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Two-dimensional femtosecond stimulated Raman spectroscopy for
molecular polaritons: Dark states and beyond
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We propose a scheme based on femtosecond stimulated Raman spectroscopy (FSRS) for N molecules in
an optical cavity. With theoretical simulations, the scheme can access the collective dynamics of molecular
polaritons and their coupling to vibrations, along with crosstalk between polariton and dark states. Through
multidimensional projections of the FSRS signal, we identify clear signatures of the dark states, e.g., pathways
and timescales that used to be invisible with resonant techniques. A microscopic theory is developed for the
polaritonic FSRS, which reveals the interplay between polaritonic population and coherence dynamics. The
resulting signal makes the dark states visible, thereby providing a technique for probing the dynamics of dark
states and their correlation with polariton modes.
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I. INTRODUCTION

The strong interactions between photons and molecules
in microcavities lead to hybrid phases of matter, forming
a superposition of molecular states and photons [1]. These
excitations, known as molecular polaritons, may exhibit prop-
erties distinctly different from those of normal molecules,
such as controllable many-body couplings and cooperative
light emission. The complexity of molecules, arising from
their various degrees of freedom, leads to rich, multiscale
interactions among the excitations. A variety of intriguing
phenomena have been reported in recent studies, including
polariton lasing [2] and condensation [3,4], cavity-altered
chemical reactivity [5–11], and topological effects [12]. All
these works highlight the importance of polariton dynamics,
but this remains elusive.

The strong coupling of molecules to cavities has led to
extensive studies with intense debates arising from the dark
states. In spectroscopy, dark states are hard to be visualized,
for instance, in the absorption and fluorescence spectrum.
Nevertheless, the nonradiative processes the channels causing
symmetry breaking but absent in the atomic ensembles may
lead to energy or information leakage from polariton states.
Much theoretical and experimental effort has been devoted
to the relaxation of polariton modes, where the dark states
serve as exciton reservoirs for the optical systems. Notably,
the crosstalk between molecular polaritons and pure molec-
ular modes was observed in recent experiments [13,14]. A
selective dynamics of dark-state polaritons coupled to bright
polaritons was therefore demonstrated. Owing to their co-
herent and invisible nature, the dark-state polaritons exhibit
dephasing, presumably crucial for the energy transfer pro-
cess [15]. Moreover, the high mode density may make the
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dark states a promising strategy for controlling chemical
reactivity and achieving the phase transition towards po-
lariton condensation [16,17], which are still open issues.
Elaborate experiments have demonstrated unusual dynamics
of molecular polaritons beyond the Tavis-Cummings model,
particularly when considering molecules in the condensed
phase [18,19]. In the presence of solvent-induced disorder,
extensive studies have shown the spectral lines to be a sig-
nature of the pure molecular states weakly coupled to cavity
photons [20,21]. This indicates a localization nature. All these
findings call for a comprehensive understanding of polariton
dynamics in conjunction with the dark states in molecules.
The scheme of two-dimensional (2D) femtosecond stimulated
Raman scattering (2D FSRS) proposed in this paper leverages
the off-resonant spectroscopy, leading to a real-time moni-
toring of the dark polaritons. Such an off-resonant technique
is associated with neat interpretation and understanding for
both the theory and experiments, due to the elimination of
the resonant processes. This makes the 2D FSRS a promising
technique to be straightforward and controllable.

In this article, we propose an off-resonant spectroscopic
probe for molecular polaritons based on stimulated Raman
scattering, as illustrated in Fig. 1. A 2D femtosecond stim-
ulated Raman spectra (2D FSRS) approach is proposed for
molecules strongly interacting with microcavities. Two time-
delayed resonant pump fields are used for populating the
electronically excited states of the molecule-cavity hybrid
system. A combined narrow-band pulse ε2 and broad-band
pulse ε3 is off-resonantly interacting with the system—after
a time delay relative to the second resonant pump field—so
as to induce the stimulated Raman scattering via the virtual
states (e.g., the near-edge states when using UV pulses), as
illustrated in Fig. 2. The FSRS signal is therefore collected
along the direction of the broadband pulse ε3. It turns out that
the dark-state polaritons exhibit a prominent Raman response.
Our results demonstrate a multidimensional projection of the
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FIG. 1. (a) The microscopic structure of polaritons: Electromag-
netic waves interact strongly with molecular excitations in the optical
cavity, resulting in hybrid modes that manifest as quasiparticles.
(b) Schematic illustration of the FSRS setup: The pump pulses E1

and E ′
1 are used to excite the system, after which subsequent pulses

scatter through and generate the stimulated Raman transitions.

coherent FSRS signal for real-time monitoring of the dark-
state dynamics. Furthermore, a microscopic polariton model
is developed for the 2D FSRS, elaborating on the multiple
timescale nature of the population dynamics of polaritons in
crosstalk with the dark states.

The rest of the paper is organized as follows. In Sec. II
we discuss the dynamics of the model used to describe the
interactions between photons and molecules. Section III pro-
vides a brief introduction of FSRS. In Sec. IV we derive and
numerically present the one-dimensional time-resolved FSRS
signal for the molecular-polariton model. Section V presents
the 2D-FSRS scheme for the molecular-polariton model. We
propose a resolution procedure to monitor the real-time dy-
namics of the polaritons and dark polariton states. In Sec. VI
we further study the charge transfer state using the 2D FSRS.
Section VII presents our conclusions and remarks.

II. MODEL FOR MOLECULAR EXCITONS

A. Polariton and dark state

We consider a generic model consisting of N molecules in
a single-mode optical cavity, as depicted in Fig. 1(a). Each
molecule has one exciton mode, which describes the elec-
tronic excitations. The excitons essentially interact with the
vibrations, which may feature a dense distribution in complex
molecules. This system can be described by a model Hamil-
tonian H = H0 + Hvib + Vint, where H0 is the exciton-photon

component

H0 =
N∑

j=1

[
ωb†

jb j + g(b†
ja + b ja

†) + U
2

b†
jb

†
jb jb j

]
+ va†a,

(1)
where b j and b†

j are the respective annihilation and creation
operators for excitons in the jth molecule, satisfying
[bi, b†

j] = δi j . The operators a and a† denote the annihilation
and creation operators for photon modes, with [a, a†] = 1.
We use atomic units with h̄ = 1 hereafter. The symbols ω and
v represent the energy of the single mode for the molecule
and the cavity, respectively. The photon-molecule coupling is
denoted by g = −√

2πv/V p, where V is the cavity volume
and p is the dipole moment of the molecule. The parameter
U = ∑

a,b〈 ja, jb|( �da · �db − 3(n̂ · �da)(n̂ · �db))/4πε0R3| ja, jb〉
measures the interaction strength between excitons, where
�di = e�ri are the exciton dipole moments in one molecule
and | ja〉 represents the exciton state a in the jth molecule.
R is the separation between the dipoles, and n̂ = �R/R is
the unit vector in the direction from one dipole to another
[22]. One observes that the total number of excitations, i.e.,
M = ∑N

j=1 b†
jb j + a†a, is conserved due to [M, H0] = 0.

The Hamiltonian in Eq. (1) is thus of a block-diagonal
form. This leads to a superposition subject to a certain M,
forming molecule-cavity states. In the absence of U , two
modes called upper polariton (UP) and lower polariton (LP)
are found, along with the other N − 1 dark states (DSs)
or the so-called dark-state polaritons (DSPs). A schematic
diagram for the energy structure is demonstrated in Fig. 2,
where we denote the energy of UP, LP, and DSPs as ωup,
ωlp, and ωds, respectively, in addition to the trivial ground
state ωg.

The coupling of excitons to vibrational modes is of the
form [23]

Vint =
N∑
i

∑
k

ωi
vib,kqi,kdi,kb†

i bi (2)

with the free Hamiltonian of vibrational modes

Hvib =
∑

k

N∑
i

1

2
ωi

vib,kC
†
ikCik . (3)

The vibrational modes are assumed to have a dense distri-
bution that can be described by a smooth spectral density.

Here qi,k =
√

1/2mωi
vib,k (C†

i,k + Ci,k ) denotes the coordinates

of the molecular stretching. We define the polariton operators
as follows:

ηn =
N∑
j

Un, jb j + Un,N+1a. (4)

This definition can be obtained by first excluding the U term
and then diagonalizing the Hamiltonian H0. The diagonaliza-
tion process yields the commutation relation [ηn, η

†
m] = δnm.

Consequently, we can reformulate the Hamiltonian in the
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FIG. 2. (Top row) An illustration of the energy levels of molecular polaritons is provided, including the upper polariton ωup, dark state ωds,
lower polariton ωlp, and ground state ωg. The solid arrows denote the transitions of the ket states (corresponding to the left leg in the Feynman
diagrams), whereas the dashed arrows denote the transitions of the bra states (corresponding to the right leg in the Feynman diagrams). The
wavy arrow represents the signal. The FSRS process can be illustrated as follows: ε1 pumps the system from the ground state to the polariton
states (vertical blue arrows), which undergo a dynamics and then interact with the pulses ε2 (narrow-band) and ε3 (broadband) that generate
the Raman scattering (yellow and red arrows). The signal is collected from the transmission of the ε3 field. (Bottom row) Four double-side
Feynman diagrams for the 2D FSRS, in a correspondence to the level diagrams in the top row. The signal is collected along the direction of
the ε3, i.e., spectral transmission of the ε3 blue shifted with respect to the Raman probe pulse ε2.

following form:

H0 =
N+1∑
i=1

ωiη
†
i ηi + U

2

N+1∑
k,l,m,n

Kklmnη
†
kη

†
l ηmηn, (5a)

Vint =
N+1∑

m>n,i,k

Vi,k (U †
imUniη

†
mηnCi,k + H.c.), (5b)

where ωN+1/N = ωup/lp = 1
2 (v ±

√
4g2 + (v − ω)2 + ω),

ω1,2,...,N−1 = ωds = ω, Kklmn = ∑N
j U †

jkU
†
jlUm jUn j ,

Vi,k = √
1/2ωi

vib,kdi,k . Note that we have not included

terms such as η†
mηnC

†
i,k because they are negligible according

to the rotating wave approximation.
From several experimental studies, the absorption and flu-

orescence spectra of aggregated molecular ensembles show
a dense distribution of states attached to the electronic ex-
citations, yielding inhomogeneous spectral-line broadening
that results from a smooth spectral density of the vibrations
[24,25]. This indicates a significant contribution from a large
number of vibrational modes over a wide spectrum. To this
end, we can treat the vibrations as a bath system that affects
the molecule-photon system with negligible backreactions.
Therefore, we consider the molecule-photon cavity system as
an open system by tracing out the vibrations and obtain the
polariton Redfield equation ρ̇ = −i[H0, ρ] + Ŵρ [26]

Ŵρ =
∑
m>n

γmn

2
[(η†

mηnρη†
nηm − η†

nηmη†
mηnρ)n̄wmn

+ (η†
nηmρη†

mηn − η†
mηnη

†
nηmρ)(n̄ωmn + 1)] + H.c.,

(6a)

where we have γmn = ∑N
i Ji(ωmn)U ∗

miUmiUniU ∗
ni and the spec-

tral density [27]

Ji(ωmn) = 2λ0
ωγ0

ω2 + γ 2
0

. (7)

The solution to the polariton Redfield equation is given by

ρe4e3 (t ) =
∑
e2e1

Ge4e3,e2e1 (t )ρe2e1 (0) , (8)

where G(t ) is the Green’s propagator for the Redfield equa-
tion in the absence of external fields. The polariton dynamics
governed by Eq. (8) will be imprinted into the Raman re-
sponse when interacting with laser pulses. Consequently, the
nonlinear optical signals are capable of reading out the polari-
ton resonance and dynamics.

III. PRELIMINARY ON FSRS

In this work our strategy involves applying stimulated
Raman techniques to study femtosecond stimulated Raman
spectroscopy (FSRS) for molecular polaritons and optically
dark states [28–36]. The conventional FSRS takes advan-
tages over time-resolved Raman spectroscopy, e.g., the CARS
scheme, which is normally bottlenecked by the temporal and
spectral scales. The FSRS can achieve the time and frequency
scales subject to independent pulse parameters [33].

In 2D FSRS the excitations of the system are created by
resonant pump pulses; then a pair of overlapped broad-band
and narrow-band pulses scatter off the system, thereby pro-
ducing the stimulated Raman transition. The interaction thus
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reads

Hint = αε
†
2 (t )ε3(t ) − με

†
1 (t ) + H.c., (9)

where μ represents the electric dipole operator, and α denotes
the Raman polarizability operator, i.e., α = ∑

e,e′ αee′ |e〉〈e′|
[37]:

αee′ =
N∑
i

P2
i |U †

ieUe′i|
(

1

ωi − ωe′
+ 1

ωi − ωe

)
. (10)

The energy of the near-edge states |ri〉 is high enough to
ensure that it does not admit any interactions with the cavity
[38], and Pi refers to the transition dipole between different
energy levels in the ith molecule, namely, Pi = 〈ei|μ|ri〉. Since
|r j〉 is highly excited and thus is decoupled from the cavity, a
random phase is essentially attached to the Raman transition
amplitude, i.e., Uei = |Uei|eiφei . Therefore, we have to take
the ensemble average over the phase 〈|U †

ieUe′i|ei(φe′ i−φei )〉ave=
|U †

ieUe′i|, ensuring that the Raman polarizability between two
excited states is well defined.

The transmission of the Raman probe (short pulse) is
measured so that the optical signal is S = 〈ε∗

3 (ω)ε3(ω)〉. Us-
ing Heisenberg’s equation of motion for the fields, one has
[39] S = −i

∫
dt〈[ε†

3 (ω)ε3(ω), Hint]〉. Here the most signifi-
cant terms remain, namely, the time-ordered resonant pump
and Raman probe. As the Raman pulses excite the molecules,
polariton modes then begin to interact with both dark states
and the vibrational bath. This interaction causes relaxation
and repopulation, and the relevant dynamical information is
encoded in the density matrix described by the Born-Redfield
equation [26]. As a result, the multidimensional projections of
the FSRS signal reflect the real-time information regarding the
dark states and their correlations with polariton modes. Some
algebra gives the FSRS signal [39]

S(ω, T ) ∝ 1

π
Im

∫ +∞

−∞
dt eiω(t−T )ε∗

3 (ω)ε2(t − T ) Tr(α̂ρ).

(11)
One has to calculate the density matrix ρ up to the third order
of Hint so as to have the FSRS [40].

IV. ONE-DIMENSIONAL FEMTOSECOND STIMULATED
RAMAN SPECTROSCOPY

To calculate the FSRS signal from Eq. (11), we must per-
form the integral over the time domain. While this is generally
challenging, it can be achieved by assuming a Lorentzian
spectral profile

εi(t − Ti ) = θ (t − Ti )e
− t−Ti

σi e−iωit , (12)

where Ti and ωi denote the central time and frequency of the
pulse, respectively. The resonant pump ε1 excites the system,
while the pulses ε2 and ε3 act with a time delay T = T2 − T1

relative to ε1, thereby inducing the Raman transition. The
pulse fields inducing the Raman transition have identical ar-
rival times, i.e., T2 = T3. Due to the broadband nature of the
resonant pump, a wide spectrum of excited states is covered.
The FSRS signal, as given by Eq. (11), thus includes the

population components ρee and the coherence components
ρee′ (e 
= e′) of molecular polaritons.

When the Raman fields and the pump field are well
separated in time, namely, when T � σ1, σ2, σ3, the FSRS
spectroscopic experiment can be viewed as a three-step pro-
cess: preparation, propagation, and Raman detection. The two
resonant pump fields create an initial doorway state for the
polaritons, which then propagates and is finally probed at a
time delay T using a window operation. For a precise defini-
tion of this three-step process, we expand Eq. (11) in terms of
the Raman coupling, resulting in

S1D(ω − ω2, T ) ∝ N
∫ ∞

−∞
dt

∫ t

−∞
dτei(ω−ω2 )tε∗

3 (ω)

× ε2(t − T )ε∗
2 (τ − T )ε3(τ − T )

× Tr{α[α(τ ), ρ0]}

≈ N
∫ ∞

−∞
dt

∫ T

−∞
dτei(ω−ω2 )tε∗

3 (ω)ε2(t )ε∗
2 (τ )

× ε3(τ )Tr{α(t )[α(τ ), ρ(T )]}. (13)

Here = 1/
√

N
∑N

j α j describes the total Raman polarizability
of the N molecules. With a proper approximation in the last
step, assuming that the delay T is longer than the pulse du-
ration, such an approximation is effective for most ultrafast
molecular spectroscopic experiments. This approach allows
for the definition of the Raman window operators:

W (ω − ω2) =
∫ ∞

−∞
dtei(ω−ω2 )tε∗

3 (ω)ε2(t )α(t ), (14a)

V (σ ) =
∫ T

−∞
dτε∗

2 (τ )ε3(τ )α(τ ). (14b)

Using Eqs. (13), (14a), and (14b), the FSRS signal for the
Raman shift ω − ω2 reads

S1D(ω − ω2, T ) ∝ Re Tr{W (ω − ω2)[V (σ ), ρ(T )]}. (15)

To prepare the polariton state ρ(T ), the doorway oper-
ators are helpful to describe the process by the resonant
pump pulses. A doorway-Raman-window representation can
therefore be developed and would be powerful for an unified
understanding of multidimensional FSRS. We will elaborate
on this in Sec. V for the 2D FSRS.

To closely observe the FSRS signal and numerically
study the dynamics of polaritons and dark states, we set a
strong coupling g

√
N = 0.05

√
2 without losing generality. It

is worth noting that the parameters ω = 1.84 eV and U =
0.02 eV for simulations are taken from the cyanine dye ag-
gregates [41]. The ultraviolet (UV) pulses are thus preferably
used to generate the Raman transitions between the exciton-
polariton states.

Nevertheless, real-life scenarios are even more com-
plicated. Numerous aspects, such as phonons, impurities,
collisions, noise, and cavity imperfection, can cause the
dephasing and consequently affect the spectral line width.
Unfortunately, one is unable to take into account all these
channels at a microscopic level, for a clean and neat picture
from the theory. One can therefore use a parameter γ to
account for these dephasing processes at a phenomenological
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(a) (b) (c)

(a) (b) (c)

(a) (b) (c)

FIG. 3. FSRS signals of N = 10 molecules without detuning are
shown. We have taken δ = 243THz as the center frequency dif-
ference, σ2 = 1 ps, and σ3 = 35fs for the broad pulse ε2 and the
narrow pulse ε3, respectively. To better simulate the real situation, we
introduce the phenomenological parameter γ = 100THz to modify
ξs by ξe5e3 = ωe5e3 − i(γe5e3 + γ ), which can account for the possi-
ble dephasing rate caused by experimental uncertainty. Subsequent
signals use the same parameters. Horizontally, panels (a), (b), and
(c) monitor the real-time evolution of the FSRS signals with differ-
ent time delays T . (Top row) Full signal, (middle row) population
component, and (bottom row) coherence component where the full
signal is a sum of the population and coherence components.

level. In other words the complex frequency becomes ξe5e3 =
ωe5e3 − i(γe5e3 + γ ). The larger γ is, the broader lines are for
the FSRS signal. We present the simulated polariton FSRS
signals [given by Eq. (15)] in Fig. 3 and Fig. 5 with different

FIG. 4. Dynamics of the populations are solved using the mas-
ter equation, assuming no detuning between the molecules and the
cavity. In this scenario, the molecules are initially pumped into a
superposition of the upper polariton and the lower polariton, with
the transition dipole being μg,up = μg,lp.

(a) (b) (c)

(a) (b) (c)

(a) (b) (c)

FIG. 5. FSRS signals of N = 10 molecules, with a detuning be-
tween the molecule and cavity of ω − v = 1.25g. Panels (a), (b), and
(c) display the FSRS signals at different time delays. Vertically, the
total signals, populations, and coherences are displayed sequentially.
The relative intensity of the peaks observed during a real-time delay
can be used to resolve the populations of the molecular states.

detunings. Before moving on to the detailed analysis of the
signals, let us briefly comment on the implications derived
from the one-dimensional (1D) signal, without delving into
many numerical details. According to first-order perturbation
theory, we know that the pulse ε1 initially excites the polari-
tons to the superposition state N−1(μup,g|UP〉 + μlp,g|LP〉),

where N =
√

μ2
up,g + μ2

lp,g is the normalization factor.

Generally speaking, the intensity of the signal curve in-
dicates the probability of a certain process occurring, which
boils down to the population of the relevant states. For ex-
ample, a peak located at ωe3e5 � 0 reflects that the linear
combination of density matrices ρe3,e3 + ρe5,e5 is dominating,
rather than the individual populations ρe3,e3 or ρe5,e5 . This
is attributed to the two components: dissipative [Figs. 2(a′)
and 2(c′) and parametric [Figs. 2(b′) and 2(d′)] processes that
give the same Raman resonance. As shown in Figs. 2(a)–2(d),
where e3 = ds and e5 = lp, we observe that the peak is located
at ωds,lp, indicating the transition progression from (a) to (d).
This argument can guide us to qualitatively decode more
populations from the FSRS signal.

In the following sections, we will discuss 1D FSRS in
detail for cases with or without detuning between molecules
and the cavity. We will focus on the blue Raman shifts of the
signal hereafter.

A. Zero cavity-molecule detuning

In this subsection, we begin by considering the case of zero
detuning between the molecular excitons and the cavity, i.e.,
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ω − v = 0. In Fig. 3 we display the total signal, population,
and coherence on the top, middle, and bottom lines, respec-
tively. Notice that the signal may show negativity somewhere.
This arises from the oscillatory nature of the quantum coher-
ence created by the broadband pump pulse at zero time delay.

Let’s begin by analyzing the population, as shown in the
middle line of Fig. 3. Owing to the vanishing detuning,
ω − v = 0, we have ωup,ds = ωds,lp. As a consequence, we can
observe two peaks: (1) the transitions UP ↔ Dark and Dark
↔ LP that merge together and (2) the transition UP ↔ LP. By
varying the time delay T, the populations at the dark states can
be resolved from the two peaks in Figs. 3(a)–3(c). However,
due to the transitions UP ↔ Dark and Dark ↔ LP merging
into one peak at 107 THz, Fig. 3 enables real-time moni-
toring of the coupled dynamics for the polariton states, i.e.,
ρup,up + ρlp,lp. The peak at 107 THz includes the trasition pro-
cess from Figs. 2(a)–2(d) with the Raman shift ωup,ds, ωds,lp.
This is further confirmed by the simulations of the polariton
Redfield equation in Eq. (6a), which depict the population
dynamics of the polariton states in Fig. 4. Moreover, Fig. 3
also shows that the signal resolves the coherence nature of the
polaritons within a short timescale. In particular, the peak at
ωup,ds (ωds,lp) presents an oscillation during approximately 1
ps, on top of the population components ρup,up + ρds,ds. This
reveals the coherence between the UP and the LP.

B. With detuning ω − v = 1.25g

We consider a detuning of ω − v = 1.25g between the
molecular excitons and cavity photons. As observed in the
energy-level structure of polaritons, the two transitions UP ↔
Dark and Dark ↔ LP result in a splitting of the spectral lines.

Beginning with the population analysis shown in the mid-
dle line of Fig. 5, we clearly observe three peaks at ωup,ds =
88THz, ωds,lp = 130THz, and ωup,lp = 213THz. As in the
previous analysis, the peak at ωup,ds is expected to represent
the combined dynamics of the UP and dark states. This peak
decreases with time delay, in contrast to the behavior of the
LP state. The peak at ωds,lp, however, continually increases,
aligning with the growth of the LP state. This peak corre-
sponds to the combined dynamics of the LP and dark states.
Similarly, the peak for ωup,lp reflects the dynamics of the UP
and LP states. Its behavior is consistent with the dynamics of
the superposition of UP and LP, which first decreases and then
begins to increase.

The population dynamics of polaritons coupled to the dark
states can be read out from the FSRS signal. For a longer
timescale, longer than the coherence lifetime, the population
dynamics of cavity polaritons dominate. After some manipu-
lations, we are able to find a group of algebraic equations for
populations and signals under the impulsive approximation,
with only small errors:

S(p)
1D (ωup − ωds, T ) � α̃

(1)
1D,upds[ρdsds(T ) + ρupup(T )] + α̃

(1)
1D,dslp[ρdsds(T ) + ρlplp(T )] + α̃

(1)
1D,uplp[ρlplp(T ) + ρupup(T )],

S(p)
1D (ωds − ωlp, T ) � α̃

(2)
1D,upds[ρdsds(T ) + ρupup(T )] + α̃

(2)
1D,dslp[ρdsds(T ) + ρlplp(T )] + α̃

(2)
1D,uplp[ρlplp(T ) + ρupup(T )],

S(p)
1D (ωup − ωlp, T ) � α̃

(3)
1D,upds[ρdsds(T ) + ρupup(T )] + α̃

(3)
1D,dslp[ρdsds(T ) + ρl pl p(T )] + α̃

(3)
1D,uplp[ρlplp(T ) + ρupup(T )] (16)

where the coefficients are defined by

α̃
( j)
1D,ab = 1

π
Im(−i)3

N−1∑
n

|αa,b|2 f (ω( j), ξab).

Here we define the function f (v, ξ ) to simplify the final ex-
pressions. This function is related only to the pulse parameter
and the energy gap and is derived from the integral of (15):

f (v, ξ ) = 1
− 1

σ2
+iδ− 1

σ3
+iξ

(
1

i(v−ξ )− 1
σ2

− 1
− 2

σ2
+i(v+δ)− 1

σ3

)
, (17)

where we assume that the broadband Raman pulse ε3 has
a duration much shorter than the polariton relaxation and
dephasing processes. In these formulas, j = 1, 2, 3 indicates
that ω(1,2,3) corresponds to ωup,ds, ωds,lp, ωup,lp respectively,
and δ = ω2 − ω3. Using (16), we can solve for the density
matrices ρds,ds, ρup,up, and ρlp,lp in terms of the FSRS lines,
given the superposition N−1(μup,g|UP〉 + μlp,g|LP〉) as an
initial state. We illustrate the dynamics of this picture in Fig. 6,
where the initial state is a superposition of LP and UP states
with μup,g = 2.443, μlp,g = 2.008, and the normalization is
given by N � 3.162. Due to the existing detuning between
molecules and the cavity, the transition dipole between UP and
LP is no longer equal, which explains why UP and LP states
have different initial weights in Fig. 6. As displayed in Fig. 6,

the bright and dark polariton populations resolved by Eq. (16)
with the FSRS signal perfectly match those obtained from the
Redfield equation Eq. (6a). Interestingly, after relaxation ends
around T = 20 ps, dark-state polaritons occupy a significant

FIG. 6. Comparison between the populations resolved by the
FSRS signal (dashed line) and the populations obtained from the
master equation (solid line), with a detuning of 1.25g. The transi-
tion dipole values are μg,up = 2.443 and μg,lp = 2.008. The green,
orange, and blue colors correspond to the dynamics of the upper
polariton, dark state, and lower polariton, respectively.
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proportion. This insightful finding suggests that dark states
can be more effectively explored after relaxation.

Although we use FSRS to accurately resolve the dynamics
of the upper and lower polaritons, as well as the dark states,
the main limitation is that we can only initially pump the
superposition of the upper and lower polaritons, not any of
them individually. To address this issue, we propose to add a
second pump pulse ε′

1, and use the time delay T0 between the
ε1 − ε′

1 pulses to control the excitation of the polariton states,
as illustrated in Sec. V.

V. TWO-DIMENSIONAL FEMTOSECOND STIMULATED
RAMAN SPECTROSCOPY

To overcome the spectral bottleneck presented by the
1D FSRS above, we will use two pulses for the selective
excitation of molecular polaritons. Other scenarios of 2D
spectroscopy can also be found in the literature, e.g., [42–44].
Here a pair of short pulses, with an additional delay T0, pump
the system, creating resonant excitations. The Raman emis-
sion is then collected after a delay of T relative to the second
pump pulse, as depicted in Fig. 1(b). Using the Dyson series
up to the second order against the couplings with the resonant
pump pulses, we determine the polariton density matrix

ρ(t ) = N
∫∫ t

−∞
dτ2 dτ1θ (τ2 − τ1)μ(τ2)ρ0μ(τ1)

× ε1(τ2 − T ′
1 )ε∗

1 (τ1 − T1) + H.c.

≈ N
∫ ∞

−∞
dt ′

∫ ∞

−t ′
dt ′′Ĝ(t − T ′

1 )[μ(t ′)ρ0μ(−t ′′)]

× ε1(t ′)ε∗
1 (T0 − t ′′) + H.c., (18)

where t � is the pulse duration. ε1(t − T1) and ε1(t − T ′
1 )

denote the two resonant pump fields, with T0 ≡ T ′
1 − T1. The

Green’s propagator, Ĝ(t ), is defined in Eq. (8) for the polariton
systems. Equation (23) enables the definition of the doorway
operators for the resonant excitation process [45]

D(T0) = N
∫ ∞

−∞
dt ′

∫ ∞

−t ′
dt ′′ε1(t ′)ε∗

1 (T0 − t ′′)

× μ(t ′)ρ0μ(−t ′′) + H.c.,

D(ω0) =
∫ ∞

−∞
dT0eiω0T0 D(T0) (19)

so that

ρ(t ) = Ĝ(t − T ′
1 )D(T0). (20)

By inserting Eq. (20) into Eq. (15) and performing the
Fourier transform over T0, the calculations proceed as usual.
Consequently, we obtain the 2D-FSRS signal in the doorway-
Raman-window formalism,

S2D(ω − ω2, T, ω0)

∝ Im Tr{W (ω − ω2)[V (σ ), Ĝ(T )D(ω0)]}; (21)

with T � pulse durations, this means that the Raman pump-
probe fields are temporally separated from the resonant pump
fields. W (ω − ω2) and V (σ ) are the Raman window operators,
as given by Eqs. (14a) and (14b), respectively. The salient

(a) (b) (c) (d)

(a) (b) (c) (d)

(a) (b) (c) (d)

FIG. 7. Two-dimensional FSRS signal without the detuning.

feature of the 2D-FSRS signal, as seen from (21), is that it
allows selective access to the polariton states via the pump.
We can then expect real-time monitoring of the pathways of
polariton dynamics, a task that is challenging for the 1D-FSRS
signal.

Before the discussions, it is worthy of having some back-
of-the-envelop analysis for the 2D-FSRS signal. From Fig. 2
and Eq. (21), one can see that each peak normally captures the
four Feynman diagrams, i.e., involving both the dissipative
and parametric components. In other words, each spectral
resonance in the 2D signal encompasses the four transitions
shown in Figs. 2(a)–2(d). Nevertheless, our strategy in what
follows will enable a capability of resolving the effects from
different transition configurations and the dynamics specific
to each state. For the molecules with more complicated struc-
tures that may involve local impurities or charge-transfer
states, a sophisticated way of directly accessing the dark
states is to include the dissipative components only whereas
the parametric components vanish. This will be detailed in
Sec. VI.

A. Without detuning ω − v = 0

Let’s briefly analyze the behavior of the 2D-FSRS signal
shown in Fig. 7, where δ = 0. Different values of ω0 enable
the selection of different initial pumping states, as indicated
by the vertical axis in Fig. 7. From this axis, it is clear that
the peaks are localized around either the upper polariton (at
ω0 = 2890THz) or the lower polariton (at ω0 = 2680THz),
corresponding to initial pumping into the upper and lower
polariton, respectively. In other words, analyzing the peaks
that are vertically localized around the upper polariton will
reveal the real-time populations for the initial upper pump,
and similarly for the lower polariton case.

To analyze the case with initial pumping to the upper po-
lariton, we should focus on the upper peaks in a given plot
of Fig. 7. We observe that the signal is dominated by two
peaks corresponding to ω − ω2 = ωup,ds = ωds,lp = 103THz
and ω − ω2 = ωup,ds = 206THz. Because ω − v = 0, the en-
ergy gap ωup,ds equals ωds,lp. In this case, the first peak is the
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(a) (b) (c) (d)

(a) (b) (c) (d)

(a) (b) (c) (d)

FIG. 8. Two-dimensional FSRS signal obtained with a detuning
of 1.25g.

merged one from ωup,ds and ωds,lp due to zero detuning. Con-
sequently, as in the 1D case, the peak at ω − ω2 = ωup,ds =
ωds,lp reflects a mixed population from the upper polariton,
dark state, and lower polariton with different ratios, making it
difficult to obtain valid information about each of them. How-
ever, the peak at ω − ω2 = ωup,ds encodes the information of
only the upper and lower polariton. Its intensity first decreases
and then grows, consistent with the dynamics of ρup,up + ρlp,lp

shown in Fig. 9(a) below. Similarly, when the initial pump is
pulsed to the lower polariton (the ω0 = 2680THz line), the
intensity of the peak at ω − ω2 = ωup,ds continues to decrease,
aligning with the dynamics of ρup,up + ρlp,lp, as shown in
Fig. 9(b).

In the coherence part of Fig. 7, we see that the peaks
are concentrated vertically on the upper polariton (ω0 =
2890THz) and lower polariton (ω0 = 2680THz), implying
that the coherence oscillates only between the UP and LP
states. A simple explanation is that we cannot initially pump
to the dark state. The oscillation and decay in the coherence
section of Fig. 7 are clearly observable. The combination of
population and coherence is shown on the top line in Fig. 7,
where we observe that there are no coherence contributions
anymore at T = 1 ps.

Until now, we have observed the dynamics of ρup,up +
ρlp,lp. However, obtaining their individual dynamics is chal-
lenging due to the overlapping of the first two peaks,

(a) (b)

FIG. 9. Comparison between the population resolved by the
signal (dashed line) and the population obtained from the master
equation (solid line), for ω − v = 1.25g.

ω − ω2 = ωup,ds and ω − ω2 = ωds,lp. In the following sec-
tions, we will turn on the detuning, which will separate these
two peaks.

B. With detuning ω − v = 1.25g

In a global view, we observe two peaks at ωup and ωlp

when taking slices along ω0. This is due to the destructive
interference in the dark-state polaritons that results in zero
net dipole. Nevertheless, three peaks can be seen along the
slices with fixed ω0. This indicates the active response of the
dark-state polaritons.

The first row of Fig. 8 shows the full 2D FSRS given by
Eq. (21), with scanning the delay T . For the slice at ω0 =
ωup = 2890THz, Fig. 8(a) depicts that the signal is dominated
by two peaks at ωup,ds = 88THz and ωup,lp = 218THz. This
means the population of the system is at the upper polariton
state. When the delay T varies, we see the energy transfer
from UP to DSPs, evident by the increase of the peak at ω −
ω2 = ωds,lp in Figs. 8(b) and 8(c). After a longer delay, as seen
from Fig. 8(d), the DSPs are densely populated, whereas the
population at the LP state is less. This is attributed to the large
number of DSPs.

Figures 8(a)–8(d) further show different timescales associ-
ated with different pathways. In particular, the peak at (ω −
ω2 = ωds,lp, ω0 = ωup) shows a fast increase within 930 fs,
dramatically different from the one at (ω − ω2 = ωup,lp, ω0 =
ωup) that shows a considerable change within 20 ps. We thus
observe a faster energy transfer from UP to DSPs than from
UP to LP. This can be understood neatly by the large density
of the DSPs, much higher than the bright polariton states
revealed in resonant spectroscopic experiments. The transition
rate is 2π |〈DS|Vint|UP〉|2ρ(Eds) from Fermi’s Golden Rule,
which is enhanced by the mode density of the states. When
slicing Figs. 8(a)–8(d) at ω0 = ωlp, we see the dynamics
when initially pumping to the LP state. The results present
a dramatic difference from those with ω0 = ωup, resulting in a
slightly more subtle analysis due to the resolution issue for
the figures. Nonetheless, we can still find the peak around
ωds,lp barely varying with the delay, while the spectral line
gets broadened slightly towards the peak at ωup,ds. The peak
at ω − ω2 = ωup,lp shows low intensity, indicating a weak
population at the UP state.

Notably, from the comparison between the top and middle
rows of Fig. 8, it is evident that the DSPs can be greatly
populated when the system is pumped to the UP state rather
than the LP state. This indicates energy harvesting by the
DSPs, which is important for understanding the kinetic and
thermodynamic properties of molecules in cavities. As an op-
tical signal, Fig. 8 clearly demonstrates real-time monitoring
of the DSPs coupled to other molecular states, illustrating the
crucial role of the DSPs.

Within a shorter timescale, the 2D FSRS reveals the co-
herence effect in the cavity-polariton systems, evidenced by
the fast oscillations. By carefully checking the oscillating
frequency, as supported by Fig. 8 (third row), the quantum co-
herence between UP and LP states is captured. This is due to
the broadband nature of the pump fields that create a coherent
superposition of a|UP〉 + b|LP〉. Such polaritonic coherence
is resolved by the FSRS signal over a short timescale,
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whereas the FSRS signal is dominated by the polariton pop-
ulations over longer timescales. The polariton dynamics can
be monitored in a more advanced way through a sophisticated

method, namely, by understanding the intrinsic connection of
peak intensities to the populations that dominate over longer
timescales. Consequently, a group of algebraic equations can
be found:

S(p)
2D (ωup − ωds, ωup, T ) � α̃

(1)
up,ds[ρdsds(T ) + ρupup(T )] + α̃

(1)
ds,lp[ρdsds(T ) + ρlplp(T )] + α̃

(1)
up,lp[ρlplp(T ) + ρupup(T )],

S(p)
2D (ωds − ωlp, ωup, T ) � α̃

(2)
up,ds[ρdsds(T ) + ρupup(T )] + α̃

(2)
ds,lp[ρdsds(T ) + ρlplp(T )] + α̃

(2)
up,lp[ρlplp(T ) + ρupup(T )],

S(p)
2D (ωup − ωlp, ωup, T ) � α̃

(3)
up,ds[ρdsds(T ) + ρupup(T )] + α̃

(3)
ds,lp[ρdsds(T ) + ρlplp(T )] + α̃

(3)
up,lp[ρlplp(T ) + ρupup(T )], (22)

where the coefficients are defined by

α̃
( j)
a,b = 1

π
Im(−i)3

N−1∑
n

|αa,b|2|μg,up|2

×
(

1

iγgup
+ 1

iγupg

)
f (ω( j), ξab). (23)

We can solve the density matrices using (22) in both cases,
i.e., when pumping to the upper and lower polariton. The
resolved population turns out to match perfectly with the real
dynamics governed by the master equation (see Fig. 9).

C. With detuning ω − v = −1.25g

We can also consider the negative detuning, such as ω −
v = −1.25g. In this case ωup,lp is the same as in the previous
case (i.e., ω − v = 1.25g); however, the energy gaps of ωup,ds

and ωds,lp have been exchanged. Similarly, we show the full
signal, population, and coherence in Fig. 10.

It is immediately evident from Fig. 10 that the trends for
the peaks do not deviate significantly from the positive de-
tuning case, indicating similar behavior for the populations,
which we do not need to discuss further. However, the spe-
cific details of the dynamics indeed change. We demonstrate
these changes in the resolved dynamics and the real dynamics

(a) (b) (c) (d)

(a) (b) (c) (d)

(a) (b) (c) (d)

FIG. 10. Two-dimensional FSRS signal with the detuning of
ω − v = −1.25g.

in Fig. 11, which, of course, fit well. The most significant
discrepancy with the positive detuning is a substantial increase
in the percentage of the dark state in the populations. This
occurs because dark states with negative detuning have lower
energy compared to the positive detuning case, making the
dark states more easily “accessible.” Therefore, to prevent the
dark state from becoming scarce, we could consider setting
the detuning to a negative value.

VI. 2D FSRS WITH CHARGE TRANSFER STATES

There are molecules reactive for electron transfer, access-
ing the charge transfer states (CTs). The CTs typically have
energies lower than the first excited states of the molecules
[46]. Our strategy is essentially to induce the stimulated
Raman transition that ends up at the CTs. As the CTs are
difficult to excite directly by the pumping pulse, the FSRS
signal for the molecular polaritons can be cleaner than before.
This is evidenced by the fact that only the components (a′)
and (c′) in the Feynman diagrams (Fig. 2) survive. Assuming
the near-edge states can be radiatively coupled to both the
molecular excitons and the CTs, the Raman polarizability for
the molecular polariton takes the following form following
Eq. (10):

αe3ct =
N∑
i

Piμri,ctU
†
ie3

(
1

ωi − ωct
+ 1

ωi − ωe3

)
, (24)

where μri,ct denotes the transition dipole between the near-
edge state and the charge transfer state. For this system, we

(a) (b)

FIG. 11. Comparison of the population resolved by the signal
(dashed line) with the population obtained from the master equa-
tion (solid line), for ω − v = −1.25g.

053719-9



JIANHUA REN AND ZHEDONG ZHANG PHYSICAL REVIEW A 109, 053719 (2024)

have obtained the 2D-FSRS signal with CTs as follows:

Sct (ω0, ω − ω2, T ) = 1

π
Im(−i)3ε∗

3 (ω)
∫ ∞

0
dt

∫ t

0
dτ

N+1∑
e1e2e3e4

μge1μge2αe3ctαcte4

(
1

−ω0 − ξge1

+ 1

ω0 − ξe1g

)

× ε2(t − T )eiω(t−T )ε∗
2 (τ − T )ε3(τ − T )Ge4e3,e2e1 (τ − T2)e−iωe4ct (t−τ ). (25)

To visualize our signal, we consider 10 molecules and
assume that the energy of the charge transfer state is 1.6 eV, as
shown in Fig. 12. Since the parametric process is not included
in this case, a peak located at ωe3e5 � 0 accurately reflects
the density matrix ρe3,e3 . This fact should be kept in mind
when analyzing Fig. 12 and comparing it with the real-time
dynamics in Fig. 9. Initially, we consider the pulse pumping
to the upper polariton, as shown in the upper part of the signal
plots in Fig. 12. The peak ω − ω2 = ωlp,ct only contains the
(a′) and (c′) processes in Fig. 2 with Raman shift ωlp,ct. The
behavior of the peak at ω − ω2 = ωlp,ct = 230THz demon-
strates the dynamics of the upper polariton, which continues
to grow as indicated by the increasing intensity of the rele-
vant peak. Conversely, the peak at ω − ω2 = ωds,ct = 360THz
represents the dynamics of the dark state: the density matrix
increases over time and then begins to decay. Last, the peak
at ω − ω2 = ωup,ct = 450THz reflects the dynamics of the
upper polariton, which is indicated by the decreasing peak
intensity.

In the lower part of the population depicted in Fig. 12,
where the system is initially pumped to the lower polariton,
the peak at ω − ω2 = ωup,ct is absent at all time delays. This
absence is due to the energy of the upper polariton being too
high to undergo relaxation. The decreasing intensity of the
peak at ω − ω2 = ωlp,ct and the increasing intensity of the
peak at ω − ω2 = ωds,ct correspond to the decay of the UP
state and the growth of the dark state, respectively.

In the coherence part of Fig. 12, we observe that peaks
predominantly appear around ω − ω2 = ωlp,ct and ω − ω2 =

(a) (b) (c)

(a) (b) (c)

(a) (b) (c)

(d)

(d)

(d)

FIG. 12. FSRS signal with detuning ω − v = 1.25g. The energy
of the charge transfer state is 1.6 eV.

ωup,ct. This predominance is due to the selection rule that
forbids initial pumping to the dark states. As is typical, the
peaks exhibit an oscillatory decay. Moreover, we can clearly
observe the oscillation at the peak, transitioning from “all
red,” through “half red, half blue,” to “all blue.” The fading
color also indicates that the oscillation is decaying. Regarding
the total signal, it is important to note that the “red dot”
(positive part) in Fig. 12(b) consistently represents the con-
tribution of the population, as the positive and negative values
of coherence are identical. It is evident that Figs. 12(c) and
12(d) are identical to the pure population, implying that the
coherence has dissipated.

VII. CONCLUSION AND REMARKS

We studied the coherent Raman response of molecular
polaritons, in which the dark states are visualized. The results
led to 2D FSRS for cavity-polariton systems, and we therefore
proposed a microscopic theory for the FSRS signal. Rich in-
formation about the dark-state polaritons and their coupling to
the bright polaritons can be readily visualized in the 2D FSRS.
Our work provides an off-resonant spectroscopic scheme
for real-time monitoring of dark-state-polariton dynamics,
not accessible by conventional spectroscopic techniques, in-
cluding absorption and fluorescence. The multidimensional
projections of the FSRS signal, as elaborated, enable a mul-
tiscale illustration of the polariton dynamics in crosstalk
with the DPSs, underlying a time- and frequency-resolved
nature.

Our work would be insightful for the study of polariton-
afforded reactivity of photoactive molecules and cavity-
coupled heterostructures, including 2D semiconductors. The
FSRS in the present work can enable a clean fingerprint for
the fast nonadiabatic electron dynamics, where complex en-
ergy potentials involving anharmonicity need to be taken into
account. These would be a remarkable generalization of our
present work and will be presented elsewhere.
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