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Cooper-pair beam splitter as a feasible source of entangled electrons
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We investigate the generation of an entangled electron pair emerging from a system composed of two
quantum dots attached to a superconductor Cooper-pair beam splitter. We take into account three processes:
crossed Andreev reflection, cotunneling, and Coulomb interaction. Together, these processes play crucial roles
in the formation of entangled electronic states, with electrons being in spatially separated quantum dots. By
using perturbation theory, we derive an analytical effective model that allows a simple picture of the intricate
process behind the formation of the entangled state. Several entanglement quantifiers, including quantum mutual
information, negativity, and concurrence, are employed to validate our findings. Finally, we define and calculate
the covariance associated with the detection of two electrons, each originating from one of the quantum dots with
a specific spin value. The time evolution of this observable follows the dynamics of all entanglement quantifiers,
thus suggesting that it can be a useful tool for mapping the creation of entangled electrons in future applications
within quantum information protocols.
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I. INTRODUCTION

Entanglement, as a resource, is a central key in the exper-
imental realization of quantum computation. The generation
of entangled states has recently been investigated across a
range of physical systems [1]. Nevertheless, preparing en-
tangled particles and quantifying or detecting the degree of
entanglement can be challenging. Some works use the re-
construction of the density matrix to calculate fidelity with a
target state [2]. In other cases, an entanglement witness is used
[3] to probe the degree of entanglement. Nowadays, quantum
computers capable of executing quantum algorithms rely on
superconductor circuits [4], among other possibilities [5]. The
integration of any physical platform based on superconductors
with other systems is strategic since certain operations can be
performed faster in those other systems. In this scenario, a
hybrid architecture with superconductors and semiconductor
nanostructures emerges as an interesting possibility. Several
physical phenomena couple these two systems, making such
integration promising.

In a previous work, some of us investigated a Cooper-pair
beam splitter, a physical system that couples a superconductor
lead of Cooper pairs with two separated quantum dots [6–8].
This system has been explored recently and important reports
include the first experimental detection of spin cross correla-
tions [9]. Subsequently, we present a proof of principle of how
measurements of quantum transport of electrons can be used
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to prove an optical effect in the nanostructure: the formation of
an Autler-Townes doublet. The superconductor device enables
the transfer of pairs of electrons with opposite spins between
two coupled quantum dots through a crossed Andreev reflec-
tion (CAR) process. An intriguing question is as follows: Are
there quantum correlations between these electrons? If the
answer is yes, an existing degree of entanglement can be used
as a resource for applications on quantum computing. Indeed,
the potential for the Andreev process to serve as entanglers
was pointed out by Recher et al. in 2001 [10]. However, some
questions, such as the quantum dynamics, the evolution of
the degree of entanglement, and the effects of decoherence,
remain unanswered.

In this work, we propose employing a Cooper-pair beam
splitter as a viable source of entangled electrons, with po-
tential applications in quantum information and computation
protocols, similar to the established utilization of entangled
photons [11,12]. We explore the quantum dynamics of the
system, modeling the crossed Andreev reflection (CAR) and
cotunneling, and studying the evolution of the degree of entan-
glement between the two emerging electrons as they transit
from the system to two connected reservoirs in the hybrid
system.

We begin with a general second-quantization Hamiltonian
and first check the properties of the physical system, in or-
der to find a two-particle subspace where the generation of
an entangled state is possible. This involves constructing an
effective two-particle Hamiltonian and a two-qubit model.
Then, we explore the full Hamiltonian to understand the gen-
eral properties of the entanglement of the eigenstates and the
quantum dynamics of the system. This is achieved by defining
tomographic entanglement indicators that capture the overall
behavior of entanglement in the physical system of interest.
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FIG. 1. Sketch of the physical system, illustrating the main pa-
rameters and interactions. Each quantum dot is represented by black
dashed-line circles, with spin-up and spin-down states indicated by
red and blue ellipses within each respective dot. Dotted blue lines
represent Zeeman splitting with value δ j ; dashed gray lines represent
one of the effective CAR processes with strength �; dot-dashed
lines represent effective cotunneling processes of strength γ for the
spin-up (blue lines) and spin-down (red lines) states. The gray arrows
denote the coupling with fermionic reservoirs with a rate � j . The
index j = 1, 2 labels the quantum dots. The Coulomb repulsion of
strengths J and J ′ is not illustrated here.

Based on previous experience [13–16], we calculate several
entanglement measurements along with the covariance and
compare these results with the insights provided by the effec-
tive model. This allows us to propose the physical conditions
necessary for producing entangled electrons.

This paper is organized as follows: in Sec. II, we present
our physical system and models, including the effective two-
particle model and the two-qubit model. Additionally, we
provide definitions for measurements and entanglement in-
dicators to be used in our analysis. Section III is dedicated
to show the results of the properties of the degree of entan-
glement between the electrons in our physical system, and
in Sec. IV we discuss the feasibility of the generation of
the entangled particles in a realistic physical system. Finally,
Sec. V presents our concluding remarks.

II. THEORETICAL FORMALISM

A. Physical system and model

The physical system of interest, shown in Fig. 1, consists of
two quantum dots—quantum dot 1 (QD1) and quantum dot 2
(QD2)—connected through a superconductor lead. This con-
figuration is known as a Cooper-pair beam splitter (CPBS).
This kind of device creates or annihilates a pair of electrons
with opposite spins at the quantum dot levels, in a process
known as crossed Andreev reflection (CAR) [17,18]. In Fig. 1,
we illustrate a scenario in which the conduction bands were
occupied by an electron with spin up in QD1 and spin down
in QD2. Zeeman splitting is given by δ1 and δ2, respectively.
In contrast to our previous work [6], we now consider co-
tunneling (CT) between the dots. Additionally, we take into
consideration the effects of both intra- and interdot Coulomb
repulsion. This combination, coupled with crossed Andreev
reflection (CAR), leads to the formation of entangled states for
electrons spatially separated within each quantum dot. The
modeling Hamiltonian reads as

H = HZ + HC + HCAR + HCT, (1)

where

HZ =
2∑

j=1

δ j

2 (Nj↑ − Nj↓),

HC = J (N1↑N1↓ + N2↑N2↓) + J ′(N1↑ + N1↓)(N2↑ + N2↓),

HCAR = �(d†
1↑d†

2↓ − d†
1↓d†

2↑) + H.c.,

HCT = γ (d†
1↑d2↑ + d†

1↓d2↓) + H.c. (2)

Here, the diagonal terms are HZ, which describes the Zeeman
splitting of the energy levels, given by δ j/2 ( j = 1, 2 labeling
the quantum dots in the nanostructure), and the Hamiltonian
HC, which accounts for intra- and interdot Coulomb repul-
sion with strengths J and J ′, respectively. The nondiagonal
terms include HCAR, which accounts for the CAR process with
strength �, and HCT, which describes cotunneling between
QD1 and QD2, associated with the parameter γ . In the equa-
tions, the operators d jσ (d†

jσ ) annihilate (create) an electron
with spin σ (σ =↑,↓ taken along the z direction) in QD j , and
Njσ = d†

jσ d jσ is the number operator for quantum dot QD j
and spin σ .

As indicated in [18], the Jordan-Wigner transformation
proves to be a suitable method for transitioning from the
second-quantization formalism to a more convenient rep-
resentation for calculating physical quantities related to
quantum information. Our set of four annihilation operators
can be written as follows:

d1↑ = σ− ⊗ I⊗3
2 ,

d1↓ = σz ⊗ σ− ⊗ I⊗2
2 ,

d2↑ = σ⊗2
z ⊗ σ− ⊗ I2, (3)

d2↓ = σ⊗3
z ⊗ σ−,

where σ± = (σx ± iσy)/2 with σx, σy, and σz being the
standard Pauli matrices. Within this representation, our
model acquires a clear mapping in a 24-dimensional
space, with a basis given by {|�n〉} → {|�0〉 = |0000〉,
|�1〉 = |0001〉, |�2〉 = |0010〉, |�3〉 = |0011〉, |�4〉 =
|0100〉, |�5〉 = |0101〉, |�6〉 = |0110〉, |�7〉 = |0111〉,
|�8〉 = |1000〉, |�9〉 = |1001〉, |�10〉 = |1010〉, |�11〉 =
|1011〉, |�12〉 = |1100〉, |�13〉 = |1101〉, |�14〉 = |1110〉,
and |�15〉 = |1111〉}. It is important to notice that our
model can be thought of as four coupled subsystems with
two levels in each, i.e., |0〉 and |1〉. The state |0〉 (|1〉)
corresponds to having one (zero) electron in the subsystem.
Specifically, the index sequence in the kets follows the
rule |(1 − N1↑), (1 − N1↓), (1 − N2↑), (1 − N2↓)〉. This basis
covers all possible combinations of occupations, spanning
from the state with no particles, |1111〉 (all four levels
empty), to the state with four particles, |0000〉 (all four levels
occupied), in the quantum dot levels. This is particularly
useful for quantum systems attached to reservoirs that can
either drain all particles from the system or inject particles
into the system. This approach was originally developed in
the context of Lindblad operators in Ref. [19].
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B. The two-particle effective model

To investigate the physical conditions leading to the cre-
ation of entangled pairs of electrons, it is valid to project
the full 24-dimensional model into a reduced one composed
of 22 states, as previously demonstrated in [20–22]. Specif-
ically, we are interested in states resulting from the CAR
processes, where each dot hosts one electron with opposite
spin. To achieve this goal, we need to identify the relevant
states among the 24 states of the entire basis. First, we can
examine the eigenvalues in the absence of the crossed Andreev
reflection (� = 0) and cotunneling (γ = 0). Under these con-
ditions, the Hamiltonian becomes diagonal, with the following
24 eigenvalues:

(i) a zero-particle state with energy ε1111 = 0;
(ii) four one-particle states with energies given by ε1101 =

δ2/2 ε1110 = −δ2/2, ε0111 = δ1/2, and ε1011 = −δ1/2;
(iii) six two-particle states with ε0011 = ε1100 = J ,

ε0101 = J ′ + δ1/2 + δ2/2, ε0110 = J ′ + δ1/2 − δ2/2,
ε1001 = J ′ − δ1/2 + δ2/2, ε1010 = J ′ − δ1/2 − δ2/2;

(iv) four three-particle states with ε0001 = J + 2J ′ + δ2/2,
ε0010 = J + 2J ′ + δ2/2, ε0100 = J + 2J ′ + δ1/2, ε1000 = J +
2J ′ − δ1/2; and

(v) one four-particle state with energy ε0000 = 2J + 4J ′.
As we are looking for entangled two-electron states origi-

nating from different quantum dots, we concentrate on four of
the six states within the two-particle subspace, divided into
two sets: one is the pair {|0110〉, |1001〉} and the other is
{|1010〉, |0101〉}. From this pair of subspaces, the first sub-
space, consisting of the states |0110〉 and |1001〉, is a potential
candidate since these states meet the requirement imposed by
the superconductor lead: to put or take back a pair of elec-
trons with two different spins from different quantum dots. A
suitable set of parameters put the energies ε0110 and ε1001 in
a resonant condition, while keeping them off resonance with
other states. Assuming J �= 0, J ′ �= 0, J �= J ′, δ1 = δ2 �= 0, we
have ε0110 = ε1001 = J ′.

The idea now is to obtain an effective two-level model,
such that

Heff =
[

ε0 	

	∗ ε0

]
(4)

is written in the basis {|0110〉, |1001〉}. To achieve this goal,
we calculate the four elements of Heff as follows:

〈a|Heff |b〉 = 〈a|H0|b〉 +
∑

m

〈a|V |m〉〈m|V †|b〉
E − Em

, (5)

where H0 is the diagonal part of the Hamiltonian, i.e., H0 =
HC + HZ, and V accounts for the nondiagonal terms of the
Hamiltonian, i.e., V = HCAR + HCT, as defined in (2). Consid-
ering E ≈ J ′, we find

	 = 〈0110|Heff |1001〉

= −�2

[
1

J ′ − 1

2J + 3J ′

]
− 2γ 2

J ′ − J
, (6)

while for the diagonal term, we get

ε0 = 〈0110|Heff |0110〉

= J ′ + 2γ 2

J ′ − J
+ �2

J ′ − �2

2J + 3J ′ . (7)

A similar expression holds for 〈1001|Heff |1001〉. With this
effective model, we can describe the free quantum dynamics,
i.e., not taking into account decoherence processes, according
to

|ψ (t )〉 = e− iε0t
h̄

[
cos

(
	t

h̄

)
|0110〉 − i sin

(
	t

h̄

)
|1001〉

]
.

(8)
From that, we can examine, for instance, the probabilities
of finding the state |0110〉 and |1001〉, P0110 = cos2( 	t

h̄ ) and
P1001 = sin2( 	t

h̄ ), respectively. This analytical result will be
useful for comparing and validating our numerical (exact) cal-
culations. Additionally, it provides a characteristic timescale
given by the frequency 	, an important parameter for ex-
perimental purpose in the actual generation of the entangled
electrons. Our numerical results will be calculated as a func-
tion of

θ = 	t, (9)

with h̄ = 1.

C. The two-qubit model

To elucidate the origins of the entanglement properties and
prepare the model for future applications on quantum comput-
ing, it is highly desirable to write a two-qubit (2QB) model.
To achieve this goal, we extend the aforementioned two-
particle effective model to a four-dimensional space spanned
by {|0101〉, |0110〉, |1001〉, |1010〉}. Let us proceed with the
following equivalence:

|01〉 ≡ |0〉, |10〉 ≡ |1〉, (10)

turning the basis as given to {|00〉, |01〉, |10〉, |11〉}. Notice
that the states |00〉 ≡ |0101〉 and |11〉 ≡ |1010〉 are inert; that
is, they do not couple to any other state in the present model.
This can be verified through a straightforward check of the
matrix representation of the full Hamiltonian. However, these
states are important in our description as they facilitate the
construction of a two-qubit model. With this basis extension,
we can rewrite the effective model in a four-dimensional
space as

H2QB
eff =

⎡
⎢⎢⎣

ε00 0 0 0
0 ε01 	 0
0 	 ε10 0
0 0 0 ε11

⎤
⎥⎥⎦, (11)

with ε00 ≡ ε0101 = J ′ + δ1
2 + δ2

2 , ε11 ≡ ε1010 = J ′ − δ1
2 − δ2

2 ,
and ε01 ≡ ε0110 = ε10 ≡ ε1001 = ε0. Seeking clarity, it is
worth noting that the Hamiltonian can be expressed as

H2QB
eff =

⎡
⎢⎢⎣

δ + J ′ 0 0 0
0 ξ + J ′ 	 0
0 	 ξ + J ′ 0
0 0 0 −δ + J ′

⎤
⎥⎥⎦, (12)

where δ = δ1
2 + δ2

2 and ξ = 2γ 2

J ′−J + �2

J ′ − �2

2J+3J ′ . By perform-
ing an energy shift, transforming H into H − (ξ + J ′)I , the
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Hamiltonian takes the form

H2QB
eff =

⎡
⎢⎢⎣

δ − ξ 0 0 0
0 0 	 0
0 	 0 0
0 0 0 −δ − ξ

⎤
⎥⎥⎦. (13)

This makes it somewhat simpler to identify a two-qubit
Hamiltonian. Let us begin by examining the off-diagonal ele-
ments. Observe that

σ+ ⊗ σ− + σ− ⊗ σ+ =

⎡
⎢⎢⎣

0 0 0 0
0 0 1 0
0 1 0 0
0 0 0 0

⎤
⎥⎥⎦ (14)

provides the desired off-diagonal structure outlined in
Eq. (13). Using that σ+ = σx+iσy

2 and σ− = σx−iσy

2 , we can
write σ+ ⊗ σ− + σ− ⊗ σ+ = 1

2 (σx ⊗ σx + σy ⊗ σy), so that
the off-diagonal part of the Hamiltonian becomes 	

2 (σx ⊗
σx + σy ⊗ σy). For the diagonal elements, we may notice that

1

2
(σz ⊗ σz + I ⊗ I ) =

⎡
⎢⎢⎣

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1

⎤
⎥⎥⎦, (15)

and also

(σ+σ− ⊗ I + I ⊗ σ−σ+) =

⎡
⎢⎢⎣

1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 −1

⎤
⎥⎥⎦. (16)

Combining Eqs. (14) and (15), we construct the SWAP gate
[23]. Incorporating all these matrix structures, the effective
Hamiltonian takes the form

H2QB
eff = 	

2
(σx ⊗ σx + σy ⊗ σy)

− ξ

2
(σz ⊗ σz + I ⊗ I )

+ δ(σ+σ− ⊗ I + I ⊗ σ−σ+). (17)

For quantum dynamics, as the initial state is taken to be |01〉 =
|0110〉 and only the state |10〉 = |1001〉 is accessed, we can
simply assume, for practical purposes, that

H2QB
eff = 	

2
(σx ⊗ σx + σy ⊗ σy), (18)

with 	 as defined in Eq. (6). This bipartite model effec-
tively describes a system composed of two quantum dots,
as illustrated in Fig. 1, with a specific focus on transitions
between the states |01〉 = |0110〉 and |10〉 = |1001〉. With
this newly derived two-qubit effective Hamiltonian, we will
solve the Schrödinger equation and obtain the density matrix
ρ

2QB
eff , which will be used in the next section to calculate the

concurrence.

D. Entanglement indicators

In order to compute entanglement properties within the full
model, described by the Hamiltonian in Eqs. (1) and (2), and
particularly relevant for an open system such as quantum dots

connected to leads, we employ von Neumann entropy. This
measure is defined as follows:

ξ
( j)
SVNE = −Tr (ρ j log2 ρ j ). (19)

Here, ρ j ( j = 1, 2) represents the density matrix for quantum
dot QD j [24]. In other words, let ρ be the density matrix
of the entire system QD12, i.e., a 16 × 16 matrix based on
the computational basis. The density matrix ρ1 is obtained
by taking the trace over index k and l of the basis |i jkl〉,
specifically corresponding to the degrees of freedom of the
subsystem QD2. In mathematical terms, this is expressed as
ρ1 = Tr2(ρ). Similarly, ρ2 is computed as Tr1(ρ), with the
trace taken over labels i and j of the basis. Moreover, we use
the quantum mutual information (ξQMI) and negativity, both
being valuable metrics for quantifying quantum correlations.
To be precise, the quantum mutual information is defined as

ξQMI = ξ
(1)
SVNE + ξ

(2)
SVNE − ξ

(12)
SVNE, (20)

where ξ
(12)
SVNE = −Tr (ρ log2 ρ), while the negativity is

written as

ξ
(1)
NEG = 1

2

∑
k

(|Lk| − Lk ). (21)

The negativity is a measure of entanglement based on the
Horodecki criterion [25]. In this context, {Lk} represents the
set of eigenvalues of ρT1 , which is the partial transpose of
the density matrix ρ of the full system QD12 with respect
to the subsystem QD1. Equivalently, ξ

(2)
NEG can be defined in

terms of the partial transpose ρT2 . For ease of notation, we
will hereafter refer to ξ

(1)
SVNE as ξSVNE and ξ

(1)
NEG as ξNEG (where

ξ
(1)
NEG = ξ

(2)
NEG). In the following sections, we employ scaled

counterparts, denoted as ξ̃QMI = ξQMI/2 and ξ̃NEQ = 2ξNEG, fa-
cilitating a more straightforward comparison.

We also consider a tomographic entanglement indicator
referred to as εTEI. To establish this indicator, we initially
define the following tomographic entropies. The bipartite to-
mographic entropy is given by

S12 = −
∑

n

〈�n|ρ|�n〉 log2 〈�n|ρ|�n〉. (22)

Here, {|�n〉} is a convenient basis set selected to characterize
the entire system QD12. The tomographic entropy for the
subsystem is then given by

S j = −
∑

k

〈
φ

( j)
k

∣∣ρ j |φ( j)
k

〉
log2

〈
φ

( j)
k

∣∣ρ j

∣∣φ( j)
k

〉
, (23)

where {|φ( j)
k 〉} is the basis corresponding to the subsystem

QD j . Here, |φ(1)
k 〉〈φ(1)

k | = Tr2(|�k〉〈�k|), where Tr2 denotes
the partial trace over subsystem QD2. Similar expressions
hold for {|φ(2)

k 〉}. The mutual information εTEI is expressed in
terms of the tomographic entropies defined above, as

εTEI = S1 + S2 − S12. (24)

In earlier studies [13,26], it has been shown that εTEI can
exhibit signatures of entanglement, making it a valuable en-
tanglement indicator applicable across a range of quantum
systems, including continuous-variable and spin systems. We
have applied a similar procedure to comprehend the entangle-
ment behavior in the superconducting–double-quantum-dot
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structure, which is the physical system of interest in the
present work.

Finally, we use concurrence, as defined by Wootters [27],
as an entanglement quantifier for the 2QB model. After ob-
taining the solution of the Schrödinger equation for the effec-
tive 2QB Hamiltonian in Eq. (18), denoted as ρ

2QB
eff , we define

an auxiliary Hermitian operator R =
√√

ρ
2QB
eff ρ̃

2QB
eff

√
ρ

2QB
eff

[28], where ρ̃
2QB
eff = (σy ⊗ σy)ρ2QB∗

eff (σy ⊗ σy) is the spin-
flipped matrix, with ρ

2QB∗
eff being the complex conjugate

of ρ
2QB
eff . The concurrence is calculated as C(ρ2QB

eff ) =
max(0, λ1 − λ2 − λ3 − λ4), where λk (k = 1, . . . , 4) repre-
sents the kth eigenvalue of the operator R in decreasing order.

In this section, we have defined different entanglement
indicators that are used to examine the different facets of
quantum correlation. For instance, negativity explores a sub-
set of quantum-correlated states that violate the Horodecki
criterion, while indicators such as ξQMI estimate the extent
of quantum correlation more generally. Comparing these two
indicators as the states evolve temporally, we see that while
the exact values of the indicators differ from each other, the
quantitative trends conform well with each other. Further, the
tomographic indicator εTEI, even with a classical definition in
terms of Shannon entropies, holds promise and advantage as
it can be computed using projections obtained from a single
basis set. We note that the set of projections corresponding
to a single basis set is merely the probability distribution in
that basis. It carries no information about the relative phases
between these basis states, and such relative phases are crucial
for a complete reconstruction of the state. This tedious recon-
struction procedure is circumvented by choosing indicators
such as εTEI. Measures such as the concurrence, while useful
in estimating the extent of entanglement, are limited solely to
systems that can be effectively reduced to two qubits.

E. Measurement possibilities

To establish a connection between the preceding entan-
glement indicators and potential experimental detection, we
assess covariances. Measurement techniques [29] frequently
used in the context of quantum dots suggest that it is more
convenient to estimate the extent of entanglement through
the expectation values of appropriately selected observables.
For instance, covariances can be directly obtained from joint
measurements of the observable N1↑N2↓, making them ideal
candidates in a real experiment. An interesting covariance in
the context of our physical system is defined as

Cov(N1σ , N2σ ′ ) = 4|〈N1σ N2σ ′ 〉 − 〈N1σ 〉〈N2σ ′ 〉|. (25)

This quantity checks the correlation between the population of
the state with spin σ in QD1 and the state with spin σ ′ in QD2.
Additionally, we notice that the covariance is scaled by an
overall factor of 4 for ease of comparison. While not conven-
tionally recognized as a standard entanglement indicator, the
covariance in the present system provides a reasonably accu-
rate estimate of the entanglement magnitude. The advantage
of using such a nonstandard entanglement indicator is that it
can be computed directly from experimental data, bypassing
the need for state reconstruction.

With our analytical expression in Eq. (8), we can calculate
the covariance defined in Eq. (25). For instance, we evaluate

Cov(N1↑, N2↓) = 4|〈N1↑N2↓〉 − 〈N1↑〉〈N2↓〉|. (26)

The first term can be written as

〈N1↑N2↓〉 = [cos θ〈0110| + i sin θ〈1001|]N1↑N2↓
×[cos θ |0110〉 − i sin θ |1001〉]

= cos2 θ. (27)

Also,

〈N1↑〉 = 〈N2↓〉 = cos2 θ, (28)

so

Coveff (N1↑, N2↓) = 4 cos2 θ sin2 θ, (29)

with θ being the quantity defined in Eq. (9). We will compare
this analytical covariance with the numerical data obtained
from the complete model, as defined by Eq. (1).

III. ENTANGLEMENT PROPERTIES IN
DOUBLE-QUANTUM-DOT SYSTEM

A. Entanglement properties and structure of the eigenstates

In this section, we discuss several aspects related to the
properties of the set of eigenstates considering the full Hamil-
tonian given by Eqs. (1) and (2). We numerically solve the
Schrödinger equation

H |ψn〉 = En|ψn〉, (30)

obtaining the eigenenergies En and the corresponding eigen-
states |ψn〉, labeled by n (with n = 0, 1, . . . , 15), of the
Hamiltonian defined in Eq. (1). In our numerical computa-
tions, we set � = 0.05J ′, γ = 0.005J ′, J = 4J ′, and δ1 =
δ2 = 0.5J ′ as physical parameters (see Sec. IV for details).
The parameters are adjusted to ensure that the levels ε0110

and ε1001 are virtually coupled to each other, while being
energetically well separated from the other levels. This ful-
fills the condition that we believe is necessary to construct
entangled states composed of |0110〉 and |1001〉. In Fig. 2,
we use the notation {|ψ0〉, . . . , |ψ15〉} for the eigenstates
and {|�0〉, . . . , |�15〉} for the computational basis, as defined
earlier.

In Fig. 2, we plot the projection |〈�i|ψn〉|2 in each of the
16 basis states {|�n〉} for each |ψn〉, arranged in order of in-
creasing energy (from lowest to highest). In blue, we highlight
pairs of eigenstates with values of ξSVNE ∼ 1, which also have
high values of εTEI, a quantity mirroring the behavior of von
Neumann entropy. While the computation of ξSVNE for a given
state requires complete knowledge of that state, the calcula-
tion of εTEI only demands the set of projections, {|〈�i|ψn〉|2},
obtained for each i in a specific basis set. The latter could
be useful in cases where such projective measurements in the
basis {|〈�i|ψn〉|2} are experimentally feasible. By checking
the values of the energy (refer to the label for each panel), the
eigenstates are arranged in pairs, which form an anticrossing.
Notice that the pairs of highly entangled eigenstates are all
superpositions of two elements of the computational basis
with almost equal contributions. Upon delving deeper into the
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FIG. 2. The projection |〈�i|ψn〉|2 in each of the 16 basis states {|�i〉} for each |ψn〉, arranged in order of increasing energy (from lowest
to highest). Label n increases from above to below, and left to right. Gray bars indicate eigenstates with low or no entanglement degree. The
light-blue bars indicate eigenstates with high entanglement degree, but with Cov(N1↑, N2↓) = 0. Finally, the dark-blue bars correspond to the
two-particle entangled states, indicating eigenstates with Cov(N1↑, N2↓) = 1.

analysis of the eigenstates, we can sort them into four separate
sets:

(1) Pure states: eigenstates |ψ2〉 (no particles), |ψ5〉, |ψ8〉,
and |ψ15〉 (four particles).

(2) One-particle entangled (with vacuum) states: eigen-
states |ψ0〉, |ψ1〉, |ψ3〉, and |ψ4〉.

(3) Two-particle entangled states: eigenstates |ψ6〉, |ψ7〉,
|ψ9〉, and |ψ10〉 (dark-blue bars in Fig. 2).

(4) Three-particle entangled states: eigenstates |ψ11〉,
|ψ12〉, |ψ13〉, and |ψ14〉.

In our numerical and analytical analysis, we will concen-
trate on set (3) mentioned above. Specifically, our focus will
be on the eigenstates |ψ6〉 and |ψ7〉, corresponding to a super-
position of the basis states |6〉 = |0110〉 and |9〉 = |1001〉, as
highlighted in dark blue in Fig. 2. In relation to the system
of interest, it is valuable to examine the covariances corre-
sponding to the four different combinations of spin states
and dots. Table I shows the computed values for the four
quantities corresponding to each eigenstate in Fig. 2. Notably,
the values of Cov(N1↑, N2↓) and Cov(N1↓, N2↑) are different
from zero only for the eigenstates |ψn〉 with n = 6, 7, 9, and
10, as illustrated by the dark-blue bars in the figure. We
observe nonzero values for Cov(N1↓, N2↓) and Cov(N1↑, N2↑)
not only for the mentioned states (n = 6, 7, 9, 10), but also
for a few additional states (n = 0, 1, 3, 4, 11, 12, 13, 14). Cu-
riously, these four covariances are simultaneously equal to
one for the two-particle entangled states |6〉, |7〉, |9〉, and
|10〉. In the following section, we will compare the covariance
with other standard entanglement quantifiers. This compari-
son could prove helpful in circumventing the need for detailed

state reconstruction, which is typically required for computing
conventional entanglement measures.

B. Entanglement dynamics in double-quantum-dot system

In this section, we explore the dynamics of the system by
examining the behavior of entanglement quantifiers and the
covariance associated with a specific initial condition. The
temporal evolution of the system is governed by the Gorini-
Kossakowski-Sudarshan-Lindblad (GKSL) equation [30],

ρ̇(t ) = − i[H, ρ(t )] + �1
[
d1↑ρ(t )d†

1↑ − 1
2 {d†

1↑d1↑, ρ(t )}]
+ �2

[
d2↓ρ(t )d†

2↓ − 1
2 {d†

2↓d2↓, ρ(t )}], (31)

TABLE I. The value of covariances Cov(N1σ , N2σ ′ ) for the eigen-
states |ψi〉 in Fig. 2.

i Cov(N1↑, N2↓) Cov(N1↓, N2↑) Cov(N1↓, N2↓) Cov(N1↑, N2↑)

0,1 0 0 1 0
2 0 0 0 0
3,4 0 0 0 1
5 0 0 0 0
6,7 1 1 1 1
8 0 0 0 0
9,10 1 1 1 1
11,12 0 0 0 1
13,14 0 0 1 0
15 0 0 0 0
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FIG. 3. Occupations P�i ([P�i ]eff from the effective 2QB model)
as functions of time (closed dynamics), considering the physical
parameters � = 0.05J ′, γ = 0.005J ′, J = 4J ′, δ1 = δ2 = 0.5J ′: P�6

(solid blue line), [P�6 ]eff (dashed blue line), P�9 (dot-dashed red
line), and [P�9 ]eff (red dots).

where ρ(t ) is the density matrix of the system at time t , and � j

denotes the tunneling strength between the quantum dots and
the electronic reservoirs. In order to couple spin-up electrons
to the left (�1) and spin-down electrons to the right (�2), one
can use ferromagnetic leads that provide spin-dependent cou-
pling parameters [31]. As single-electron tunneling processes
can be experimentally detected [32,33], incorporating these
processes into our dynamics makes our model more aligned
with experimental implementations. Basically, the roles of
�1 and �2 in the dynamics involve inducing decoherence by
draining electrons from the system. This is one advantage in
the use of the complete computational model composed of 16
states. In the case of the full model, the drainage of particles
from the system can be accounted for when states such as
|1111〉 (no particles in the system) are present in the basis.

We considered ρ(0) = |�9〉〈�9| as the initial state, fa-
voring the generation of entangled states |ψ6〉 or |ψ7〉, as
illustrated in Fig. 2. This initialization can also be performed
using ferromagnetic leads, similarly as described as Dehollain
et al. [31]. We set the tunneling rates as �1 = �2 = 10−4J ′
to simulate electrons being drained to the leads and possi-
ble being detected. Let us begin exploring the population
evolution. In Fig. 3, we plot the occupation probabilities
P�6 = 〈�6|ρ(t )|�6〉 and P�9 = 〈�9|ρ(t )|�9〉. We also dis-
play [P�6 ]eff and [P�9 ]eff , which represent the occupation
probabilities of the states |�6〉 and |�9〉 obtained from the
effective model, as given by Eq. (8). The adopted timescale
is determined by θ = 	t (h̄ = 1). We observe that at in-
stants θ = π/4 and 3π/4, the time-evolved state has nearly
equal contributions from the basis states |�6〉 and |�9〉, with
P�6 = P�9 ≈ 1/2. In particular, at θ = 3π/4, we can already
observe the effects of decoherence induced by the tunnel
coupling between dots and leads, leading to a slight suppres-
sion of the oscillation amplitudes. The populations [P�6 ]eff

and [P�9 ]eff do not exhibit damping since the effective model
does not consider coupling to the leads. The populations for
the other states |�i〉 remain close to zero throughout the
dynamics, consistent with our parameters set that favors the
occupation of only |�6〉 and |�9〉.

FIG. 4. The temporal dynamics of some entanglement quanti-
fiers are considered using the same physical parameters as shown
in Fig. 3. Here, we illustrate ξ̃QMI = 0.5ξQMI (solid blue line), ξ̃NEG =
2ξNEG (dotted orange line), ξSVNE (dot-dashed green line), εTEI (red
dots), and the concurrence C(ρeff ) (purple triangles) obtained from
the effective 2QB model, where ρeff = |ψ (t )〉〈ψ (t )| is calculated
using Eq. (8).

Now that we have confirmed, through the analysis of pop-
ulation dynamics, that the state evolves to a superposition
of basis elements |�6〉 and |�9〉, it is time to examine the
evolution of the entanglement quantifiers. The degree of en-
tanglement between QD1 and QD2 is shown in Fig. 4, where
the entanglement indicators ξ̃QMI, ξ̃NEG, ξSVNE, and εTEI are plot-
ted as functions of time. These indicators are computed based
on the complete model defined by Eq. (1). It is important
to point out that the subsystem QD1 has a Hilbert space
dimension d = 4 as described in Sec. II A and, therefore, the
von Neumann entropy for that subsystem, ξSVNE � log2 d , i.e.,
ξSVNE � 2. We also note that ξSVNE is not a suitable entangle-
ment indicator when the state of the full bipartite system is
mixed. This arises from the fact that unlike in the case of the
bipartite pure states, the eigenvalues of the reduced density
matrix corresponding to either subsystem (used to compute
ξSVNE) are no longer related to entanglement measures such as
the Schmidt rank. In the case of the bipartite mixed states,
the von Neumann entropies corresponding to the two sub-
systems are not even equal to each other. For instance, ξSVNE

corresponding to QD1 is not equal to that corresponding to
QD2. On the other hand, ξQMI is more appropriately normal-
ized accounting for the mixedness of the bipartite state and
is better suited as an entanglement indicator. This is evident
in Fig. 4. ξSVNE does not follow the same trend as the other
entanglement indicators, as it captures not only the extent of
quantum correlation, but also how the system progressively
decoheres with time. Additionally, we calculate the concur-
rence C(ρ2QB

eff ) using the effective 2QB model in Eq. (18). The
concurrence fully agrees with the results of the full model, ex-
cept for the decoherence introduced by the leads, which is not
accounted for in the 2QB model calculations. The evolution of
all these quantifiers follows the dynamics of the populations,
thus reaching a maximum at θ = π/4 and 3π/4, as expected.
This demonstrates that the interplay between crossed Andreev
reflection and Coulomb repulsion in the present double-dot
structure can generate entangled states by properly selecting
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FIG. 5. Comparing the temporal evolution of the covariance
Cov(N1↑, N2↓) (blue solid line) with the corresponding covariance
from the effective 2QB model, Coveff (N1↑, N2↓) (dotted orange
line), using Eq. (29). The scaled quantum mutual information ξ̃QMI

(dot-dashed green line) and concurrence C(ρeff ) (red dots) are also
presented, utilizing the same physical parameters as in Fig. 3.

parameters to ensure that the relevant eigenstates |ψ6〉 and
|ψ7〉 (refer to Fig. 2) are energetically isolated from the other
states.

Finally, we explore the dynamics of covariance to assess
whether it can indicate the reported entanglement formation.
In Fig. 5, we present both Cov(N1↑, N2↓) and Coveff (N1↑, N2↓)
as a function of θ/π . Here, Cov represents the covariance
obtained with the full model using Eq. (1), while Coveff

corresponds to the effective model given by Eq. (8). More
specifically, for the effective model, we use the covariance
provided by Eq. (29). Interestingly, the covariances peak at
θ = π/4 and 3π/4, in agreement with the entanglement quan-
tifiers presented in Fig. 4. To facilitate comparison in Fig. 5,
we also include ξ̃QMI and C(ρeff ). This result suggests that
although covariance is not a standard entanglement quantifier,
it can serve as a simple tool to indicate the potential forma-
tion of entanglement in preliminary experimental detection.
Naturally, more sophisticated entanglement quantifiers or to-
mography are required to confirm the formation of entangled
states.

IV. EXPERIMENTAL FEASIBILITY

In this section, we briefly discuss the experimental feasibil-
ity of our proposal. First, we discuss our choices of values of
the physical parameters. Notice that in our previous sections,
we set J = 4J ′, � = 0.05J ′, γ = 0.005J ′, and �1 = �2 =
10−4J ′. In actual experimental setups, the typical values of
Coulomb interaction ranges for charged quantum dots vary
from dozens to hundreds of µeV [34,35], with the intradot J
being stronger than the interdot Coulomb repulsion J ′ [34,36],
i.e., around two to five times. In transport experiments, the
coupling parameter with the reservoirs is highly tunable, i.e.,
adjustable via gate voltages [37].

Concerning the tunneling rate �, the values reported in
the literature differ depending on the experimental setup. For
example, the experimental works of Maisi et al. [38,39] report
tunneling between superconductor and quantum dots in the

FIG. 6. The temporal dynamics of the covariance and the concur-
rence considering the action of the dephasing considering 0.01 GHz
(solid line), 0.1 GHz (dashed line), and 1.0 GHz (dotted line).

range of 10−6 µeV, while in the recent work of Bordoloi et al.
[9], the values of tunneling rates vary between 59 µeV and
130 µeV. By selecting J ′ = 100 µeV, our proposal requires
that � ≈ 5 µeV, a value that falls between those found in
the literature. This tunneling process is dominant, as reported
in Ref. [9] (around 85% of the fraction in the conductance
signal), if compared with other processes, including cotunnel-
ing. So it is reasonable to our assumption of γ being smaller
than �.

With our choice of values of the physical parameters, it
is straightforward to calculate the value of our two-particle
effective model frequency, which results in 	 ≈ 0.002J ′.
Considering again J ′ = 100 µeV, we find 	 ≈ 0.23 µeV,
which, in frequency, reads as 0.34 GHz. This timescale is
important to the following step in our analysis: the effects of
decoherence. The main decoherence process in our physical
system is the dephasing due to background noise in the semi-
conductor nanostructure forming the quantum dot system,
originated by several processes. Since 	 gives the characteris-
tic frequency of formation of the entangled state in the present
dynamics, we must expect 	 > �deph, with �deph being the
dephasing rate. This �deph can be as high as 1 GHz [35] in
GaAs quantum dots, which could compromise the formation
of entanglement in the present system. However, our time
scaling can be adjusted by interdot Coulomb repulsion, which
depends on the physical characteristics of the nanostructure
[40]. By raising J ′, one can increase the characteristic fre-
quency 	 to values close to �deph.

In order to estimate the effects of dephasing in the present
quantum dynamics, we add dephasing channels to the Lind-
blad equation for the effective model, i.e.,

ρ̇
2QB
eff (t ) = −i

[
H2QB

eff , ρ
2QB
eff (t )

] + 1

2
�deph

2∑
l=1

[
2Slρ

2QB
eff (t )S†

l

−S†
l Slρ

2QB
eff (t ) − ρ

2QB
eff (t )S†

l Sl
]
, (32)

where S1 = |01〉〈01| and S2 = |10〉〈10|. In Fig. 6 we show
both the covariance (Cov, upper panel) and the concurrence
(C, lower panel) in the presence of three values for de-
phasing rates 0.01 GHz (solid line), 0.1 GHz (dashed line)
and 1.0 GHz (dotted line). For 	 � �deph (solid line), both
Cov and C oscillate as in the case without dephasing, as
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compared with Fig 5. When 	 becomes of the same order
as �deph (dashed line), the dephasing starts to play a more
significant role in the quantum evolution. Still, while the
Cov presents peaks near one, C becomes close to 0.9 in the
first peak and 0.7 in the second peak, indicating high values
of entanglement as a resource for possible applications in
quantum information [41]. Finally, for 	 � �deph (dashed
line), the peaks in both Cov and C are strongly suppressed,
indicating that no entangled state is being formed as time
evolves. Curiously, the covariance tends to one for increasing
time due to the formation of a mixed density matrix such as
(|01〉〈01| + |10〉〈10|)/2. So, in conclusion, in order to observe
the formation of entanglement in the present setup, a dephas-
ing rate around 0.1 GHz would be desirable.

V. CONCLUDING REMARKS

In this work, we investigate the entanglement proper-
ties of electrons emerging from a superconductor beam
splitter. We aim to observe the dynamical generation of
maximally entangled electronic states, where pairs of elec-
trons populate spatially separated quantum dots. The model
incorporates crossed Andreev reflection, cotunneling, and
electrostatic Coulomb interaction between particles within a
pair of quantum dots. Additionally, the system is coupled

to spin-sensitive reservoirs, enabling tunnel current measure-
ments. We demonstrate that the eigenstates of the Hamiltonian
split into nonentangled states and six subspaces of entan-
gled states. Among the six, we focus our analysis on one
of the two-particle subspaces. We show that by appropri-
ately adjusting the system parameters and selecting the initial
state, the system evolves into a highly entangled state at
times corresponding to θ = π/4 and θ = 3π/4. In addition to
conventional entanglement and correlation measurements, we
demonstrate how the covariance Cov(N1↑, N2↓) can serve as a
useful tool to indicate the formation of entangled states in the
present system. We also discuss the experimental feasibility of
our proposal, using realistic physical parameters in our simu-
lations and by taking into account the action of the dephasing,
the main source of decoherence of the physical platform. Our
results show that it is desirable to keep a dephasing rate around
0.1 GHz in order to use this system as an actual source of
entangled electrons.
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