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This paper discusses quantum adiabatic elimination, which is a model reduction technique for a composite
Lindblad system consisting of a fast decaying subsystem coupled to another subsystem with a much slower
timescale. Such a system features an invariant manifold that is close to the slow subsystem. This invariant
manifold is reached subsequent to the decay of the fast degrees of freedom, after which the slow dynamics follow
on it. By parametrizing the invariant manifold, the slow dynamics can be simulated via a reduced model. To find
the evolution of the reduced state, we perform an asymptotic expansion with respect to the timescale separation.
So far, the second-order expansion has mostly been considered. It has then been revealed that the second-order
expansion of the reduced dynamics is generally given by a Lindblad equation, which ensures complete positivity
of the time evolution. In this paper, we present two examples where complete positivity of the reduced dynamics
is violated with higher-order contributions. In the first example, the violation is detected for the evolution of the
partial trace without truncation of the asymptotic expansion. The partial trace is not the only way to parametrize
the slow dynamics. Concerning this nonuniqueness, it was conjectured in [Quantum Sci. Technol. 2, 044011
(2017)] that there exists a parameter choice ensuring complete positivity. With the second example, however, we
refute this conjecture by showing that complete positivity cannot be restored in any choice of parametrization.

We discuss these results in terms of the invariant slow manifold consisting of quantum correlated states.

DOI: 10.1103/PhysRevA.109.062206

I. INTRODUCTION

Any quantum system should be treated as an open system.
One reason is that perfect isolation of a quantum system is
unrealistic experimentally and the influence of a surrounding
environment needs to be taken into account. Besides, perfectly
isolated systems cannot be used for the purpose of quantum
control. To control or read out a quantum state, coupling to
another system is unavoidable. A state of an open quantum
system is represented by a density matrix. To describe its evo-
lution, various approximation methods have been developed
so far. One of the most widely used methods is based on
the Markov assumption. Starting from a system-environment
Hamiltonian, the Born-Markov-secular approximations lead
to a Lindblad equation [1].

Lindblad equations can also be derived mathematically by
imposing axiomatic conditions on the time evolution map. It
is reasonable to assume that the time evolution preserves the
properties of density matrices, namely, they are Hermitian,
unit-trace, and positive semidefinite along the entire evolution.
The condition of positivity is usually replaced by complete
positivity [2]. The complete positivity requirement in physics
stems from the fact that a density matrix of an open quantum
system is a reduced one, and the total density matrix including
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an environment should also remain positive semidefinite un-
der the evolution. One can show that the evolution of a density
matrix is governed by a Lindblad equation if and only if the
time evolution map is a one-parameter semigroup ({A;};>o
satisfying A; o Ay = A4 for all £, s > 0), the elements of
which are trace preserving completely positive maps for all
t > 0 [3-5]. Note that the semigroup property is associated
with the Markov assumption [1].

In this paper, we consider a composite open quantum
system where the total evolution is governed by a Lindblad
equation. The composite system is assumed to consist of a fast
decaying subsystem being weakly coupled to another system
with a slower timescale. In this setting, the time evolution
typically starts with decay of fast degrees of freedom followed
by a slower evolution of the remaining slow degrees of free-
dom. In capturing the latter dynamics, thus, the fast degrees
of freedom can be discarded. This model reduction technique
is known in quantum physics as adiabatic elimination and
goes back to singular perturbation theory (see, e.g., Ref. [6]).
Owing to the linearity of Lindblad equations, there exists in
fact an invariant linear subspace, associated with the slow
eigenvalues of the overall system, on which this dynamics
rigorously takes place.

Adiabatic elimination offers two noteworthy aspects when
applied to quantum physics. First, it provides a model reduc-
tion technique for composite Lindblad systems. By discarding
the fast degrees of freedom, the slow dynamics can be

©2024 American Physical Society


https://orcid.org/0009-0002-0128-3893
https://orcid.org/0000-0003-2962-5170
https://orcid.org/0000-0001-5909-437X
https://orcid.org/0000-0001-6160-5634
https://ror.org/02kvxyf05
https://ror.org/02kvxyf05
https://ror.org/00cv9y106
https://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevA.109.062206&domain=pdf&date_stamp=2024-06-03
https://doi.org/10.1088/2058-9565/aa7f3f
https://doi.org/10.1103/PhysRevA.109.062206

TOKIEDA, ELOUARD, SARLETTE, AND ROUCHON

PHYSICAL REVIEW A 109, 062206 (2024)

described via a reduced model. This enables simulations of
large-dimensional systems that are otherwise infeasible. Sec-
ond, adiabatic elimination allows for reservoir engineering.
By crafting the coupling between the two subsystems, we can
design the dissipative dynamics of the slow evolution after
the decay. This aspect is important in recent developments
of quantum technologies because dissipation is not necessar-
ily the enemy of quantum technology, but can be leveraged
to control a quantum state. These two aspects of adiabatic
elimination can be seen in previous studies, see below for
references.

Various approaches have been developed to formulate adi-
abatic elimination for composite open quantum systems. One
of the earliest studies is Ref. [7], where the author applied the
Born-Markov approximation to a bipartite Lindblad system,
as commonly done for composite Hamiltonian systems [1]. A
large body of studies has adopted a similar approach [8-16].
Other studies have explored alternative formulations, includ-
ing the application of the Laplace transform to the projected
master equation [17,18] and the use of the Schrieffer-Wolff
transformation [19-21]. In contrast with Hamiltonian sys-
tems, relaxation behavior is built into the spectral properties
of the generator in open quantum systems. We can hence
consider an invariant subspace, or in geometric language, a
manifold to which trajectories are attracted in the long-time
regime. Formulations based on such a geometric picture were
presented in Refs. [22,23]. However, the applicability of these
approaches is limited either to systems for which the eigen-
vectors of the generator can be determined or to the evaluation
of contributions up to the second-order in the timescale sepa-
ration. In this paper, we focus on the formulation presented
in Ref. [24], which can overcome these limitations. It pro-
vides a geometric picture based on center manifold theory
[25]. The system according to this theory does exactly feature
an invariant manifold corresponding to slow dynamics, and
hence we view the model reduction to slow degrees of free-
dom as approximating both the manifold and the evolution
once the system is initialized on it. To formulate the model
reduction based on this picture, we parametrize the degrees of
freedom on the invariant manifold (see Fig. 1). We then seek
to find two maps; one describing the time evolution of the
parameters and the other assigning the parametrization to the
solution of the Lindblad equation; that is, the density matrix
of the total system. To calculate these maps approximately
for general problems, an asymptotic expansion with respect
to the timescale separation is performed. In this way, [24]
established a methodology to calculate higher-order contribu-
tions systematically. Recently, this approach was extended to
a periodically driven system where the driving frequency is
comparable to the fast timescale, while the amplitude is in
the order of the slow timescale [26]. In addition, numerical
simulations were conducted to evaluate the reduced dynamics
in a multisystem platform [27].

In the geometric approach, adiabatic elimination includes
a gauge degree of freedom associated with the nonuniqueness
of the parametrization. If the slow dynamics is parametrized
via a density matrix, then one expects as a physical require-
ment that the two maps introduced above should preserve the
quantum structure. This expectation is behind the conjecture
made in Ref. [24]; the authors conjectured the existence of a

Invariant manifold

Parametrized
by ps

K (ps)

d <3
dt ps = Ls(ps) @
Slow degrees of freedom

FIG. 1. Schematic of the state evolution in a Lindblad system
with timescale separation to illustrate the mechanism of adiabatic
elimination. From an arbitrary initial state, the system rapidly con-
verges to the lower-dimensional invariant manifold (the gray plane),
as illustrated by the red trajectory. In adiabatic elimination, we
parametrize the degrees of freedom on this manifold (called slow
degrees of freedom) by p, and describe the dynamics within the man-
ifold, illustrated by the black trajectory, via the reduced dynamics,
illustrated by the blue trajectory. Here the reduced system is assumed
to be a qubit. The primary objectives of adiabatic elimination formu-
lation are to calculate the map (L) describing the evolution of p; and
the map (K) assigning the parametrization to the total state, which
follows the Lindblad equation, on the invariant manifold.

gauge choice such that the reduced dynamics is governed by
a Lindblad equation and the assignment is a trace preserving
completely positive map (also called a Kraus map [28]) up
to any order of the asymptotic expansion. So far, this has
been proved to be true for a general class of settings up to
the second-order expansion; it was shown in Ref. [24] that
the evolution equation admits a Lindblad equation and in
Ref. [29] that there always exists a gauge choice ensuring
the Kraus map assignment. Studies of the higher-order con-
tributions have been limited so far. For a two qubit system,
[30] reported an example supporting the conjecture at any
order. Similar but different issues were discussed in Ref. [20].
The authors extended the Schrieffer-Wolff transformation to
open quantum systems. They found that the effective adiabatic
generator, which has the same block matrix structure as the
unperturbed part and provides a first-order approximation of
the total dynamics for all the time, cannot in general be put in
the Lindblad form, even without truncation in the perturbation
series, due to an unavoidable negative coefficient in front
of one of the dissipators. We note that they investigated the
effective generator for the total system, while the conjecture
is about the generator for the reduced system. In our picture,
it is clear that the total dynamics follows a Lindblad equation.
The question is whether it can be split up into a Lindblad equa-
tion on a Hilbert space equivalent to the slow subsystem, and
a Kraus mapping of this parametrization to the total system.
In this paper, we challenge this conjecture by considering
higher-order contributions beyond second-order. We empha-
size that recent advances in quantum technologies warrant
accurate simulation of the slow dynamics. Thus, understand-
ing of higher-order contributions is increasingly in need. We
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specifically consider two examples to investigate the con-
jecture. In the first example, which is a three-level system
dispersively coupled to a strongly dissipative qubit, adiabatic
elimination can be performed without any truncation of the
expansion series. In such all-order analysis, we show that the
parametrization via the partial trace of the total density matrix
with respect to the fast subsystem yields a non-Lindblad equa-
tion violating even positivity, let alone complete positivity,
of the time evolution. This is a result for the partial trace
parametrization and, according to the conjecture, there might
exist a different gauge choice in which the Lindblad form
is restored. To explore the capacity of the gauge degree of
freedom, we consider a qubit resonantly coupled to a strongly
dissipative oscillator as the second example. In this example,
we can rigorously prove that, with fourth-order contributions,
complete positivity of the reduced dynamics cannot be at-
tained, whatever the gauge choice is. Thus, this system serves
as a counterexample to the conjecture. The proof utilizes a
result in Ref. [31] that reveals a constraint on the spectrum
of completely positive qubit maps. We discuss this complete
positivity violation in terms of quantum correlations in states
on the invariant manifold, which imposes a restriction on
the initial state of the reduced system. In contrast with our
previous report [32], which was limited to investigating an
oscillator-qubit system, this paper presents the example of
a three-level system (the first example), where the all-order
analysis is possible. Furthermore, we offer more detailed
discussions to elucidate the interpretation of the complete pos-
itivity violation, aiming to convince readers that such violation
is not an unphysical anomaly but an anticipated consequence
of quantum correlations, and we suggest the possibility of its
experimental verification.

The paper is organized as follows: In Sec. II, the machinery
of adiabatic elimination developed in Ref. [24] is reviewed.
To investigate the role of the gauge degree of freedom, we
derive how the time evolution and assignment maps are mod-
ified in different choices of gauge. In Sec. III, we consider a
dispersively coupled system. For the partial trace, we show
that complete positivity of the evolution is violated in the
all-order analysis. Next in Sec. IV, we consider an oscillator-
qubit system in which the dissipative oscillator system is
eliminated. With this example, we prove the impossibility of
restoring complete positivity by any gauge transformation. In-
terpretations of these findings are presented in Sec. V. Lastly,
concluding remarks are made in Sec. VI. More details about
all the claims can be found in the Appendix.

II. ADIABATIC ELIMINATION

In this section, we review the machinery of adiabatic
elimination developed in Ref. [24]. We consider a system
consisting of a fast decaying subsystem coupled to another
subsystem with a slower timescale. Let 7, (J¢3) be the
Hilbert space of the fast (slow) subsystem. The density matrix
of the composite system, .73 ® 73, denoted by p follows a
Lindblad equation,

d
—p=Ls®Ip(p)+ €Ty @ Lp(p) + €Lin(p) = Liai(p).

dt
(D

For £ = A and B, Z; are the identity superoperators acting
only on operators on J#. L, is a Lindbladian acting only on
7, and generally reads

Lye = —i[Hy, o]+ Y DlLyle, 2)
k

with a Hamiltonian H4 and jump operators {L,;}, all of
which are operators on J7;. We have also introduced the
commutator superoperator [H, o] = H ¢ — ¢ H and the dissi-
pator superoperator D[L]e =L e L™ — (L'L & + ¢ LTL)/2 for
any operator H and L. We assume that the evolution only
with £, exponentially converges to a unique steady state
pa. In other words, among the spectrum of L4, the eigen-
value zero is simple and the other eigenvalues have strictly
negative real part. Lp and L, are superoperators acting on
H and S, Q@ Hp, respectively, and are assumed to contain
only Hamiltonian terms. Lastly, € is a non-negative parameter
representing the timescale separation. Physically, £4 and Lg
describe the internal dynamics of .7, and %3, respectively,
and L;y determines how the two subsystems interact. Note
that the internal dynamics Lp of 73 is assumed slow, i.e., the
model Eq. (1) must hold in a frame that follows its potential
fast motion.

As described in the introduction section, the goal of adia-
batic elimination is to find the slow dynamics on the invariant
manifold. For linear equations such as a Lindblad equation,
an invariant manifold is characterized by the (right) eigen-
operators of the generator L in Eq. (1) whose eigenvalues
have real part close to zero. Such a subspace is preserved by
the operation of L, and thus is invariant with respect to the
time evolution map. We note that, when L, is nonzero, an
invariant manifold does not exactly coincide with the slow
subsystem .73 because of correlations building up on the
invariant manifold (see Sec. V for detailed discussions).

To describe the slow dynamics, we should parametrize
the degrees of freedom on the invariant manifold. Following
Ref. [24], we use a density matrix for the parametrization.
As a mathematical model reduction technique, there is no
preference in that choice. In applications to physics, on the
other hand, it is convenient to employ a parametrization that
facilitates interpretation of the slow dynamics. A suitable
representation in this regard is a density matrix, since most
studies of open quantum systems have been based on it. We
note that the partial trace try(p), with try the trace over 743,
has commonly been used to represent the reduced state [1,2].
This is a valid gauge choice, as far as the timescales are well
separated (equivalently, € < 1). This choice plays a central
role in the following discussions. For clear distinction, we
denote the partial trace by pp = tra(p) and general density
matrix parametrization by p;.

Once the parametrization is fixed to p;, we seek to find
the following two maps (see Fig. 1). One, denoted by L, de-
scribes the time evolution of p;, namely, (d/dt)p; = L(05).
The other, denoted by X, maps p, to the solution p of the total
Lindblad equation Eq. (1), p = K(p,). Throughout this paper,
we assume that K and L, are linear and time-independent.
Since p satisfies Eq. (1), we obtain

’C(ﬁs(ps)) = Etot(lc(ps))a (3)
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from which we can determine K and L; in principle. We call
this relation the invariance condition in this paper.

Except special cases (see Sec. III), it is difficult to find
K and L; satisfying the invariance condition Eq. (3) exactly.
To proceed, we assume € < 1 and perform the asymptotic
expansions as

K=Y €K Li=) €Ln )
n=0 n=0

When € = 0, the solution of Eq. (1) after the decay of the fast
subsystem reads p(t) = pa ® tra(p(t = 0)) with the initial
density matrix p(¢ = 0). Therefore, the €” order elements are
given by

ﬁs,O(ps) =0. (5)

The higher-order contributions can be evaluated by in-
serting the expansions Eq. (4) into the invariance condition
Eq. (3). Detailed calculations are presented in Appendix A.
We recall that, as the parameter choice can involve differ-
ent options at any orders of €, the solution is not unique.
This reflects into the fact that, due to the singularity of Ly,
try o KC,>; cannot be fully determined from the invariance
condition. In what follows, we denote G = try o Z;’il €"IC,,
which can be any linear and time-independent superoperator
on ¢. Together with Eq. (5), we find

pp = tra(p) = tra(K(ps)) = ps + G(ps). (6)

Throughout this paper, we assume that (Zg + G) is invertible,
which is valid for € « 1.

Let us see how K and L for an arbitrary gauge choice are
related to those for the partial trace. For the sake of clarity,
we write the gauge dependence explicitly as K¢ and L.
We note in advance that the following relations are results of
general basis change and are not associated with the quantum
structure. For K%, note p = K%(p,) = K%%(pp). Substitut-
ing Eq. (6) into the rightmost side gives

K¢ = K00 (Zz + G). (7)

ICO(;Os) = PA ® Ps,

For L, the time evolution of the partial trace reads
LI(pg) = (d/dt)ps = (d/dD)]py + G(p)] = LI (py) +
G(LSG(pS)). Comparing the leftmost and rightmost sides, we
find £ o (Zy + G) = (T + G) o LY. From the existence
of (Zg + G)~!, we obtain

L8 = (Tp+ G) ' o LI 6 (Tp + G). ®)

This indicates that the spectrum of L, or the decay rate inside
an invariant manifold is independent of gauge choice. This is
expected since the decay rate must not change depending on
the way the slow dynamics is parametrized. Equations (7) and
(8) are useful in analyzing possible transformations that the
gauge degree of freedom can make (see Sec. IV).

As summarized in the introduction, the authors of Ref. [24]
conjectured the existence of a gauge choice leading to reduced
dynamics described by a Lindbladian, Z?:o 2 L j(ps) =
—i[Hy, ps] + D, DILs x](ps) with a Hamiltonian Hy and jump
operators {L;;}, and assignment described by a Kraus map,
Z;:o eIKi(ps) =, Mk,oXM; with operators M : 53 —
J6 ® 3, up to €" for any positive integer n. For a general
class of settings, this conjecture has been proved up ton = 2

so far. In the following sections, we present examples where
complete positivity of the reduced dynamics is violated with
higher-order (n > 2) terms.

III. COMPLETE POSITIVITY VIOLATION IN ALL-ORDER
ADIABATIC ELIMINATION

A. Problem setting

In this section, we demonstrate complete positivity viola-
tion of the reduced dynamics. To stress that the violation is not
due to the truncation of the perturbation series, we consider
an exactly solvable system where KC and L, satisfying the
invariance condition (3) can be obtained without the asymp-
totic expansion. The total system consists of a target qudit
(d dimensional) system being coupled to another dissipative
system through a single-term Hamiltonian. To represent qu-
dit operators, we introduce E,, , € R (m,n=1,...,d)as
[Emnlij=1(=mand j =n)and O (else), and E,, = E,,, ,
in some canonical basis. With these, we assume the following
form of L and L;y as in Ref. [30]:

d
€Lpe = —i |: onEy, 0:|,
1

m=

and

d
eLin® = l|:Z xm(Va @ Ep), .j| , &)

m=1

where {w,,} are the transition frequencies of the qudit, {x,,}
are the coupling constants, and V, is an operator on 7.
Regarding L4, we only assume the existence of a unique
steady state and do not specify its form in computing analytic
expressions of /C and L£;. When we discuss whether L is
a Lindbladian later, we consider a driven-dissipative qubit
system represented by

Q A
Li0 = —il:zax + zaz, oi| +kDlo_le, V4y=o0,, (10)

with the drive amplitude €2, the drive detuning from the
qubit frequency A, and the Pauli matrices {0;}i—y,, ., and
o+ = (0y £ i0,)/2. Assuming the qudit to be a d-level ap-
proximation of an optical cavity, this Lindbladian describes
a quantum nondemolition measurement of the photon number
in the absence of dissipation [33].

Note that Lp and L;, commute. In the rotating frame with
respect to the Hamiltonian Zizl w,E,,, thus, the interaction
Hamiltonian does not change, while the qudit internal dynam-
ics becomes trivial as £z = 0. In the following, we consider
adiabatic elimination in this frame.

B. Adiabatic elimination at any order

We recall that our goal is to find maps K and L; satisfying
the invariance condition Eq. (3). To this end, we note that

Li(A® Epp) = L (A) @ Ep s (1D
with A any operator on 7% and

LE(A) = La(A) 4 i(mVaA — XaAVa).
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As detailed in Appendix B 1, we then find

d
ICG:O(:OB) = Z Qm,n ® EmIOBEna (12)
m,n=1
and
d
LEZO(PB) = Z )"m,n EmpBEn, (13)
m,n=1
where, for m,n=1,....d, A, is the eigenvalue of £3§"",

which is in fact an eigenvalue of L as seen from Eq. (11),
with the smallest absolute real part and Q,, , is the correspond-
ing (right) eigenoperator that is normalized as trs(Q,,.,) = 1.
These are for the partial trace parametrization (G = 0) as
confirmed by the relation try (KY(pp)) = pp [see Eq. (6)].
One can check the invariance condition (3) using Eq. (11).

In what follows, we investigate whether LSGZO is a Lind-
bladian. According to the technical results in Appendix C4,
this holds if and only if STAS is positive semidefinite, which
we denote as STAS >0 in the following, with the matrix
transpose T and a matrix S defined in Eq. (C13).

As an example, let us see the case d = 2. We find STAS =
Re(—A;2)/2. As mentioned underneath Eq. (13), A, is an
eigenvalue of L. From the stability condition, STAS >0,
and thus £6=° always admits the Lindblad form. This was
shown in Ref. [30], where the authors further proved the
existence of gauge choices such that K¢ is completely positive
and surjective.

C. Qutrit (d = 3) case
When d = 3, we find

Re(—41.2) iImA12)—A13+A23
Too 2 6
§TAS = —im(hi2)—Af5+A75 Re(A12—2(h134+223)) |’ (14)
6 18

with Im denoting the imaginary part. £6=° is a Lindbladian if
and only if this matrix is positive semidefinite. After sorting
out, the condition reads D > 0 with D defined by

D =|hia+ A3+ Asl?

—2(JA12* 4 A3l + [225]) — 4Im(hy 2)Im (Ao 3).
(15)

Unlike the case d = 2, it is not clear if this is satisfied gen-
erally. To proceed, we numerically evaluate the sign of D
when the qutrit is coupled to a fast decaying qubit described
by Eq. (10). In this evaluation, we assume (xi, x2, X3) =
0, x,2x) with x/k = 0.1. The results are shown in Fig. 2.
We can see the blue regions where D is negative. In these re-
gions, one of the dissipators constituting £9=° has a negative
coefficient. Therefore, unlike the case d = 2, ESGZO is not a
Lindbladian in general. We note that the non-Lindblad form
of £9=0 is obtained even with infinitesimal coupling constants
as discussed in Appendix B 2.

To be more precise, it is complete positivity of the time
evolution that is violated. As discussed in the introduction,
the generator is a Lindbladian if and only if the time evolution
map satisfies the semigroup relation and is a Kraus map at
any time. In the current problem, the time evolution map,
exp(L9=0) with t € R, satisfies the semigroup relation

(Red): D >0 /(Blue):D <0
x/k=0.1

2.0

0.5 1.0 1.5 2.0
Q/k

FIG. 2. Parameter regions ensuring the Lindblad form of the time
evolution generator £6=° determined by the sign of D [see Eq. (15)].
The Lindblad form is attained in the red region (D > 0), while
a dissipator comes with a negative coefficient in the blue region
(D < 0). The coupling strengths are set (x1, x2, x3) = (0, x,2x)
with x /k = 0.1.

and preserves the Hermitian property and trace. Thus, the
non-Lindblad form of £9=° detected by the negative sign
of D signifies the complete positivity violation of the time
evolution map exp(L8=%). In this qudit example, not only
complete positivity, even positivity is violated. To see this, we
note that the operation of the time evolution map exp(ESG:Ot)
reads

d
G=0
e“pp) =) € EpnppE,.

m,n=1

From Lemma C3 in Appendix C3, a superoperator of this
form is positive if and only if it is completely positive. Thus,
the violation of complete positivity is accompanied by that of
positivity. We present an interpretation of such a nonpositive
evolution in Sec. V.

This example demonstrates that complete positivity (and
positivity) of the partial trace evolution can be violated in
adiabatic elimination, even without truncation in the series
expansion. In this situation, the conjecture in Ref. [24] states
that the negative coefficient in front of a dissipator can be
eliminated by a gauge transformation Eq. (8), and complete
positivity of the reduced dynamics is restored in a different
parametrization. In the current example, it is difficult to ex-
amine this conjecture because a simple single criterion like
Eq. (15) holds for d = 3 only under the special conditions
where G = 0 yields a diagonal superoperator [Eq. (13)].

IV. JAYNES-CUMMINGS MODEL
WITH DAMPED OSCILLATOR

A. Problem setting

To investigate roles of the gauge degree of freedom more
closely, this section is dedicated to a slow qubit system
being coupled to a strongly dissipative oscillator system

062206-5



TOKIEDA, ELOUARD, SARLETTE, AND ROUCHON

PHYSICAL REVIEW A 109, 062206 (2024)

[32]. We assume that the Hamiltonian is given by the
Jaynes-Cummings Hamiltonian and that the oscillator is
coupled to a Markovian environment at finite temperature.
The qubit is assumed to be nondissipative for simplicity. In
the frame rotating with the qubit frequency, we have

Lye = —i[Aa'a, o]
+y(1 + nw)Dla]l @ +ynyDla’le,  (16)
eLine = —ilgla' ®o_+a®ay),el,

and Lp =0, with the oscillator detuning from the qubit
frequency Ay, the decay rate y, the asymptotic oscillator
quantum number in the absence of coupling ny [see
Eq. (D4)], and the coupling constant g. Operators a and
a' are the annihilation and creation operators of the oscillator,
respectively. This form of Lindbladian is used as a benchmark
when analyzing oscillator-qubit interacting systems in cavity
or superconducting circuit architectures.

The full spectrum and eigenoperators of £, are provided
in Appendix D. The result confirms, as long as y > 0, the
existence of a unique steady state p4 given by Eq. (D3).

B. Fourth-order adiabatic elimination

To our knowledge, the invariance condition Eq. (3) for
this system cannot be solved exactly. Thus, we perform the
asymptotic expansion as discussed underneath Eq. (4). In this
example, the timescale of the oscillator system is character-
ized by y~!, while that of the interaction is |g|~!. Thus, the
timescale separation parameter € reads € = |g|/y. Assuming
€ < 1, we calculate contributions up to the fourth order.

As shown in Appendix D, £ for the partial trace, £5=°,
reads up to the fourth-order expansion

o
ﬁ?zoo =—i %Gz, )

+y Dol e +y{"Dio.] e +y, Diczle. (17)
The coefficients a)g) , yf), and yf) are real numbers defined
by

0y =Imb_ +by), y =2Re(bs),
and

S Bginen (3 - 6(2A4/y)* — 2A4/7)"]
¢ VI + QAx/y) P :

where b are

2g'ns 8g*n% | Bghnen_ (14 8iy Au/I71)
Y ’ yrIvl?
withny =ng,n_ =1+ ng,and y = y 4+ 2iA4.

The coefficient a)l(;) represents the qubit frequency shift
due to the coupling with the oscillator. Up to the second order,
o, it reads 0§ = —4Ag2(n_ +ny)/|7>. The ¥ and
yf) terms describe the effective qubit decay induced by the
coupling to the dissipative oscillator. On the one hand, when
lgl/y < 1, yf) are dominated by the second-order contribu-
tions given by yf) =4g’yny/|y|*> > 0, and thus yf) > 0.

by

9

On the other hand, yf) involves only the fourth-order con-
tribution and

yf) < 0 when

ng > 0and |A4l/y < /23 —3/2 ~0.34,

even if the condition for the asymptotic expansion, |g|/y < 1,
holds.

Even when yf) < 0, the stability of the time evolution can
be confirmed as follows. As calculated in Appendix E 1, the
spectrum of £5=° reads

{0, 1/ +iwy, -1/ — iy, —1/T1},

with 1/7; =y + (¥ and 1/Ty = 1/2T7) + 2" Since

s’ >0 and y{V > |y Y| when |g|/y is small, we have

Ti > 0 and 75> > 0. Therefore, the time evolution is stable
even when yf) is negative.

For a similar reason, the time evolution map is positive
even when yf) < 0. We provide a proof in Appendix E 2.
However, as detailed in Sec. IV C, the evolution is not com-
pletely positive when 7/454) < 0. This mechanism appears to
be related to the well-known example of the transpose of a
matrix, which is positive but not complete positive. Indeed,
that standard example essentially says that an evolution which
contracts a single Bloch vector direction fast, but the two other
directions slowly, is not completely positive. We here have this
situation with y(4) < 0, slowing down the contraction of the x
and y components of the Bloch vector.

C. Gauge transformation

When y,¥ < 0, L6 is thus not a Lindbladian. To be more

precise, the time evolution map with LSGZO is not completely
positive. On the other hand, the Lindblad form might be re-
covered in another gauge choice, as conjectured in Ref. [24].
Here, however, we prove that this is impossible.

As shown in Eq. (8), the gauge transformation induces a
similarity transformation. To our knowledge, similarity trans-
formations of the time evolution generator have not been
discussed extensively in the literature. To demonstrate its role,
therefore, we first consider the following toy example. Sup-
pose a time evolution equation (d/dt)p = Ly(p) with

)
Loe = —i[;oaz, o] + »Dlo.] e —yDlo,]e,

where wy and y, are real and positive parameters. To en-
sure the stability of the evolution, we assume @y > 2yy. The
negative sign in front of D[o,] indicates that L, is not a
Lindbladian. This negativity can be removed by the similarity
transformation

£6 — ¢~ Plovtal g Loo g0 Dlox+oy]

with g defined by tanh(4qy) = 2yy/wo because L;, reads

Lye = —i[%oz, o],

with wfy = (w3 — 4y3)"/?. As a result, the above similarity
transformation restores the Lindblad form.
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Since L and E{) have the same spectrum, so do the time
evolution maps exp(Lot) and exp(Lyt). At infinitesimal ¢,
exp(Lyt) is a Kraus map, while exp(Lot) is not. Thus, this
example shows that one cannot judge only from the spectrum
whether the map is a Kraus map or not. On the other hand, in
this example, one can anticipate the existence of a Kraus map
which has the same spectrum as exp(Lyt). Indeed, the spec-
trum of exp(Lot) is given by {1, 1, exp(iwyt), exp(—iwyt)}.
This implies that the time evolution merely induces a rotation
of the Bloch vector without damping, which then implies that
the evolution can be described by a unitary transformation in
a suitable basis. In fact, this argument can be generalized at
least for qubit maps. That is, for a given set of four numbers,
A € C*, one can characterize the existence of a Kraus map
whose spectrum is given by A. This is guaranteed by Theorem
1 of Ref. [31] which states the following:

Theorem (Wolf and Perez-Garcia). Given A € C*, the fol-
lowing statements are equivalent:

(1) There exists a Kraus map the spectrum of which is
given by A.

(2) A =1UAx, where A € C3 is closed under complex
conjugation. Furthermore, if we define s € R® by s; = A; if
A € R and s; = |A;| otherwise, then

seT, (18)

where 7 C R3 is the tetrahedron whose corners are (1,1,1),
1, -1,-1),(-1,1,—1),and (-1, —1, 1).

The spectrum of the time-evolution map, exp(LYt), is
gauge invariant and is given by

{1, e—z/Tz+iw};)z, e—z/Tz—iwg"z, e—z/T.} (19)

in any gauge choice G. Using the above theorem, we can show
that, when yf) < 0 and for an infinitesimal time ¢, there does
not exist a Kraus map whose spectrum reads as Eq. (19). The
proof is provided in Appendix E 3. As the time evolution with
a Lindblad generator is completely positive in the entire time
regime, this result indicates that £ is not a Lindbladian when
yf) < 0, in any gauge choice G.

In conclusion of this section, the oscillator-qubit system
discussed here serves as a counterexample to the conjecture
in Ref. [24].

V. DISCUSSION

In this section, we delve into the interpretation of the
complete positivity violation. This section is structured as
follows: Initially, a summary of the findings obtained so far is
presented, together with their connections to related previous
studies, in Sec. V A. To interpret the results for the partial trace
parametrization, we recall that adiabatic elimination describes
the evolution on the invariant manifold. For initial states out-
side the invariant manifold, the short-time transient regime
is neglected. The impact of this exclusion on the properties
of the generator is addressed in Sec. V B. In the presence of
the interaction term € L;, the invariant manifold is in general
characterized by correlated states. The evolution on the invari-
ant manifold thus starts with an initially correlated state and
the complete positivity violation can be understood from this
viewpoint. These are further elaborated in Sec. V C. At last,

several remarks on the role of the gauge degree of freedom
are presented in Sec. VD.

A. Summary of the results in the previous sections

We have seen that it is the violation of complete positivity
that causes a non-Lindblad form of the generator. The genera-
tor is given by a Lindbladian if and only if the time evolution
map satisfies the semigroup relation and is a Kraus map. The
semigroup relation is guaranteed because the slow dynamics
is restricted on an invariant manifold exactly. The Hermitian
and trace preservations are also satisfied generally. Complete
positivity, however, is a nontrivial condition and it can be
violated as we have seen in the previous sections. We recall
that not only complete positivity but even positivity of the time
evolution map can be violated as shown with the qubit-qutrit
example in Sec. III. In this case, the density matrix acquires
a negative eigenvalue depending on the initial state, and thus
the result cannot be interpreted physically on pg alone.

In addition, we stress that the complete positivity violation
is not an artifact caused by truncating the series expansion
at a finite order. With the qubit-qutrit example presented in
Sec. III, we have seen that the negative coefficient in front
of a dissipator appears even in all-order analysis. For the
oscillator-qubit example in Sec. IV, contributions higher than
the fourth-order bring corrections to the spectrum of L.
However, those corrections cannot restore complete positivity.
This can be seen from the condition Eq. (E2) for complete
positivity given in Appendix E. These observations differ
from the argument in Ref. [34], where the authors derived a
non-Lindblad master equation in a fourth-order perturbation
calculation applied to a Hamiltonian system and speculated
that the deviation from the Lindblad form could be attributed
to the truncation in the perturbation series.

As a master equation violating positivity, let alone com-
plete positivity, the Redfield equation is widely known [1,35].
While it was originally derived for Hamiltonian systems, the
authors of Ref. [14] applied the same derivation procedure
for a Lindblad system and found similarly a non-Lindblad
master equation for the reduced dynamics. We note that the
Redfield equation is a second-order master equation. In our
settings, on the other hand, the Lindblad form is generally
guaranteed in the second-order approximation. The difference
attributes to the timescale of the internal dynamics of %3
[the term involving Lp in Eq. (1)]. While we assume a slow
timescale and treat it perturbatively, the derivation of the
Redfield equation leading to positivity violations in Ref. [14]
assumes a fast timescale. It is noteworthy that, even with a
slow timescale, the complete positivity violation can arise in
the higher-order approximation. The positivity violation in the
Redfield equation has been explored in the literature and we
discuss connections to our findings in Sec. V B.

B. Transient regime

To understand the origin of a non-Lindblad form, let us
recall the reason why we expected a completely positive
evolution in the first place. To this end, we write the time
evolution of the partial trace via that of the total state. If we
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Density matrices

\ ~ o inv. man. (e = 0)
pa ® ps t;

inv. man. (e > 0)

pp(t = 0) - pp(t): completely positive

t=0 t = tiny t

time

—

pp (tinv) = pp(t) (slow dynamics): completely positive?

FIG. 3. Schematic illustration of the total state evolution with
an initial product state. On the grayish planes showing invariant
manifolds with € = 0 (top) and € > 0 (bottom), the reddish areas
show a set of density matrices. As indicated by the green arrow,
the trajectory starting from a product state is first attracted to the
invariant manifold with € > O (the darker grayish plane) and then
is restricted there for ¢ > f;,, (the slow dynamics). While complete
positivity is ensured for the partial trace evolution including the
attracting phase [pp(t = 0) — pp(t)], it is not always the case for
the slow dynamics [pp(tiny) — pp(t)].

assume a product initial state with p4, we have

pp(t) = tra 0 "' [y ® pp(t = 0)]. (20)

Note that try, exp(Lif), and the map that sends pg(t = 0)
to ps ® pp(t = 0) are all completely positive. Therefore, the
time evolution map from an initial state pg(t = 0) to pp(t) is
completely positive.

Here it should be recalled that, in adiabatic elimination, we
initialize a state on an invariant manifold. When € = 0, a set
of density matrices on the invariant manifold is characterized
by product states as ng:(’(,oB) = pa ® pp [see Eq. (5)]. In
this case, Eq. (20) describes the slow dynamics on the in-
variant manifold, where p, is fixed. When € > 0, however,
the invariant manifold is not anymore of the form {ps ® pg},
so the initial state of Eq. (20) does not lie on the invariant
manifold, and Eq. (20) includes the transient dynamics of the
fast degrees of freedom. Long after the decay time of the fast
subsystem, say ¢ > fiy, the total state p(¢) is approximately
[36] on the invariant manifold. In this situation, the time
evolution map calculated in adiabatic elimination is the one
that sends pp(finy) = tra(o(finv)) t0 pp(t) (¢ = tiny). There is
no guarantee that this map is completely positive, even though
the map that sends pp(t = 0) to pp(¢) is completely positive.
This situation is illustrated in Fig. 3.

In the transient regime, a master equation for the partial
trace depends explicitly on time owing to the evolution of the
fast degrees of freedom. After relaxation of them, we obtain a
time-independent master equation, and that is what we calcu-
late in adiabatic elimination. In this view, we note a similarity
to nonpositivity in the Redfield equation. The Redfield equa-
tion with the asymptotic time-independent coefficient violates
(complete) positivity. On the other hand, positivity is restored
by taking into account time dependence of the coefficient
as shown in Refs. [37-39]. The same should hold true in
the composite Lindblad systems discussed in this paper. In

Appendix F, this expectation is confirmed for the qudit system
in Sec. III by computing the exact master equation for the
partial trace with a product initial state. The non-Lindblad
generators found in this paper can thus be considered as
a signature of non-Markovianity [40,41], in the sense that
they must be associated with particular past evolution in the
transient regime. While the analytic structure of the complete
positivity violation is similar between higher-order adiabatic
elimination and the Redfield equation, the geometric picture is
not applicable to the latter. We discuss below that it provides
us with a clear interpretation of the nonpositive evolution.

C. Correlated initial states

To account for the initialization on the invariant manifold,
Eq. (20) should be rewritten as

pp(t) = tra o e’ o KI=0(pp(t = 0)). (21)

From this equation and complete positivity of try and e, the
complete positivity violation of the time evolution map stems
from that of X¢=°. In what follows, we investigate properties
of K°=°. Here we concentrate on the oscillator-qubit system.
A similar analysis for a general class of settings is presented
in Appendix G 2.

For the oscillator-qubit system, let us assume Ay = 0 for
simplicity. Then, the expansion up to the second-order of g/y
reads (see Appendix G 2)

K= (pg) = W (s ® pp)W'

48 (1 + ng,)
- |

Iy ® 0 ) (s ® pp)Isy @ 0_)'

+ “g;#m ® 6:)(Pa ® ps)(Is ® 0+)T}, (22)
with I, the identity operator on %4 and W =1, ® Ip —
Qig/y)ad" ®o_+a®ay)— (2 /y*)a'a —nuls) ® Ip.

Because of the minus signs in the last two lines, the second-
order expansion of X%=? is not completely positive. It should
be noted that the time evolution map can be completely pos-
itive even if K%=0 is not. If ng = 0, for instance, y¢E4) =0
and the generator £&=° is in the Lindblad form up to the
fourth-order terms, despite that X°=0 still contains a negative
term.

Strikingly, %= in Eq. (22) is not even positive. We prove
in Appendix G2 that K%=%(pp) is not positive semidefinite
for any pure reduced state pp. This situation can be illustrated
as Fig. 4, where we introduce the following symbols; let
My be the set of density matrices on the invariant mani-
fold and Z(57) be the set of density matrices on a Hilbert
space 7. The assignment map is KO=0: D) - My
and, conversely, the partial trace operation try can be seen
as a map try : A —> Z(H3). We first note that, for every
0* € My, its partial trace is a density matrix, pj = tra(p*) €
9(73), and we have p* = ICGZO(,OE) by the construction of
JC6=0_ In addition to this, we have seen for the oscillator-qubit
system that the second-order expansion of K= is not pos-
itive. These imply .#,, C K=%(2(#3)). Similarly, while
the partial trace map is injective from try o K= = T and
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My Entangled states

inv. man. (e >0) e . KE=0(D(IHp))

N
FE=0 (pB,in) / ——————— G
€ Miny 4 (PB,pure)
e Ui/inv
try l T FG=0
PBiin PB,pure
trA (‘ innv)

YD (I(p): Bloch sphere

FIG. 4. Schematic illustration of the nonsurjective property of
the partial trace tr4 and the positivity violation of %= for the
oscillator-qubit system. Density matrices on the invariant manifold
My, shown by the reddish area include entangled states when € >
0. As a result, the partial trace try(.#,, ), shown by the reddish
spheroid, yields a subset of the Bloch sphere Z(.43). Conversely,
assignment of the whole Bloch sphere KX6=%(2(4)) results in a
larger set, enclosed by the dashed line on the invariant manifold, than
only the positive-semidefinite matrices of .#y,.

the uniqueness of K=Y, it is not surjective because, for the
oscillator-qubit system, any pure density matrix on %3 cannot
be obtained by taking the partial trace of states in .#j,,. In
other words, we have try (A ) C D(73).

The positivity violation of 9= (the nonsurjective prop-
erty of the partial trace map) can be understood from the
entanglement between the two subsystems as discussed for
Hamiltonian systems in Ref. [42]. When € = 0, states in
My are characterized by psy ® pp as mentioned above. For
these noncorrelated product states, any reduced state pp can
be assigned to a valid total state. When € > 0, on the other
hand, states in .#,, are no longer in the product form due to
the interaction term. At the second-order of €, they include
entangled states. Then, there exist pure reduced states that
cannot be assigned to a valid total state.

This perspective also provides an interpretation of why the
Lindblad form is attained including up to the second-order
contribution. This topic is further explored in Appendix G 3,
where we also speculate that £°=° might admit the Lindblad
form including the third-order contribution in general settings.
Paolo examined a similar problem under some assumptions
and found the Lindblad form of the generator including up to
the third-order contribution in a gauge choice [43].

Complete positivity of the reduced dynamics for correlated
initial states have been investigated in various Hamiltonian
systems [44—46]. A remarkable result was given in Ref. [47],
in which the authors proved that vanishing quantum discord is
sufficient for completely positive reduced dynamics. Quantum
discord is a measure of the quantumness of correlation in a
state, that quantifies the amount of information loss when sub-
jected to the least disturbing projective measurement [48-50].
In Ref. [51], it was claimed that vanishing quantum discord

is also necessary for completely positive reduced dynam-
ics. However, subsequent research revealed counterexamples
[52,53]. It turned out that vanishing quantum discord is equiv-
alent to completely positive reduced dynamics only for initial
states in the form

p=Y cij¢i; @)l (23)
L]

with complex coefficients {c;;}, fixed environment operators
{¢i;}, and an orthonormal basis in the target system (i)} [51].
Note that, for the dispersive coupling system in Sec. III,
states on the invariant manifold adhere to the configuration
Eq. (23) [see Eq. (12)]. Here we estimate quantum discord
of this system to examine its potential correlations with
the complete positivity violation. Detailed methodology for
estimating quantum discord through random sampling is pre-
sented in Appendix H, along with a thorough discussion on
the connections between the previous studies and the present
study. Figure 5 compares representative values of quantum
discord on the invariant manifold and the extent of complete
positivity violation across various parameter sets (€2, A), with
the coupling strength fixed at x/« = 0.1. The latter is esti-
mated through the negativity of the coefficients in front of

dissipators as

S (il — wi)/2
il

with u; (i = 1, 2) being the eigenvalues of the matrix STAS
in Eq. (Cl14). It follows that 0 < n(A,) <1 and that
n(AMny) = 0 if and only if the reduced dynamics are com-
pletely positive. We see in Fig. 5 a qualitative agreement in
the parameter dependence; quantum discord on the invariant
manifold tends to be large in the parameter regime where there
is a significant violation of complete positivity. We observe
a similar trend with different coupling strengths x /k. These
observations are consistent with what one would expect from
our interpretation of the complete positivity violation.

ﬂ(-///inv) =

) (24)

D. Role of the gauge degree of freedom

So far we have concentrated on the parametrization via
the partial trace. Now let us consider how the gauge degree
of freedom plays its role in the above discussion. While the
second-order expansion of X¢=° is not completely positive,
there always exist gauge choices G such that K¢ has that
property. This was proved in Theorem 6 of Ref. [29] and the
calculation is repeated in Appendix G 1. The gauge choices
restoring complete positivity of the assignment are obtained in
Eq. (G5). For the oscillator-qubit system, one choice [setting
z = 1 in Eq. (G5)] reads

Gloy) = 4g2(1y + )

482 Nty

Dlo_1(ps) + TD[G-F](/O&)’

and K¢ up to the second-order expansion is given by
K:G(ps) = W(/_)A b ;Os)WT,

where W was introduced in Eq. (22).
Even when K¢ is completely positive, however, the
Lindblad form of the generator £ is not guaranteed. As in
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X/K =

0 Quantum Discord

0.028
0.024
1.5 0.020

0.016

A/K

1.0 0.012

0.008

0.5 1
0.004

0.000
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Q/K

1.5 2.0

0.1
5 ONegativity of coefficient
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0.5 1 0.008
05 1.0 15 2.0
Q/k

FIG. 5. Correlation between (left) the strength of correlation on the invariant manifold measured by quantum discord, 8z(.#,,) in Eq. (H2),
and (right) the degree of the complete positivity violation measured by the negativity of the coefficients in front of dissipators, 1(.#,)
in Eq. (24). To obtain the left figure, we sample N, = 500 orthogonal projectors and Ny = 500 states on the invariant manifold (see
Appendix H for details). These are the results with the coupling strength (xi, x2, x3) = (0, x, 2x) and x /k = 0.1, the same as Fig. 2.

Eq. (21), we have

pp(t) = tra o e’ o K%(py(0)). (25)

Note that the map YC = try o e“©' 0 K is completely pos-
itive, but now its input is not pp(0) anymore. To recover a
semigroup starting at identity of the form exp(L%f), we must
either map p;(0) to pp(0), or map pp(t) to ps(¢) in Eq. (25).
The conclusions will be similar, so let us consider the evolu-
tion of p; by using p,(t) = (Zg + G) ™ (pp(1));

ps(t) = (Tp + G)~' o 17 (ps(0)). (26)

When K¢ is completely positive, so is (Zg + G). However,
(Zp + G)~! is not completely positive in general, neither is
the time evolution map for py, i.e., (Zp+ G) o TtG. We
have seen above that the complete positivity violation of the
partial trace evolution is a natural consequence of quantum
correlations. On the other hand, we cannot judge from Eq. (26)
whether it is possible to restore complete positivity or not.
This underlines the importance of the analysis in Sec. I'V.

These results add a new perspective to the debate be-
tween Pechukas and Alicki regarding complete positivity of
the reduced dynamics [42]. A representation akin to pg(t) =
T,G(,ox(O)) was considered by Alicki as an example of com-
pletely positive evolution starting from a correlated initial
state. In Pechukas’ reply, it was emphasized that one should
discuss the property of the map sending pg(0) to pp(t), which
might not be completely positive. This counterargument over-
looks the possibility of achieving complete positivity in the
map sending p,(0) to ps(#). Such an alternative representation
of the reduced dynamics p,, which is different from the con-
ventional partial trace pg, naturally emerges in the geometric
formulation as a different parametrization of the invariant
manifold. The analysis in Sec. IV elucidates that achieving
complete positivity through this alternative representation is,
generally speaking, impossible.

In Appendix I, further discussions are presented on the
potential roles that the gauge degree of freedom plays in

the practical applications of this formulation, along with the
challenges encountered.

VI. CONCLUDING REMARKS

Higher-order adiabatic elimination (higher than the
second-order) can lead to the slow evolution of the partial
trace that is not completely positive. This is due to the fact that
states on an invariant manifold include correlation between
the two initial subsystems, which imposes a restriction on the
domain of proper reduced states. Although the existence of a
gauge choice restoring complete positivity was conjectured,
we have shown that it is not the case for the oscillator-qubit
system discussed in Sec. IV.

On experimental side, the fact that a higher-order reduced
model (for the partial trace) can potentially lead to unphysical
results can be understood as follows. A first nontrivial point is
to prepare an initial state within the slow invariant manifold.
Subsequently, the evolution of this state could be tracked to
deduce rates related to £6=°. A reduced model described by
a non-Lindblad generator then implies that, even if the invari-
ant manifold fits the dimensions of e.g., a qubit, we cannot
interpret it as a standalone decaying qubit. To test this, one
way is to measure rates at which the slow dynamics decays,
such as 77 and 7, relaxation times for a qubit reduced system.
While those values are positive from the stability condition,
we expect the violation of relations among them imposed by
the complete positivity condition, such as 7} > T»/2.

In closing, we discuss two further questions raised in this
paper. First, the oscillator-qubit system discussed in Sec. IV
is so far the only example where we can rigorously prove
the impossibility of restoring complete positivity by the gauge
transformation. It is not clear how general this conclusion is.
As discussed underneath Eq. (26), we have not yet developed
an intuitive understanding of such impossibility. Our proof
utilizes the theorem in Ref. [31], which is applicable only
to qubit maps. Future work in this direction would provide
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us with a new insight into a constraint on the spectrum of
quantum maps in general. A second question is whether it
is possible to find a gauge choice leading to a positive and
surjective assignment map K¢, which is relevant to practical
applications as detailed in Appendix I. The existence of a
such a gauge choice has so far been confirmed only for a
dispersively coupled two qubit system [30]. To prove such
surjectivity, we need to characterize density matrices in the
total system. This problem is already complicated for three-
dimensional systems [54] and a new approach is warranted.
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APPENDIX A: PERTURBATION SOLUTION
TO THE INVARIANCE CONDITION

In this Appendix, we present a way to evaluate the higher-
order contributions in the asymptotic expansions Eq. (4).
Inserting the expansions into the invariance condition Eq. (3),
the nth order of € reads

ﬁA &® ﬁs,n(ps) = EA &® IB(’Cn(pJ)) + L"n(ps)a
where we have introduced
»Cn(los) == (IA &® ['B + »Cint)[lcnfl(ps)]

n—1

- Z ’Ck (‘Cs,n—k (;Os ))

k=1

(AD)

Since trs(L4@) = 0, the partial trace over .7 leads to L, in
the form

£s,n (ps) =1ra (‘Cn (;Os))

Equation (A1) can then be rearranged with known terms on
the right-hand side:

EA ® IB(ICn(ps)) = pA ® ‘Cs,n(ps) - Ln(ps)~

To solve this linear equation for /C,(p;), one needs to invert
L. Note that £, is singular since one of the eigenvalues
is zero. Thus, this linear equation is underdetermined. By
identifying the Kernel of £4 ® Zg, KC,,(p;) is determined only
up to pg ® tra(,(ps)) by solving (A3). We introduce the
undetermined part, G,, = try o IC;, which can be any super-
operator on 3. This gauge degree of freedom is associated
with the nonuniqueness of the parametrization. With G,,(py),
KCu(ps) reads

ICn(p.Y) = E:{ ®IB(/_)A ® ‘Cs,n(los) - Ln(pv)) + 04 ® Gn(ps)»
(A4)

(A2)

(A3)

where £ is the Moore-Penrose inverse of £4. One way to
calculate £} by making use of the fact that the evolution
only with £4 exponentially converges to a unique steady state

was discussed in Ref. [24]. We revisit their results using the
vectorization method in Appendix C. Notice that the definition
of the gauge superoperator is different from that in Ref. [24].
In this paper, the choice G, =0 (n =1, 2, ...) corresponds
to the parametrization via the partial trace p;, = pg.

From Egs. (A2) and (A4), we can obtain K, and L, , up
to a desired order. From these equations, we see that /C,
and L, ,+1 depend on Gy, ..., G,. Therefore, K, and L; 1,
become, for instance, nonlinear functions of p; if so is even
one of Gy, ..., G,. To meet the conditions that /C and L, are
linear and time-independent, we assume that {G,} have those
properties.

APPENDIX B: ADIABATIC ELIMINATION FOR
A DISPERSIVELY COUPLED QUDIT SYSTEM

1. All-order adiabatic elimination

In this Appendix, we present the details of the adiabatic
elimination calculations for the dispersively coupled qudit
system introduced in Sec. III. As discussed in Ref. [30], the
invariance condition can be solved without resorting to the
asymptotic expansion. To see this, we recall Eq. (11), that is,

Liot(A ® Epp) = LY (A) @ Epy .

This indicates that the eigenvalue problem of Ly can be
formally solved as

Lio(OF), @ Epy) = 2P (0, ® E,y 1) (B1)

form,n=1,...,dandk =1, ..., dg, where {Qﬁ,’f,)n} satisfy

L"(0) = Mnn Qi (B2)

Note that (A )* =A%) and (Q¥) )" = Q%) . The stability

condition reads Re(A{")) < 0 with Re denoting real part.
Given (m, n), the eigenoperator contributing to the slow dy-
namics is the one with the smallest value of Re(—A%)).
For each set (m,n), we rearrange {k} so that k = 1 has
this property and denote A, = A{}), and Qy,, = QL)), in the
following. In addition, we normalize Q,,, as tra(Qn.,) =
1. From Eq. (B2), Q. is an eigenoperator of a Lindbla-
dian. Since the eigenvalues of Lindbladians include O due
to the trace preserving property, we have A, ,, = 0 for m =
1,...,d. To summarize, we have the following properties of
the eigenvalues:

)\:1,” - )"n,m’ )\m,m = Oa Re(_)\m,n) > 0’ (BS)
and of the eigenoperators,
Q= Onms  ta(Qun) = 1.
When the inequality
_ ; _ &)
r?netlx Re(—Apn) < kgil,lrrnl,n Re( )Lmyn) (B4)

is satisfied, the modes with k > 1 decay faster than those with
k = 0. In this case, the total density matrix after the decay of
the modes with k > 1 can be expressed as

d
p = Z [pB]m,n Qm,n ®Em,n»

m,n=1
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where [pg]n., is the mn-element of pp the evolution of which
is given by

d

ad —
7 [oBln.n

Therefore, the maps K and L associated with the partial trace
parametrization (G = 0) read

m,n [pB]m,n'

d
ICG:O()OB) = Z Qm,n & Em)OBEm

m,n=1

and
d
L) =Y Amn EmpsEn.

m,n=1

2. Fourth-order adiabatic elimination

Using the result in Appendix B 1, we found in Fig. 2 the
presence of a parameter region where the generator £0=°
is not in the Lindblad form. The above all-order analysis,
however, requires numerical computation of the eigenvalues
{Am.n}. It is then unclear whether the non-Lindblad form is
obtained even with infinitesimal coupling constants. To make
clear the coupling constant dependence, we here present the
results of fourth-order adiabatic elimination.

The setting considered here is presented in Sec. III. The
interaction is assumed to be given by Eq. (9). To make the
coupling constant dependence explicit, we rewrite it as

eLine = i[x (V4 ® B), o],

with B = an:]()(m/ x)E, and x € R., the characteristic
coupling strength such that x,,/x (m=1,...,d) are in the
order of unity. We consider adiabatic elimination in a frame
where the qudit internal dynamics becomes trivial as £z = 0.
The subsystem .77 is assumed to be a qubit system described
by Eq. (10). The timescale separation parameter € then reads
€= x/k.

We assume that the eigenvalue problem for the generator
L4 is solvable. Although it might require numerical computa-
tion, we note that the results are independent of x the coupling

notations [see Eq. (C3)]

LalXa)) = kvelXa))s  ((Xalla = kvo((Xal,

for « =0, 1, 2, 3. Since there exists a unique steady state,
we set {vy} such that vy = 0 and Re(v,) <0 (¢ =1, 2, 3).
Assuming the linear independence of {X,}, we can obtain the
Moore-Penrose inverse of ﬁA as [see Eq. (C6)]

3
>
= kv

With the Moore-Penrose inverse, we can now calculate the

higher-order contributions. For the partial trace parametriza-
tion, £ up to the fourth-order expansion reads

LI (pg) = B]
+ ie’[x3BppB + y3ppB*, B]

+ €*[x4B*ppB — y4B> pp, Bl + (H.c.), (B5)

where H.c. means the Hermitian conjugate of all the terms
prior. The coefficients x; (k =1,2,3,4) and y; (k = 3,4),
which are independent of x the coupling constant, are defined
by

— iex|Bpp + €”x2[Bpg,

x1/ic = Vao,

3
1
n/k == VahaVadaw

a=1 a

3
X3/ =—=(Vado Y (VaXs s (Vada
a=1

L
(v2)"
3

+ D VoVl 5 (Vady—

a,p=1 13

1

+ Z (vA)M(vA)M(vA)ﬁ

3
ya/ie ==Vado Y (Va)s o(Vida

a=1

constant. In the vectorized form, we introduce the following e
|
> X > 1
xafie =y [2Re(<vA)w<vA)* 2) + (Va)s, O(VA>*U—§] —VaR Y [ZWA)(’;,O,(VAL( o T (Vaoa(Va); ]
a=1 @ a=1 0‘
3 Vit 8 vE 4+ Vg
+o§=:1 {2Re((vA>0<VA>3,&<VA>C,,B<VA>; oy )2) + V0V V) s }
3 1 *
-y {(VA%C,(VA»[(VA)“ B} + Ve V)} [(vnod(vA)a 3(Va)2 ﬂ<vA>yW} }
o,f,y=I1 V o Y
3 3 V4
valie =3 (Ve o(Va)i i VAR Y Vs aVade— 5 *)3 - Z Vo (Vadg s (Va)g.a(Vadj (j*vﬁ)’j

a=1 a=1

1
; l(VA)OawA)ﬁa(vA)ﬁ wmm,

a.p=1
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where we have introduced the notation
Va )a,Bﬁy,(r = ((XaXﬂXyXa Va)),

for the matrix elements.
To investigate the structure of [,sGZO given by Eq. (BS), we
rewrite it as follows, which is valid up to order €*:

L5 e = —ilhg, o] + [*Dllp] o +e*cpD[I5]e].  (BO)
The first term includes the Hermitian operator 45 defined by
hg = ex;B + €’Im(x,)B*> — €’Re(y3)B® — €*Im(y4)B*.

In the terms inside the square bracket, the operator /5 is de-
fined by

Il =c1B+ ecz32 + €2C3B3,

with [c1]* = 2Re(x2), ¢2 = —i[ys* + 2Re(x3)]/c}, and ¢3 =
—(x4 +y4)/c}. The assumption Re(x;) > 0 has been made,
which is justified since the second-order expansion always
admits the Lindblad form as shown in Ref. [24]. With these
{ck}, we have introduced ¢z = |c1|*[2Re(xs) — |c2]?] € R.
Now, we denote [ as [ = Zfln=1 LnEy with L, = 1 (xm/x) +
ecy(xm/x)* + €2c3(xm/x)’. The terms inside the square
bracket in Eq. (B6) then reads

e*Dlip)(pp) + €*cpD[15](05)

d
1
= Z ,Bm,n|:EmpBEn - E(EnEm;OB + pBEnEm):| s

m,n=1

with By, = €20 (1 + €*cpl,l¥). Since this has a similar
form to Eq. (C12), as discussed underneath Eq. (C14), £&=°
is a Lindbladian if and only if the condition STAS > 0 is
satisfied, where the matrix g is defined by [Bl.n = Bm.» and
the matrix S is defined in Eq. (C13).

As in Sec. III, we consider the case d = 3 as an example.
When € < 1, the trace of the matrix S 8S is dominated by the
terms at order €2, which are positive. The condition S TﬂS >0
then reads

e*epl(ly — b)) — L)L —1)* >0,

which is equivalent to cg > 0. Since cp is independent of x the
coupling constant, we can now discuss the Lindblad structure
of £9=0 with infinitesimal coupling constants. By numerically
computing cp with the same settings as in Fig. 2, where the
linear independence of the eigenvectors {X,} was numerically
confirmed, we examined its sign in various parameter sets.
As a result, we found that the results closely resembled those
depicted in Fig. 2. Therefore, in a parameter region near the
blue region of Fig. 2, £6=% is not a Lindbladian, even with
infinitesimal coupling constants.

APPENDIX C: VECTORIZATION
1. Introduction to vectorization

In this Appendix, we introduce a vectorization of opera-
tors, which is a convenient representation in studies of open
quantum systems. Let A be an operator acting on a Hilbert
space . with dimension d and have a matrix representation

as
d

A=) (Al

i,j=1

with an orthonormal basis set {|i)};=;. 4 in 7. Following
Ref. [5], we map this operator to a vector as

d
A)) = Y (A1) ® i)

i,j=1

We also introduce the dual state as the Hermitian conjugation
of |A)),

d
(Al = 1ANT = D ()}l @ (il.

i,j=1

With B and C being operators acting on .7, we can show the
Hilbert-Schmidt inner product as

((A|B)) = tr(A"B),
with tr the trace operation over .Z, and
|ABC)) = C'" ® A |B)), (C1)

where T denotes the matrix transpose.

2. Moore-Penrose inverse of a Lindbladian
with a unique steady state

Next we consider superoperators in the vectorized form.
As a vectorized operator is a d?-dimensional vector, a su-
peroperator is represented by a d2-dimensional matrix. We
denote such supermatrix (the name is taken from Ref. [5]) by
attaching the hat symbol (), that is, if £ is a superoperator
acting on .77, we denote

L(A) — |L(A)) = L|A)). (C2)

For instance, if £(B) = ABC, then £ =CT ® A as shown in
Eq. (C1). Suppose now that the eigenvalue problem of L is
solved as

LIX)) = el Xe))y  ((KelL = A (K], (C3)

for « =0,1,...,d% — 1. If {|Xs))}azo.1...q>—1 are linearly
independent and are normalized so that the orthonormality
relations ((X, |Xg)) = 8ap (@, B =0,1,..., d* — 1) hold, we
have the completeness relation

d?—1

D XN (Kl = L ® L, (C4)

a=0

with the d-dimensional identity matrix I;. The spectral de-
composition of £ then reads

d*>—1

L= halXa)){(Xal. (C5)
a=0

Let us assume Ag = 0 and Re(Ay) <0 (@ = 1,...,d* —
1), as we have assumed for £, in Sec. II. In this case, the
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Moore-Penrose inverse of £, LT can be written as

d?-1
1

L= — X)Xl C6
; o XKl (C6)
To derive another expression, let us use

—fooo ds exp(Ags) fora =1,...,d> —1,

1/hg =

d>—1

== % [Caserin)
a=1 0

d*—1

- _/0 dse 37 X)) (Kal.
a=1

Using the completeness relation Eq. (C4), we obtain

A o0 A -

£ == [ dseb e - D).

0
or its operation given by
o0 _
LTA) = — / ds e“[A — tr(X]A)Xo]. (C7)
0

This expression was derived in Ref. [24].

3. Choi matrix

Given a superoperator 7, we introduce the Choi matrix as
[5,28]

Choi(T) =Z ® T(|a) («]),

with Z being the identity superoperator on .77 and |a) € 77 ®
S is the (non-normalized) maximally entangled state defined

by la) = >, 1) ® i)

The Choi matrix provides a useful way to judge complete
positivity of superoperators. To see this, suppose the operation
of T is given by

d2
TA) = ) 1,4 T,AT), (C8)
p.q=1

with an orthonormal operator basis {7} satisfying (7,|T;) =
8pq (p,q=1,2,...,d*) and a d*>-dimensional Hermitian
matrix 7. One then finds

d
Choi(T) = Y 1i)(j1 ® T(li)(j1)

ij=1
d d?

SN @@yl G ® k)

i, k=1 p.g=1

d2
= Y T THNUT,L (C9)

p.q=1

From Eq. (C8) and the linear independence of {7}, T is
a completely positive map if and only if 7 > 0. On the
other hand, T > 0 is equivalent to Choi(7) > 0. Combining
these results, 7 is a completely positive map if and only if
Choi(7) > 0. Similarly, 7 preserves the Hermitian property
if and only if Choi(7)" = Choi (7).

While the complete positivity condition is stronger than the
positivity one in general, we can prove the following:
Lemma 1. Suppose that T takes the form

d
T(A) = Z pm,nEmAEna

m,n=1

(C10)

with a d-dimensional Hermitian matrix p and {E,,} the projec-
tors introduced in Sec. III. Then, 7 is positive if and only if it
is completely positive.

Proof. From the linear independence of {E,}, p > 0 is
equivalent to 7 being completely positive. We prove that
p > 0 is also an equivalent condition to the positivity of 7.
Since the sufficiency is evident, we need to prove only the
necessity. Let U € C¢*“ be a unitary matrix diagonalizing p
as P = Zj’zl piUn, U, with {p;} the eigenvalues p. With
those, the above equation reads

d
TA) =) pPAP,
=1

with P = anzl Uy E,. Suppose that p is not positive
semidefinite. Then, at least one of the elements {p;} is
negative. When p, < 0, for instance, we introduce |v,) =

Wy, Uz, -+ Us,1" and |9) =[11 --- 1]T. We then find

(@IPIY) = U V)i = bu.
from the definition of {E,,} and the unitarity of U. This yields

d

@IT(W) WaDle) = D pl{@l P 1) 2 = pa < 0,

=1

which implies that 7 is not positive. By contraposition, there-
fore, p > 0 is necessary for 7 being positive. ]

4. Lindbladian

To judge if a given superoperator is a Lindbladian or not,
the following lemma is convenient:

Lemma 2. Suppose that £ preserves the Hermitian prop-
erty, [£L(A)]" = L(A"), and have trace zero, tro L =0.
Then, £ is a Lindbladian if and only if the supermatrix
PIChoi(L)P!, with P' =1, @ I — |I;)){{I4]/d, is positive
semidefinite.

Proof. The proof presented here is taken from Ref. [5].
To start, note that P! is a Hermitian supermatrix, [75’ 1? =
P!, and its operation reads P/(A) = A — (tr(A)/d)l;. Thus,
P! is the orthogonal projector onto traceless operators,
and the kernel of P! is ker(P!) = {|I;))}. We use these
properties.

If £ is a Lindbladian, it is generally given by

L(A) = —i[H,A] + ) _DIL,]A,

n

with arbitrary matrices L, € C?*? and a Hermitian matrix
H € C?*¢. From the definition of the Choi matrix Eq. (C9),
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we find
Choi(£)
= —i[|H))({Ig| — |12)){(H|]

+y [|LM>><<L
"

By applying P’ from the left and right sides, we can extract
the dissipation part

1
ul = SULLL)N Ll + |Id>><<LLLM|J}.

PIChoi(L)P! = PLLL).

> IO
y:

Thus, P/Choi(£)P’ > 0
If P'Choi(L)P! is positive sizmideﬁnite, on the other hand,
there exist traceless operators {L,},=1,...p (D < d?) such that

.....

D
=Y LT,
n=1

Since ker(P!) = {|1,))}, Choi(£) generally reads

D
(K| + Y L) (L,
n=1

where K is a d-dimensional complex matrix and we have used
Choi(£)" = Choi(£) which is derived from the Hermitian
preservation. Note that we have not imposed tr(Le) = 0 yet.
The operation of L reads

P! Choi(L)P’

Choi(£) = |K)) ({Is] + |1a)){

D
LA)=KA+AK" + ZZMAZ;.

pu=1

From the condition tr£ = 0 or, equivalently,

D
w(C@A) =t K+K"+ > IITIA| =0,

=1
for any A, we obtain K + K" = — Zgzl ZLZ. Thus,
LA) = [’(K KD, } + ZD 1A).
=1
and £ is a Lindbladian. |

As an example, suppose that £ is given by

D
. -
LA) = —ilH,Al+ Y Yup [vaAvg -5V va,A}},
o,p=1
(C11)
with arbitrary matrices V,, € C?*¢ and Hermitian matrices

H e C?™4 and y € CP*P_ In view of Lemma C4, y >0
is a sufficient condition for £ to be a Lindbladian, but not

necessary in general. Note that

D
D Yus P V(P! (V)
ao,f=1

PIChoi(L)P! =

When {P/(V,)} are linearly dependent, the right-hand side
can be positive semidefinite even if y is not. A trivial ex-
ample is D= 2, P’(Vl) = PI(VQ), Y12 = 0, Yi,1 > 0, and
2.2 = —y1.1/2 < 0. In this case, even though y is not positive
semidefinite, P'Choi(£)P! = ()/11/2)|731(V1)))((7?’(V1)| >
0. In fact, the operation of L is given by the following
Lindblad form:

V1,1

LA) = — 1|:H — T () V- Vi1

—tr(V)V,") + —(tr(V )Va

- tr(Vz)V;),A} + mD[P’(w )I(A).

When {P!(V,)} are linearly independent, £ is a Lindbla-
dian if and only if ¥ > 0. Note that {P/(V,)} might not be
linearly independent even if {V,} are. For instance, let us
consider the projectors in Sec. III, {E }. Although it is a
linearly independent set, from Z E, =I; and PI(E,) =
E, — I;/d, we obtain Zmzl P’(Em) = 0. Thus, {P!(E,,)} are
not independent. If {V, } are traceless, then P!(V,) = V,,. This
leads to the following corollary:

Corollary 1. In Eq. (C11), suppose that {V,} are traceless
and linearly independent. Then, £ is a Lindbladian if and only
ify > 0.

As a concrete example, we consider szo in Sec. III, see
Eq. (13). Note first that

d
1
G=0 _
‘C’s (:OB) — Z )"m,nl:EmpBEn - E(EnEmpB + pBEnEm)]v

m,n=1

(C12)

where we have used A, ,, =0 (m =1, ...,d) [see Eq. (B3)].
As discussed above, {P/(E,,)} are not independent. Hence,
A > 0 is only a sufficient condition for £6=° to be a Lind-
bladian, but not necessary.

To judge whether £6=0 is a Lindbladian or not, we repre-
sent it with linearly independent operators that are traceless.
A possible set is {7 }x=1....q—1 defined by

.....

k
= ZE/ — kEi41,
=1

which are, with normalization, commonly used as basis matri-
ces of the su(d) Lie algebras together with nondiagonal ones.
With the d-dimensional identity matrix I, the transformation
between {E,,} and I; U {t;} bases read

E, 1 7]
E, 1 1)
—|s ,
Eg_y 1 Tg—1
E, 1) \1/d
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where S € R4*@=D is defined by

q2) q@3) qgd—1) q(d)
—1/2 4q@3) gd—-1)  q(d)
0 —1/3 qd—1) q(d)
S = ,
0 0 gd—1) q(d)
0 0 —1/d—-1) qg(d)
0 0o ... 0 —1/d
(C13)
with g(k) = [k(k — 1)]7". Using {t}, we can express L= as
dd=l, s
L7 (pp) = — Z mn(Smk — Snk) Tk, PB
it
d—1
+ Z S )»S)kz[fk,OBTz——(TlkaB + ;OBTZTk)i|
k=1

(C14)

From Corollary 1, thus, STAS > 0 is necessary and sufficient
conditions for £9=° to be a Lindbladian.

APPENDIX D: ADIABATIC ELIMINATION
FOR A DAMPED OSCILLATOR SYSTEM

Let 7, be a damped oscillator system with Eq. (16) being
coupled to a slow subsystem 773 via

eLine = —ilgla' ® B+a®B"), o],

with B an operator on 3. We do not specify the form of
Lg. In this Appendix, we present an efficient way to perform
adiabatic elimination in this setting.

We first solve the eigenvalue problem of £4. The eigenop-
erators of £, can be represented in a compact form with the
normal ordering and the generalized Laguerre polynomials
[55]. Here we present an alternative way to diagonalize L4,
which can be derived from the ladder superoperator technique
[56,57]. To this end, we introduce a Hermitian preserving map

(—=na)”

‘ (aT)PafI O, (a’f)fiam

Wa0) = Y

P,q=0

with Oy an arbitrary operator on ji’j\ In the superma-
trix form [see Eq. (C2)], it reads WA = exp(— nma' @
aT)exp(a ® a), from which the inverse reads VVA’1 =
exp(—a* @ a)exp(npa' ® a’). The similarity transformation
with Wy gives

Wa(aW; ' (0n))
WA(WX (Op)a )
Wa(a Wi (04)) = (1 +np)a’ 04 + Oy d’,

Wa(W; ' (Op)a) = (1 + ny) Opa + a Oy,

a0y + nuOgaa,

Oy a + nmaTOA,
(D1)

Using these relations, we find
M(04) = Wa o La oW, (On)

=—1Fd'a0,+7*0sa’a), (D2)

with = y + 2iA,. This is diagonal in the Fock basis of
the oscillator which we denote by {|n)},—0.1.2.... Thus, the
eigenvalue problem of L, is solved in the vectorization repre-
sentation [see Eq. (C3)] as

LalXmn)) = AnnXown))s (Kl £a = Apn{ (Kol

for m,n = 0,1,2,..., with Ay, =—(ym "ZJ_/*”)/Z’
X)) = Willlm)(nl)), and (X, = ({Im)(n|[Ws. The
eigenvalues satisfy 190 = 0 and Re(A,,,) <0 (m+n > 0).
Therefore, the evolution only with L4 exponentially
converges to a unique steady state p4 given by

a‘a a‘a
_ Nth Nth
=Xp0 = t . (D3
Pa = Xo,0 <1+nth) /rA|:(1+nth> :| (D3)

Note that ny, is the average oscillator quantum number
with py

tra(a’apa) = n. (D4)

Adiabatic elimination is greatly simplified in the eigenbasis
of L4. To implement this, we introduce & = Wy ® Zg(p),
which is Hermitian £7 = £, and consider the master equa-
tion for &,

d

Eé‘ = Ma ®Zp(§) + eMua(§) = Mot (§), (Ds)
where M, is defined in Eq. (D2) and My = Wy ® Zp) o
(Zy ® L + Ling) © (VVA_l ® Zp). From Egs. (D1), the opera-
tion of M4 reads

Maa(8) =Ty @ Lp(§) + (a Q@ Ip)Ty @ Br(§)
+Zy @ Bp(€) (@' ®Ip) + (a' ® Ip)Tx ® Br(£)
+ 12y @ By(§)(a® Ip),

where I the identity operator on ¢ and {Bx}x—. pry are
superoperators on .73 defined by

B(0p) = i[O, B'], Bp(Op) = i[O, B,
Br(0p) = i[nnOpB — (1 + nu)BOg],
By(0p) = —i[nuB'0p — (1 + ny)0pB'],

with Op an arbitrary operator on 3. We can easily show
Br(0p)" = Bp(0}) and Br(0p)' = By(0}) as expected
from the Hermitian preserving property of Mq.

Instead of Eq. (1), we perform adiabatic elimination for
Eq. (D5). We introduce & = J(p;), which is related to K
in Sec. II as K = V\/A_l ® Zp o J. The invariance condi-
tion Eq. (3) now reads J (Ls(05)) = Mot (T (ps))- Since this
equation cannot be solved exactly to our knowledge, as in
Eq. (4), we expand J with respect to €, J =Y = €"Ty.
Then, similarly to the derivation of Eq. (5), we find the ze-
roth order Jy(p;) = |0)(0] ® p,. Substituting the asymptotic
expansions into the invariance condition, the nth order of €
reads

|O> <0| ® Es,n(ps) = MA ® IB(\Zl(pS)) + Mn(ps)v (D6)
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with
Mu(ps) = Maa(Tn1(p)) = Y Ti Lok (ps))-

k=1

Note (0]M4|0) = 0, which can be shown directly from the
definition Eq. (D2). Thus, sandwiching both sides of Eq. (D6)
with |0), we find L,

Es,n(ps) = <0|Mn(ps)|o>
Furthermore, we obtain

«7;1(;0s) :MI & IB“O) <O| ® £s,n(;os) - Mn(ps)]
+10)(0] ® Gu(ps),

as in the derivation of Eq. (A4). In this equation, G, =
(0] 7,10) is the gauge superoperator associated with the singu-
larity of M. This definition of G, is consistent with the one
in Sec. Il because of (0|.7,|0) = try o K,,, which can be shown
from the identity (0|W4(04)|0) = tra(O4). In what follows,
we consider the partial trace parametrization or, equivalently,
wesetG,=0(n=1,2,...).

Before proceeding with the calculation, we list several
convenient formulas. We introduce O, , = |m)(n| ® Op +
(H.c.). To calculate L; ,, we use

(01 M.a(10)(0] ® Op)|0) = L5(Op),
and
<O|Mdd(0m,n)|0> = 8m,08n,0£3(03) + 5m,18n,OBL(OB)
+ 8m,08,,18p(0p) + (H.c.).

To evaluate 7,, we need to calculate M:{(o) and [0)(0] ®
(0| M,q(0)|0) — M,q(e). From Eq. (C6), the operation of
M reads

M [Im)inl + (He.)]
= _ym,n|m) (l’l| + (H'C')’

with y,, = —1/Apn = 2/(ym 4 p*n). To calculate the lat-
ter, |0) (0] ® (0] Maa(®)|0) — Maq(e), we use

10){0] ® {0l Maa(10)(0] ® pp)I0) — Maa(]0)(0] ® pp)
= —|1){0| ® Br(pp) + (H.c.)
for pp any Hermitian operator on .7 and
10)(0] ® (0 M4d(Op.n)|0) — Mad(Op.n)
= —/m+ 1|m + 1) (n| ® Br(Op)
—Vn+1|m)(n+ 1| ® By (Op)
— (1 = 8 180.0)/mlm — 1)(n| ® BL(Op)
— (1 = 8n,080,1)¥/nlm) (n — 1| ® Bp(Op)
— |m){n| ® L5(Op) + (H.c.).

(m+n>0),

With the aid of these formulas, we can calculate the
higher-order contributions. For the partial trace parametriza-
tion, {L; p}n=1.23.4 and {J},=12.3 read

Ls1(pp) = Ls(pr),

Ji(ps) = y1,011)(0] ® Br(pp) + (H.c.),
Ls2(pp) = y1,08r 0 Br(pp) + (H.c.),
T2(pg) = y1,0|1)(0] ® [Ls. Brl(ps)
+ V2 31,092,012)(0] ® Bg o Br(os)
+ y1oy1111)(1] ® By o Br(pp) + (H.c.),
L,3(08) = y1oBL o [Lg. Brl(pg) + (He.),
Ts(ps) = y1 011)(0| ® [Ls. [Ls. Brll(pp)
+ 237 0v2011)(0] ® B 0 Bg o Br(ps)
+ [y1.0/y1.110)(1] ® BL o By o Br(ps)
+ 1 oy1.111){(0] ® Bp o By o Br(ps)
— ¥10/1)(01 ® Br o Ly2(pp)
+ .-+ (Hc),
Ls.4(o8) = ¥3 oBL o [Ls, [Lp, Brl1(os)
+ 237 gy2.0BL © By 0 Br o Br(ps)
+ [y10l*y1,18p 0 By, o By o Br(ps)
+y%,0y1,lBL o Bp o By o Br(pp)
— ¥10Br 0 Br o La(pp) + (Hee),

where --- in J3 are the terms with |m){n| (m+n > 1),
which do not contribute to L, 4. With B = o_ and L5 = 0, we
obtain Eq. (17).

APPENDIX E: PROPERTIES OF EQ. (17)

In this Appendix, we discuss several properties of £5=°
defined by Eq. (17).

1. Spectrum

Let us first calculate the spectrum of £9=°. With I the
identity matrix on 3 (two-dimensional identity matrix), the
set {Iz/~/2, 0./v/2, ay/ﬁ, 0./~/2} is an orthonormal basis
with the Hilbert-Schmidt inner product. Let [ESG:O] be the 4 x
4 matrix representation of £~ in this basis. It reads

0 0 0 0
0 1L -
[£5=] = MM s )
0 wy =1/ 0
R./Ti 0 0 —1/T;

with /Ty =y +9®, 1/ = 1/QT) + 2y, and R, =
—(y£4) — yf))Tl. From this, the spectrum of £f=0 is given

by {0, —1/Ts + iwy’, —1/Tr — iw§’, —1/T1}.

2. Positivity
We next show that the time evolution map is positive
even when yf) < 0. To see this, we introduce the Bloch
vector r(t) = (ry(t), ry(t), r.(t))" € R3, which is related
to the partial trace as pp(t) = [IB—FZi:x’V’Z ri(t)o;i]/2.
From Eq. (17), the evolution of the Bloch vector
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reads
d (1) 4
) = —"Tz — o1y (1),
d ry(t) 4
0= ‘yTz + 0§ (),

d =~ 1 R
Zrz(t)—_i(rz(t)_ 2)-

These equations mean that that R, is the asymptotic value of
(), lim,, o () = (0,0, R.) . They also lead to

d , () —r2(t)  r(0)(r(t) — R.)

The partial trace pg(t) is positive semidefinite if and only if
r’(t) < 1. If we have (d/dt)r*(t) < O under the constraint
r2(t) = 1 for any ¢, then r(t) does not exceed unity along the
time evolution and thus positivity is preserved. Substituting
r’(t) = 1 into the above equation, we obtain

iZ(I)__i (t)—ﬂR ’
a7 T ar|\FY T ot
+ (AT (y Py - 4()/(,54))2)},

with 1/AT = 1/T; — 1/Ty = (v + y{¥)/2 = 2y,". When
lgl/y < 1, we have yf) > |yq£4)|. This leads to AT >0
and y£4)yf) > 4()/(;4))2. Therefore, (d /dt)rz(t) < 0 when-

ever r>(t) = 1. This proves that the time evolution map is
positive even with a negative value of yf).

3. Incompatibility with a Kraus map

From the result in Appendix E 1, the spectrum of the
time evolution map exp(L£9=%¢) is given by {1, exp(—t/T> +
iw$'1), exp(—t/Tp — iw§'1), exp(—1/Ty)}. Here we prove
that a Kraus map whose spectrum is given by this set does
not exist when y ' < 0 and for an infinitesimal time 7. To this
end, we use the theorem in Ref. [31], which was explicitly
presented in Sec. IV. Let A be the spectrum of the time
evolution map exp(L9=01), that is,

_ RO PN RNC)) _
A= {1’ e /Bt ot/ Biolt t/T]}'

We recall that 77 and 75 are defined underneath Eq. (El). It
is easy to check that A is closed under complex conjugation.
To see the condition Eq. (18), we note that {s;} are now all
positive from their definitions. In such cases, assuming s; >
s> = 53, the condition Eq. (18) reads s; < lands; + s, < 1 +
s3 (see Ref. [31]). When yq(f) < 0, we always have 1/T] >
1/T;, and exp(—t/T) > exp(—t/Ty) for t > 0. Thus, we set
s1 = sp = exp(—t/T») and s3 = exp(—t/T1). Then, while the
first condition s; < 1 is always satisfied, the second condition
that reads

207 L 147!, (E2)
is nontrivial. For an infinitesimal time ¢ such that
exp(—t/T;) ~ 1 —t/T; (i = 1, 2), this condition reads ng‘” >

0 and is violated if yf) < 0. Therefore, the condition Eq. (18)

is not satisfied when y(4) < 0 and for an infinitesimal time ¢
and this concludes the proof.

APPENDIX F: EXACT MASTER EQUATION
WITH A PRODUCT INITIAL STATE
AND COMPLETE POSITIVITY

When the initial state is a product state,the time evolution
of the partial trace is in general completely positive as dis-
cussed following Eq. (20). The complete positivity violation
found in this paper stems from the transient dynamics that is
discarded in adiabatic elimination. We expect complete posi-
tivity to be restored by accounting for the short-time regime.
In this Appendix, we confirm this expectation. To this end,
we consider the qudit system discussed in Sec. III and derive
the exact master equation for the partial trace with an initially
product state.

To derive the master equation, we first calculate the time
evolution of the partial trace. Using Eq. (11), the evolution
of the total density matrix with a product initial state p(0) =
04 ® pp(0), with p4 a fixed initial state on .77}, reads

d
(m,n)
p(t) = e“[ps ® pp(0)] = Y €“"'(pa) ® Enpp(0)E,.

m,n=1

By taking try of this equation, we obtain the evolution of the
partial trace

d
ps(t) =Y [TplynEmps(0)E,. (F1)

m,n=1

with [Tz Jnn = tra o exp(Ly""1)(pa). From [L{""(A)]" =
C{E‘”’m)(AT), which can be directly shown from the definition
of EX"’"), the coefficients satisfy [7,1},, = [Ts.lnm. This
relation ensures the Hermitian property of pg(t). Furthermore,
since L’X"’m) is a Lindbladian, the trace preservation leads to
[T8.]mm = tra(pa) = 1. This ensures the trace preservation
of the partial trace trg(pp(t)) = 1 with trp the trace over 3.

In what follows, we assume [7p )., 7 O for any m, n =
1,...,d and t € Ryy. Under this assumption, the master
equation for the partial trace can be put into a compact
form as

d d
P80 = hna(Enps®Ey, (F2)

m,n=1

with A, »(¢) = (d/dt)In([Tg (Im.n). Long after decay time of
the fast subsystem, the time dependence of [7g 1., iS gov-
erned by the eigenmode of £ whose real part is the closest
to zero. In Appendix B 1, we have defined the mode k = 1 to
have this property. Therefore, the time dependence of [Tz ;1m.»
asymptotically reads [7g;1m.n X eXp(Am,t), from which we
obtain

M A (t) = Ao (F3)
—00

In other words, while the master equation (F2) explicitly
depends on time before the relaxation is completed, it asymp-
totically agrees with the evolution equation in adiabatic
elimination, Eq. (13).
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From the properties of [7g ], derived above, we have
Aman (@) = Apm(t) and A, () = 0. As in Eq. (C14), thus,
Eq. (F2) can be rewritten as

d
— t
dth()

d d-1
)‘m,n(t) - )‘f:;, ,,(t)
= _|: Z —’(Sm,k - Sn,k)rka ;OB(t)

m,n=1 k=1 2d
m<n)
d—1
+ ) (STAO
k=1
1
X [TkPB(l)fl - z(fszpB(t) + PB(l)UTk)], (F4)

where the matrix A(¢) is defined by [A(t)]m.n = Am.n(t). Note
that the eigenvalues of STA(¢)S, which correspond to the
decay rate, are now dependent on time.

As a concrete example, we consider a qutrit (d = 3) cou-
pled to a dissipative qubit governed by Eq. (10). We are
interested in a parameter set where (complete) positivity is
violated in the slow dynamics. According to Fig. 2, the vi-
olation occurs, for instance, when (x1, x2, x3) = (0, x, 2x),
x/k =0.1, Q/k =0.5, and A/k =0.5, and we use these
values in our simulation. We assume that p, is the unique
steady state of L,4, that is, the initial states are on the in-
variant manifold without the coupling. In our simulation, we
computed p4 from the right eigenvector of £, the eigen-
value of which is the closest to zero. With the steady state
pa, we computed [Tp, ], in the vectorized representation
(Ta.:1mn = (L] exp(/jgm’")t)lpA)), where the matrix exponen-
tiation exp(£}""r) was directly evaluated using a SciPy
function. We confirmed that [7p]mn, # O is satisfied for
m,n = 1, 2,3 within the time range under study (0 < «t <
20). Lastly, we computed the coefficients {A,, ,(¢)} in the dis-
cretized form )\-m,n(t) = {ln([ﬁ,l-‘rét]m,n) - ln([7—Bt]mn)}/8t
with k8t = 1072,

Figure 6(a) shows the two eigenvalues of the coefficient
matrix STA()S as a function of time. As expected, the
eigenvalues become constant after k¢ ~ 10. We numerically
checked the relation Eq. (F3) in this long-time regime. One of
the eigenvalues shown by the blue curve is always negative.
This negativity asymptotically results in the (complete) posi-
tivity violation found in Sec. III. On the other hand, the time
evolution map including the transient regime (0 < «¢ < 10 in
the current setting) is completely positive. To see this numeri-
cally, we consider the Choi matrix of the time evolution map.
From Eq. (F1), it reads ¢ _ [Tg.Imun |Em)) ((En|. As shown
in Appendix C, the time evolution map is completely posi-
tive if and only if this matrix is positive semidefinite. Since
{|Em))}m=1.2.3 1s an orthonormal set, we only need to consider
the property of the matrix 7, € C3*3 the mn-elements of
which are [Tg;lm, (m,n=1,2,3). In Fig. 6(b), we show
the smallest eigenvalue of 75, along the time evolution. It is
non-negative as expected. Therefore, the time evolution map
is completely positive including the transient regime in this
example.

x 0.005 2 0.008
=~ @, ——~— N (b)
2 0.004 5
g0 / w 0.006
=~ 3
» 0.003 T /
kS / S 0.004
£ 0.002 o /
=] w
= e
€ 0.001 7 0.002
c =
g ©
2 0.000 ; ; : & 0.000 . : ;
0 5 10 15 20 0 5 10 15 20
Kt Kt

FIG. 6. Coefficients in the exact master equation and confir-
mation of complete positivity for the qubit-qutrit system with
(X1, X2, x3) = (0, x,2x), x/k =0.1, Q/k = 0.5, and A/xk =0.5.
(a) Time-dependent coefficients in front of the dissipators in the
exact master equation. From Eq. (F4), we evaluated them from
the eigenvalues of the two-dimensional matrix STA(¢)S. The larger
eigenvalue (the red curve) is positive all the time, whereas the smaller
eigenvalue (the blue curve) is negative. (b) Smallest eigenvalue of the
matrix 7p,. The fact that this is non-negative indicates that the time
evolution map is completely positive (see the main text).

APPENDIX G: IC AND £, FOR A GENERAL
CLASS OF SETTINGS

In this Appendix, we consider a general class of settings
introduced in Sec. II (Lp and L, are assumed to contain only
Hamiltonian terms) and calculate the second-order expansion
of K and the third-order expansion of L. These are for clari-
fication and extension of results in Ref. [29]. As in Ref. [29],
we denote the interaction by Ly (0) = —i[Hiy, p] with Hyy =
S, Al ® By = Y, Ay ® B]. Occasionally, we consider the
oscillator-qubit system in Sec. IV as a concrete example.

1. Second-order expansion of /C

In Theorem 6 of Ref. [29], the second-order expansion of
KC was calculated for a general class of settings. The theorem
states that, there always exist gauge choices such that C is
completely positive within the expansion order. Although not
proved explicitly, the result also implies that /C for the partial
trace is always noncompletely positive. Here we repeat the
calculation to clarify this point and to find a specific form of
gauge superoperators leading to completely positive K.

We first outline how we proceed the calculation. The right-
hand side of Eq. (A3) is traceless and thus generally takes the
form

/_)A ® Ls,n(ps) - £n(ps) = S(XllZ)A) &® Bl (IOA)
+ S(PaX2) @ Ba(ps) + S(X304X4) ® Bs(ps),

where the superoperator S is defined by S(X)=X —
tra(X)pa, {Xi}i=1,2,3.4 are operators on %3, and {B;} j=1 23 are
superoperators on .%%. Then, Eq. (A4) reads

KS(os) = LI (S(X104)) @ Bi(ps) + L1 (S(paX2)) ® Ba(py)
+ L5 (S(X304X4)) @ B3(p5) + pa ® Gulpy).

Regarding the first and second terms on the right-hand side, it
was shown in Lemma 4 of Ref. [24] that there exist {Y;};= 2
such that £} (S(X1pa)) = Y1pa and L3 (S(paX2)) = paYa,
even when p, is not full rank. These relations are essential in
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proving the Kraus map form as shown below. The fourth term
on the right-hand side represents the gauge degree of freedom.
Here we restrict our gauge choice to the following form which
only modifies the other terms without generating independent
ones:

Gn()os) = 8161(/%) + gZBZ()Os) + 8383()03)7
with g; € C (i = 1, 2, 3). Redefining ¥; so that the g; term is
absorbed for i = 1, 2, we obtain

KE(ps) = Y104 ® Bi(ps) + paYs ® Ba(ps) + Z ® Bs(py),
with
YiPa = LI(SX1p4)) + g10a,
paYa = L5 (S(paX2)) + 204,
and
Z = LI (S(X3p4X4)) + g3Pa-

Using these formulas, we can calculate the first- and
second-order contributions as follows:

KS(p) = =i Y (F ® B))(pa ® p,) + (H.c.),
k

(G1)
and
K$(ps) =i Vita ® [Ch(py) — Ls(B))ps]
k
+i) [V ® Ls(BDI(pa ® py)

k
— > ANV @ BIBO(54 ® py)
k.j

+ Y (U ® BiB))(Pa ® py)
k.j

—>"Z; ® Bp:B; + (He),
k.j

(G2)

with Cg(,os) = [:B(BZ,OS) — B]tﬁg(ps). In these equations, we
have introduced (Ay) = trq(Ayp4). The inverse of L, has
led to

Fipa = =L} (S(Arpa)) + fiba,
Vipa = L} (S(Fipa)) + via,
Ui jpa = ﬁX(S(A;:Fj,Z)A)) + Ui jPa,
and
Zyj= ﬁX(S(kaAA_;)) — Zk,jPAs

where A; = A; — (A;)I4. The gauge superoperators have been
set as

Gilp) = —iy_ fiBip, + (Hc),
k

and

Galps) =i ) uiChlp) = ) (AL)v;BBips
k k.j

+ Z uk,_,-BkB;ps + Z zku;BZpsBj + (H.c.).
k.j k.j

When Lz contains only Hamiltonian terms, Cg(ps) =
CB(Bz)pS and the first line on the right side of Eq. (G2)
vanishes. Thus, we neglect this term in the following.

Note that

> Zui ®BipBi+ He) =) (Zij+Z},) @ Bip.B,
k.j k,j

where
Zij+Z = LY (SFpaA] + ApaF})) — (e j + 2 1)Pa-

When L, is given by Eq. (2), it was shown in Ref. [29] that
the £ part on the right-hand side reads

L} (S(FipaAl + AxpaF)))

= S(FipaF]) = L | D [Lay Flpalla . Fi1'
"

Combining all the terms together, we eventually obtain, up
to the second order of ¢,

KC(ps) =W (pa ® p)W' — L5 | > Pu(pa ® ps)P]

"

+€ Y jUa ® B)(Pa ® po)(Ua ® B), (G3)
k.j

with W=0L Iz —ieM+e*N, M=Y,F®B, N=
Y Uij ® BiBY — (A)V; @ BiBY) +i Y, Vi ® Lp(B),
Po=> Loy Fil® B,i, and Wk,j = Zk,j + 2 —
tra (FrpaF JT). The second line is completely positive because
—L} is acompletely positive map from Lemma 1 of Ref. [24].
Therefore, K¢ is completely positive if and only if the matrix
i, the elements of which are defined by [uli,; = pr, ), is
positive semidefinite.

The partial trace parametrization corresponds to G| =
G, =0, and thus z; ; = 0. In this case, u; ; = —trA(Fka)AF_,-)
and it is negative semidefinite. This consideration concludes
that X¢=° is always a noncompletely positive map. On the
other hand, if one sets

Z

Swa(FPaF)),

= (G4)
with z € R, the matrix p is positive semidefinite. Therefore,
there always exist gauge choices ensuring complete positivity
of K.

Complete positivity of K¢ is attained irrespective of the
values of fi, vk, and uy ;. If we set fi = vy = uy; = 0, how-
ever, G(ps) = ps + Zk,j(zk,j + z}’f,k)szxBj and K does not
preserve the trace. The simplest gauge choice recovering
the trace preservation is fy = vx = 0 and u; ; = —z; . With
Eq. (G4), the gauge superoperator reads

. 1
Glps) = €2 ) tra(FipaF] >(BZpSBj — 51B;B;, ps}).
kj
(GS)
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2. Entanglement and nonpositivity of }C¢="

While K= is not completely positive, it is not certain
whether it can be positive or not. To address this issue, let
us first consider the oscillator-qubit system in Sec. IV as
an example. Using the formula Eq. (G3), K= up to the
second-order expansion is given by Eq. (22) in this case. To
see that it is not positive, let |0) € 74 be the vacuum state of
the oscillator and |y) € 73 be a state. The matrix element of
KCO=0 with respect to |0, ) = |0) ® |¥) reads

(0, 1K= (pp)|0, )

tl 4 1 t
=<0|m|0>[< gf“)wmmw—@
afnd

X (Yilpsl¥y) — W(W losl¥-) |,

with |Yy) = oL|¥). If pp is a pure state, its kernel is not
empty. Suppose |¢) is in the kernel of pg, that is, pg|{r) = 0.
Since either (Y, |pgl¥y) or (Y _|pp|_) is nonzero, we ob-
tain (0, ¥ |K9=%(pp)|0, ¥) < 0. Consequently, K°=° is not
positive.

To extend the analysis to a general class of settings, we note
a theorem regarding assignment maps, which was first proved
for qubit reduced systems in Ref. [42] and later generalized
in Ref. [45]. With the notations in Sec. V, let ® : Z(3) —
D(5t ® %) be a map assigning a reduced state in % a
total state in (5%} ® #3). Then, the following statements
are equivalent:

(1) @ is linear, consistent (try o ® = Zp), and positive
[®(pp) € P(4 @ H3) for every pp € D (F#3)].

(2) For every pp e (%), ®(pp) = pa ® pg, where
pa € Y(5¢;) is independent of pp.

We now apply this theorem to X%=°. Since it is linear and
consistent, 6= is positive if and only if .#,, is charac-
terized by product states with a fixed state on Z(5¢;). Due
to the interaction term, .#j,, at the second-order expansion
includes entangled states in general. Therefore, the corre-
sponding X%=? is nonpositive.

One might argue that nonproduct states should also be ob-
tained in the first-order expansion of €. On this point, we note
that the first-order expansion of =0 reads [see Eq. (G3)]

K=(pp) = pa ® pp — ie[M(ps ® pp) — (Pa ® pp)M 1,
(G6)

where M satisfies tra(Mp4) = 0. In agreement with the above
theorem, this is not positive. We here note that this can be
rewritten as

K=(pp) =14 ® Iy — ieM)(pa ® pp)(Is ® Iy — ieM)'
—€*M(pa ® pp)M’. (G7)

Within the accuracy of the first-order expansion, we can ne-
glect the third line and obtain a Kraus map form of C¢=°,
Since the neglect of the third line violates the consistency
at order €2, this result does not contradict with the above
theorem either. In the second-order expansion, on the other
hand, there is a negative term that cannot be eliminated within
that accuracy. This results in the positivity violation of =0,

3. Third-order expansion of L

While the map K= resulting from the first-order expan-
sion, i.e., Eq. (G6), is not completely positive, its rewriting
with Eq. (G7) shows that the nonpositivity only yields a term
of order €. This explains the reason why the Lindblad form
must always be obtained including the second-order contribu-
tion, as shown in Ref. [24].

The nonpositivity of K=" at second-order indicates
danger for the third-order expansion and higher. For the
oscillator-qubit system, the third-order contribution CG 70
vanishes and the non-Lindblad form is obtained from the
fourth-order expansion. Even when /.ZG 0 does not vanish, it
was shown in Theorem 9 of Ref. [29] that if the interaction
Hamiltonian includes one tensor-product term and the second-
order contribution does not vanish, £6=° admits the Lindblad
form up to the third-order expansion. Here we consider the
third-order expansion with a general interaction Hamiltonian
Hi =Y, Al ® By = Y, Ax ® B].

Since tryo K¢ =0 (n=1,2,...) from Eq. (A2),
LG (pg) = s (Zy ® Lp +£ml)[’CG 0(03)]) With Egs. (5),
(Gl), and (G2), we obtain {CM Jn=1.2.3 as

LET(pp) = —i Z <Ak)B}: pop + (H.c.),

k

LI (o) = Y (AR [B]ps. Bj] + (H.e.),

Jik

LI (pp) = — Z (AVOLLs(B))ps, B)]

_Z AT

i,7.k
+ Y i(A[Us ) [BB pp, B:]
i,j,k

— ) itra(A]Z )IB] psB;. Bi] + (H.c.).
i,j.k

A} B!Bps. Bi]

Since L£9=° preserves the Hermitian property and have
trace zero, we only need to focus on the dissipation part
to see if £970 is a Lindbladian. The dissipation part of
L5370 reads Y, mi ;B psB; with m ; = (ATF) + (ALF)".
As proved in Ref. [24], the matrix »n defined by
[lk,j = m,; 1is positive semidefinite in general. The
dissipation part of L’G:O reads Zk(QZpBBk —i—szBQk)
with = -3 (AVY) [LB(BT)+12j (A")B[B;] +
zzl][AT Ui ;) +trA(AT(Z,k +7z ))]BB If we assume
that n is invertible (or, equlvalently, n 1s positive definite),
then the dissipation part of £%=° reads, up to the third

order of €,
Z nk,jRZpBRjy
J.k

with R} = eB +€* " ;[n
the Lindblad form.

When 7 is not invertible, the third-order contribution can
generate a new dissipator that is independent of the second-
order contribution. Studies on such cases are in progress.

~'1;4Q]. Therefore, £&=" admits
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Note that, when L3 and L, contain only Hamiltonian terms,
Lo is a Lindbladian irrespective of the sign of €. Thus, the
structure of £9=0 is not affected by flipping the sign of €
as € — —e. This implies that the new dissipator generated
at the third-order should either always include a negative
coefficient or vanish. To elaborate on it, let us consider an
extreme case with n = 0. In general, we can write Oy as Oy =
qxBy + Oy with g, a complex number and Q; an operator on
3 that is linearly independent of B;. The dissipation part
of £9=0 then reads €3 Y, {(D[Qx + Bi] — DIOx — Bx1)/2 +
2Re(qx)DI[Bk]} up to the third-order expansion. On the one
hand, the first part with Q; always includes a negative coef-
ficient, and the structure of £%=° is independent of the sign
of €. On the other hand, the second part with Re(qgy) flips its
sign by the transformation ¢ — —e. According to the above
discussion, we expect to have Re(gx) = 0 under the condition
of n = 0. However, we have not been able to prove it yet.

APPENDIX H: QUANTUM DISCORD AND COMPLETE
POSITIVITY VIOLATION

In Sec. V C, we interpret the complete positivity violation
in terms of correlations present in states on an invariant man-
ifold. To support this interpretation, we examine the relation
between the strength of correlations on an invariant manifold
and the degree of complete positivity violation. We take the
qubit-qutrit system in Sec. III for this analysis. States on
the invariant manifold are characterized by Eq. (12) in this
case. For this class of bipartite states, there is a strong con-
nection between complete positivity of the reduced dynamics
and quantum discord, as we elaborate in the next paragraph.
Hence, we take quantum discord as a measure of correlations.

Prior to discussing a methodology for estimating quantum
discord, we make several remarks on connections between
complete positive reduced dynamics and quantum discord.
These remarks are intended to complement the historical
overview given in Sec. V C. It was shown in Ref. [47] that,
for Hamiltonian systems, vanishing quantum discord implies
completely positive reduced dynamics. In connection with the
present study, their proof can be straightforwardly extended to
any completely positive processes in the total system, includ-
ing the time evolution with a Lindblad generator. Hence, we
must have completely positive reduced dynamics if all states
on the invariant manifold have vanishing quantum discord. In
Ref. [51], it was shown that, for initial states in the form of
Eq. (12), the converse is also true; that is, completely positive
reduced dynamics imply vanishing quantum discord. Here
we should emphasize that the condition is complete positive
reduced dynamics for all possible unitary transformations. In
fact, the proof in Ref. [51] relies on this fact as it employs
a special form of unitary transformation to elucidate restric-
tions on the environment operators imposed by the complete
positivity. Therefore, the criterion is only sufficient and we
should not necessarily have vanishing quantum discord even
if we observe complete positive reduced dynamics in the
present analysis. As an example, let us consider the disper-
sively coupled qubit-qubit system in Sec. III. As mentioned
in the last paragraph in Sec. I1I B, the generator £6=° is in the
Lindblad form, ensuring complete positive reduced dynamics.
However, this merely confirms the complete positivity for the

total system evolution in that case and does not guarantee it
for all unitary transformations. In fact, we estimated quantum
discord in this case following the procedure described below
and observed nonzero quantum discord.

Now we delve into the estimation of quantum discord.
When considering local projective measurements on 573,
quantum discord of a quantum state p € Z(7 Q H3), de-
noted as §p(p), is defined by [48-50]

35(p) = S(pg) = S(p) + min SAI(F)). (D

J

with S(p) = —tr(p In p) the von Neumann entropy. The last
term on the right-hand side, minm?} S (A|{H_lf }), encapsulates
the conditional entropy of subsystem .7} subsequent to the
measurement on .73 associated with rank-1 orthogonal pro-
jectors {Hf }[j=1,...,dim(s3)]. The conditional entropy
is calculated using the formula

dim(3)

S@AIZ) = Y piStoams),

j=1

with p; = tr(l'[? p) the probability of the outcome labeled by
J and pype = N%pT1%/p; the associated postmeasurement

state. The minimization is performed over all possible pro-
jective measurements {Hf }.

Currently, no efficient method exists to compute
minmz;} S(A|{1'If}) to our knowledge. Consequently, we
estimate this minimum by employing a brute-force approach,
which involves random sampling of projectors {Hf}. By
diagonalizing randomly generated observables in .73, we
obtain a set of orthogonal projectors. Let Ny, be the number
of generated observables. Given a state, we compute the
minimum value of the conditional entropy in this set, from
which we estimate the quantum discord of the state using
Eq. (H1). Since sampling all orthogonal projectors {Hf }is
infeasible in practice, the estimated quantum discord should
be considered an upper bound.

Our current objective is to estimate a representative value
of quantum discord of the invariant manifold .#,,, which we
denote as §g(#iny ). To achieve this, we adopt a straightfor-
ward approach, in which we randomly sample Ny, States
on the invariant manifold p, € A, (a = 1,2, ..., Nyae) and
then estimate 8p (., ) through the average value of quantum
discord among those states:

Nytate
> 85(pa)-

a=1

6B(L%inv ) =

(H2)
Nstate

A set {p,} can be prepared by randomly generating pp €
2 (%) and then inserting them into Eq. (12). Given that
the map K= is not positive, we check the eigenvalues of
K9=%(pg) to ensure that {p,} are all positive semidefinite.
The resulting quantum discord is shown in the left figure in
Fig. 5. For the numbers of random sampling, we take Npoj =
Nstare = 500. We confirmed that the results do not change
significantly by employing larger values of Npo; and Nygee.
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APPENDIX I: GAUGE CHOICE
FOR PRACTICAL APPLICATIONS

The geometric formulation introduced in Sec. II involves
the gauge degree of freedom. It was previously anticipated in
Ref. [24] that the gauge degree of freedom can be leveraged
to restore the Lindblad form of the generator L. In Sec. 1V,
however, we found an example where such a restoration is
unattainable. Given this background, this Appendix explores
the potential roles that the gauge degree of freedom plays in
the practical applications.

In practical applications, care should be taken when the
initial state is determined in the reduced system. For the partial
trace parametrization, the domain of initial reduced states
must be restricted [45] to tra(.#i) (see Sec. V for the nota-
tion), which is a subset of Z(.7¢%) in general. By linearity, ex-
tending the domain of C9=° to 2(%) (all density matrices)
is possible. However, such extension leads to an initial total
state that is not positive semidefinite and thus is unphysical.
Recall that %= is not positive at the second-order expansion
in general. Therefore, strictly speaking, the domain restriction
is necessary once we consider contributions higher than the
second-order, even when Efzo admits the Lindblad form.

To cover all the states in ./, the map K¢ : 2(#3) —
My needs to be positive and surjective. If G = G, has
those properties, then the time evolution map with this gauge
choice exp(ﬁf” 't) at least preserves positivity. Indeed, since
KSr maps Z(#3) onto all the positive states in the subspace
spanned by .#,y, by injectivity a nonpositive p; obtained with
exp(L'xG’”t) can also be mapped only onto a nonpositive p in
the space spanned by .y .

A question then arises whether such a G, exists in general.
To our knowledge, the existence of G, has been confirmed
only for a dispersively coupled two qubit system in Ref. [30].
The rest of this Appendix examines this question for the qubit-
qutrit system introduced in Sec. III. In fact, we see that the
approach employed for the two qubit system is not applicable.

As employed in Ref. [30], we consider the following gauge
choice:

d
(Zs +G)p) = Y, CmnEmpsEn, ()

m,n=1

where the complex coefficients c,, , satisfy ¢}, , = ¢, » and
¢cmm = 1 for the Hermitian and trace preservation of KC,
respectively. This is one of the simplest gauge choices because
the corresponding supermatrix (see Appendix C) is diagonal
as fB +6= me:] cmnEn @ E,. From this representation,
it is clear that (Zz + G)~! exists if and only if all the co-
efficients {c,,.»} are nonzero. In that case, one can calculate
L with different gauge choices using Eq. (8). In fact, within
the form of Eq. (I1), the generator £¢ is independent of
gauge choice because £6=0 is diagonal [see Eq. (13)] and thus
commutes with (Zg + G).
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FIG. 7. Maximal multiplying factor u such that, with ¢, , =
uCn.n, positivity is ensured for the composite qubit-qutrit state in the
case of any three-state superposition, as a function of the coupling
strength [(x1, x2, x3) = (0, x,2x)] in units of the qubit damping
rate. The figure is obtained by varying the value of x, while fixing
Q/k =0.5and A/k = —0.5.

From Egs. (7) and (12), K¢ with Eq. (I1) reads

d
ICG(pS) = Z Cm,an,n &® EmpsEn-

m,n=1

The absolute values of {c, ,} are bounded above by the ne-
cessity of Y to be positive. On the other hand, taking too
small values results in nonsurjective . The problem is thus
to find their optimal values ensuring both the surjectivity and
positivity. We can use any qudit state p, to obtain constraints
on these coefficients and explore the space of the total state
they allow us to span. In particular, if we consider a qudit in a
superposition of two levels between m and n, we can use the
results of Ref. [30] to show that there exists an optimal value
¢m.n that ensures both the surjectivity and positivity. As this is
valid for any pair (m, n), one might be tempted to choose the
set {C.»} as the optimal one. However, strikingly, this set is
not admissible for d > 2 as it does not ensure the positivity
of KC. In other words, one needs to take smaller values of the
coefficients than {C,, .} as ¢y, = Uy, with u < 1 to obtain
positive . For instance, for the qubit-qutrit system (d = 3)
with Eq. (10), we plot the maximum value of u that ensures
the positivity of X in Fig. 7. The necessity to take u < 1
implies that not all the qutrit states can be captured in this
gauge choice. In particular, some superpositions of only two
levels require u = 1. Thus, this counterexample allows us to
conclude that, within the diagonal gauge given by Eq. (I1),
there exists no set {c,, ,} leading to positive and surjective K¢
when d > 2. This result motivates us to consider nondiagonal
gauge superoperators. Such an extension is currently under
investigation.
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