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Haorui Chen®' and Shengshi Pang ® !
1School of Physics, Sun Yat-sen University, Guangzhou, Guangdong 510275, China
2Hefei National Laboratory, University of Science and Technology of China, Hefei 230088, China

® (Received 20 February 2024; accepted 7 May 2024; published 11 June 2024)

The quantum Zeno effect is a distinctive phenomenon in quantum mechanics, describing the nontrivial effect
of frequent projective measurements on hindering the evolution of a quantum system. However, when subjected
to environmental noise, the quantum system may dissipate, and the quantum Zeno effect no longer works. This
research starts from the physical mechanism for the decay of the quantum Zeno effect in the presence of noise
and investigates the effect of coherent quantum controls on mitigating the decrease of the survival probability
that the system stays in the initial state induced by the noise. We derive the decay rate of the survival probability
with and without coherent quantum controls in general, and show that when the frequency of the projective
measurements is large but finite, proper coherent controls by sufficiently strong Hamiltonians can be designed
to decrease the decay rate of the survival probability. A two-level quantum system suffering from typical unitary
and nonunitary noise is then considered to demonstrate the effect of the proposed coherent quantum control
scheme in protecting the quantum Zeno effect against the noise. The decay rate of the survival probability is
obtained in the presence of noise, and the control Hamiltonian is further optimized analytically to minimize
the decay rate by a variational approach. The evolution paths of the quantum system with the optimal coherent
controls are illustrated numerically for different scenarios to explicitly show how the coherent control scheme

works in lowering the decay of survival probability.
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I. INTRODUCTION

The quantum Zeno effect is the quantum version of the
classical Zeno effect, initially proposed by the ancient Greek
philosopher Zeno, who is known for the famous paradoxes
such as the “flying arrow” and “Achilles and the tortoise”
[1]. Interestingly, while the Zeno effect is a paradox in the
classical world hypothesizing that frequent observation can
freeze the evolution of a system, which is certainly not pos-
sible in real life, the capability of quantum measurements to
project quantum systems onto specific states [2] opens up the
possibility for realizing the Zeno effect in the quantum realm.
As early as 1967, Beskow and Nilsson observed that frequent
measurements of the positions of unstable particles in a cloud
chamber effectively prevented the decay of the particles [3].
This discovery sparked widespread interest among physicists
and mathematicians in the feasibility of the Zeno effect in
quantum mechanics, leading to subsequent confirmations of
the quantum Zeno effect with different experimental setups
and physical systems [4—11] and extensive intriguing theoret-
ical explorations [12—15].

The standard mechanism for realizing the quantum Zeno
effect is to freeze the evolution of a quantum system through
frequent projective measurements [16—18], similar to the phe-
nomenon in the classical Zeno effect known by the old saying
“A watched pot never boils.” With further research, Kofman
found that the anti-Zeno effect, accelerating the evolution of a
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quantum system proposed by Kaulakys and Gontis in 1997 in
the context of quantum chaos [19], would be a more common
phenomenon in the quantum regime [20], in contrast to the
quantum Zeno effect. This has made the relation and crossover
between quantum Zeno and anti-Zeno effects a hot topic in
quantum mechanics [17,18,21]. Moreover, the quantum Zeno
effect has been generalized to the quantum Zeno dynamics
through performing frequent projective measurements on a
proper subspace of a quantum system known as the Zeno sub-
space, where nontrivial unitary evolution is allowed inside the
Zeno subspace while the evolution outside the Zeno subspace
is suppressed [18,22-24].

Currently, various approaches to the quantum Zeno effect
have been proposed. Based on the characteristic timescales
of quantum operations that realize the quantum Zeno effects
compared to the timescales of quantum system free evolu-
tions, the quantum Zeno effects can be broadly categorized
into pulsed quantum Zeno effects and continuous quantum
Zeno effects [7,18,25]. The pulsed quantum Zeno effects are
realized through frequent projective measurements as men-
tioned above or strong unitary operations (often known as
unitary kicks), which can be unified with bang-bang control
and dynamical decoupling in suppressing the decoherence of
open quantum systems [26—28], both equivalent in the Zeno
limit [29]. The continuous quantum Zeno effect describes
the quantum Zeno effect induced by continuous strong cou-
pling between the main and ancillary systems [22,30], by
large dissipations that leads the quantum system to decay
into a stable subspace [31,32], by continuous partial measure-
ments [33,34], or by nonselective continuous measurements

©2024 American Physical Society


https://orcid.org/0009-0006-3520-4240
https://orcid.org/0000-0002-6351-539X
https://ror.org/0064kty71
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.109.062414&domain=pdf&date_stamp=2024-06-11
https://doi.org/10.1103/PhysRevA.109.062414

HAORUI CHEN AND SHENGSHI PANG

PHYSICAL REVIEW A 109, 062414 (2024)

[35-40]. In recent years, intensive research has been dedi-
cated to the connections and unified theoretical frameworks
between different manifestations of the quantum Zeno effects
[18,22,25,29,41-43]. At the same time, attempts to explore
the competition between different methods simultaneously
applied in the quantum Zeno effects, e.g., involving both
nonselective continuous measurements and large dissipation,
has started to emerge [37].

In analogy to many other quantum effects, an essential
ingredient to realize the quantum Zeno effect is the coher-
ence of the quantum system, which ensures the probability
that the system stays in the initial state decays quadrati-
cally with time in a short time interval. However, practical
quantum systems are inevitably disturbed by the noise from
the environments, and quantum coherence is vulnerable to
the detrimental effects such as decoherence, relaxations,
and dissipations [44,45] which can spoil the quantum Zeno
effects and quantum Zeno dynamics [37,39,46,47]. To pro-
tect quantum systems against the noise, quantum techniques
such as decoherence-free subspaces [48-50], coherent con-
trol schemes [51,52], and quantum error correction codes
[53,54] have been developed, and in fact, the quantum Zeno
effect is essential to some quantum error correction techniques
[29,55-58] underscoring its significance in the realm of quan-
tum information science. The quantum Zeno effect, including
the quantum Zeno dynamics, has found versatile applications
due to its simplicity and diversity in realization, ranging from
realization of decoherence-free subspaces for quantum gates
[59] to utilization of classical noise and engineering of non-
Markovianity in quantum simulation [60,61], diagnosis of
noise correlations between photon polarizations [62], real-
ization of universal quantum control between noninteracting
qubits [63], and optimization of quantum algorithms [64], etc.

The reservoir correlation time is critical to the effect of
noise on the quantum Zeno effect. For example, Gurvitz [39]
found that quantum system can still be frozen if the reservoir
correlation time is finite, i.e., the noise is non-Markovian,
while the Zeno effect vanishes in the short correlation limit,
i.e., the noise is Markovian. In recent years, there has been
an increasing interest in research devoted to the quantum
Zeno effect in the presence of large Markovian dissipations
[37,65,66]. For instance, Popkov et al. derived that the effect
of strong local dissipation in the Zeno limit is equivalent to
Markovian quantum dynamics featuring a renormalized effec-
tive Hamiltonian and weak dissipation.

As Markovian noise can spoil the quantum Zeno effect and
the survival probability of the initial state decays exponen-
tially with time in the presence of noise, it is an intriguing
question whether it is possible and how to decrease the noise-
induced decay of the quantum Zeno effect by modulating the
dynamics of the quantum system.

In this work, we study these questions in detail by involv-
ing Markovian noise in the dynamics of a quantum system.
The influence of the noise on the quantum Zeno effects and
the decay of quantum systems with noise in the Zeno limit are
investigated in general, revealing the potential for decreasing
the decay rate of survival probability that the system stays in
the initial state by quantum controls. We consider controls
on the Hamiltonian of the system to protect the Zeno effect
against the noise in this paper, and show that the Hamiltonian

control needs to be strong with a strength proportional to the
measurement frequency, which is large but finite in order to
decrease the influence of noise on the quantum Zeno effect.
We obtain the decay rate of the survival probability in the
presence of noise with strong control Hamiltonians in general,
and show the conditions on the control Hamiltonian as well as
on the frequency of the projective measurements to mitigate
the disruption on the quantum Zeno effect caused by the
noise. This Hamiltonian control scheme is then applied to a
two-level system with typical unitary and nonunitary noise
to illustrate the general results. We consider the dephasing
and the amplitude damping noise as examples, and obtain the
minimum decay rate of the survival probability by optimizing
the Hamiltonian controls. The results show that the survival
probabilities of the initial state can indeed be increased by
the optimized Hamiltonian controls on the quantum system.
The evolution paths of the two-level system engineered by
the Hamiltonian controls are visualized on the Bloch sphere
by numerical simulations to illustrate how the control scheme
protects the survival probability against the two types of noise.

The paper is organized as follows. In Sec. I we provide
preliminaries for the theory of open quantum systems and
the quantum Zeno and anti-Zeno effects. In Sec. Il we
study the decay of quantum Zeno effect in the presence of
Markovian noise, and derive the effective decay rate of the
survival probability in the presence of Hamiltonian control,
which further shows the conditions on the control Hamilto-
nian to reduce the decay of the survival probability caused by
Markovian noise. Section IV considers a strong Hamiltonian
control scheme for a two-level system in the presence of
two different types of noise, and obtain the effective decay
rate and the optimal Hamiltonian controls for the two types
of noise respectively. The optimal control Hamiltonians are
further derived analytically, and the physical mechanism for
the optimal coherent control schemes to suppress the noise
influence on the survival probability is illustrated numerically
and analyzed in detail. The paper concludes in Sec. V.

II. PRELIMINARIES

In this section, we briefly introduce the preliminary knowl-
edge of the open quantum system theory and the quantum
Zeno effect relevant to the current research.

A. Dynamics of open quantum systems

In a closed quantum system, the evolution of a quantum
state is generally described by a unitary transformation,

Elpl = UpU”, e
where U is the unitary evolution operator,
U = exp(—iHt), )

determined by the Hamiltonian H of the system and the evo-
lution time 7, However, for an open quantum system exposed
to the environment, the dynamics of the system can no longer
be described by unitary evolutions because of the inevitable
coupling between the system and the environment.

For an open quantum system, by treating the system and
environment as a closed joint system, the total Hamiltonian of
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the system and the environment can be written as
H\w = Hs + Hg + Hsg, 3

where Hg and Hg are the local Hamiltonians which rule the
dynamics of system and environment, respectively, and Hsg
stands for the interaction Hamiltonian between the system and
the environment.

Suppose that the system and the environment are initially
uncorrelated. The initial joint state of the system and the en-
vironment can be written as psg = ps ® pg, where pg and pg
are the density operators of the system and the environment,
respectively, and the unitary evolution of the joint state can be
written as

Eeolpsel = Ut)(ps ® pp)U ' (t). 4

When one is interested in the system only, the joint evo-
lution of the system and environment can be reduced to the
system alone by tracing over the degrees of the freedom of the
environment,

Ew.olps] = Tre[U (1) (ps ® pe)U (1)) )

The quantum evolution & o, obtained in Eq. (5) gives the gen-
eral dynamical process of an open quantum system coupled to
the environment.

An important property of a quantum process is the Marko-
vianity based on the completely positive and trace-preserving
(CPTP) divisibility of the process. If a quantum process satis-
fies the CPTP divisibility condition,

g(tn,zw = 5(1,11,171)5(&71,&72) T 5(zl,to)v (6)

where t, > t,_1 = --- >ty are arbitrary time points and each
E(te+1, 1) is a CPTP quantum map, the quantum process
E(t,, 1p) is called Markovian, otherwise non-Markovian. The
Markovianity of quantum dynamics is closely related to the
reservoir correlation time, which determines the memory
effects of the environment, and dependent on various ingredi-
ents such as the dimension of the environment and the strength
of interaction between the system and environment [67—69].

According to the open quantum system theory that the
Markovian dynamics of an open quantum system can always
be described by a Gorini-Kossakowski-Lindblad-Sudarshan
master equation [70,71],

dp(t)
dt

= Lilp()] = —~iklH, pO] + Y ue@DIVilp(t),

k
(7
where H is the Hamiltonian of the system and D[V} ] denotes
the Lindblad infinitesimal generator for dissipative process
induced by the kth noise channel generally in the form

DIVil = Vi)V, — 1V Vi, -}, (8)

with the Born-Markov approximation [69], where [-, -] and
{-, -} denote the commutator and the anticommutator, respec-
tively. It can be proven that a quantum process is Markovian
if and only if it can be described by a master equation (7) with
all coefficients 11x(f)’s non-negative for any time ¢ [72]. When
Markovian noise is considered in the following sections, we
use the master equation (7) to involve the noise in the evolu-
tion of the quantum system.

B. Zeno and anti-Zeno effect

In this subsection we will briefly introduce the fundamental
knowledge about the quantum Zeno and anti-Zeno effects.

Suppose a closed quantum system ruled by a Hamiltonian
H is initially prepared in a pure state |y/). One can perform a
projective measurement after an evolution time ¢ of the system
to verify whether the system is still in its initial state, and the
survival probability is given by

p@) = [(wle™ ™ y)%. 9)

If the projective measurement is carried out repetitively at
time interval 7 during an evolution time ¢, the final survival
probability of the system in the initial state at time ¢ reads

P(t) = p(v)'", (10)
which can be rewritten as an exponential decay with time ¢,
P(t) = exp [—yerr (T)1], (11
and ye (7) is the effective decay rate given by
In p(7)
Yetr (1) = — . (12)

If the interval T between two consecutive measurements is
short, the probability p(z) can be approximated to the second
order of 7,

p(r) ~ 1 — T (A*H), (13)

where (A2H) = (W |H?|y) — (Y |H|¥)? is the variance of the
Hamiltonian H with respect to the initial state |). If the time
interval 7 is so short that 7/{AZH) « 1, the effective decay
rate (12) becomes

Yerr(T) & T(A’H). (14)

It is interesting to observe from Eq. (13) that when the
frequency of measurements v = 7! is sufficiently large, i.e.,
T — 0,

Vet (T) — 0. (15)

This is the limit of “continuous observation,” named by
Misra and Sudarshan [16], and the survival probability in this
case turns out to be

P(it)—1, (16)

implying that the state of the quantum system almost does not
change with time and the quantum evolution freezes. This is
the quantum Zeno effect.

Instead, if the frequency of measurements is large but
still finite, the effective decay rate will be small but finite,
which means that the final survival probability of the initial
state will slowly decrease with the evolution time ¢. If the
exponential decay of the survival probability is faster than the
natural decay of the quantum system induced by noise, e.g.,
the amplitude damping, without repetitive measurements, it is
called quantum anti-Zeno effect.

In the past few years, it has been extensively investigated
how the effective decay rate y.q(7) is influenced by the
measurement interval t in various systems and whether it is
possible to restore the natural decay rate ygee given by the
Fermi golden rule. The ratio of e (T) t0 Ygee 1s a critical
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factor to distinguish between the quantum Zeno effect and the
quantum anti-Zeno effect [73,74]: the quantum Zeno effect
occurs if Yer(7)/Viee < 1, and the quantum anti-Zeno effect
oceurs if Y (T)/Vivee > 1.

III. COHERENT QUANTUM CONTROL SCHEME

In this section we consider a general quantum system
with a free Hamiltonian Hy, suffering from Markovian noise
and being repetitively observed by a projective measurement.
Starting with the most general Markovian noise and its impact
on the quantum Zeno effect, our aim is to pursue a quantum
control scheme to suppress the influence of noise.

Generally, if the dimension of the system is large enough
to prepare a quantum error correction code for the given noise
and the initial state of the system happens to live in the code
subspace, one can use the syndrome detection and unitary
recover operations of the quantum error correction code to
protect the Zeno effect. For more general scenarios, this is not
always the case, and one needs to resort to other methods to
suppress the influence of noise on the Zeno effect. Inspired by
the dynamical decoupling method, we explore coherent quan-
tum controls such as Hamiltonian controls to protect the Zeno
effect against noise in this paper. The dynamical decoupling
requires that the control pulses are performed sufficiently fre-
quently so that the interval between two consecutive control
pulses is shorter than the correlation time of the noise. The
requirement for the Hamiltonian control to protect the Zeno
effect is similar here: as the magnitude of the change of a
quantum state by Markovian noise is O(t) while the change
by a Hamiltonian is of order O(z?) for a short time interval T
between two measurements, the Hamiltonian control needs to
be as strong as of order O(r~!) to suppress the influence of
the noise when the frequency of the measurements is large but
finite, i.e., T is small but nonzero. So we will mainly consider
strong Hamiltonian controls in this section.

This section provides the necessary conditions for a co-
herent quantum control scheme to be capable of suppressing
the effects of Markovian noise on the quantum Zeno effect
and obtain general analytical results for the decay rate of the
survival probability in the presence of noise with the Hamil-
tonian control. Moreover, we propose the ensemble average
fidelity as a metric to evaluate the overall performance of the
Hamiltonian control in protecting the quantum Zeno effect
against noise over all possible initial states of the quantum
system.

It is known by the theory of open quantum systems that the
evolution of a general quantum system with a Hamiltonian
and Markovian noise can be described by the master equation

O p(t) = Latlp()] = Lulp®O) + Lulp@®], (A7)

where Ly is the total generator of the system evolution and
Ly[-], £,[-] are the generators of the Hamiltonian evolution
and the dissipation process, respectively,

Lyl]=—ilH, ],
1
L,[]= ijukD[vk](-) = ijuk [vko)vk* - E{V,ka, -}].
(18)

The dissipation rates p;’s are assumed to be non-negative to
guarantee the Markovianity of the noise [72]. For the sake of
simplicity, we assume that both H and V; in Eq. (17) are time-
independent.

The master Eq. (17) can be formally solved by exponenti-
ating the total Liouvillian Ly = Ly + L,

p(t) = e~ [p(0)], (19)

and the survival probability of the initial state of the quantum
system after an evolution of time ¢ under the Hamiltonian
and the noise between two consecutive measurements in the
quantum Zeno effect is given by

p(t) = (Wolp(®)|Yo), (20)

where [1/p) is the initial state of the quantum system and p(0)
is the density matrix of the initial state, p(0) = |¥) (¥o].

A. Control-free scheme

Before introducing quantum controls to reduce the impact
of noise on the quantum Zeno effect, a general quantum sys-
tem with a free evolution Hamiltonian is considered in this
subsection to see the behavior of the final survival probability
of the quantum system to stay in the initial state after repet-
itive projective measurements in the Zeno limit without the
protection by quantum control against the noise.

The survival probability after an evolution of t under the
master Eq. (17) followed by a single measurement can be
written as

Pa(T) = (Woleo [poll o)
= (Yole“HnTE0T [ po]|¥y), 1)

where the subscript “n” denotes the absence of quantum con-
trol to distinguish from the case with quantum control below.
When the time interval T between two consecutive mea-
surements is short, the short-time behavior of p,(t) can be
obtained by Taylor expansion to the second order of t,

Pn(T) =1+ (YolLylpollo) T
+ (W0l (L, + L) Tpollo)t> + O(2).  (22)

There should have been another term (yo| L, [0l o) in the
first-order coefficient, but it has been dropped as it is always
zero considering Lp, is a commutator and po = |¥o) (Yol
When the projective measurement is performed repetitively,
the final survival probability of the system in the initial state
after an evolution time ¢ can be obtained as

Po(t) = pa(2)"/" = exp [—Verr (T)t], (23)

where the subscript “n” in P,(¢) also denotes the absence of
quantum control and y.s(7) is the effective decay rate of the
system,

1
Verr(T) = — “’; () 24)

Substituting Eq. (22) into y.s(T), one can obtain the ap-
proximation of yeg(7) to the first order of 7 as

v (@) = —(L,) — YA (Lw, + L)) + 0D, (25)
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The superscript “(n)” denotes the absence of quantum control,
and (L), (AX(Ly, + L,,)) denotes the mean and the variance
of the superoperator £ in the Liouville space, respectively
[75], with

(A’L) = (L% —(L)? (26)
and

(LX) = (Yol L LoolI¥o) = Tr(poL po]) = (85 IL"170),
27
where the operator L in the Roman font and the ket 120)
denotes the matrix form of the superoperator £ and the vector
form of the density operator py in the Liouville space, re-
spectively. Note this variance of the superoperator £ does not
always remain non-negative as L is not necessarily Hermitian.
It can be further seen from Eq. (25) that when the frequency
of measurements v = 7! is sufficiently large,

(A%(Ln + L2))

v >
2(Ly)

, (28)

the linear term of y.(7) in Eq. (25) becomes negligible
and the effective decay rate becomes independent of 7. Note
that the condition (28) does not diverge as (¥o|L,[pol|¥o) is
generally nonzero. Consequently, the final survival probability
after an evolution of time ¢ can be approximated as

Po(t) = 77", (29)
where
v & — (ol Lulpollvo)
D el ol Vi Vid o) — (Wl Vi [90) (Wo Vil o).
k

(30)
Note that ye(f’}) is always non-negative due to the Cauchy-
Schwarz inequality and the non-negativity of 1;’s.

An important feature of the effective decay rate ye(t"}) (30)
is its independence of the time interval t between two con-
secutive projective measurements due to the appearance of
the linear term in the expansion of p,(t), which implies that
the decay rate does not vanish when T — 0 and the survival
probability always decays with time in this case. This is in
sharp contrast to the quantum Zeno effect where the effective
decay rate (14) is proportional to T and vanishes when 7 — 0.
It results in the failure to freeze the evolution of the quantum
system in the presence of Markovian noise, implying the
quantum Zeno effect vanishes in this case, which is consistent
with the results in the existing literature, e.g., [38,39,46].

B. Coherent control scheme

As Markovian noise makes the survival probability of the
system to stay in the initial state to decay exponentially even
with frequent projective measurements, it is desirable to pro-
tect the Zeno effect against the noise with proper quantum
control method. From the results in the preceding subsection,
it can be seen that the key to the exponential decay of the
survival probability lies in the the linear term of the survival
probability in the Taylor expansion introduced by the noise
after a single step of evolution and projective measurement.
So the aim of the quantum control is to decrease the linear

M M M
LHO LHO LHO
Ly Ly, Ly
A A
R R A
lf___\ If___\ (___\
| LHC ,I | LHC JI | LHC I
\SeEpE—— - NN —
0 T 2T nt
time

FIG. 1. Scheme of the coherent-control-enhanced quantum Zeno
effect in the presence of Markovian noise. In the absence of quantum
control, the quantum system undergoes a free unitary evolution and
noise simultaneously. At the end of each time interval t, a projec-
tive measurement is performed to observe if the system remains
in its initial state. The projective measurement is assumed to be
instantaneous, implying no evolution occurs during the measurement
process. This process repeats every time interval 7. In the presence of
a coherent quantum control, a proper additional control Hamiltonian
is applied on the quantum system to engineer the dynamics of the
system so that the effective decay rate of the survival probability can
be decreased. The projective measurement is denoted by M, and the
evolution of free Hamiltonian, the noise and the control Hamiltonian
are denoted by Ly, £,., and Ly, respectively.

term in the survival probability of a single step of evolution
and measurement.

In this subsection, we consider a coherent quantum control
scheme to suppress the influence of noise on the quantum
Zeno effect and decrease the decay rate of the survival prob-
ability of the system in the initial state. The evolution of
the quantum system with a coherent control scheme in the
presence of noise is illustrated in Fig. 1.

It should be noted that within a short but finite time interval
7, the change of the survival probability by a Hamiltonian
is O(z?) (13) but the change of the survival probability by
Markovian noise is O(t) (22), so if the purpose of a control
Hamiltonian is to suppress the effect of noise on the survival
probability, the control Hamiltonian needs to be sufficiently
strong. As shown in the following, the control Hamiltonian
actually needs to be as strong as O(t ") to slow the decay of
the survival probability, which means the total change of the
system induced by the control Hamiltonian over the short time
interval 7 is approximately O(1), which is similar to those
fast pulse controls such as dynamical decoupling and quantum
control by reverse optimized pulse sequences [26,47,76].

Suppose a control Hamiltonian gH, is performed on the
quantum system in the presence of noise, where g is the
strength parameter. When the measurement interval is t, the
short-time survival probability of the initial state with the
Hamiltonian control after a single measurement reads

pe(T) = (Yole™ [poll o)
= (Yole o T EuTELRIT o 4), (31)

where the subscript “c” in p.(r) denotes the presence of
coherent quantum control.
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To explore how strong the control Hamiltonian needs to be
to suppress the influence of the Markovian noise, we try the
ansatz g = wt*, and the task is to find appropriate choices of
k to increase the higher-order terms of the short-time survival
probability to the first order of t. Note that in this case L
will be dependent on 7, so in the following we will denote L
as £)(t) to explicitly indicate its dependence on 7 with the
control Hamiltonian applied. But £)(7) is still independent
of the instantaneous time points during the evolution as t
is just the time interval between two consecutive projective
measurements which can be taken as a parameter, so the
evolution under £ (t) between two measurements can still
be written as e? L (),

It is difficult to directly expand p.(t) with respect to T by

the Taylor expansion of the evolution superoperator Tl (®)
analogous to Eq. (22),
k+1 J
LN = 30 (LT + Lyt + 0t Ly (32)

i
j I:
since Ly, T + L, + a)rkHLHC is not proportional to T here,
and all the terms of this expansion include the lowest-order
terms of t. Therefore, we turn to compute the first few deriva-

. (c) . . . .
tives of "% (™) with respect to T to give the leading terms in
the expansion of p.(7). In this case the evolution superopera-

(©)
tor "%« (™ can be expanded at T = 0 as

© © o
er‘c'lot(r) = e‘rﬂm‘(l’) |‘L’=0 + taf (eIE‘Ol(T)) |‘L’=0

7’ 2(, 7L (1) 3
+ 2 9 (e “ )|r=0 +0@@). (33)

Substituting g = wtk

(©) . . . . .
e™%w(™ (33) in the Liouville space, the first-order derivative

of €£7 [77] can be derived as

into the evolution superoperator

(©) (©)

1
(©)
g™ = f T Eu g [r L ()] C DT dn. (34)
0

. (c) .
At 7 = 0 where the evolution superoperator e™“u« (™) is ex-
panded,
‘L'E(C)(T)|I=O = wly M|

tot =0’

0 [TLYD]|._y = k+ DwLly | _,+ L.+ Ln,.
(35)

It can be observed that if k > 0, rﬁ(c)(r)|f:0=0 and

tot
8T[t£t(§[)(r)]|fzo =L, + Ly,, so Eq. (34) can be simplified
to

5, (efcf;’(r))L:O — at[rgggg(f)“r:o =L, + Ly (36)

In this case the first-order terms of e?£(*) and of the short-
time survival probability p.(7) are independent of the control
Hamiltonian H., so H. cannot help decrease the decay rate of
the survival probability in the long-term evolution.

If —1<k<0, t£8()|=0 is still zero, but
07 [tﬁf&) (t)ll:=0 includes the control Hamiltonian now.
It seems that the Hamiltonian control is possible to decrease

the decay rate of the survival probability in this case.

Nevertheless, it can be verified that for any arbitrary initial
state [o),

(YolLp pollho) =0, (37

so the decay rate can still not be lowered by the Hamiltonian
control in this case.

If k < —1, it can be immediately inferred from Eq. (35)
that both 7£\) () and 8, [t L) (t)] diverge at T = 0. So the
only possible choice of k to make the Hamiltonian control
scheme to work is k = —1, i.e., the strength parameter of the
control Hamiltonian is

g= wt . (38)
In this case,
r[,fgt)(t)L:O = wly,

© 39
3 [tﬁtgt(f)“fzo =Ly + Ly,

where 7L£)(t)|;—o includes the control Hamiltonian now, so

it is possible to modulate the first-order derivative of e?< (™)
by the coherent control scheme. Hence, within the frame-
work of coherent control schemes, the strength of the control
Hamiltonian needs to be proportional to the frequency of the
repetitive projective measurements. This means that the total
change of the system made by the control Hamiltonian is of
order O(1), which is analogous to the pulse controls employed
in other quantum control tasks. And while the measurement
frequency is large in the Zeno effect, it is still finite in practice,
so it provides the feasibility of implementing this coherent
control scheme in experiments.

Substituting the strength of coherent control g = wt ™" into
the Liouvillian superoperator Lt(gl) , the total evolution superop-
erator in the coherent control scheme can be simplified as

1

(c)
€T£‘°‘ (1) — e“’EHc+(Lu+£Ho)T_ (40)

The survival probability after a single measurement can be
expanded at T = 0 as

Pe(t) = pe(0) + 0 pe(T)| =0T

2 T_z 3
+ 9 pe(T)le=0 5 + O(T), (4D

where 8f pc(t) is the kth derivative of survival probability
pe(t)atz =0,
Lt
0F pe(T) = (Yol (35 e™ ) [pollvro).- (42)

We first compute the zeroth-order term in the Taylor ex-
pansion of p.(7) (41),

Pele=o = (Wole“" [po]1¥o). (43)

By the definition of Ly, Ly [-]1 = —i[H., -], pcl-=o can be
written as

Pele=o = |{¥ole™ ™™ o). (44)

To ensure that the zeroth-order term of p.|.—¢ remains 1
for an arbitrary initial state |y), e~ needs to satisfy

et = o], (45)
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where ¢ is an arbitrary phase and I is the identity operator.

This requires that

o(ES —E)=2nm, n==£1,42,..., Vi j, (46)

where EI.(C) and E}C) are two arbitrary eigenvalues of the con-
trol Hamiltonian H., which immediately leads to a necessary
condition for the control Hamiltonian to preserve the initial
state in the limit T — O,

AES[AES) € Q, Vi, i #], 47

where AEi(JF) =E° — E;c) and Q is the set of all rational

numbers. When this condition is satisfied, e““# can be sim-
plified to

ekt =T, (48)

where 7 is the identity superoperator in the Liouville space.
Back to the derivatives of the evolution superoperator

¢Cu™, by substituting Eqs. (39) and (48) into Eq. (34), the
first-order derivative of ef[:fgt) ™) at T = 0 can be rewritten as

I
8167453(’)|f:0=/ e‘“’ﬁ”C”(ﬁ,L—FﬁHo)ewﬁ”c"dn, 49)
0

. . ()
and the second-order derivative of ¢“£w(™) can also be ob-
tained,

2 tLE)(r)
ate h |T=O

1 n
=/ dﬂz/ T (L 4 Ly )eCR M)
0 0
x (L, + Ly, )e” ™ dny, (50)

which will be useful in deriving the condition for the fre-
quency of the measurements below.
It can be straightforwardly verified that

—wLyn oLy _ P _ p
e Lpye®™"" = Ly = L,

—w (O} Il V. 51
e L"Hcrlﬁue LHCTI — C/(Z]) = ZM}{D[Vk(n)]v ( )
k
where
Hoy(n) = M Hye=Hen
) = corye-iona, 62)

The derivation of the above representation transformations
of the superoperators Ly, and £, in the Liouville space
is presented in Appendix A. So the first- and second-order
derivatives of e“<* can be simplified as

1
LE)(1) _ S0, R
9 €T TZO_/O (L)) + L£)dn, (53)
2 o L8)(r) ! ") L Fm)
9-et o = dn (ﬁHo +£u )
=0 0 0
x (Lg + Lo )dn. (54)

The first-order derivative of survival probability (42) can
then be derived by substituting Eq. (53) into (42) with k = 1,

1 ~
3 pe(T)r=0 = f (ol £, poll o) dn, (55)
0

where the fact that the average of a commutator over any
quantum state is zero, i.e., (Yo|Lg, ) [00ll¥o) = 0, has been
considered. Hence, the effective decay rate of survival prob-
ability y.r(7) can be found by substituting Eq. (41) into (12)
as
Ve(fcf)(f) = =0 pe(T)]i=0
— {0} pe(r) — [9:pe (P} |,_yT + O(x?). (56)

Similarly, the second-order derivative of p.(t) can be de-
rived by Eq. (54) as

1 n2 - -
Ep (Ol = [ dm [ (B + 1)
0 0

x (L0 4 20 [ pollwro) di.

1

(57)

If the frequency of measurements v = 77" is required to be
sufficiently large to drop the second- and higher-order terms
in ye(lff) (1), i.e., to reach the Zeno limit, the frequency of the
projective measurements needs to satisfy

32p(7) — [3: pe(T)T
20 pe(7)

V> (58)

=0

In this case the survival probability in the long-term evolution
of time ¢ can be written as

P(t) ~ e, (59)
where v is the simplified effective decay rate on the condi-
tion (58),

1
Ve = —0:pe(T)lrmo = — /0 (Yol L pollYo) dn,  (60)

with ZEL”) given by Eq. (51).

Obviously, for a given initial state |yy), different control
Hamiltonians will lead to different effective decay rates y;ff),
so it is desirable to optimize the control Hamiltonian to reach
the minimum effective decay rate. To benchmark the perfor-
mance of the coherent control scheme on protecting the Zeno
effect, we define the following ratio to quantify the extent to
which the control scheme can decrease the effective decay rate
of the survival probability in the presence of noise:

(©
P Ve(flf). 61)
Vet
When the control slows the decay of the quantum state, « is
smaller than 1, and vice versa. And the smaller the ratio « is,
the better the coherent control scheme works.

Moreover, for given noise, the ensemble average fidelity
F, which is the average fidelity between the initial state of
the system and the final state evolved by the noisy quantum
process over all possible initial states [78], can be invoked to
characterize the overall performance of the coherent control
scheme in lowering the effective decay rate for all possible
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initial states |1y) of the quantum system with a probability
distribution q(|v)),

F(r) = /q(llﬂo))PWo)(t)dWo)- (62)

The ensemble average fidelity F(#) decreases with time ¢
as the survival probability Py, (¢) of each initial state |)
decreases exponentially with time, and the slower F (¢) decays
with time, the better the protection effect is.

The ratio x and the ensemble average fidelity F'(¢) defined
above will be employed in the next section to quantify the
performance of the coherent control scheme for a two-level
system with typical Markovian noise.

IV. COHERENT QUANTUM CONTROL SCHEME
FOR TWO-LEVEL SYSTEMS

To illustrate how the influence of noise on the Zeno effect
can be suppressed by coherent quantum controls, we consider
a two-level quantum system as an example in this section.

We derive the detailed necessary condition for a coherent
control scheme to preserve the Zeno effect of a two-level
system in the presence of Markovian noise and obtain the
effective decay rates of the survival probability with frequent
repetitive projective measurements in both control-free and
controlled scenarios. For the typical Markovian noise de-
phasing and amplitude damping, we find the optimal control
Hamiltonians analytically and show the improvement of slow-
ing the decay of survival probability by the coherent control
scheme. Additionally, we investigate the performance of the
coherent control scheme for initial states, and show the rela-
tion between the improvement of survival probability and the
initial state by numerical illustrations.

A. Control-free scheme

First of all, we denote the excited state and the ground state
of the two-level system, which is subject to free Hamiltonian
evolution along with dissipative process, as |1) and |0), re-
spectively. The density matrix of a two-level quantum system
can generally be written as

p=U+r-0)/2, (63)

where r = (ry, ry, 1) is called the Bloch vector with |r| < 1
and o = (o, 0y, 0;) is the collection of the three Pauli opera-
tors as a vector. The excited and ground states |1) and |0) are
the eigenstates of o, with eigenvalues —1 and 1, respectively.
In the Zeno effect, we start with a pure state |y) for the
system, the density matrix of which can be denoted as

I+ry-o

Po = [Yo) (Yol = — (64)

where ro must be a unit vector and can be written as
ro = (sina cos B, sin« sin 8, cos «). (65)

The specific form of the dissipative term L£,[p] in the
master equation (17) for general Markovian noise on a single

qubit can be written as

1 .
Lyulpl = ZMij(Gi,OUj - E{O'jo'iv ,0}>, L j=Xx,%2
ij

(66)
where the coefficient matrix consisting of w;; as its elements,
(M)ij = iy, (67)

needs to be positive semidefinite in order to guarantee the
Markovianity of the noise.

According to Sec. IIT A, the effective decay rate of the final
survival probability after an evolution of time # with noise (66)
and frequent projective measurements in the Zeno limit could
be obtained as

(n)
Vet

—(¥olLylpollPo)
= —r, ITre + Tel + v - rp. (68)

v is a vector determined by the imaginary parts of the off-
diagonal elements of the dissipation coefficient matrix T’,

v = 2(Imuoz, Impzy, Impayy), (69)

where Im denotes the imaginary part of a complex number.
The derivation of Eq. (68) is given in Appendix C.

B. Coherent control scheme

In this subsection, we consider a two-level system under-
going a general Hamiltonian Hj and general Markovian noise
described by the dissipative term (66), and apply a control
Hamiltonian gH. with strength g = w7 ™! to suppress the in-
fluence of the noise, where H, = n. - o and n. is a unit vector
denoted as

n, = (sin 6. cos ¢, sin 6, sin ¢, cos 6. ), (70)

which is the direction of the control Hamiltonian in the Bloch
representation.

According to Sec. III, a necessary condition (46) is im-
posed on the control Hamiltonian gH, to ensure the zeroth
order of the survival probability p(t) remaining 1. Specifi-
cally for a two-level quantum system, this condition turns to
be

w = nrw,

n==xl1,%£2,.... (71)

With the specific form of the dissipative superoperator £,
for a two-level system given in Eq. (60), the effective decay
rate of the survival probability after a single projective mea-
surement with a coherent quantum control can be obtained
from Eqgs. (55) and (60) as

(©) _
Vett = —

=-— Zm,/ Tr[ oG, ,000

i,j=1

0z pe(T)]z=0,

'000(17)0(77)]&”7

(72)

where 8'1.(") = ¢lHeN g0

the framework rotated by e
n.

When the necessary condition (71) is met and the measure-
ment frequency reaches the Zeno limit, the effective decay rate

—iwHen denotes the ith Pauli operator in

—iwHen dependent on the parameter
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of the survival probability can be worked out by Eq. (72) as

ye(fcf) = —%(nc -ro)znZI‘nc + %(nc -ro)(n;rFro + rOTFnc)

— %rgr‘ro — %(nC X r())Tl"(nc X o)
+Trl" 4+ (ne - ro)(v - ne), (73)

where v is the vector defined in Eq. (69) and the superscript
“T” denotes the matrix transposition. The details of derivation
are provided in Appendix C.

It can be observed that when n. - rg = £1, i.e., the direc-
tion of the Hamiltonian n, is parallel or antiparallel with that
of the initial state ry since both n. and ry are unit vectors,

the effective decay rate ye(fcf) in Eq. (73) will coincide with

y;ff‘f) without quantum control in Eq. (68), which means the
coherent control does not have any effect on the decay rate
in this case, leading to another necessary condition for the

validity of the coherent control scheme on a two-level system,
ne # =£ry. (74)

By evaluating the ratio x defined in Eq. (61) with the results
for y and y'¢ in Egs. (68) and (73), one can determine the
effect of the coherent control scheme on the two-level system.
In particular, if « > 1, the decay of the survival probability
accelerates, and if « < 1, the decay slows down.

It can be observed from Eq. (73), that for given noise
L,’s and an initial state pg, the effective decay rate ye(fcf)
of a two-level system varies with different quantum control
Hamiltonian H,, so one can optimize the control Hamiltonian
to minimize the decay rate of the survival probability. The
optimization for the control Hamiltonian H. can be formally
solved by a variational approach, with the Lagrangian func-
tion constrained by the normalization condition n, = 1 as

L(Py, A) = v + Te[ (P2 — P) A, (75)

where the Lagrange multiplier A is an arbitrary matrix and
P, = n.n} is the projection operators on to the unit vector .
in the three-dimensional Bloch space.

To obtain the optimal control Hamiltonian to minimize the
effective decay rate ye(fcf) of the two-level quantum system,
the variation of the Lagrangian function (75) needs always
to be zero for any 6P, and §A according to the principle of
variation approach, leading to the optimization equation for
the projector P, onto the unit vector n. along the direction of
the control Hamiltonian,

—3IP,P, — 3P.P,T + iTP + AT
—IR'TR+rpw" + LA+ AP, —A =0,  (76)

with the constraint condition PH2 = P,, where P, = roroT is the
projection operators onto the vector ry in the Bloch space and
R is an antisymmetric matrix,

0 20 —Yo
R=|-z 0 X0 |, 77
Yo —x O

with ry = (xo, Yo, 20). The detail of derivation is provided in
Appendix B. Once the optimization Eq. (76) is solved, the di-
rection of the optimal control Hamiltonian can be determined,
and the optimal control Hamiltonian can be obtained by this
direction with the leading factor given in Eq. (71).

C. Examples

To illustrate the above general theoretical results, we in-
vestigate the effect of coherent quantum controls on two-level
quantum systems with two typical types of Markovian noise,
the dephasing and the amplitude dam(ping. By deriving the
effective decay coefficients ye(ff) and yefcf) under these specific
noise channels, we find the optimal coherent controls tai-
lored for different initial states of two-level quantum systems.
Furthermore, we devote to unveiling the physical pictures
underlying the optimal coherent control strategy for each type
of noise. Through a comparative analysis of the decay rate and
the ensemble average fidelity between the cases with or with-
out the optimal coherent control in the presence of noise, we
demonstrate the advantage of this coherent control scheme in
protecting the Zeno effect both analytically and numerically.

In addition, we will also consider the impact of different
initial states of the quantum system the improvement of the
effective decay rates brought by the coherent quantum con-
trols, and study the relation between the initial state and the
extent to which the decay rate can be decreased by coherent
control in detail through numerical computation.

1. Dephasing

The dephasing noise is a typical unitary noise described by
a dissipative term D[o,] in a quantum master equation, and
has been extensively studied in the theory of open quantum
systems, with the noise coefficient matrix (67) as

0 0 O
r,=10 0 0]. (78)
0 0 u

The evolution of a two-level quantum system under a free
Hamiltonian Hy and the dephasing noise with an intensity u
is determined by the master equation

dp .
yrin —i[Hy, p:] + nDlo;1p:, (79

where Dlo,]p; = o,0,0, — p; and p; is the density matrix of
the system at time f. When a control Hamiltonian gH, is
introduced to the system, the master equation becomes

dpi
dt

The effect of the dephasing noise on a two-level system
is plotted in Fig. 2. It shows that the Bloch sphere, which
includes all possible density matrices of a two-level system,
is “compressed” towards the z axis by the dephasing noise.
And the compression is symmetric about the equatorial plane
as the dephasing noise does not change the o, component of
any density matrix and rotationally symmetric around the z
axis as the dephasing noise affects the o, and o, components
of all density matrices uniformly.

When the frequency of the projective measurement is large
enough and the condition (71) is satisfied in the Zeno limit
7 — 0, by substituting the ry (65) and I', (78) into the Egs.
(68) and (73), one can obtain the effective decay rates of
survival probability without the coherent control,

= —i[Hy + gH., p1] + uDlo;]p:. (80)

ye(fr}) = %(1 — cos 2a), (81)
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FIG. 2. Transformation of the Bloch sphere under the dephasing
noise. The dephasing noise results in the invariance of z components
of the Bloch vectors and uniform contraction of the x and y towards
the z axis. Parameter: ut = 1/2.

and with the coherent control,
v = 6%[39 —2cos2a(1 + 3cos 26,)

—3cos46, — 8cos2A sin® & sin® 0.
—4¢c0s26(1 4+ 6.cos 2A sin® & sin” 6,
—4cos Asin2a(2sin 26, + 3sin46.)], (82)

where A = 8 — ¢.

From the result of ¥ (81), it is evident that the decay
rate of survival probability induced by the dephasing noise
is independent of the azimuthal angle 8 and solely depen-
dent on the polar angle o between the initial state and the
z axis, and is symmetric about « = 7 /2, in agreement with
the symmetries of the impact of the dephasing noise on the
Bloch sphere shown in Fig. 2. When the angle « is zero or
7, the initial state remains unaffected by the noise as it lies
along the compression axis, i.e., the z axis, so no decay occurs
in the survival probability in this case. However, when the
polar angle « is 7 /2, the effect of noise becomes maximal,
and the effective decay rate increases to ©/2. An intriguing
discovery emerges from Eq. (82): the ratio x = .S /y % with
the coherent control optimized is independent of the noise
intensity u, suggesting the coherent control scheme is robust
against different strengths of the dephasing noise, which is a
desirable property for application of this control scheme in
real environments.

Due to the different impacts of the dephasing noise on
different initial states of the two-level system, the extent to
which the decay of the survival probability can be decreased
by coherent quantum controls is also different. Obviously,
when the Bloch vector of the initial state lies along the z
axis, i.e., « = 0, m, the dephasing noise does not change the
initial state, so any coherent quantum control cannot improve
the probability for the system to stay in the initial state if
it does not even worsen the decay of survival probability.
Note that the free Hamiltonian may rotate the initial state
from the z axis to another direction that suffers from the
dephasing noise, but as repetitive projective measurements are
performed on the system with a sufficiently large frequency,
the change of the system induced by the free Hamiltonian is
much slower than the Zeno effect induced by the frequent
projective measurements. So in the Zeno limit v — 0, the

impact of the free Hamiltonian on the decay of the survival
probability can be neglected. This is also the reason why the
free Hamiltonian does not appear in the effective decay rate of
survival probability (82).

On the contrary, when the Bloch vector of the initial state
stays on the equator of the Bloch sphere, i.e., « = 7 /2, the
impact of the dephasing noise is most significant and the prob-
ability for the system to survive in the initial state is worst. In
this case, any Bloch vector other than those on the equator can
suffer less from the dephasing noise, so any coherent quantum
control can improve the survival probability of the system
in the presence of dephasing noise though the improvement
can differ by different control Hamiltonians. And, similar as
above, the impact of the free Hamiltonian is negligible as we
are considering the Zeno limit here.

The initial states along the z axis and on the equator of the
Bloch sphere are the two limiting cases regarding the influ-
ence of the dephasing noise on the survival probability and the
extent to which coherent quantum controls may help. For any
other intermediate cases, the initial states can suffer from the
dephasing noise but not as much as those on the equator of the
Bloch sphere, and accordingly coherent quantum controls can
improve the survival probability of system to stay in the initial
states but not as much as for the initial states on the equator.
And actually coherent quantum controls may even worsen the
survival probability if the control Hamiltonian is not chosen
properly in this case.

To gain an intuitive picture of how different choices of
the initial state affect the impact of the dephasing noise and
the extent that coherent quantum controls can improve the
survival probability, the effective decay rates of the survival
probability in the above three cases are depicted in Fig. 3 for
three typical initial states,

[Va) = 10),

1
1Y) = 7

|} = cos %IO) + sin %H),

which belong to the three different cases respectively.

Figures 3(al) and 3(a2) depict the effective decay rate for
the initial state |i,) with o = 0, lying along the z axis of
the Bloch sphere. It can be seen that 'Y >y ie., any
coherent control can only induce the decay of survival prob-
ability or keep it unchanged at most, since the initial state is
already in the most favorable direction which is free from the
impact of dephasing, and any coherent control scheme may
not reduce the decay in this case. As a contrast, Figs. 3(b1l)
and 3(b2) depict the decay rate for the initial state [y) with
o =m/2, B =0, lying on the equator of the Bloch sphere. It
can be seen from the figure that 'Y < ¥, i.e., any control
Hamiltonian can improve the survival probability or keep it
unchanged at least, since the initial state experiences the most
severe impact of the dephasing noise, and thus any coherent
control scheme cannot do worse than without the control.
Figures 3(c1) and 3(c2) depict the intermediate case for the
initial state |v.) with @ = /4, B = 0, lying along a direction
between the z axis and the equator of the Bloch sphere. It can
be observed that some choices of the control Hamiltonian can
improve the decay of survival probability while the others may

(10) + 1)), (83)
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FIG. 3. Illustration of effective decay rate y.y for different initial states: (a) o, = 0, (b) o, = 7/2, and (¢) a. = 7 /4, with and without

quantum control against dephasing noise. The decay rate ye(f'}) without the coherent control is plotted by the blue surface, and the decay rate

ye(lff) with the coherent control is plotted by the orange surface. When the initial state is o« = 0, the direction of the optimal quantum control is
parallel to that of the initial state 6. = O or 7, which is a trivial control. When the initial state is « = 7 /2, the directions for the most optimal
controls can be obtained as {6, = 7 /2, ¢. = 7 /2, 37 /2}, the effective decay rates under which are indicated by points A and B in subfigure

(b2). When the initial state is « = 7 /4, the optimal controls can be found as {6, = 7 /8, ¢. = 0;6. = T /8, ¢. = 7} and effective decay rate

is indicated by the three annotated points A, B, and C in subfigure (c2). Parameters: 8 =0, w = 7, and u = 1.

worsen it, as there exist both directions that suffer more or
less from the dephasing noise on the Bloch sphere and the
control Hamiltonian may rotate the system to either of them
in this case. As shown by Fig. 3, different directions of the
control Hamiltonian have different capabilities to improve the
survival probability given the initial state of the system, so
in the following our objective is to find the optimal direction
of the control Hamiltonian that minimizes the effective decay
rate ye(fcf) to protect the Zeno effect.

According to the general variation Eq. (76) for a two-level
system along with the positive definiteness of the Hessian
matrix [79] for ye(f(;pt) with respect to direction parameters 6,
and ¢, of the control Hamiltonian to ensure the minimization
(not the maximization) of the decay rate ng)’ we have the
following optimization equations for 6, and ¢.:

aac ye(fC) = 0’

©) _
¥ Verr =0,

A>0, C=>0,
AC —B*> <0,

where A = 32 v, C = 92 y\{. and B = 9,95,7,5 -

(84)

One can obtain the optimal directions of the control Hamil-
tonian in the presence of dephasing noise given the Bloch
vector ry of the initial state of the two-level quantum system
by solving Eq. (84),

1

arccos (3) <a <,

0 < a < arccos (—%), (85)

0. = 3,
9c=+a¢c=ﬁ,
O %’¢c:ﬁ+%-

Note that the solutions in Eq. (85) include all the local
optimal points for the direction of the control Hamiltonian. To
find the global optimal point for the control Hamiltonian, one
needs to substitute this solution into the effective decay rate
ye(fcf) (82) and compare the results corresponding to the three
scenarios in Eq. (85). The global minimum effective decay

rate turns out to be

—1"—6(—7+4cosa+3c052a), 0<a<a,

Ve(f(;pt)= 5 a S a <ap,
—Lcos?a(=5+3cosa), o <a <,
(86)
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FIG. 4. Illustration of effective decay rates of the survival prob-
ability with or without the coherent control in the presence of
dephasing noise for different initial states. The decay rate )/e(f‘;-) with-
out the coherent control is plotted by the blue dashed line, and the

minimum decay rate ye(f‘;m) with the optimized coherent control is

plotted by the red dot-dashed line. The ratio imin = ¥ /yS¥ is
also plotted by the black solid line, which shows the stability of
the optimization performance of this coherent control scheme over

different initial states of the system. Parameters: w = 7 and u = 1.

where oy = 2arccosv/2, a; = — o and (i is the noise
strength introduced in the master Eq. (80).
It can be observed that the optimal effective decay rate

y% with the coherent quantum control and the decay rate

ye(f';-) without any control are both independent of the azimuthal
angle g of the Bloch vector of the initial state. This character-
istic arises from the rotational symmetry of dephasing noise
about the z axis.

The relations between the decay rates yéf(;pt), e(:;) and the
polar angle « of the Bloch vector of the initial state as well
as the optimal ratio « for different initial states are depicted
in Fig. 4. In the figure, one can observe that the optimized

effective decay rate ye(;pt) always remains lower than the decay

rate without control ye(f'}), indicating the effectiveness of the
coherent control scheme. It can also be observed from the
figure that the coherent control scheme is robust against the
change of the polar angle « as the optimized ratio « has only
minor fluctuation over the whole range of «, achieving the
minimum value 1/2 near the poles (¢ = 0 or ) of the Bloch
sphere where the influence of the dephasing noise is negligible
and on the equator (o« = m/2) where the influence of the
dephasing noise is most significant. The optimization perfor-
mance is poorest at o« = oy and & — oy, where k = 9/16. So
the ratio « changes only slightly over the range of «.

To characterize the overall performance of the above opti-
mized coherent quantum control scheme over different initial
states of the system, we consider the ensemble average fidelity
F (62) over uniformly distributed initial states, which turns
out to be

1 2 b4
F(it)=— / dﬂ/ dae " sina, (87)
4 0 0

for a two-level system. The spherical integral is due
to the distribution of initial states on the Bloch sphere

ut

FIG. 5. Plots of the ensemble average fidelity F with respect to
ut in the presence of dephasing noise with the optimal coherent
control scheme and without any quantum control, respectively.

with a radius |rg| =1, and ;- is the normalization
coefficient.

By substituting Egs. (81) and (86) into (87), one can obtain
the decay of the ensemble average fidelity F' with respect to
ut in both the control-free and optimally controlled cases,
as shown in Fig. 5. It is evident from the figure that the
ensemble average fidelity F' with the optimal coherent con-
trol is always greater than that in the control-free scenario,
indicating a slower decay of the survival probability with the
optimal coherent control given the same noise intensity u.
This observation explicitly demonstrates the effectiveness of
the above coherent quantum control strategy in protecting the
quantum Zeno effect against the dephasing noise.

It is helpful to pause and ponder the physical mechanism
behind the optimization effect of the above coherent control
scheme. For the dephasing noise, the z axis is the direction
that is not disturbed by the noise, so it would be beneficial to
rotate a quantum state towards the z axis during the evolution
by quantum control to reduce the influence of the dephas-
ing noise. As the Hamiltonian control is a coherent control
scheme which preserves the purity of a quantum system, one
actually wants to rotate the quantum system towards the |0) or
|1) state, i.e., the north or south pole of the Bloch sphere.

This is indeed what the above Hamiltonian control scheme
does, as illustrated by Fig. 6. From the three colored lines in
Fig. 6 which represent the evolution paths of the quantum sys-
tem with the optimal control Hamiltonians, it can be seen that
the Hamiltonian control drags the quantum system towards
the |0) state (as the initial state is chosen to be in the upper
hemisphere in the figure, which is closer to |0)) and then turns
it back to the vicinity of the initial state (as the purpose is to
preserve the initial state), which is the physical significance of
the condition (71). The joint effect of the Hamiltonian control
and the dephasing noise is to approximately rotate the state of
quantum system between the initial state and the north/south
pole of Bloch sphere along a spiral path towards the z axis,
realizing the decrease of decay caused by the dephasing noise.
As a contrast, the quantum system evolves along the black
paths without quantum control which decays to the z axis
faster.
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1.0 . 1.0

(@) a=agf =0. ©a=mp=0.

FIG. 6. Illustration for the evolution paths of a two-level quantum system initially prepared on different pure states with and without the
protection by the optimal coherent control between two consecutive projective measurements in the presence of dephasing noise. In each
subfigure, the gray, translucent sphere is the Bloch sphere consisting of all density matrices of a single qubit, the orange, translucent ellipsoid
is the set of all density matrices after the disturbance of the dephasing noise on the system, and the arrow indicates the direction of optimal
control Hamiltonian. Point A represents the initial state, and points B and C represent the final states at the end of each time interval without
and with the Hamiltonian control, respectively. The black lines depict the evolution paths of the system without quantum controls, whereas the
colored lines represent the evolution paths engineered by the optimal controls. The solid arcs of the colored lines depict the actual evolution
paths between two consecutive projective measurements, while the dashed arcs of the colored lines depict the following evolution paths if the
evolution is not interrupted by the projective measurement. Typical initial states of the quantum system are chosen for the three different regimes
given by Eq. (86), respectively: (a) o < g (b)) > 1 — g, and (¢) o9 < o < 1 — op. Parameters: Hy =0, =0, u =1, o =m, T =0.01.

It is worth noting that the system cannot perfectly return
to the initial state at the end of each cycle in spite of the
Hamiltonian control, due to the existence of nonzero first-
order term in the survival probability which can be lowered
by the coherent control scheme but not eliminated. But it can
be seen from Fig. 6 that the distance between the initial state
(point A) and the final state with the quantum control (point
C) is always shorter than that between the initial state and the
final state without the quantum control (point B), indicating
the effectiveness of the above quantum control scheme.

It is also worth mentioning that while the unitary noise
considered in this subsection is the dephasing noise, the above
optimal control scheme can be generalized for arbitrary uni-
tary noise, since the effect of a unitary noise other than the
dephasing is equivalent to a new free Hamiltonian with the
dephasing noise in a rotated picture, which can be included
above due to the arbitrariness of free Hamiltonian assumed in
the above study.

2. Amplitude damping

The amplitude damping is another typical noise on a
two-level system, usually describing the energy loss from
a quantum system, known as energy dissipation. The noise
coefficient matrix (67) of amplitude damping is

1

i ; (88)
0 0

and the master equation for the evolution of the sys-
tem with a free Hamiltonian and the amplitude damping

noise is
—— = —i[Ho, p/] + uDlo_]p:, (89)

where Dlo_lp; = 0_p;04 — %{cna,, p:} and p, is the den-
sity matrix of the system at time 7. When a control
Hamiltonian gH. is applied on the system, the master equa-
tion becomes

dpi
dt

The effect of the amplitude damping noise on a two-level
system is depicted in Fig. 7. It shows that the amplitude
damping noise compresses the Bloch sphere towards the north
pole, i.e., the state |0) which is the unique stationary state of

= —i[Ho + gH., p:] + nDlo_]p;. (90)

0.0 >~ |/705 T o =
B el
Lo 10

FIG. 7. Effect of the amplitude damping noise on a two-level
system. The amplitude damping noise compresses the Bloch sphere
towards the north pole, i.e., the quantum state |0), which is the
stationary state of the amplitude damping noise. Parameter: ut = 1.
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the amplitude damping noise. The compression is rotationally
symmetric around the z axis as the amplitude damping noise
affects the o, and o, components of all density matrices uni-
formly, but in contrast to the dephasing noise discussed above,
it is not symmetric about the equatorial plane as the amplitude
damping noise also changes the o, component of a density
matrix, and this change varies with the o, component of the
density matrix.

When the projective measurement is performed sufficiently
frequently and the condition (71) to preserve the initial state
is satisfied in the Zeno limit t — 0, by substituting roy (71)
and I,y (88) into the Egs. (68) and (73), one can obtain
the effective decay rate of survival probability without the
Hamiltonian control as

ye(fr})z %(3—4cosa+c052a)=usin4%, 91)

and the effective decay rate with the control Hamiltonian as

Ve(fcf) = 5’%{178 + 12 cos2(o — 6;) + cos2(a — A)

+ cos2(x + A) — 256 cos cos’ 6, + 8 cos 26,
+6c0s40. +2cos2a(11 + 6.cos 26, + 9 cos46.)
+2cos2A(—1 + 2(4 cos 26, — 300549C)Sin2a)
+4[—32cos Asina 4 (4 cos A(1 + 3 cos26.)

— 3) sin 2] sin 26, }, (92)

where A = 8 — ¢.

From the result of ye(g-) (91) without Hamiltonian control,
it’s apparent that the decay rate of the survival probability
induced by the amplitude damping noise is independent of the
azimuthal angle 8 and solely depends on the polar angle «
between the initial state and the z axis. This is in accordance
with the rotational symmetry of the compression effect of the
amplitude damping noise around the z axis shown in Fig. 7.
However, an additional term, cos «, is introduced in ye(f'}) 91),
which is not symmetric about o = /2, so the decay rate
is not symmetric about the equatorial plane and the decay
increases with «, which also agrees with Fig. 7. The north
pole of the Bloch sphere, i.e., the state |0), is a stationary state
of the amplitude damping noise, so it remains unaffected by
the amplitude damping noise, and no decay of the survival
probability occurs when the system is initially in this state.
On the contrary, the south pole of the Bloch sphere, i.e., the
state |1), is the state whose Bloch vector is compressed most
by the amplitude damping noise, so when the initial state of
the system resides at the south pole, the survival probability
decays most significantly with time.

When coherent quantum control is applied on the system,
similar as the dephasing noise discussed above, the impact
of the amplitude damping noise differs with the initial state
of the two-level system. When the initial state of the system
is |0), i.e., « = 0, the north pole of the Bloch sphere, the
amplitude damping noise does not change the system as |0)
is the stationary state of the amplitude damping noise and the
survival probability does not decay. So applying any control
Hamiltonian on the system can only induce decay on the sur-
vival probability. On the contrary, when the system is initially
in the state |1), i.e., « = m, the south pole of the Bloch sphere,

the system suffers the most disturbance from the amplitude
damping noise and the survival probability decays fastest.
So in this case, introducing any control Hamiltonian to the
system can help slow the decay of survival probability. When
the system initially stays at any state other than |0) or |1), a
control Hamiltonian may decrease or increase the decay rate
of the survival probability, as one can always find another
state that is better or worse than the initial state in suffering
the amplitude damping noise, which is an intermediate case
between the states |0) and |1).

To visualize the effects of the Hamiltonian controls on
different initial states of the system in the presence of am-
plitude damping noise, the effective decay rate of the survival
probability ye(fcf) (92) with all possible directions of the control
Hamiltonian is plotted in Fig. 8 for three typical initial states
of the system,

[¥a) = 10),

= 03
) =—=(l0 1),

1Ve) ﬁ(l )+ (1)

which falls into the three different categories of the states
discussed above respectively.

Figures 8(al) and 8(bl) depict the effective deca?/ rate
for the state |1,), i.e., @ = 0. It shows that yS) > y& for
all directions of the control Hamiltonian, i.e., any coherent
control can only induce decay in the survival probability or
keep it unchanged at most, as the system is not affected by the
amplitude damping noise and the survival probability cannot
benefit from the control Hamiltonian in any direction in this
case. Figures 8(a2) and 8(b2) depict the case for the state [yr,),
i.e., @ = 7, and show that y;fcf) < ye(;'f) for all directions of the
control Hamiltonian, i.e., any coherent control can help slow
the decay of survival probability or keep it unchanged at least,
as |1) is the state most adversely affected by the amplitude
damping noise, and thus the Hamiltonian control in an arbi-
trary direction can mitigate this situation. Figures 8(a3) and
8(b3) consider the intermediate case with the initial state |),
ie., o = /2, B =0, demonstrating that the possibilities for
coherent quantum controls to reduce or increase the decay rate
of the survival probability exist simultaneously, as both states
that are less or more disturbed by the amplitude damping noise
exist on the Bloch sphere in this case.

As the improvement in the decay rate of the survival
probability differs among different directions of the con-
trol Hamiltonian, it is desirable to find the lowest decay
rate by optimizing the control Hamiltonian over all possible
directions.

Substituting Eq. (92) into Eq. (84), one can work out the
optimal control for the amplitude damping noise, which re-
veals that for an initial state with a Bloch vector ry (65) the
effective decay rate reaches the minimum when

¢ = PB. (94)

The evolution trajectory of the Bloch vector of the system with
the control Hamiltonian in the optimal direction (94) is plotted
in Fig. 9.
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FIG. 8. Illustration of effective decay rates y.r for different initial states (a) o, = 0, (b) o, = 7, and (c) o = 7 /2 in the presence of
amplitude damping noise, with the Hamiltonian controls of all possible directions vs without a Hamiltonian control. The decay rates ye(f';)
without the controls are plotted by the blue surface, and the decay rates ye(fcf) with the coherent control are plotted by the orange surface. When
the initial state is « = 0, the optimal quantum control direction is parallel to the initial state direction . = O or 7, which is trivial control.
When the initial state is « = m, the direction of the most optimal control can be identified as {6. = 7 /2}, and the corresponding effective
decay rates are represented by the dashed line AB in subfigure (b2). When the initial state is « = 7 /2, the optimal controls can be found as

{6. =m/4, ¢ = 0,0, = 37 /4, ¢. = 7}, and the effective decay rates are represented by the three annotated points A, B, and C in subfigure

(c2). Parameters: 8 =0, w = 7, and u = 1.

Similar to the case of dephasing noise, the mechanism of
the Hamiltonian control against the amplitude damping noise
can be understood from the evolution paths of the quantum
system with and without the optimal control, which is illus-
trated in Fig. 9. The evolution of the system without control
is plotted by the black path of Fig. 9, which shows that the
quantum system would directly approach the ground state
|0) under the influence of amplitude damping noise in this
case. However, the rotation under the combined influence of
coherent control and amplitude damping noise, shown by the
blue path of Fig. 9, suggests that the effect of the coherent
control drags the state towards |0), i.e., the north pole of
the Bloch sphere, which is the state least influenced by the
amplitude damping noise, and then turns it back to the vicinity
of the initial state. The result of such a Hamiltonian-controlled
evolution ensures the distance between the initial state (point
A) and the final state with the control (point C) shorter than
that between the initial state and the final state without the
control (point B) and thus achieves the purpose of delaying
the decay of the quantum system.

With the optimal coherent control scheme in Eq. (94), the
effective decay rate of survival probability induced by the

amplitude damping noise for any arbitrary initial state can
reach its minimum, which turns out to be

y om0 — %u sin® % (95)
implying that the ratio ¥ (61) optimized by the coherent
control scheme is the same for all initial pure states, which
is k = y /% = 3/8. This demonstrates the effectiveness
and stability of this optimized coherent quantum control ap-
proach. The optimal effective decay rate with the optimal
coherent control S and that without any control y are
both independent of the azimuthal angle 8 of the initial state
due to the rotational symmetry of amplitude damping noise.
Their relations with the polar angle « of the initial state as
well as the best ratio « is depicted for different initial states in
Fig. 10.

If the above optimization approach of the coherent quan-
tum control is applied to each initial state, one can obtain the
decay of the ensemble average fidelity F' (62) with respect to
ut without any quantum control and with the optimal coherent
control by substituting Egs. (91) and (95) into Eq. (87). The
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FIG. 9. Evolution paths of a two-level quantum system initially
prepared on a pure state with and without the protection of the
optimal coherent control between two consecutive projective mea-
surements. The gray, translucent unit sphere represents the set of all
density matrices of a two-level system. The deformed, translucent,
orange ellipsoid is set of all final density matrices transformed by the
amplitude damping noise on the system, and the arrow indicates the
direction of optimal coherent control. Point A represents the initial
state of the system, and points B and C represent the respective final
states after the evolution between two consecutive measurements
without and with the optimal coherent quantum control. The black
line depicts the evolution path without the control, and the blue line
represents the evolution path engineered by the optimal control. The
solid arc of the blue line denotes the actual evolution path between
two consecutive projective measurements, while the dashed arc of
the blue line denotes the future evolution path if the evolution is not
interrupted by the repetitive projective measurements. Parameters:
Hy=o,u=1w=mn,t=0.25.

ensemble average fidelity is plotted in Fig. 11. It is evident
from this figure that the ensemble average fidelity F with
the optimal coherent control is always greater than than that
without any quantum control, indicating, a decrease in the
decay rate of the survival probability by the optimal coherent
control. This observation manifests the validity of employing
this coherent control scheme to protect the survival probability
against the amplitude noise.

Finally, we would like to remark that with the development
of quantum technologies in recent years, two-level quantum
systems as well as the quantum operations on them have been
realized in a variety of physical systems with high precisions,
e.g., quantum dots [80], ion traps [81], superconducting quan-
tum circuits [82], etc. We refer the readers to Ref. [83] for
a comprehensive review of physical systems that can real-
ize two-level systems and the relevant quantum operations.
The coherent controls proposed in the current scheme are
essentially unitary rotations of two-level systems on the Bloch
sphere, so they can also be implemented on those physical
systems.

o T T ]
—— optimum ratio Kpi, e
e
0.8} ——- with optimal control 72}}’0 // i
— — - no quantum control 72‘}} Y 4
0.6 / 7
g /
=~ /
0.4 // — 7
/ /./'/'
0.2t 7 — ]
) 7 //
s
00 TS . . . L
0.0 0.5 1.0 1.5 2.0 25 3.0
a

FIG. 10. Illustration of effective decay rates of the survival prob-
ability with or without the coherent control in the presence of
amplitude damping noise for different initial states. The decay rate

¥ without the coherent control is plotted by the blue dashed line,

and the minimum decay rate ye(f‘;m) with the optimized coherent con-

trol is plotted by the red dot-dashed line. The ratio k = y %" /y¥ is
also plotted by the black solid line, showing the stability of the opti-
mization performance of this coherent control scheme over different

initial states of the system. Parameters: w = 7 and p = 1.

V. CONCLUSION

In this work, we consider the quantum Zeno effect in the
presence of noise and study the survival probability that a
general quantum system stays in its initial state by repetitive
projective measurements in this situation. Starting from the
master equation with general dissipative terms, we discuss the
physical mechanism underlying the vanishing of the quan-
tum Zeno effect and the decay of the survival probability.
In order to suppress the influence of the noise, a coherent
control scheme with a strong Hamiltonian is introduced to the
quantum system. As the noise induces a nonzero first-order
term in the expansion of the survival probability of the ini-
tial state which leads the decay of the survival probability, a
detailed analysis shows that coherent quantum control with

T T T T T
1.0 _: —— with optimal control

: \ ——- no quantum control
0.8f:

0.6

ensemble average fidelity F

ut

FIG. 11. Ensemble average fidelity F' with respect to ut in the
presence of amplitude damping noise with or without the optimal
coherent quantum control scheme, respectively.
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a Hamiltonian as strong as the frequency of the projective
measurements can reduce the decay rate of the survival proba-
bility. The effective decay rate of the survival probability with
the coherent quantum control is obtained, and the conditions
on the control Hamiltonian to protect the quantum Zeno effect
are established.

A two-level system is then investigated as an example
to illustrate the general results. The decay rate of the sur-
vival probability is derived with and without the coherent
control scheme respectively, and the results indicate that the
coherent quantum control scheme performs well in lowering
the decay rate in the presence of dephasing and amplitude
damping noise. As different control Hamiltonians lead to dif-
ferent suppression effects on the decay of survival probability,
the control Hamiltonian is further optimized to minimize the
decay rate. An optimization equation for the control Hamilto-
nian is formally obtained by a variational method and solved
analytically for the two types of noise respectively. The mech-
anism of how the optimal control Hamiltonian protects the
system against the noise and mitigates the decay of survival
probability is numerically illustrated by visualizing the noisy
evolution paths of the quantum system in the Bloch sphere.
The results show that the effect of the optimal Hamiltonian
control is to rotate the system towards the direction that is least
influenced by the noise and then turns it back to the vicinity of
the initial state, so that the final state with the optimal control
can be closer to the initial state than without the control, and
thus the survival probability of the system to stay in the initial
state can be increased.

We hope this work can contribute a novel quantum control
strategy to mitigate the influence of Markovian noise on the
quantum Zeno effect and stimulate future research in this
direction.
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APPENDIX A: DERIVATION OF REPRESENTATION
TRANSFORMATION OF SUPEROPERATORS
IN LIOUVILLE SPACE

In this Appendix, we briefly demonstrate how the transfor-
mations of superoperators Ly,and £,, are derived in Eq. (51).

According to the definition of Lpg,, Ly, = —i[Ho, -],
and the definition of e®fte | e@Lun[.] = e~ iwHen(.)pioHen  the
transformation of the commutator Ly, into a representation
rotated by e~@F#e" ig

-l L,

e ? Hc'?EHOeCU HL”[.]
— _ieincn[Hoefincn(')eincﬂ _ e*incn(_)einanO]efinm
— —i[ei“’HC”Hoe_inC”, ]
= —i[Hy(n), ] = Ly}, (A1)

where Hy(n) = eHe1Hye~i@Hen g the transformed free
Hamiltonian in the rotated representation dependent on
the parameter 1, and the transformation of the dissipative

superoperator £, is
—ol L
e o chcp’ew Hcr][.]

=) me FRIDVJe ()
k

— Z Mkein°" {Vk[e_i“’H°"(~)ei“’H°”]VkT
k
1
2
1

_ 5 [efia)Hcﬂ(.)eia)ch]VkTVk }eia)Hcr}

V/:Vk [e—inCr] (')eincn]

~ ~ 1 ~ ~
=§:mﬁummem—§mﬁmwm»q
k

= wDIVi(n)], (A2)
k

where V(1)) = e®HnV, e=i@Hen i the transformed noise oper-
ator Vj in the framework rotated by e~*#<" dependent on the
parameter 7.

It can be observed that the transformations of the super-
operators Ly,and £, are essentially the transformations of
the free Hamiltonian Hy and the noise operators V; under
the control Hamiltonian H., respectively, while the forms of
Ly,and L, regardless of Hy and Vi, remain unchanged.

APPENDIX B: DERIVATION OF OPTIMIZATION
EQUATION FOR CONTROL HAMILTONIAN

In this Appendix, we derive the equation that determine the
optimal control Hamiltonians to minimize the effective decay
rates of survival probability y;fcf) for a two-level quantum
system.

We start from the general result for v,

y) = —3(ne - ro)’nlne+ine - ro(nelro+rol'ne)—3rolry

— 3¢ x r)L (e X 1) + TrT + (nc - ro)(g - Me),
(BI)

which is provided by Eq. (73) in Sec. IV B.

Denote the Bloch vector of the initial state as ry and the
normalized directional vector of the control Hamiltonian as
ng, i.e., H, = n. - . The cross product between the vectors
n. and ry can be represented as a linear transformation of n.,
given by

ne X rog = Rne. (B2)

If ry is denoted as
ro = (X0, Yo, 20), (B3)

the transformation matrix R is antisymmetric and defined as

0 20 =)o
R = —20 0 X0

Yo —x O

(B4)
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In this case, the effective decay rate of survival probability
J/chf) can be rewritten as

3 1
vl = =5 (rgne) (i Tne) (ngro) + 5 (rgne) (n Tro)

1 1
+ 3 (ro Tn.) ("3"0) — ErOT I'ry

1
— E(Rnc)Tl"(Rnc) + Trl" + (anc)(ncTro)

3 1 1
— Tt(—2P,CPP, + ~P.TP, + ~TP,P,
r( 2 ) *3

1 - T
— TP = SR'TRP, + T + Prgv” ). (BS)

where P, and P, are defined as P, = neny and P = rory,
respectively, and the superscript “T” denotes the transposition
of a column vector.

Considering the normalization of the vector n, i.e., |n.| =
1, P, is actually a projection operator, satisfying P> = P,, so
the Lagrangian function should include this property of P, as
a constraint condition,

L(Py, A) = 5 + Te[ (P2 — P) A, (B6)

where A is an arbitrary matrix, representing the Lagrange
multiplier.

To obtain the optimal control Hamiltonian H, that min-
imizes the effective decay rate y.?, we perform variational
calculus on the Lagrangian function (B6), yielding

3 3 1 1
(SL = Tr[SPn(—EFPnPr - EPrPnF + EFPr + EPI-F

1
— ERTFR +rov" + P,A + AP, — A)]

+Tr[sA (P} — P)]- (B7)

According to the principle of the variational approach, the
variation §L in Eq. (B7) should be zero for any §P, and
8A, leading to the following conditions for minimizing the
effective decay rate y,5:

—3TPP — 3PP + TP + 5PT
—iR'TR+rgpv" + LA+ AP, — A =0, (BY)

P2 — P, =0, (B9)

where the bold symbol 0 denotes the zero matrix.

APPENDIX C: DERIVATION OF EFFECTIVE DECAY RATE
OF SURVIVAL PROBABILITY FOR TWO-LEVEL SYSTEM

This Appendix focuses primarily on the coherent control
scheme for two-level system, specifically the derivations dis-
cussed in Sec. IV. We start from the general results of effective
decay rates ye(fr}) (29) without quantum control and ye(fcf) (60)
with coherent quantum controls in Sec. III, and apply them to
a two-level system in the presence of Markovian noise with
and without the coherent control scheme respectively.

The dissipative superoperator £,, induced by Markovian
noise for a two-level system can be generally expressed as

1
L= i (m(-)aj - 5lojoi, -}), (C1)
ij

which is given in Eq. (66). By substituting this equation into
ye(f'}) (29), one can derive the effective decay rate for a noisy

two-level quantum system without quantum control as

v = — (ol L, lpoll¥o)

1
=— Z Mij Tf(POUiPOUj - 5100{01‘01‘, ,00}>

ij=1,2
=— Y wijlTr(o:p0)Tr(a;p0) — Tr(o;0ipo)],
ij=1.2
=—rglry+TiT — iz Wij€ijk (ro)x
ijk
= —ryTrg + Trl + v - ry, (C2)

where the third line of the derivation results from the assump-
tion that py is the density matrix of a pure state, v is a vector
related to the imaginary parts of the off-diagonal elements of
the noise coefficient matrix I", defined as

v = 2(Impos, Imusy, Impayo). (C3)

In the coherent control scheme, we assume that the control
Hamiltonian can be written as

H.=n,- o, (C4)
where n. describes the direction of the control Hamiltonian,
ne. = (sin 6, cos ¢, sin . sin ¢, cos 6, ). (CS5)

The eigenvalues and the associated eigenstates of the control
Hamiltonian H, can be straightforwardly obtained as
; Oc .6
E® =1, |9 ) = e~ cos —|0) + sin —|1)
2% %6, -+ (CO)
EY =1, Wz(c)) = —e % sin EC|O) + cos ECH)

where El(c), E\® are the eigenvalues and |wl(c)), Wéc)) are the
eigenstates.

Correspondingly, an arbitrary initial state |1) in the basis
of the Hamiltonian’s eigenstates can be expressed as

1Wo) = a1 [¥() + ao| i), (C7)

where the coefficients a;, a, satisfy the normalization condi-
tion |a;|? + |ax|? = 1.

Now, let us derive the effective decay rate y;fcf) for a
two-level system within scheme with the coherent quantum
control. The first consideration pertains to the necessary con-
ditions for the validity of the coherent control scheme in a
two-level system. Substituting the eigenvalues from Eq. (C6)
into the zeroth-order term of survival probability p.(7) in
Eq. (41), one can have

Pele=o = 1{ole™™ |yo) |2
= la1|* + |ao|* + 2|as[*|az|? cos 20,  (C8)

062414-18



QUANTUM CONTROL FOR THE ZENO EFFECT WITH ...

PHYSICAL REVIEW A 109, 062414 (2024)

indicating that when w =nm for n=+1,42,4£3,...,
Dclz=0 = 1 by the normalization condition of a;, a.

With the specific form of £,, for a two-level system given in
Eg. (C1) and the representation transformation of superoper-
ator £,,, L'(”) = e~ @LuN [ L in Eq. (A2), the first-order
term of Eq (41) can be ertten as

1 ~
P lecy = / ol EP ool d

—ZM”/ Tr[ o5} ,000 —,000 MM dn,
i,j=1

(€9
|

pgl) \1-: § /’Llj / Tr(poeta)Hcno_ie—la)chpOeszcno_je—leCn _ poeszCnO_jo_ie—la)ch)dn

i,j=1

~(m _ emz)Hc —iwH,

where o, o;e T denotes the Pauli operator o;
in the transformed framework. As H. is a normalized
Pauli matrix defined in (C4), satisfying ch =1, one can
have

e:l:inC

" = cos (wn)I % isin (wn)H.. (C10)

Considering the necessary condition w = nmw, n = %1,
+2, 43, ..., substituting the above equation, H. = n. - 0, and
oo = (I +r¢-0)/2 into Eq. (C9) and using the identity

(a-o)b-oc)=(@-b)Il +i(axb)-o, (C11)

for two arbitrary vectors @ and b, one can obtain

(C12)

= Z u,,{ / Tr(polcos (wn) [ + i sin (wn) e - Gloilcos (n) I — isin (@) ne - olpo

x [cos (wn) I + isin (wn) ne - oloj[cos (wn) I + isin (wn) n - a]dn)

1
— / Tr(,oo[cos (wn) I 4 isin (wn) n. - olojoi[cos (wn) I — isin (wn) 1 - a]dn)}
0

1
Zu,,{ (e - 10)* (), (ne) ; — 5

i,j=1

1
+ E("c X 19)i(Re X Fo); — 8;j + i(ne - ro) Xk: sijk(nc)k},

(C13)

1
ne - ro[(ne)i(ro); + (ro)i(ne) ;| + E(rﬂ)[(rO)j

(C14)

where (n¢ )k, (ro)x, and (ne X rg); denote the kth elements of vectors n, ry, and n. X ry, respectively.
Substituting the real vector v defined in Eq. (C3) into the above equation, one can finally arrive at

1 3 2T
()| Zj(nc'r0) n.I'nc —

+ %(nc x 1) (e x rg) — Trl" —

which is Eq. (73).

2(nc ro)( TFro—}—rOFnc)—i— rOFro

(e - ro)(v - ne), (C15)
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