
TE - = TE =0, (B2b)
0xX, dy \ 09X,
oL d [(dL
— | =]=0, (B2c¢)
05 dy \ 99

with
E(V, é’ éa -)?O(ax%ota ya,);’a)
= Lo(®,0) + hopo@) + Y %9 (v,0,0, %, Fa)

j=14
+ B ()Ey — iy, 8, 0]+ iy ()T — By, 0, 0)].
(B3)
This gives
ALy d (L .9 .00, - d (9
I o e )]
a0 dy \ 3¢ L8 av\ e
di aw  d i ELy
—N.——~,— — ~—. ~—. —0, B4
ez ”>89+dy<”"a§+”’39> (B4a)
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~ Jp B
D higt — =0, (B4b)
j=1,4 Yo

.9
Z)\ja—‘ff—ay_o, (B4c)
Far/ R

ie.,
2(§)zcot9 +sinfcosd — é
()2 + sin? B]3/2
+ (2% — A2)coth — 275 (F4 COS Y — Xy Sin )

- -~ 1 ~ ~ 1
+ A3 (25cacot9 + 7 sin y) + Agq <Zyacot9 —3 cos y)

—ZXl(Xacosy + Jusiny) + fiycosy + fiysiny =0,

(B5a)
fox — 201Xy + 22254 = A3sin 0, (B5b)
fly — 2M1 90 — 2A2Xy = Aasin® @. (B5c¢)

One can remove the X; and simplify the above equations by
defining

Re = [l — 201 %o + 20050 — A4, (B6a)
Ry = fly — 2M150 — 2h0fe + 23, (B6b)
giving the complete system
2(0)2cotd + sind cosd — 6
[(0)2 + sin? B]3/2

+ (2ho — Az)cotd + 24, (%, sin Y — Y COSY)

+ (A3Zy + ):4)70, Yeotd + &, cos y +#&,siny =0, (B7a)
ke = hysin?f, &, = Aysin?d, (B7b)
%y = sinf cosf cosy + d sin Y, (B7¢)
$o = sinf cos B siny — 8 cos Y, (B7d)

with ’zx(yl) = Kyx,is '?y()/z) = Ky,i, )Nfa()/i) = xa(ti? = 07 90:()/1‘) =

Yalt) = 0, X (y;) = Gsiny;, and o (i) = — @ cos y; (where
we have redefined %, — X, /2 and j, — ¥,/2).

APPENDIX C: OPTIMAL QUANTUM GATE TRAJECTORY
WITH RESPECT TO ENERGY OR TIME AT FIFTH ORDER

The trajectories y (t), 6(t), x,(t), and y, (t) are the solution
of the Euler-Lagrange equations (53), which can be written as

oL d (oL a d (0
o _d (Lo, e d (3¢
ay dt \ oy ay dt \ oy
4
8(;0j d 8(,0j
A—L oy —
+Z[13V ’dt< /

- Mx_."‘ﬂy@):()a (Cla)

oL oL 0 d (0
_0__ =0 —i—)»oﬂ—)» ('00
200 dt a0 dt
8<pj d (g
+ Z[ 90 " Mar ( 36

ou av d ou av
ey Myt o ( 0+/x» )=0, (Clb)

26 di 26
3§01 3<P @3 ooy .
A WP =0, (I
Vo, o, +38a+48xa ” (Cle)
9 9 9 9
M 3,2 2B S =0, (Cld)

A A 0y A

with, for optimization with respect to the pulse energy [ac-
cording to (78)],

Lo(7,6,0) =06+ y*sin®0 (C2a)
and
@o(y.0) =y sin’ 0, (C2b)
@ = % sin 20 (x, cos y + yy siny)
+ é(xa siny — y, cosy), (C20)
= % sin 26(y, oS Y — X, SIn )
+60(xq cOSY + Yo siny), (C24d)
@03 = YXosin 6, (C2e)
04 = Yyqsin® 0, (C2f)
Xy = %)'/ sin 26 cos y + %9 siny =u, (C2g)
. L. . I,
Vo = Zy sin20 siny — 59 cosy =v, (C2h)
i.e.,

— 29 sin’6 — 4760 sin 6 cos 6 — 2100 sin O cos O

+20 sin® 01 (x4 cOS Y + Yo siny)

— A (Xg Siny — yy cOs y)]

— % sin 20[(A cosy — Apsiny )X,

+ (Apsiny + Ay cos ¥ )y,

— A3Xg sin® 0 — 2A3x,0 sin 6 cos O

— A4Va sin? 6 — 2k4ya9 sin 6 cos 6

—0sin®O(puc cosy + Mysiny)

+1 sin 20(fix cos y + fiysiny) =0 (C3a)
p2sin@ cos® — 6 + (Lo — A2/2)y sin 6 cos 6

—y sin? O[A1 (X COS Y + Yo SinYy)

+22(ya cOS Y — Xy Sin )]

4y sin 6 cos O (xg A3 + Yo ra)

+ 1y sin*@(A3siny — Agcosy)

+ 17 sin® O (p, cos y + pysiny) = 0, (C3b)
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Uy = Aq(y cos@ sinf cos y + 6 sin V)
—Xa(y cosBsin@siny — O cosy) + A3y sin’ @
= 2A 1% — 2A0Ye + A3y sin® 6, (C3c)
fty = A1(y cos 8 sin 6 siny —6Ocosy)
+22(y cos@sin@ cosy + 6 siny) + Agy sin® 6@
= 2\ 1Vq 4 2Ao%y + Auy sin’ 6. (C3d)

One can remove the A; and simplify the above equations by
defining

(C4a)
(C4b)

Ky = [y — 20Xy + 200Y0 — 3Aas
Ky = [y = 201Ve — 2ha¥e + 313,
which forms a system of six differential equations
7 4 296 cotd + (Lo — A2/2)8 cotd
+ é(l(x cosy +kysiny) + Agé(xa siny — y, cosy)
+ (A3Xy + Agye )b cotd = 0, (C5a)
y2sin@cosf — 6 + (A9 — A2/2)y sin 6 cos O
+ [Aa(xgsiny —y,cosy) +kccosy +kysinyly sin® 0

+ (A3xyq + AgYq)y sinf cos O = 0, (C5b)
Ky = A3y sin® 0, (C5¢)
Ky = hgy sin® 0, (C5d)
Xo =y sin@cosfcosy + O siny, (Cse)
Yo = ¥ sinf cosfsiny — 6 cosy, (C51)

with the six Lagrangian multipliers Ao, Az, Az, Ag, Ky ; = Ki(2;),
and k,; = ky(t;) (where we have redefined k. — 2k, k, —
2Ky, A3 —> 2A3, Ag —> 2X4, Xo —> X /2, and Yo, — Yo /2) that
define the optimal robust trajectory.

APPENDIX D: RECOVERING OPTIMAL TRAJECTORY
WITH RESPECT TO PULSE AREA FROM ENERGY
OPTIMIZATION AT FIFTH ORDER

We show below that we recover the trajectory defined by
the differential equations (B7) for the minimization of the
pulse area from the optimal trajectory with respect to en-
ergy, defined by Egs. (55): Using X, = %, and Y, = VoV,
Egs. (55¢) and (55f) give (B7¢) and (B7d), respectively. Using
6 = y%0 + 70, Eq. (55b) reads

y sin6 cos§ — yé — )’/'5/)'/ + (Ao — A2/2)sin 6 cos O
+ sin? O[A2(xy SINY — Yo COSY) + kyCOSY + Ky sin ]

+ sin 8 cos O (A3xy, + Agye) = O, (D1
which gives, using (55a) and § = )'/5,
Z(é)zcotQ +sinf cosf — 0 + [(Ag — A2/2)cotf
+ Ky COSY + Kysiny + Ay (Xq SIny — Yo COSY)
T cotd (Asxy + Aaye)I[@) +sin26]/y = 0.  (D2)

Using the constant of motion QF = 0% + p?sin’ 0 =
72[sin2 6 + (9)7), i.e.,
Qo

Yy = —
\/sin? @ + (6)2

we recover (B7a), where we have identified the Lagrange
multipliers

(D3)

Ao = Ao/28,

’ZX = KX/QO’

Ao = X2/290,

/Zy = Ky/QQ.

ij:)»j/Q(), j=3747

(D4)

APPENDIX E: SYMMETRY OF THE TRAJECTORIES

1. Complete population transfer

We first invert the derivatives in order to get trajectories as
a function of 6, y(60),

540 _ (47 2z
b=2 = 1/(d9> = 1/7, (Ela)
i(é*)—o—é*+éi(*)ﬁ—é;+(?))2” (E1b)
ay O =0="0y +6 5 =0y :
ie.,
b=—7/(). (E2)

We obtain, from (B7),
29 cotf + (7)* sinf cos O + y
[1+ (7)?sin? 63/

+Zycotd + K cos P + &y sinp =0,
K = yAysin®0, &, = yhissin®0,
Zo = 7 5in 60 cos O(hz cos 7 + Ay sin i)
+Xs siny — s COS 7,
with
Zy = 2R — A + A3y + ATy (E4)

and all the variables considered as functions of 0: 7, = Z,(0),
etc. We analyze the problem of complete population transfer:
20 =X, =0 and 0r = w. We consider the backward equa-
tions 7(u) = 7(0), Z4(u) = Z,(0), and &;(u) = &(0), j =
x,y, withu =m — 6. This gives § = =9, ¥ = ¥, 2o = —Za»
éa = Za, /éj = —fcj, and /'%'j = /;c'j. The resulting differential
equations are of the same form as the original ones (E3) but
with a change of sign of the derivative of Z,. As a conse-
quence, the trajectory 7 (6) can be antisymmetric around 6 =
/2, Y@ /D)= =(r+v)/2=y//2+7/4 (j=xy),
with antisymmetric functions #;(6) and a symmetric function
Za(0),

pr —6) =2y — 7). (E5a)
pr—0)=90), P —0)=—70), (E5b)
Ri(r —0) =2k;0—k;(0), kj(mx—0)=Fk;j@®), (ESc)
2w —0)=20), Z(m—0)=—%0), (E5d)

under the conditions determined below.
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Taking the differential equation (E3) at 6 = 7 — 6y and
using the above equalities and (E3) at 6 gives

R&x(60) cos 7 (0o) + &y (6o) sin 7 (6o)
+ kx(r — 60) cos[2yy — 7 (6o)]
+ Ry (w — 0o) sin[2yp — ¥ (60)] = 0,
sin 6 cos By[A3 cos 7(6p) + Aq sin 77 (6p)]
+ [A35in (6p) — Aa cos 7 (60)1/7 (o)
= sin 6 cos Oy {A3 cos[2yy — 7(0o)]
+ A4 sin[2y0 — 7(60)1} — {A3 sin[2y0 — 7(60)]

(E6a)

—y cos[2y0 — 7 (60)1}/7 (60) (E6b)
and Eq. (E6D) leads to
X3 = Agcos Vi — X3 sin vr (E7a)
Aa = k308 vy + Aasinyy, (E7b)
i.e., to the conditions
cos yf = 2h3ha sinyy = (a)® = Os)” (E8)

(R3)? + () e+
Using the integration of Egs. (B7b), Eq. (E6a) gives
0 = (kx.i + Kx,i SIN Yy — Ky, €OS Y ) cos[7 (6p)]
+ (Kyi — Kx,i COS Yy — Ky,i sinyy) sin[y (6p)]

0
+ / dO sin® O (A3 + A3 sin y; — g cos yy) cos[7(6p)]
0

6o
+ / d6 sin® 0(hs — A3 COS vy — Agsinyy)sin[{(6p)]
0

+ 2(kx,0 €OS Y5 + Ky,0 8in y¢) sin[ 7 (6p)]
+ 2(ky,0 COS Y — Ky 0 Sin yy) cos[§ (6p)], (E9)
which using (E7) simplifies to
kyi = (Kyi — 2Ky0) €Os Y — (ky; — 2ky0) sinyy, (E10a)
Kkyi = (Kyi— 2Kx0)cOS ¥y + (ky; — 2ky0) sin yy, (E10b)

which complete the conditions (E8) for the antisymmetric
trajectory (ES).

2. The Nor gate

We assume an antisymmetric 6(¢) around 6(7T/2) = n /2
(defining T = Thnin),

OT —t)=m —0(t),
OT —1)=0(t), O(T —t)=—6().

(Ella)
(E11b)

a. Antisymmetric y(t)

We additionally assume an antisymmetric y(¢) around
vw=yT/2)=r+v)/2=yi/2+ /4%

y(T —1) =2y —y (), (E12a)
yI' —t)=y@®, yT —1)=-y@). (EI2b)

We consider Egs. (55) at time 7 — ¢. From (55¢) and (55f) we
have, when yy = yy = 7 /2, X, symmetric xo (T — 1) = X(t)

and y, antisymmetric y,(T —t) = —y,(?), i.e., x, antisym-
metric x,(T —t) = —x4(¢) and y, symmetric y,(T —1) =
Y (2)-

From (55c¢) and (55d) we have both «, and k, symmetric
k(T —t) = 2kjo0— «j(t). From (55a) and (55b) at time T" —
t, we show that Egs. (552a) and (55b) are recovered at time ¢ if
ky = const, i.e., A3 =0, and k, o = 0.

b. Symmetric y(t)
Alternatively, we consider a symmetric y(¢) around
y(T/2):
(E13a)
(E13b)

y(T —1)=y(),

y(T —1)=—p@), (T —1)=p@).
From (55e) and (55f) we have both x, and y, symmetric
X (T — 1) = —x4(t) and y, (T —t) = —y,(t). From (55c¢) and
(55d) we have both «, and «, antisymmetric «;(T —1t) =
k(). From (55a) and (55b) at time T —¢, we show that
Egs. (55a) and (55b) are recovered at time ¢ if Ag = A, = 0.

We have not found any RIO solution for the NOT gate satisfy-
ing these conditions.

APPENDIX F: ALTERNATIVE FORMULATION OF
OPTIMIZATION OF ROBUST POPULATION TRANSFER
WITH RESPECT TO ENERGY AND TIME
AT FIFTH ORDER

We consider the constraint fttf f()dt = 0, rewritten after
integration by parts

Iy . . .
/ dty(sin20 — 20)e"” —2i(0re""" —6;¢") =0, (Fl)
1,

giving

ty
Yi(y,0) E/ dt y cosy(sin26 — 26)
1,

i

ty
= / dt (pl(y, )7, 0) = —29f sin Yrs (an)
1,

i

ty
Ya(y,0) E/ dt y sin y(sin 26 — 20)
1,

ty
= / dtpr(y,y,0) =20pcosyr, (F2b)
ti

and the integrals (40), i.e., (50e) and (50f). The constraint
jZf f(t)dt = 0 also has to be applied to these variables:

Xa(tp) =0,  yalty) =0. (F3)

The trajectories y (¢), (), x,(t), and y,(¢) are the solution of
the Euler-Lagrange equations with

2

L=Loy,0,0)+ Y 2jo;(y, 7, 0)+ hs3(7, 0, %)
j=1

+ Aa@a (7, 0, yo) + 1 (O)ke — u(y, 7,6, 0)]
+ wy(OFe — vy, 7,6, 0)]. (F4)
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This gives

E(é)

2 a(pj
2::[ ry

iG] 2 ()

Bv d < ou v

— ux — o —+ uy—.> =0, (F5a)
dy ay

8y dt
oo _d 2ty
a0

u 8v+d 3u+ v —0, (FSb)
Mx dr Mx /Lyaé =0,

00 "0 20
A gj‘f — i =0, M?—fj — iy =0, (F50)
with
Lo(y,0,60) =6+ p?sin? 6, (F6a)
01(y,y,0) =1ycosy(sin20 — 26), (Féb)
@a(y,y,0) = ysiny(sin20 — 20), (Féc)
93(7, 0, %y) = Yxq sin® 6, (F6d)
94(y. 0, o) = VYasin’ 6, (F6e)
xo,:}l)’/sin2ecosy+lésiny=u (Fof)
Vo = %)’/ sin20 siny — —0 cosy =v, (Fbg)
ie.,

7 sin® 6 + 270 sin @ cos @ — 20 sin” (A cos y + A, sin y)
+ 1 sin® O(A3xa + AaYo) + 0 sin 0 cos O (A3xy + Aaye)
+ %9 sin 0y cos y + Hysiny)

— % sinf cos O (ftx cosy + iy siny) =0, (F7a)
y2sin@cos@ — 6 — 2y sin® O(r; cosy + A siny)

+ %)'/ sin 260 (A3xg + Agye) + %/:Lx siny — %,[Ly cos y

+ 1y sin® O(uy cos y + pysiny) =0 (F7b)
[t = A3y sin® @,  fi, = Agy sin® 0. (F7c)

One can simplify by removing A; and A,,
7 sin6 + 270 cos @
+ %9 sin6(kycosy + kysiny) + éza cosd =0, (F8a)
y2cos@ — 6/ sind
+ %7’/ sinf(kycosy + kysiny) + yzy cos =0, (F8b)

with
Ky = [y —4h1 — $ha, Ky =y — 4ha + 343, (F9a)
Za = A3Xg + Yo,  Za(li) = 2a(ty) =0, (F9b)

ie.,
Ky = [Le = A3y sin®@, &y, = 1, = Agy sin* 6, (F10a)

Zo = 1y sin6 cosO(Azcosy + Agsiny)

+16(A3siny — Agcos y). (F10b)

Rewriting «; — 2ky, &y —> 2ky, A3 — 2A3, and A4 — 2)4 in
(F8) and (F10), we finally derive the system of five differential
equations that define the optimal robust trajectory

sin6 + 2y cos 0
+ 0 (k, cOs Yy +Kkysiny)siné + 0z4cos0 =0, (Flla)
—6/sinf + y?cos
+y (ke cosy +kysiny)sinf + yz, cosf =0, (F11b)

Ky = A3y sin®0, Kk, = A4y sin® 6, (Fllc)
Zg = (A3COSy 4+ Agsiny)y sin6 cos b
+ (A3siny — Agcosy)o, (F11d)

with the four Lagrangian multipliers A3, A4, kox = ki (t;), and
Koy = ky(t;), which is (55) for g = A, = 0.

APPENDIX G: DETERMINATION OF THE SOLUTION OF
THE OPTIMAL §-ROBUST POPULATION TRANSFER

In Sec. VII we showed that a resonant pulse A = 0 is the
solution of the optimal §-robust population transfer. The pulse
shape is determined from the pendulum differential equation

— 6+ rcosb =0, (G1)

where the + sign is correlated with the sign of y with the
constraint
T
/ dtsinf(t)siny() =0 (G2)
0
We notice that sin y has to change its sign in order to satisfy

the above constraint. We assume that it happens at a time 71,
which leads to (taking y = +7 /2 for 0 <t < 1)

n T
/ dtsinf(t) — / dtsinf(t) =0 (G3)
0 h
We show below that it happens when the trajectory reaches
the south pole of the Bloch sphere, when the transfer becomes
complete. We take initially y; = ¢; = /2.
The propagator for a chosen positive €2 reads

[ cosA/2)  —isin(A/2) [
Ui(t,0) = |:—isin(A/2) cos(A/2) } A —/0 Ss)ds,
(G4)

where A is the pulse area (and A > 0). The solution lp(t)) =
U(t,0)|¢(0)) can be written as

[ cosA/2) T [e™*cos0/2) ] _ix
1$) = [—isin(A/2)i| = [ —in /4 sm(9/2)i| " @9

ie,withy =¢p =m/2and 6 = A, untillt = tl..WhenA > T,
for t > t;, we have § =21 — A, i.e.,, 6 = —A < 0, and the
solution reads

_[—=cos®/2)] _ [e ™*cos(0/2)] _3inya
|¢(t)>_[—isin(9/2):|_|: ’”/451n(9/2)] » (G6)

i.e., with ¢ = —m /2 and y = 37w /2. The change of y from
/2 to 3w /2 (i.e., the change of sign of siny) occurs thus
when the trajectory just overcomes the south pole of the Bloch
sphere. It also goes with a change of sign of ¢, from 7 /2 to

062613-19



DRIDI, LAFORGUE, MEJATTY, AND GUERIN

PHYSICAL REVIEW A 109, 062613 (2024)

—m/2, and a change of sign of 6, from positive to negative,
until = 0 at time #,, for which the solution reads [with 6, =
0(ty) > ]

| —cos(6,/2)
o (1)) = [—isin(ezz/z)} o

When €2 becomes negative, we have the subsequent partial
area A’ = — j;i Q(s)ds, i.e., 0 > 0. This can be seen from the

formula 6 = Qsin g, with Q < 0 and ¢ = —x /2. For such
negative €2, the propagator reads

cos(A’/2)

B i sin(A’/2)
(2, 0) = |:i sin(A’/2) } (G8)

cos(A’'/2)
with
t
A = —/ Q(s)ds = 0(t) — 65, (G9)
5]
and the solution reads

_ | cos(A’/2)
190)) = [i sin(A'/2)

i.e., at the final time ¢t =T,

[ —cos[(A} +6,)/2]
lo(T)) = [_,’sin[(A’TT +62)/2]

isin(A’/2) || —cos(6,/2)
cos(A//2):|[—isin(92/2):|’ (G10)

], AL =A@ =T).

(G11)
The transfer is complete when

Ay 460, =7, e, Ay—Ap =m. (G12)

In summary, the pulse is decomposed as a first positive part
featuring a monotonically increasing 6 with ¢ =y = /2
until the 7 area and next a change of sign of ¢ to —m /2
with y = 37 /2 and a monotonically decreasing 6 until 6 = 0,
followed by a negative part with a monotonically increasing 9,
withgp = —m /2 and y =37 /2.

The precise dynamics is given by Egs. (83): Eq. (83a)
corresponds to A; = 0 at resonance and Eq. (83b) reduces
to an equation involving only A, (denoted by A) and a
constant y,

6 — Asiny cosf = 0, (G13)

where siny = £1. The solution can be obtained as follows.
We multiply both sides by 6 and integrate (where c; is a
constant):

%92 = Asiny sinf + c;. (G14)

‘We then obtain

dé

- - = =dt,
2Asiny sinf + 2¢;

(G15)

where the sign + (—) stands for 6 >0 (8 <0) and is
correlated with the sign of siny. This can be rewrit-
ten to make appear an elliptic integral using u =7 /2 — 6
such that sin@ = cosu = 1 — 2sin’(u/2) and x = —u/2 =
0/2 — /4,

2dx
\/ZA siny (1 — 2sin®x) + 2¢;

= kdt, (Gl6)

ie., ifc; +Asiny > 0,
dx

—— = Fwdt, (G17)
V1 —msin®x
with
2 si / A si
m— : s y C w= c| + s1ny‘ (G18)
Asiny 4+ ¢ 2
The integration gives
v d 0
/ —  —tuita v=s -2 (Gl9)
V1 —msin®x 2 4

i.e., in terms of the incomplete elliptic integral of the first kind
defined as

v dx
Fv,m) = / S (G20)
V1 —msin®x
F(0+/2 — /4, m) = ot + ¢, (G21)

where 6, (0_) is associated with 9+ >0 (9_ < 0). Equa-
tion (G19) shows that — /4 < v < 7 /4, imposing m < 2 on
the full range of 6 € [0, 7], and, from (G18), ¢; > 0. This
gives, after inversion,

0.4(1) = 2 am(+ar + c, m) + % (G22)
with am(u, m) the Jacobi amplitude function, the inverse of

the incomplete elliptic integral
F(v,m) =u<= v = am(u, m). (G23)

Otherwise, if ¢; + A sin y < 0, the integral (G16) can be writ-
ten in the form

d Asi
S i A L (G24)
—1 4 msin®x 2
which, if additionally ¢; — Asiny > 0, i.e.,
Asiny <c¢; < —Asiny, Asiny <0, (G25)
gives
d
S (G26)
1 —m sinzy
withy =x — /2 and
2 si — Asi
my = &7 W) = /ﬂ_ (G27)
Asiny — ¢ 2
The integration gives
v dy 0 3m
— —dwit+c, v==--——, (G28)
V1 —mysin®y 2 4
i.e., in terms of the incomplete elliptic integral
F(0+/2 —3m /4, m;) = Lwt + ¢, (G29)
and after inversion
3n
0.(t) =2am(xwit + ¢y, my) + —. (G30)

2

062613-20



OPTIMAL ULTRAROBUST QUANTUM GATES BY INVERSE ...

PHYSICAL REVIEW A 109, 062613 (2024)

The initial condition 6(; =0)=6, =0, 6(0)=6, >0,
where we assume ¢; = y; = /2, i.e.,

2)\4 A +C1
m= , W= , (G31)
A+ 2
gives
F(r/4,m)=—c), 0;=+/2c. (G32)

‘We can use the pair of free parameters {A, ¢} or {m, w}. Equa-
tion (G31) gives {m, w} from {A, c,}; conversely, the latter are
obtained from the former by

2

A=mw, ¢ = a)2(2 —m). (G33)

The angle 6(¢t) for time ¢ € [0,#] is given by 6,(¢f) of
Eq. (G22), denoted by 6y(¢) and defined in (87), until ¢t =
t1, for which 0 = m: F(x /4, m) = wt; + ¢3, i.e., Eq. (88).
For time t € [#;, ,], where ¢ = —n /2 and y = 3n/2, ie.,
siny = —1, 6(t) is given by 6_(t) of Eq. (G30), denoted
by 61(2),

3
61(t) = 2 am(—a't + ¢, m') + 7” (G34)
with, from (G27),
2, A
m= o= AT (63s)
A+ 2

where the constants ¢} and c¢) are given by the continuity
Op(t1) = 01(t1) = m and 6y(t;) = —0O;(¢;). The minus sign in
the latter term is due to a change of sign of sin ¢ at #; if we
assume the continuity of the field €2 [see (4a)]. This gives, for
the derivatives 0y(t1) = —0;(#;), from (G15), ¢| = cy, i.e.,

2A / A
m = =m>1, o= at = w, (G36)
)\.+Cl 2

and for 6y(t;) = 0,(t)) = m,

3
7 = 2am( — 2F ( /4, m) + ¢, m) + 7” (G37)
ie.,
¢y = F( /4, m), (G38)
and finally
3
01(1) = 2am(— ot + F(x /4, m).m)+ == (G39)

The pulse becomes zero at f, for which él(tz) =0, i.e., when
the squared root of (G28) (for m; = m) nullifies

01(2) = %T — 2arcsin(1/4/m), (G40)

which gives

ty = [F (7 /4, m) + F (arcsin(1/y/m), m)]/w. (G41)

The subsequent negative part of the pulse (for time ¢ € [t;, T'])

is given by 6. (¢) of Eq. (G30), denoted by 6,(¢),

3
R

which ensures the continuity of the first derivatives 01(tr) =
6,(t2). The continuity 0, (r,) = 6,(t,) gives

¢y = —F (arcsin(1/+/m), m) — wt,

0,(t) = 2am(wt + ¢, m) + (G42)

= —2F (arcsin(1/+/m), m) — F (7 /4, m). (G43)
The final time T is such that
3
0,(T) = 2am(wT + ¢y, m) + T 7, (G44)

2

i.e., Eq. (92). The constraint that has to be satisfied is Eq. (93).
The above constraint does not depend on w, but only on m
as defined in (G31). We use w to normalize time (i.e., time
is in units of 1/w), the 6's (hence the amplitude of the Rabi
frequency in units of w), and the energy (in units of w as well),

41 . 5] . T .
5:/ dt9§+/ dt0f+/ dt 03,
0 1 15)

where 90 (1) is given by

(G45)

. d
Op(t) = de—am(u, m) foru=awt —F(x/4,m)
u

=2 for v = am(u, m)

a)—
d
wFQ,m)

= 2w\/1 — msin?[am(u, m)]

= 2w/ 1 — msn?(u, m)

= 2a)\/1 — msn2(wt — F (7 /4, m), m)
=2wdn(wt — F( /4, m), m),

(G406)

with the Jacobi elliptic sine sn(u, m) := sin[am(u, m)] and the

delta amplitude dn(u, m) := /1 — msn(u, m); 61 (t) is given
by

0,(t) = —2w\/1 — msn2(wt — F (7 /4, m), m)
= —6o(t)
and 6,(¢) by
éz(t) =2wdn(wt — F(r /4, m) — 2F( arcsin(l/\/ﬁ)), m)
= 2wdn(wt — F( /4, m), m)

(G47)

= —0o(t). (G48)
Using (4a), we obtain, for the pulse amplitude,
Q) = 0y(t) = 20 dn(wr — F(m /4, m), m). (G49)

We obtain, for the energy (in units of ), using the change of
variable s = wt,

T
Elw = 4/ dsdn®(s — F(r /4, m), m). (G50)
0
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