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Gauge invariance of the Aharonov-Bohm effect in a quantum electrodynamics framework
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The gauge invariance of the Aharonov-Bohm (AB) effect with a quantum treatment for the electromagnetic
field is demonstrated. We provide an exact solution for the electromagnetic ground energy due to the interaction
of the quantum electromagnetic field with the classical charges and currents that act as sources of the potentials
in a classical description, in the Lorenz gauge. Then, we use first-order perturbation theory to compute an extra
change on the electromagnetic ground energy due to the presence of a quantum charged particle with known
wave function in the system. This energy in general depends on the quantum particle path in an interferometer,
which results in an AB phase difference between the paths. The gauge invariance of this AB phase difference
is then shown for the magnetic, electric, and the recently proposed electrodynamic versions of the AB effect.
However, the AB phase difference could depend on the gauge for nonclosed paths, which reinforces the view

that it only can be measured in closed paths.
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I. INTRODUCTION

The Aharonov-Bohm (AB) effect [1,2] has a fundamental
importance in physics, since it brings important questions re-
garding the locality of the electromagnetic interactions. In the
magnetic AB effect [1-4], a quantum charged particle has two
possible paths in an interferometer that enclose a magnetic
flux. The interference pattern depends on the enclosed flux
even if the particle propagates in regions where the magnetic
field is null, but the vector potential is not, with the appearance
of an AB phase difference between the paths. In the electric
AB effect [2,5,6], the interference pattern depends on the
included scalar potential difference between the paths, even
if the particle only propagates in regions with a null electric
field. Recently, an electrodynamic AB effect was proposed
[7], with the current in a solenoid outside the interferometer
varying while the quantum particle is in a superposition state
inside two Faraday cages. Somewhat surprisingly, a nonzero
AB phase difference appears even if the particle paths enclose
no magnetic flux and are subjected to no scalar potential
difference [7]. In all these situations, a description of the
phenomenon in terms of a local interaction of the quantum
charged particle with the classical electromagnetic field is not
possible. We can describe it through a local interaction of the
particle with the electromagnetic potentials [2] or through a
nonlocal interaction of the particle with the electromagnetic
fields [8-12].

To address locality issues in the AB effect, Santos and Gon-
zalo described the magnetic AB effect in an interferometer
with cylindrical symmetry using a quantum electromagnetic
field to mediate the interactions [13]. Recently, Marletto
and Vedral discussed how such treatment can justify a lo-
cal acquirement of the AB phase by the quantum particle
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while it propagates through the interferometer [14]. In pos-
terior works, the treatment was improved using the quantum
electrodynamics formalism in the Lorenz gauge [15,16],
permitting the treatment of the magnetic AB effect for ar-
bitrary interferometer geometries, the electric AB effect, the
Aharonov-Casher effect [17], and the magnetic AB effect with
shielding [4]. Using second-order perturbation theory, these
works show that the energy of the ground state of the quan-
tum electromagnetic field depends on the particle path, this
behavior being responsible for the appearance of the AB phase
[13-16]. This dependence can be associated to an exchange of
photons between the quantum particle and the sources of the
potentials, in a local description of the phenomenon.

An important question regards the gauge invariance of the
AB effect in a description using a quantum electromagnetic
field. Kang showed this gauge invariance treating the mag-
netic AB effect in a simplified two-dimension case with a
charged particle and a fluxon [18]. Hayashi, on the other hand,
showed that the electromagnetic ground energy changes in
different ways for two particular gauges in the magnetic AB
effect [19], criticizing previous works that supposedly propose
ways to measure the AB phase in nonclosed paths [14,15].
Nonetheless, the predicted AB phases coincide for closed
paths [19].

Here we demonstrate the gauge invariance of the elec-
tric, magnetic, and electrodynamic versions of the AB effect
for general gauges in a quantum electrodynamics treatment.
We provide an exact solution for the electromagnetic ground
energy considering the interaction of the quantum electro-
magnetic field with the system classical charges and currents
(which are responsible for producing the potentials in a
classical description) in the Lorenz gauge. Using first-order
perturbation theory, we compute an extra change on this
ground energy due to the interaction of the quantum electro-
magnetic field with a quantum charged particle with known
wave function. The obtained ground energy agrees with
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FIG. 1. Mach-Zehnder interferometer for the implementation of
different Aharonov-Bohm (AB) schemes. BS; and BS, are beam
splitters. The quantum charged particle enters the interferometer
by the indicated arrow. With the Faraday cages removed and the
“infinite” solenoid with a magnetic flux ®,, we have the magnetic
AB effect [1,2]. With the solenoid removed and the Faraday cages
a and b subjected to different scalar potentials while the quantum
charged particle is in a superposition state inside both cages, we have
the electric AB effect [2]. In the electrodynamic AB effect [7], the
magnetic flux in the solenoid is varied while the quantum particle is
in a superposition state inside both cages.

previous treatments using second-order perturbation theory
the Lorenz gauge [15,16]. The dependence of this ground en-
ergy on the quantum particle path in an interferometer results
in an AB phase difference between the paths. By perform-
ing gauge changes on the potential operators of the quantum
electromagnetic field, we demonstrate the gauge invariance of
the AB effect. As Hayashi [19], we conclude that the gauge
invariance exists only for closed paths, such that a measure-
ment of the AB phase in nonclosed paths, as recently proposed
[14], should not be possible. But we discuss that the proposal
of Ref. [15], on the other hand, is not for measuring the AB
phase in a nonclosed path, but for measuring the AB phase in
a closed path with varying electromagnetic fields. We discuss
that the intermediate AB phase predicted in this work [15],
related to the electrodynamic AB effect [7], is indeed gauge
invariant.

II. AB SCHEMES WITH A CLASSICAL
ELECTROMAGNETIC FIELD

Figure 1 displays a setup that could be used to demon-
strate different kinds of AB effects for quantum nonrelativistic
charged particles. It consists of a Mach-Zehnder interfer-
ometer with an “infinite” solenoid at its interior and two
Faraday cages, one in each path. Let us first describe it when
the solenoid and the Faraday cages are absent (or when the
solenoid has a null magnetic field and the cages are in a null
scalar potential). The beam splitter BS; divides the incident
wave function into components WO(r,7) and W)(r,¢) that
propagate through the different paths and recombine at the
beam splitter BS,, resulting in interference. For simplicity,
consider that the wave functions \Ilg (r,t)and \If,?(r, t) are well
localized in space around central positions r,(¢) and r,(z),
respectively, such that the potentials to be included do not
vary much around the regions where these functions have non-
negligible values. Let us also consider that the momenta of
each wave packet are reasonably well defined, having average
values p,(¢) and p,(¢), but of course respecting the uncertainty
relations.

In the presence of controllable electromagnetic scalar and
vector potentials V and A in the interferometer, associated to
electromagnetic fields that are not very intense, we include the
following interaction term in the system Hamiltonian [20]:

H=qv—1p.A, (1)
m

where g and m are the particle charge and mass, respectively,
and p the average wave-packet momentum. In cases where
each component of the wave function only propagates in
regions with a null field, the term (1) modifies the previous
wave functions by adding phases: W;(r, 1) = W (r, t)e¥ with
i={a,b)and ¢; = — fl; H,dt'/h, with 1, being the time when
the incident wave function is split by BS;. Using Eq. (1), we

can write

qa (' 61/“

i =—=— [ Vdt'+ = | A-dx, 2
10} ﬁ/x +h X 2)

0 Io

where p/m was substituted by the average wave-packet veloc-
ity dx/dt, ro represents the position where the incident wave
packet is divided in BS, and the spatial integral is performed
through the particle path.

In the scheme of Fig. 1, if the Faraday cages are absent (or
are in a null potential) and the solenoid has a magnetic flux
@, we have the magnetic AB scheme [1,2]. In this case, we
have an AB phase difference due to Eq. (2) given by g® /7. If
the solenoid is absent (or there is a null magnetic flux) and the
scalar potentials in each Faraday cage vary while the particle
is in a superposition state inside both cages, having the values
V, (in path a) and V}, (in path b) in this situation and being
null while the quantum particle is outside the cages, we have
the electric AB scheme [2]. The AB phase difference due to
Eq. (2) is then (—q/h)f(Va — Vp)dt. In the electrodynamic
AB effect [7], the magnetic flux in the solenoid varies while
the quantum particle is in a superposition state inside both
Faraday cages. The cages then shield the quantum particle
from the induced electric field generated by the solenoid cur-
rent variation. If, for instance, the solenoid magnetic flux is
reduced to zero while the quantum particle is in a superposi-
tion state inside both cages in the scheme of Fig. 1, the final
vector potential (in the Lorenz gauge) would be zero. Thus
only the interaction of the particle with the initial potential
vector during its propagation from BS; to the Faraday cages
would contribute for the AB phase difference, which would
have a reduced value in relation to the magnetic AB effect
where the solenoid magnetic flux does not change. A scalar
potential difference between the cages could appear due to the
electric charges that are induced in the cages to cancel their
internal electric fields, but this contribution can be negligible
depending on the system geometry (for instance, for very
small Faraday cages). Interestingly, we may have a nonzero
and gauge-independent AB phase due to Eq. (2) even if the
solenoid is outside the interferometer [7].

III. AB EFFECT WITH A QUANTUM
ELECTROMAGNETIC FIELD IN THE LORENZ GAUGE

In previous works [15,16], we have used a second-order
perturbative treatment to describe the AB effect with a quan-
tum electromagnetic field in the Lorenz gauge. Here we obtain
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the same results in a different way, inspired in the recent work
from Hayashi [19]. First we obtain an exact solution for the
electromagnetic ground energy considering the interaction of
the quantum electromagnetic field with classical charges and
currents. Then we include the interaction with the quantum
particle using first-order perturbation theory, obtaining an ex-
pression for the AB phase. The advantage of this method is
that it can be more easily adapted to compute the AB phase
with the quantum electromagnetic potentials in other gauges.

A. Interaction of the quantum field with classical
charges and currents

The Hamiltonian for the free electromagnetic quantum
field can be written as [21]

o= | > AR L)

with one quantum harmonic oscillator for each field mode,
defined by the wave vector k and polarization index o (v = ck
is the angular frequency). Hats are used in the field operators
here. a, (k) and &j, (k) are the annihilation and creation op-
erators for the modes, which obey [a, (Kk), &Z,(k’)] =83k —
k')85.o . In the traditional quantum optics treatments present
in textbooks, constructed in the Coulomb gauge, the index o
has two values for each wave vector, corresponding to two
orthogonal transverse polarizations [22]. But for a covariant
treatment in the Lorenz gauge, the index o assumes 4 values:
0 for scalar photons, 1 and 2 for two transverse polarizations,
and 3 for longitudinal photons [21]. Scalar and longitudinal
photons cannot carry energy or momentum between different
regions of space and the state of the free electromagnetic field
never has such photons. But they are important to describe the
electromagnetic interactions and they permit one to write the
interaction Hamiltonian of the field with charge and current
densities p and J in the covariant way,

H = /d3r[p\7 —J-A], 4)

where V and A are the scalar and vector potential operators,
given by

By 3 h " ikr _
V()= c/d k —280w(2n)3 aog(k)e H.c., ®)]
h

Ar) = / d3kZ Wek,a,-(k)e"“'r+H.c., (6)
J

with j = {1, 2, 3} and €; being a unitary polarization vector
[21]. The charge and current densities p and J are to be con-
sidered the sources of the classical potentials in the schemes of
Fig. 1. Note the minus sign present in the Hermitian conjugate
term in Eq. (5), which is important for the consistency of the
theory.

Now let us diagonalize the Hamiltonian A = Hy + H;.
First let us define the quantities

hol) = — [ — 1 f Brpme ™. ()
P T\ 280027 )? rpire

L= e ate® . )
T e 28ow(271)3./ e

which are proportional to the spatial Fourier transforms of
the charge density and of the current density components. By
defining the operators

bo(k) = ap(k) — ro(k),
bj(k) = a;(k) — 1,;(k),

by (k) = aj(k) + 5(k),
bl k) = aj) — 15 k). 9
we can write
YA A 1
H=Hy+H = fd3k202 [bj(k)b(,(k) + 5]hw+c,
(10)

with
C = /d3k |)\0(k)|2—2|,\j(k)|2 hiw (11)
J

being a constant. Since we have [5g(k), E:,(k/)] =8k —
k' )és.07 H from Eq. (10) is a combination of quantum
harmonic oscillators. The state of minimum energy, corre-
sponding to the ground state |0) of the Hamiltonian (10),

obeys
bo (1)]0) = [, (k) — 2, (K)]|0) = 0. (12)

So, the ground state |0) is a coherent state [22] in the basis of
the operators a,, with

a5 (K)|0) = 2, (K)[0). 13)
According to Eq. (9), we also have
(Olag(k) = —r5(k)(O0l,  (0laj(k) = A5k)(O.  (14)

If the charge and current densities p and J vary in an adia-
batic way and the initial state for the quantum electromagnetic
field is the ground state, it will always remain in the ground
state |0) for the Hamiltonian of Eq. (10).

B. Interaction of the quantum field with a quantum charged
particle and the AB phase

Now let us introduce the interaction of the quantum elec-
tromagnetic field with a quantum charged particle in the
nonrelativistic regime. The total Hamiltonian becomes Hy =
H + H,, with H being the Hamiltonian treated in the previous
subsection, with ground state |5), and

Ay =qV —Lp A, (15)

m

with V and A being the potential operators of Eqs. (5) and (6).
As before, let us consider that the quantum particle wave func-
tion in each path of the interferometer W;(r, ¢), with i = {a, b},
is known and has a reasonably well-defined momentum, such
that p in Eq. (15) can be considered the average particle
momentum p;(¢) in each path. We also consider that the wave
functions in each path have reasonably well defined positions,
given by r;(¢).
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With these considerations, treating the term H, as a per-
turbation in the Hamiltonian H, with the unperturbed state of
the quantum electromagnetic field being |0), we obtain the
first-order correction in the system energy

AE; ~ / & r|Wi ()P OB (m)[0)

~ {01V (x,)|0) — %pi COA@)I0).  (16)

Using Egs. (5), (6), (13), and (14), we have

.y 3 zk (r—r’)
AE; ~ /d /d kqeowz(Zn)3
x {c%(r’) + Y W) el ay] } a7)
J

Using the relations [ d’k e®7/[(27)’k*] = 1/(47|r|), ® =
ck, and ¢ = 1/, /o€, we obtain

AE; % gV(r;) = L p; - A(r), (18)
where we defined the following effective scalar and vector
potentials generated by the charge and current densities p and
J:

QA 3 7 Io(r/)

V)= 0Vm0) = | &rf ————, (19)

dmeg|r — 1|

A(r) = OIA)[0) = / £ HIE)
dm|r — 1’|

, (20)
which are equivalent to the classical potentials in the Lorenz
gauge when we disregard the field’s propagation time within
the interferometer [23].

Note that Eq. (18) is equivalent to the expectation value of
an effective Hamiltonian H for the quantum particle equiv-
alent to Eq. (1) if we substitute V and A by the effective
potentials V and A4 from Egs. (19) and (20):

H = (OA0) = gV — %p LA @1

In this way, the AB phase difference from Eq. (2) follows
directly. So, the energy of the ground state of the quantum
electromagnetic field depends on the particle path, with this
behavior being responsible for the appearance of the AB
phase.

The energy change of the ground state of the quantum
electromagnetic field given by Eq. (18) is the same as the
one previously obtained with a second-order perturbative
treatment [16], which has an intuitive explanation as being
associated to photon exchanges between the quantum particle
and the other charge and current densities of the system. In
this previous work [16], it is also shown how the roles of the
classical charge and current densities p and J and the quan-
tum charge and current densities ¢|¥;(r)|? and q|¥;(r)|*p:/m
could be exchanged, with the quantum particle being the
source of the effective potentials, which would then act on
the classical charges and currents. This fact is closely related
to Vaidman’s work that describes the magnetic AB effect as
the result of an influence of the field of the quantum charged
particle in the source of the potential [24].

IV. GAUGE INVARIANCE OF THE AB EFFECT WITH A
QUANTUM ELECTROMAGNETIC FIELD

We can see that, by starting from a more fundamental
treatment of the AB effect using a quantum electromagnetic
field in the Lorenz gauge, with the potential operators given
by Egs. (5) and (6), we obtain an effective Hamiltonian for
the quantum particle given by Eq. (21), with the classical
effective potentials being also written in the Lorenz gauge, as
in Egs. (19) and (20). The effective Hamiltonian is equivalent
to the energy change of the ground state of the quantum elec-
tromagnetic field due to the presence of the quantum particle,
given by Eq. (18), computed using perturbation theory. Now
we see what changes if we use a quantum electromagnetic
field in other gauges.

A gauge change of the quantum electromagnetic field can
be written as changes

oF

V/ZV_E’ A=A+ VF (22)

in the scalar and vector potential operators from Egs. (5) and
(6), with

F(r,t) = /d3k[ﬁ)(k,t)&0(k)eik‘r —H.c.]

+ f d*k Z[fj(k, )aj(k)e™" +H.c.] (23)
J
being a scalar operator linear in the annihilation and creation
operators and being Hermitian for the terms with &;(k) and
anti-Hermitian for the terms with ay(k), in the same ways as
the potential operators from Eqgs. (5) and (6). Then, the total
Hamiltonian is

H, =Hy+H, +H, + A +H,, (24)

with the first three terms on the right given by Eqgs. (3), (4),
and (15), respectively, and

. .| oF .

le—/d‘r por +I(VE) |, (25)
N oF
A= —q%- - gp (VE). 26)

We will treat Hz, and H’ as perturbative terms in the total
Hamiltonian H " from Eq. (24).

An important distinction must be made at this stage, as
discussed in the seminal work from Yang [25]. For a time-
independent Hamiltonian that describes a quantum charged
particle interacting with a classical electromagnetic field

L [p—gAF + g, @7
2m

the Hamiltonian H is equivalent to the system energy. In the
adiabatic regime we are considering, even if the potentials
change in time, as in the electric and electrodynamic AB
effects, the AB phase can be computed considering constant
potentials at each small time interval. But with a gauge change
V' =V — dF/dt and A’ = A + VF, the novel Hamiltonian

H =

H = 1[ AP +qV’ 28
=5 P4 I"+q (28)
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in general is time dependent and is not equivalent to the
system energy. The system energy in the new gauge is given
by [25]
U/ — H/ + qi
ot

The Hamiltonian H' is the responsible for ruling the system
evolution in the new gauge, while U’ represents the system
energy. The Hamiltonians we consider in this work for the
interaction of charges and currents (including the ones from
quantum charged particles) with the electromagnetic field, as
in Egs. (1), (4), and (15), are compatible with the one from
Eq. (28) when the terms with ¢?A? are disregarded (they
are important only for very intense fields). So, care must be
taken with the energy operator in the new gauge. Considering
Hy+H, + ﬁ{ as the unperturbed terms in the Hamiltonian
of Eq. (24), the energy eigenstate would not be the un-
perturbed Hamiltonian eigenstate. The term gdF /ot from
Eq. (29) cancels the term with aF /3t of H { from Eq. (25) for
the continuous charge distribution p. Also, using the relation
J-(VE)=V .(F))— F(V -J) and the condition V- J =0
in the adiabatic regime we consider, we conclude that the term
withJ - (VE)of H { from Eq. (25) is null. So, we conclude that
the energy operator with the gauge change in the absence of
the quantum particle, related to the unperturbed Hamiltonian
Hy+H, + H{ is the same energy operator as in the Lorenz
gauge, given by Hy + H,. In this way, the ground state for the
quantum electromagnetic field in the absence of the quantum
particle is the same as that computed in Sec. IIT A, given by
the coherent state |0), that obeys Eq. (13). This makes sense,
since an energy eigenstate should not depend on the chosen
gauge.

We may write the novel effective Hamiltonian with the
gauge change using Egs. (22), (23), (13), (14), (19), and (20).
For the effective potentials, we obtain

(29)

;s OF L OF
Vi =(0W0) = O1—-10) =V = ——. (30)
A = (0|A|0) + (O|VF|0) = A+ VF, (31)

with V and A given by Egs. (19) and (20), and
F = (0|F|0) = Z/d3k for(k, DAe (K)e*T +c.c.  (32)

The effective Hamiltonian in the novel gauge, obtained from
Egs. (15) and (26), becomes

H = (O|[B: + B110) = ¢V — n%p A (33)
We thus see that the novel effective Hamiltonian when we
perform a gauge change in the potential operators for the
quantum electromagnetic field, initially in the Lorenz gauge,
can be obtained from a gauge change in the effective poten-
tials of Egs. (19) and (20), initially in the Lorenz gauge. In this
way, the AB phase difference from Eq. (2) follows directly,
but now with the effective potentials in the novel gauge. Since
the AB phase difference for a closed path with a classical
treatment for the electromagnetic field is gauge invariant, we
have shown that this phase difference is also gauge invariant
with a quantum treatment for the electromagnetic field.

As previously discussed, the system energy in the novel
gauge is different from the Hamiltonian, as shown in Eq. (29).
Only the term proportional to p - (VF) of H} from Eq. (26)
contributes for the energy, since the other one is canceled by
the term gdF /9t from Eq. (29). Using first-order perturbation
theory, the energy change of the ground state of the quantum
electromagnetic field due to the presence of the quantum
particle is

AE] ~ fd3r|\yi(r)|2(6|[ﬁ2 - %p : (VF)]IO)

~ AE — Lp - [VF()), (34)
m

with AE; given by Eq. (18). For a particular particle path, the

AB phase can be written as

, /l‘ /AEi/ q /ri
¢o;=— [ di —=¢;+ - | (VF).dx, (35)
0 h i Jy,

where, as in Eq. (2), p/m was substituted by the average wave-
packet velocity dx/dt, ry represents the position where the
incident wave packet is divided in BS, and the spatial integral
is performed through the particle path. ¢; is given by Eq. (2)
with the effective potentials V and A from Egs. (19) and (20)
substituting the classical potentials V and A. Note that for two
paths a and b that form a closed loop, with the same initial
and final positions, we have ¢, — ¢, = ¢, — ¢, which is a
gauge-invariant AB phase difference.

V. DISCUSSION AND CONCLUSION

Note that, according to Eq. (34), the difference between
the electromagnetic ground-state energies for the quantum
particle in the two interferometer paths may in general depend
on the chosen gauge. Also, comparing Egs. (33) and (21),
we see that the quantum particle effective Hamiltonians also
depend on the gauge. So, we conclude that the AB phase ac-
cumulated by a quantum particle in a particular path depends
on the gauge used for the electromagnetic potential opera-
tors, as Hayashi showed for two specific gauges in Ref. [19].
Moreover, the effective Hamiltonian from Eq. (33) is different
from the energy change of Eq. (34), such that the predicted
AB phase for a nonclosed path is different if we compute it
using the effective Hamiltonian or using the particle influence
on the electromagnetic ground energy. So, for having a gauge-
invariant AB phase, it is necessary to impose that the possible
trajectories of the quantum particle in the interferometer form
a closed path, with the initial and final positions of each pos-
sible path being the same. In this way, the resultant AB phase
difference is gauge independent, with the calculations using
the effective Hamiltonian from Eq. (33) agreeing with the
calculations using the energy change of the electromagnetic
ground state from Eq. (34).

Marletto and Vedral recently proposed a way to measure
the AB phase of a quantum charged particle without closing
the interferometer coherently [14], which could result in an
intermediate AB phase. However, their proposal uses an an-
cillary particle. As discussed by Horvat et al. [26], when the
phase accumulated by the ancillary particle is also taken into
account, we obtain a gauge-invariant space-time loop integral
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involving the trajectories of both particles, which close the
interferometer coherently and result in a full AB phase. We
have also presented a proposal to measure an intermediate
AB phase in Ref. [15], which inspired the proposal of the
electrodynamic AB effect [7]. But in the detailed treatment
of Ref. [7] it is shown that in these cases the AB phase differ-
ence can be written as having contributions from a magnetic
flux and from an electric flux in a space-time surface whose
boundaries are the possible particles’ trajectories in space-
time, which are gauge invariant. So, the situations considered
in these works [7,15] correspond to closed paths with time-
varying electromagnetic fields, resulting in gauge-invariant
intermediate AB phase differences.

To conclude, we have presented a treatment for the AB
effect using a quantum electromagnetic field. We have shown
the gauge invariance of the obtained AB phase difference, by

showing that a gauge change on the scalar and vector potential
operators for the quantum field does not change the AB phase
difference for closed paths. However, if it was possible to
measure an AB phase difference for nonclosed paths, the
resulting AB phase difference would not be gauge invariant.
So, we reinforce the conclusions from Horvat et al. [26] and
from Hayashi [19] that it should not be possible to measure
the AB phase difference in nonclosed paths.
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