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In quantum optics, measurement statistics—for example, photocounting statistics—are considered nonclas-
sical if they cannot be reproduced with statistical mixtures of classical radiation fields. We have formulated
a necessary and sufficient condition for such nonclassicality. This condition is given by a set of inequalities
that tightly bound the convex set of probabilities associated with classical electromagnetic radiation. Analytical
forms for full sets and subsets of these inequalities are obtained for important cases of realistic photocounting
measurements and unbalanced homodyne detection. As an example, we consider photocounting statistics of
phase-squeezed coherent states. Contrary to a common intuition, the analysis developed here reveals distinct
nonclassical properties of these statistics that can be experimentally corroborated with minimal resources.
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I. INTRODUCTION

The concept of nonclassical states in quantum optics [1-9]
is based on the fact that all measurements under the coherent
states |o) of a light mode can be explained with no need to
quantize the electromagnetic field. Since the density operator
0 of any quantum state can be represented as

b= /C PaP(@)a) @l. (1)

where P(«) is the Glauber-Sudarshan P function [10,11], the
states with P(a) > 0 can be regarded as classical statistical
mixtures of coherent states. The remaining states are consid-
ered to be nonclassical.

Determining whether a given quantum state is nonclassical
can be a challenging task, since the P function is often not
regular. A wide range of nonclassicality tests focuses on the
complete (as far as achievable in experiments) information
about quantum states [12-25]. Another group of nonclas-
sicality tests involves partial information obtained through
specific measurements or sets of measurements; see, e.g.,
Refs. [26—46].

The latter tests provide only sufficient conditions for non-
classicality of quantum states. However, they address a more
specific but still crucial issue: can the given measurement
statistics be reproduced with a statistical mixture of coher-
ent states? An example of such a measurement statistic is
given by the photocounting distribution P(n) estimated with
photon-number resolving (PNR) detectors, where n is the
number of photons. The corresponding archetypal tests are
based on the Mandel Q parameter [28], its higher-order gen-
eralization [33], the Klyshko criterion [35], etc. The first
two have been adapted [39-41] to a realistic scenario with
click detectors [47-54]. Other examples of nonclassicality
tests [42,43] relevant to this paper involve a different mea-
surement procedure—unbalanced homodyne detection [55].
In this case, we deal with a set of photocounting distributions
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‘P(n|y) conditioned on a device setting—the complex ampli-
tude y of the local oscillator.

Nonclassicality of a given measurement statistic implies
that the set of probability distributions P(Ala) to obtain
the value A under a measurement with the setting a cannot
be reproduced with a statistical mixture of coherent states.
This implies that P(Ala) cannot be expressed as a con-
vex combination of the probability distributions IT(Ala; o) =
(a|T1(A]a)|a) for the coherent states |«). Here [1(A|a) is an
element of the positive operator-valued measure (POVM),
corresponding to the measurement outcome A with the setting
a. The functions IT(A|a;a) [56,57] are also referred to as Q
symbols of the POVM. If A is the number of photons and
no detector settings are involved, nonclassicality of measure-
ments statistics aligns with nonclassicality of photon-number
statistics in Ref. [58]. Similar to Ref. [46], our approach
extends this concept to a set of observables, each of them is
assigned an associated value of the device setting a.

As it has been shown in Refs. [45,46,58,59] (see also
Ref. [38] for particular cases), the probability distributions
‘P(Ala) are nonclassical if and only if there exists a func-
tion A(A, a), which we refer to as the test function, that the
inequality

Y PAla)nA.a) < sup Y TTAla:e)r(A, @) (2)

a,A aeC a,A

is violated; cf. Appendix A for details. The left-hand side of
this inequality can be estimated from the measured data, facil-
itating practical implementation of the test. On the right-hand
side, the supremum over the coherent amplitude « in the entire
complex plane C is taken.

Inequality (2) implies that the sum of expectation values
of the test function A(A, a) over all settings a for the clas-
sical measurement statistics does not exceed the same sum
of its expectation values for all coherent states |c«). This
inequality can also be considered as a consequence of the
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supporting hyperplane theorem [60]. A similar concept is
used for testing other quantum phenomena. For example, a
generalized form of Bell inequalities and entanglement wit-
ness are based on the same mathematical idea of separating
the convex sets of local realistic probability distributions and
separable quantum states by supporting hyperplanes; see, e.g.,
Refs. [45,59,61-64].

Finding the optimal test-function A(A, a) in inequality (2)
can be a challenging problem. In this paper, we find that the
amount of these inequalities can be reduced to tightly bound
the convex set of classical probability distributions. Thus, the
problem of finding the optimal A(A, a) is drastically simplified
to finding violations among tight inequalities.

In particular, our technique enables one to verify nonclassi-
cality of photocounting statistics for phase-squeezed coherent
states using minimal experimental resources. The obtained
result contradicts the intuitive expectation based on positive
variance of excess noise for photocounting measurements
with such states [6], implying the positive Mandel Q pa-
rameter. We also apply our method to unbalanced homodyne
detection. In this context, we have demonstrated nonclassi-
cality of the measurement statistics conditioned on the value
of the local-oscillator amplitude and obtained with a single
on-off detector for a squeezed vacuum state. Importantly, the
local-oscillator phase is chosen to be the same as the phase of
the antisqueezed quadrature, which also makes nonclassicality
of this measurement statistics counterintuitive.

The rest of the paper is organized as follows: In Sec. II we
employ an analysis based on convex geometry to formulate a
general framework for tight inequalities testing nonclassical-
ity of measurement statistics. These inequalities are applied to
realistic photocounting measurements in Sec. III. In Sec. IV
they are derived for unbalanced homodyne detection. A sum-
mary and concluding remarks are given in Sec. V.

II. TIGHT INEQUALITIES: GEOMETRICAL
FRAMEWORK

Our goal is to optimize the set of all test functions A(A, a),
i.e., to construct the minimal set of A(A, a) for which violation
of inequalities (2) is the necessary and sufficient condition
for nonclassicality of the probability distributions P(A|a). We
achieve this by employing the methods of convex geometry;
see, e.g., Refs. [65,66]. The corresponding inequalities tightly
bound the convex set of classical probability distributions
and thus referred to as the tight inequalities. Formalizing the
requirements of their completeness and minimality, we can
give the following definition.

Definition 1. Let A be a set of test functions A(A, a). We
say that they produce tight inequalities if

(1) forany A'(A, a) € A, the corresponding inequality can
be derived from tight inequalities.

(2) no tight inequality can be derived from other tight
inequalities.

In the context of this definition, deriving an inequality
from others involves two operations: both sides of inequalities
can be multiplied by non-negative numbers, and different
inequalities can be added to each other. Thus, the inequality
with A(A, a) follows from the inequalities with A;(A, a) if

MA, a) =), Cii(A, a) such that C; > 0. In other words, in
such a case, A(A, a) is a conic combination of X;(A, a).

In what follows, we also use the vector notations P and A
for the probability distributions P(A|a) and the test function
A(A, a), respectively. First of all, we note that the values of
the probability distributions P(A|a) are not independent due
to the normalization conditions,

> PAla) = 1. 3)
A

We define the vector P as the set of elements corresponding
to the independent values of these probability distributions.
Hence, the dimensionality of the vector P is given by

dim P = (N — 1)N,, “4)

where N, is the number of all measurement outcomes A and
N, is the number of device settings a. Application of nor-
malization condition (3) to inequality (2) results in a similar
inequality with a redefined test function A(A, a). We define the
vector A as the set of elements corresponding to the redefined
test function A(A, a). Consequently, the inequality Eq. (2) can
be rewritten as

P-r<sup () - A, (5)
aeC
where IT(«) represents the Q symbols of the POVM, i.e., the
probability distributions for the coherent states.

Let us analyze inequality (5) in the context of convex ge-
ometry; cf., e.g., Refs. [65,60]. In the space of vectors P, the
probability distributions for the coherent states (the Q symbols
of the POVM) form a manifold

C={I(a)|a € Cuxl, (6)

described by the parametric equation P = II(«), where C
is the extended complex plane.! In the most general case, the
manifold C is two dimensional, since it is parametrized by two
real parameters related to the complex number «. However,
for phase-insensitive measurements, such as photocounting,
I(«) depends only on || and not on arg . This makes the
corresponding manifold one-dimensional, i.e., it is a curve.
The classical probability distributions (vectors) P belong to
the convex hull of the manifold C,

H = ConvC. @)

Nonclassicality of P implies that P¢H.

The right-hand side of inequality (5) can be interpreted as
the support function [66] of H, see Refs. [46,58,67]. This
function represents the distance (in the units of length of 1)
from the origin to the supporting hyperplane of  normal to
the vector A. Each supporting hyperplane of ‘H should include
at least one point of the manifold C corresponding to a value
of the parameter «; see Appendix B 1. Hence, each vector
A can be associated with at least one value of the parameter
«. However, on the manifold C there can exist such points
which (i) have more than one supporting hyperplanes of H
associated with each of them or (ii) do not belong to any

'The set C can be a manifold with boundary. For brevity, however,
we refer to it as a manifold.
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A

FIG. 1. A toy example demonstrating the manifold C (solid and
dotted lines) and its convex hull # (shaded area). At the breaking
point B € C there exist multiple supporting hyperplanes (dashed
lines) corresponding to different vectors A. The points from the
dotted part of C are not associated with any supporting hyperplane.

supporting hyperplane of H; see Fig. 1 for a toy example. This
leads to the necessity of optimizing the set of vectors A in the
context of Definition 1 and the procedure of their construction.

The standard methods of convex analysis (see, e.g.,
Refs. [65,60]) yield a statement that serves as a practical
tool for constructing tight inequalities. Prior to introducing
this statement, let us recall the concept of closed convex
cones and their extreme rays. A closed set L of vectors is a
closed convex cone if for any A, A, € L the conic combi-
nation CjA; + GA, € L, where C;, > 0. The extreme rays
of L, denoted as Ext[L], comprise a continuous, discrete, or
hybrid set of vectors A; such that any A € L can be expressed
as a conic combination of these vectors, i.e., A = Zi CiAi,
where C; > 0, and sum is replaced by integral for continuous
i. Additionally, no vector A; € Ext[L] can be represented as a
conic combination of other vectors in this set. The statement
used for constructing tight inequalities can now be formulated
in the following form:

Statement 1. Let us consider the closed convex cones, cf.
Appendix B 2, defined by

L(a) = {l

arg max l'[(o/)-l:a}. (8)

a'eCqy

The set A, producing tight inequalities, cf. Definition 1, can
be obtained as

A= U Ext[L(a)]. 9)

aeCqy

The proof of this statement is given in Appendix B 3. Its
essence can be explained as follows: Equation (8) assigns, for
each value of «, the set L(«) of vectors A for which the expres-
sion I (a) - A reaches the global maximum as a function of
«'. There can be such values of « for which global maximum
is not reached for any vector A. In such cases, L(x) = @.
In another situation, a given value of o can be assigned to
multiple vectors A for which the global maximum is reached.

J
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FIG. 2. A principal scheme of a click detector based on the
spatial splitting of a light mode, represented by a unitary U (N), into
N equally balanced modes, each of them is analyzed by an on-off de-
tector. The remaining N — 1 modes at the input of the interferometer
are in the vacuum state. The outcome of the detection system is given
by the number n = 0, ..., N of all triggered detectors.

The extreme ray optimizes the set L(«). Finally, Eq. (9) unites
the optimized sets of A for different values of .

III. PHOTOCOUNTING MEASUREMENTS

First, we consider photocounting, which is a typical exam-
ple of quantum measurements. In this case, the measurement
outcomes correspond to the integer values of A = n. De-
pending on the detection scheme used, the number n can be
interpreted as the number of detected photons in the case of
PNR detectors, or as the number of clicks in the case of detec-
tion schemes with imperfect photon-number resolution. Since
this measurement scheme does not have device settings—i.e.,
the parameter a has only a single value, N, = 1 in Eq. (4)—we
omit them here.

For the PNR detectors, the Q symbols of the POVM are
given by (see Refs. [3,68])

|a|2n )
M(nle) = —— exp(—la’). (10)
Let us restrict our analysis ton =0, ..., N — 1, where N is

an integer. We also consider that the outcome with n = N
corresponds to all events with N and more detected photons,
which implies

N-1

I(Nja) = 1 —Zn(nm). (11)

n=0
This POVM element depends on the rest of the elements. The
measurement device has Ny = N + 1 outcomes. According to
Eq. (4),dimP = N.

A finite number of outcomes, N, is usually inher-
ent to realistic photocounting measurements; see, e.g.,
Refs. [54,69-71]. In this paper, we focus on a particular exam-
ple of such detection schemes, so-called click detectors. The
corresponding layouts are based on spatial [47-50] or tem-
poral [51-53] splitting of the light beam into several modes,
followed by separate detection of each mode by on-off detec-
tors. A typical scheme is shown in Fig. 2. The measurement
outcome n in this case corresponds to the total number of
triggered detectors (clicks). The corresponding Q symbols of
the POVM read

N YN
[M(n|a) = ( )e—(N—”)az/N(] — el /N) , (12)
n
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where N represents the number of on-off detectors and
n=20,...,N; see Ref. [54]. Similar to the case of the PNR
detectors, the element IT(N|«) can be expressed in terms of
other elements—i.e., No» = N + 1—and thus, as it follows
from Eq. (4), dimP = N. In all cases, we consider the de-
tection efficiency to be unity and attribute the detection losses
to the quantum states.

Since all photocounting measurements correspond to
phase-insensitive measurements, the Q symbols of the POVM,
denoted as II(«), do not depend on the phase of «. To con-
veniently parametrize them, we introduce the parameter ¢ =
e~1**/N ¢ [0, 1]. Evidently, the manifold C, cf. Eq. (6), in this
case forms an open curve in an N-dimensional space, with the
beginning and endpoints corresponding to t =0 and t = 1,
respectively. For the sake of brevity, we also adopt the symbol
IT(¢) to represent the dependence of the Q symbols of the
POVM in photocounting measurements on the parameter ¢.

A. Photocounting with N =2

The case of N = 1, in both cases of the POVMs (10) and
(12), corresponds to a single on-off detector. This scenario is
not capable for testing nonclassicality [39,45]. For this reason,
we start our consideration with the simplest nontrivial case
of N =2, corresponding to two-dimensional vectors P; cf.
Eq. (4) with Ny = 3 and N, = 1. Evidently, the set C of the O
symbols of the POVM is represented in this case by the open
curve in a two-dimensional space, given by the parametric
equations

P(0) = I1(O]r), 13)
P@) = II(1)2). (14)

Inverting I1(0[¢) as a function of # and substituting the result
into Eq. (14), we arrive at the explicit equation for this curve,

P) = I11(P0)), 15)

where the function IT;(P(0)) depends on the detection
scheme used. We restrict our consideration to the detectors
defined by the POVMs (10) and (12). However, this analysis
is also applicable to a broader class of detectors for which (i)
I10]r = 0) =TI(1}t =0) =0, i.e., the detector is saturated
at |o|> = 4o00; (i) 1Ot = 1) =1, II(1}f = 1) = 0, i.e., no
dark counts are present; (iii) the first derivatives I1(0|7) and
IT(1]¢) exist for ¢ € [0, 1]; (iv) the second derivative of IT; (x)
obeys IT{(x) < 0.

The direct application of Statement 1 in this case implies
finding A(¢) from the equation

@) A1) =0 (16)

for each ¢ € (0, 1). For this open interval, this equation fol-
lows from the condition

argmax II(t") - A =1 (17)
rel0.1]

from Statement 1. Since the solutions to this equation are
collinear vectors A(t), the corresponding extreme ray consists

of a single vector,
A@) = (-TI(1t)  TI0]t)), (18)

normal to the supporting hyperplane (line) at the point 7.

(1))

FIG. 3. The solid line corresponds to the function P = II(¢)
(i.e., the manifold C) for the click detectors with N = 2. Its convex
hull H is marked by the shaded area. The vector A(¢) for ¢ € [0, 1]
is normal to the vector II(¢). At the endpoints t = 0 and ¢ = 1, the
maximum of TI(z) - A is also reached for A = A and their conic
combinations (pale-colored vectors) with the vectors A(0) and A(1)
fort = 0andt = 1, respectively.

The situation is different at the endpoints ¢ = f.,q, Where
fena takes values zero and one; cf. Fig. 3. For these points,
condition (17) is satisfied for any conic combination of vec-
tors A = A(feng) and A = A . Here Ay = (0 — 1). Indeed, for
A = A(fenq) this condition is fulfilled in virtue of Eq. (16).
At the same time, the maximum value of A - II(¢) equals
zero and is reached at t = fenq, since A - II(r) = —T1(0r) <
0 for # € (0, 1). Evidently, the conic combinations of vec-
tors A(feng) and A reach maximum at ¢ = fe,q as well. This
yields Ext[L(t = feng)] = {A(fena), A }. Hence, the vector A
together with vectors (18) for + = [0, 1] determine the set
of tight inequalities according to Eq. (9) from Statement 1.
However, the vector A results in a trivial inequality for non-
negativity of P(1).

Therefore, the set of tight inequalities for the considered
case is given by

P-A() <II(@) - A@). (19)

This set of linear inequalities can be combined into a single
nonlinear inequality as

P(1) < IL(PO)). (20)

In the case of PNR detectors, cf. Eq. (10), this leads to inequal-
ity P(1)<—P(0) In P(0) derived with a different technique in
Ref. [67]. In the case of click detectors, cf. Eq. (12), inequality
(20) reduces to the form

[2P(0) + P(1)]* — 4P(0) < 0, (1)

see Appendix C for details. Violation of this inequality is a
necessary and sufficient condition for nonclassicality of the
probability distribution P and a sufficient condition for non-
classicality of the corresponding quantum state.

We demonstrate the applicability of this method with the
statistics of the attenuated Fock state |n). In this scenario
inequality (21) takes the form (1 — 1/2)** < (1 — n)", where
n € (0, 1] is the efficiency. This inequality is always violated,
although for large n the detector is saturated and the violation
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P(0)

FIG. 4. The curve C and its convex hull H (shaded volume) for
the photocounting measurement with click detectors in the case of
N = 3 is shown. The vectors I1(r;) and AII(#, 7) for two different
values of #; and for t = 0 and v = 1 form supporting planes of the
convex hull of the curve. The corresponding vectors A are normal to
these planes.

becomes small. Hence P ¢H, which implies that these photo-
counting statistics are nonclassical.

B. Photocounting with N = 3

The larger number of possible measurement outcomes en-
ables us to verify nonclassicality of photocounting statistics
for a broader range of quantum states. However, if the dimen-
sionality of the vector P exceeds two, the task of constructing
the convex hull A of the curve C defined by P = II(¢) be-
comes more difficult compared with the case of N = 2; see
Ref. [72] for a recent mathematical result in the field. In this
paper, we use a heuristic method to construct a set of sup-
porting hyperplanes of A and then prove that the associated
vectors A correspond to tight inequalities in the context of
Definition 1. We first demonstrate the approach for N = 3 and
then generalize it to arbitrary odd N.

In the considered scenario, there are three linearly inde-
pendent components of the vector P: P(0), P(1), and P(2).
Thus, C is a curve in R, see Fig. 4. First, we use the fact that
any supporting plane of H containing the point I1(#), where
t; € [0, 1], is parallel to the vector II(#;) tangent to the curve
C. Next, we assume that the required supporting plane con-
tains one of the endpoints of this curve, ITI(t), where T = 0 or
7 = 1,and #; # t. Therefore, for each point r = |, we assign
two planes related to different values of t. The corresponding
normal vectors are defined via the cross product as

A7) = £AN(, ©) x (1), (22)

where AII(t;, t) = II(¢;) — II(7). In the next section we
prove that the constructed planes are supporting planes of H
and there exists such a sign in Eq. (22) that the vectors A(¢;; T)
correspond to tight inequalities. This statement, however, is
proved for a restricted class of detection schemes, including
the PNR and click detectors, cf. Egs. (10) and (12).

In the considered case of N = 3, the set of tight inequalities
can be combined into two nonlinear inequalities. For the PNR

detectors, cf. Eq. (10), these inequalities are given by

P2(1) < 2P(0)P(1), (23)
P2(1) 2P12)
P0) + P0) [exp <—P(1) ) — 1] < 1. (24)

Inequalities (23) and (24) are obtained from the tight inequali-
ties with t = 0 and T = 1, respectively. The same inequalities
have been derived in Ref. [58] with a different technique.
Moreover, inequality (23) is, in fact, a Klyshko inequality
[35]. For the click detectors, cf. Eq. (12), the corresponding
inequalities read

P2(1) < 3POYP(2), (25)

3P2(1) + P*2) + 3P(HIP0) +P(2) — 11 < 0. (26)

Similar to the case of the PNR detectors, inequalities (25) and
(26) are derived from the tight inequalities with T = 0 and
T = 1, respectively. For the derivation of these inequalities,
see Appendix D.

C. Photocounting with N =2m +1,m € N

Let us generalize our analysis to N = 2m + 1, where m €
N. According to Eq. (4), dimP = N and thus the dimen-
sionality of the supporting hyperplanes of 7 is equal to 2m.
Similar to the case of N = 3 we heuristically construct hyper-
planes and then prove that they are supporting hyperplanes of
H.

First, we require that each hyperplane we construct con-
tains m points II(z;), where i = 1, ..., m, such that 0 < #; <
t) < --- < t, < 1. For this hyperplane to be a supporting hy-
perplane of #, itis necessary that it be parallel to the m vectors
II(¢;) tangent to the curve C. Next, we assume that it also
contains one of the endpoints of this curve, II(t), where t = 0
ort = 1,and #; # t for all i. Similar to the case of N = 3, we
define two hyperplanes (for different values of 7), containing
the points ¢ = {1, ..., t,,}. The corresponding normal vectors
are given by

x(t;z)=i<*/\ Al'[(t,-,r)AfI(tJ). 27)
i=1
Here AI(f;, t) = I(;) — I(r) and x is the Hodge star,
which is a generalization of the cross product, see Ref. [73]
and Appendix E 1. These vectors fulfill the conditions

AIl(t;, T) - A(t;T) =0, (28)
) - A7) =0 (29)
fori =1, ..., m. These equations can be obtained by directly

substituting the vector A from Eq. (27) and applying Eq. (E1).
The equations indicate that the vector A(¢; T) is orthogonal
to the vectors II(r;) and AIIL(z;, 7). Also Eq. (28), rewritten
as II(#) - A(t; 7) = (1) - A(t; T), implies that the values of
II(¢) - A(¢; ) are equal forallt = #; and ¢t = .

In general, the vectors A(¢;t) given by Eq. (27) may
not lead to tight inequalities for arbitrary detection schemes
defined by II(z). However, we prove that for a class of de-
tectors including the PNR and click detectors characterized
by Eqgs. (10) and (12), respectively, these vectors define a
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Parameter ¢

FIG. 5. An example of II(¢) - A(t; T = 0) as a function of ¢ for
click detectors with N = 5 (i.e., m = 2) is shown. The sets of points
0, #1, t, and ¢y, ¢, correspond to global maxima and local minima,
respectively.

subset of tight inequalities. Equations (28) and (29) represent
a set of 2m linear constraints, which, if not degenerate, de-
fine A(¢; ) given by Eq. (27) up to a constant factor. These
equations are also necessary but not sufficient conditions for
A(t;T) € A. Indeed, Eq. (29) does not imply that the function
II(t;) - A(t; T) does not reach a maximum at the points #; and
even if it did, there would still be no guarantee that it is global.
For a wide class of detectors, however, the global maximum of
the above function is reached at the points #; and 7; cf. Fig. 5.
This conclusion is the essence of the following statement:

Statement 2. Apart from ¢, ..., 1,, let II(¢) - A(¢, t)._have
m other critical points at ¢t € (0, 1). Furthermore, II(¢) -
A(t;7) has 2m — 1 zeros at t € (0, 1). Then one can choose
such a sign of A(¢; 7) in Eq. (27), that the global maximum of
II(¢) - A(t; 7) is attained fort = t; and t = 7.

The proof of this statement can be found in Appendix E 2.
In Appendix E 3, it is shown that the PNR and click detec-
tors defined by Eqs. (10) and (12), respectively, satisfy the
conditions of this statement. Therefore, for each point r we
have found a set of test functions A, such that the II(z) - A
reaches the global maximum. Hence, the hyperplanes normal
to the vector A(¢; T) given by Eq. (27) represent supporting
hyperplanes of H.

Next, we show that every A(f;t) defined by Eq. (27)
belongs to Ext[L(#)] for every f;. A similar statement can
be proved for Ext[L(7)]. Suppose A(¢; T) ¢ Ext[L(#)]. Then,
there exist such A, A, € L(#;) that A(¢; T) is their conic com-
bination; cf. Ref. [65] and Appendix E 4. In this case it can be
shown that they fulfill the above conditions (28) and (29) for
A(t; 7). These conditions represent a nondegenerate system
of N linear homogeneous equations for N components of A.
The solutions to this system are given by the collinear vectors.
Thus, A(¢; T) cannot be expanded with two other noncollinear
vectors. This means that A(¢; 7) € Ext[L(#;)]; cf. Ref. [65] and
Appendix E4. According to Statement 1, this implies that the
vectors A(t;7), given by Eq. (27), belong to a set of tight
inequalities. However, we do not prove here that they form
the complete set of these inequalities.

We demonstrate the proposed method with phase-squeezed
coherent states |og, r) = D(ag)S(r)|0). Here, D(a) is the

0.04 . Ima
", [
\\\\ A Rea
5 0037 <
-4:1 B
= 0.02
o =T°~<
ERARG

=

(=]

—_
1

=T | L
0.8 1.0 1.2 1.4

Coherent amplitude ay

FIG. 6. The maximum violation of the tight inequalities (differ-
ence of their left- and right-hand sides optimized by parameters ¢ and
7) with the test function given by Eq. (27) for photocounts of phase-
squeezed coherent states vs the coherent amplitude ¢ is shown. The
Wigner function of such a state is mimicked by its contour line in the
inset. The confidence intervals correspond to the standard deviations
for estimations of inequality left-side with 10° sample events. The
solid and dashed lines are related to the PNR and click detectors,
respectively. The overall losses correspond to efficiency n = 0.7. The
plots describe the cases (a) N =5, r =0.57; (b) N =5, r =0.34;
()N =3,r=0.57.

displacement operator with ap € R, 8(r) is the squeeze op-
erator with » > 0, and |0) is the vacuum state; cf. the inset
in Fig. 6 for a contour line of the corresponding Wigner
function. Such states exhibit super-Poissonian statistics of
photocounts. Phase-insensitive measurements, like photo-
counting, and measurements of their amplitude quadrature are
typically considered unsuitable for testing their nonclassical-
ity [6].

The results in Fig. 6 challenge the prevailing intuition
about the classical character of photocounting statistics for
phase-squeezed coherent states. Contrary to this intuition, the
statistics are found to be nonclassical, as evinced by violations
of tight inequalities with N = 3 and N = 5 for both PNR and
click detectors. While the Klyshko criterion can also demon-
strate this nonclassicality, it is limited to PNR detectors. In
contrast, our method can be employed with experimentally
accessible click detectors.

IV. UNBALANCED HOMODYNE DETECTION

As mentioned, the binary measurement outcomes obtained
with on-off detectors (Ny = 2, 1.e., N = 1) cannot be used for
testing nonclassicality. However, the situation changes when
the signal field is superposed with the local-oscillator field,
whose complex amplitude plays the role of the device setting.
The corresponding measurement procedure of unbalanced
homodyne detection [55], cf. Fig. 7, is described by the QO
symbols of the POVM given by

M(Ole; i) = exp(—le — 1%, (30)

where y; is the local-oscillator amplitude (the device setting).
The dimensionality of the vector P, according to Eq. (4) with
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> )' 2
BS

LO | |[vi/R)

FIG. 7. The scheme of unbalanced homodyne detection is
shown. The signal field is superposed with the local-oscillator (LO)
field in the coherent state |y;/R) at a beam splitter (BS) with the
transmission coefficient 7 =~ 1, where R is the reflection coefficient
of the BS. The resulting light field, displaced in phase space, is
analyzed by an on-off detector. The amplitude y; of the LO plays
the role of the device setting.

Na = 2, is equal to the number of settings, N,. We chose N, =
2, which implies dim P = 2, and denote d = |y, — y1|/2.

Similar to the examples above, all losses are assigned
to quantum states. Another experimental imperfection, mode
mismatch, according to its consideration in Ref. [74], leads
to a multiplication of probabilities P(0|y;) and I1(0|x; ;) by
a constant factor, depending on y;. It can be easily included
in the consideration, cf. Appendix F 1, and even omitted, if
il = lyal.

In the considered case, the manifold C, cf. Eq. (6), is given
by a two-dimensional region, shown in Fig. 8, bounded by the
closed curve dC parametrically defined as

P(Oly1) = TLOt; 1) = expl— (¢ + d)’], €29

P(0ly») = M(Ol; y2) = exp[—(t — d)*], (32)

where ¢ € R, see Appendix F2. The convex hull of any two-
dimensional region is the convex hull of its boundary line. In
our case, this means that ConvC = Conv 0C. This statement

Probability P(0]y2)

0.0 I ' I ' I ' I I ' I
00 02 04 06 08 1.0
Probability P(0]y)

FIG. 8. The closed curve dC bounding the shaded two-
dimensional region H of classical probability distributions is shown
for unbalanced homodyne detection with two local-oscillator set-
tings, 1., = #1/+/2. The dots represent the probability distributions
for the squeezed vacuum states with » = 0.34. The numbers assigned
to the dots are the values of the efficiency n. The dots outside H
correspond to nonclassical probability distributions.

follows from the expression,

sup () - A = sup II(¢) - A, 33)
aeC teR

see Appendix F 3. This implies that
H = Conv aC, (34)

cf. Eq. (7). Since the curvature of dC, which shares the sign of
expression (F14), is non-negative ford < 1/ V2, the boundary
of H is defined in this case by the curve 9C.

Summarizing the above considerations, we get that the
tight inequalities correspond to the vectors A normal to the
boundary curve dC. Indeed, as it follows from Eq. (33), the
values of « related to the interior of C are not assigned to any
supporting hyperplane of H. This yields L(«) = @ if II(«) ¢
aC in Eq. (8). Further careful application of Statement 1, see
Appendix F4, yields

A@®) = (TIOl:y2) = TIOJ; ). (35)
This implies that the tight inequalities are given by
—(t = d)e™ POy + (¢ + d)e” TV PO]y2)
< 2de 204, (36)

These linear inequalities can be combined into three nonlinear
ones as

V=POly1) + /= InPOy) > 2d, 37)

v—=InPQOly1) +2d = /—InP(0]y), (38)

v—=InPQOly2) +2d > /—InPOly1), (39)

cf. Appendix F2. Violation of at least one of them is
a necessary and sufficient condition for nonclassicality of
measurement statistics and a sufficient condition for nonclas-
sicality of quantum states.

We demonstrate the method with squeezed vacuum states
|r) = 8(r)|0). This state is supposed to suffer from losses
(including detection losses) described by the efficiency n. We
consider a challenging scenario by choosing the coherent dis-
placements y; and y; to be along the antisqueezed quadrature.
The points in Fig. 8 outside the classical region H correspond
to nonclassical probability distributions. At the same time, the
points inside the classical region H can be replicated with a
coherent state. Hence, nonclassicality in such a scheme is in
principle testable for high efficiencies.

Similar to nonclassicality of photocounting statistics for
phase-squeezed coherent states, this result seems counter-
intuitive. Indeed, the signal field is displaced by the local
oscillator along the antisqueezed quadrature. In fact, we ob-
serve photocounting statistics of two different phase-squeezed
coherent states, whose coherent amplitudes depend on the
local-oscillator amplitude. As mentioned in Sec. III C, non-
classicality of the photocounting statistics for such a state is
not an intuitive feature and, moreover, cannot be determined
with a single on-off detector. Here we show that these states
can exhibit nonclassical properties with such a detector. How-
ever, this interpretation is only possible if we consider this
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experiment in the context of unbalanced homodyne detection
with two device settings.

V. SUMMARY AND CONCLUSIONS

We have considered nonclassicality of measurement statis-
tics in quantum-optical experiments. Nonclassicality, in this
context, indicates that these statistics cannot be replicated
using the same measurement device employed in the original
experiment but with classical radiation fields at the source.
It is worth noting that this property, which is important
and interesting itself, is a sufficient condition for a broader
concept—nonclassicality of quantum states, i.e., the impossi-
bility of representing them as a statistical mixture of coherent
states.

We have utilized the fact that the classical probability
distributions of observables conditioned by device settings
belong to the convex hull of such probability distributions for
the coherent states. Consequently, all nonclassical probability
distributions lie outside it. Applying the hyperplane separa-
tion theorem from convex geometry, one can obtain a set of
inequalities whose violation is a necessary and sufficient con-
dition for nonclassicality of measurement statistics. In fact,
the same mathematical concept is used to test other quantum
phenomena such as Bell nonlocality and entanglement.

The problem is that the set of inequalities, testing non-
classicality of measurement statistics, is not optimal and their
application requires the use of involved optimization tech-
niques. In this paper, we have shown that this task can be
significantly simplified by selecting the optimal set of these
inequalities. We refer to them as tight inequalities, because
they tightly bound the convex set of classical probability dis-
tributions.

First, we applied our method to photocounting statistics.
In this context, we have considered two types of detectors:
ideal PNR and realistic click detectors, i.e., arrays of on-off
detectors. The simplest nontrivial scenario corresponds to two
detectors in the array. In this case, we can combine all linear
tight inequalities into a single nonlinear one, which gives us
a simple necessary and sufficient condition for nonclassicality
of the photocounting statistics obtained with such a detection
system.

An important scenario corresponds to the case with three
and more detectors in the array. In particular, we have de-
rived a subset of tight inequalities for the case of an odd
number of such detectors. The result is also applicable to a
broad class of other detection techniques with an odd maxi-
mum number of clicks. In particular, we have considered the
case of PNR detectors restricted by a given cutoff number
of photons.

We have shown that our inequalities can demonstrate
nonclassicality of photocounting statistics for a counterin-
tuitive example—phase-squeezed coherent states. It is well
known that such states are characterized by positive excess
noise for photocounting statistics and amplitude quadrature.
Photocounting measurements are typically considered inap-
plicable to test their nonclassicality. We have shown that this
common intuition is generally incorrect. In fact, photo-
counting statistics of phase-squeezed coherent states are

nonclassical. Moreover, our method enables it to be tested
with minimal experimental resources.

Next, we have considered a typical measurement, involving
device settings—unbalanced homodyne detection. Restricting
by use of an on-off detector and two settings of the local os-
cillators, we have derived a full set of tight inequalities, which
test nonclassicality of measurement statistics for this scenario.
Moreover, we have shown that these linear inequalities are
combined in three nonlinear ones.

The applicability of the method is shown for squeezed
vacuum states. Similar to the case of photocounting measure-
ments, we have considered a counterintuitive example—the
local oscillator displaces this state along the antisqueezed
quadrature. Intuitively, the corresponding probability distri-
butions should not have nonclassical properties, especially if
analyzed with an on-off detector. However, we have shown
that the probability distributions conditioned by the local-
oscillator amplitude for such states are nonclassical.

Therefore, we have proposed an efficient method for test-
ing nonclassicality of measurement statistics in quantum
optics. We hope that this result will finds its application in op-
tical experiments testing quantum theory. We also believe that
it could be useful for a deeper understanding of nonclassical
resources in modern quantum technologies.

Note added. Recently, Ref. [75] has been published, in
which a similar technique has been applied to the unbalanced
Hanbury Brown—Twiss experiment scheme with on-off detec-
tors.
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APPENDIX A: DERIVATION OF INEQUALITIES FOR
NONCLASSICALITY OF MEASUREMENT STATISTICS

In this section, we remind the reader with the derivation of
inequalities (2), introduced in Refs. [45,59]. Applying Born’s
rule P(Ala) = Tr[I1(Ala)p] in Eq. (1) we get

P(Ala) = f d*a TI(A|a; @)P(@). (A1)
C

Multiplying the above equation by an arbitrary A(A, a) and
performing summation over A and a, we get

Z/\(A,a)P(Ala):/ d2a[ZA(a,A)H(Am;a)}P(a).
C a,A

a,A
(A2)
If P(a) > 0 and [ d’aP(a) = 1, then V f(a)
/ d*a f(a)P(a;s) < sup f(a), (A3)
C aeC

according to the first mean-value theorem. Choosing f(«) =
Za’A MA, a)[1(Ala;) and using Eq. (A2), we obtain
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inequalities (2). Furthermore, employing the Farkas Lemma
[76], one can prove that if these inequalities are satisfied, then
there exist such P(«) > 0 that Eq. (Al) is satisfied. Impor-
tantly, this function may not be the same as the P function.
Consequently, nonclassicality of measurement statistics al-
ways implies nonclassicality of quantum states, but the reverse
is generally not true.

APPENDIX B: GENERAL STATEMENTS
ON TIGHT INEQUALITIES

In this section, we provide the general statements used for
deriving the tight inequalities and give the detailed proof of
Statement 1 from Sec. II.

1. Supporting hyperplane for the convex hull of a manifold

In this section we prove that a supporting hyperplane of
‘H contains at least one point of C, cf. Eq. (7). Let A be the
normal vector of a supporting hyperplane. The hyperplane
equation corresponds to the equality in inequality (5),

P -A=sup(x)-A. (B1)
aeC
This implies that the point of the manifold, parametrized by
the value of the complex amplitude arg max,.cII(«)-A, lies
within the supporting hyperplane.

2. Closed convex cones

Let us give a proof of the fact that L(«) defined by Eq. (8)
forms a closed convex cone. If A; and A, € L(«), then their
conic combination CjA; + CyA,, where C;, C; > 0, also be-
longs to L(«), since the sum of two functions that share a
global maximum point reaches its global maximum at that
point. This proves that L(«) is a convex cone. To prove that
it is closed, consider an arbitrary convergent sequence A, €
L(a), n € N. Since for any n and o’ € C

M(a) A, > M) - Ay, (B2)

the same property holds for the limit of the sequence

M) -A>HO)-X, A= lim A, (B3)

n—+00
Thus, any convergent sequence in L(«) has its limit also in
L(a), which proves that L(«) is closed.

3. Proof of Statement 1

Next, we prove Statement 1. For this purpose, we first
suppose that the set A is defined by Eq. (9). We have to show
that the two conditions from Definition 1 are satisfied for this
set.

Let us start with Condition 1. Suppose that A’ &€ A and
argmax, ¢ I(@) A" =o'. We have to prove that the cor-
responding inequality follows from the inequalities given by
the test functions from A. The definition of extreme rays
yields

V=3 Ccan, (B4)

AeLl(a’)

where C(A) > 0. This implies that

PAM= ) COP-A< Y CA)supMe)-A
reL(@) reL(@) aeC
= Y CMI(@) A=) 1 = sup @)X
reL(@) aeC
(B5)

Thus, the inequality associated with A’ follows from those
corresponding to test functions from L(a).

Next, we prove Condition 2. Suppose that there is A’ €
Ext[L(a’)] C A such that the corresponding inequality fol-
lows from inequalities associated with some test functions
from A. Then A’ can be represented as a conic combination
of test functions from A. Let us label these functions as
) ST

A €A, (B6)

C,'>0,

= i:ci)vi,
i=1
and
A= ’ZIC,-'P A <
i=1

At the same time, the right-hand-side of this inequality fulfills
the condition

Zc sup I(a) - A, (B7)
i—1 aecC

ZC sup M(ar) - A; > supZCl’[(a) Ai _supn(a) A
aecC aecC

(B8)

Therefore, the inequality for A’ can be inferred from the in-
equalities for A; only if the equality

Zc sup I(a) - A; = sup ch(a) A (BY)
acC ae(cl 1

is satisfied. This implies

sup () - A; = (') - A;
aecC

(B10)

foralli=1,...,n.
Indeed, let us assume that Eq. (B9) is satisfied and, with-
out loss of generality, Eq. (B10) is not satisfied for A ;, j =
., k < n. Hence, these A ; fulfill the condition

sup () - A; = M(aj) - A; > (') - A;.
aeC

This yields

(B11)

ZsupCl'[(ot) Ai _ZC () A, + Z CII(a) - A

i= 10‘E j=1 i=k+1
(B12)
On the other hand, Eq. (B9) implies
ZsupCH(a) A —ZCH(a) i (B13)

i—1 «cC i—1
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Equating these expressions we obtain the equality

k k
> Cille)) Ay =Y CI()-A;. (B14)

J=1 j=1

However, it contradicts the assumption Il(«;) - A; > (') -
A ;. This implies

sup () - A; = I(&) - Ay, (B15)
acC
where i =1, ...,n, thatis A; € L(').

This means that A’ is a conic combination of other test
functions from Ext[L(«’)]. This conclusion violates the as-
sumption that A" belongs to Ext[L(a’)]. Thus, the inequality
for A" cannot be inferred from other tight inequalities. ]

APPENDIX C: NONLINEAR INEQUALITY FOR
PHOTOCOUNTING STATISTICS WITH CLICK
DETECTORS IN THE CASE OF N =2

In this section we sketch the derivation of inequality (21)
from Sec. III A. Applying N =2 and ¢t = e1el/2 to Eq. (12),
we get

1(0)r) = 12, (CI)

IT(1)t) = 2t(1 —1). (C2)

From Eq. (Cl1) we get t = /I1(0|t). Substituting it into
Eq. (C2), we arrive at

TI(1)¢) = 2[/TI(0]t) — TT1(0|1)]. (C3)

This implies that the function IT;(P(0)), cf. Eq. (15), is given
by

My (P(0)) = 2[y'P(0) — PO)1. (C4)
Applying it in inequality (20) leads to
P1)+2P0) < 2y P(0), (C5)
which is equal to inequality (21).

APPENDIX D: NONLINEAR INEQUALITIES FOR
PHOTOCOUNTING STATISTICS IN THE CASE OF N =3

In this section we present the derivation of nonlinear in-
equalities for photocounting statistics in the case of N =3
from Sec. III B given by inequalities (23) and (24) for the PNR
detectors and by inequalities (25) and (26) for the click detec-
tors. Let us start with the PNR detectors. The tight inequalities
with the test function A(t;; 7), cf. Eq. (22), are given by

2
—73(0)%—1—77(1)14—73(2) <0 (D1)

for t = 0 and

w u _
PO)Z e =PI (=2+2e™" +u)

2
u
+P2)(—1+e"+u) < ?e_” (D2)
fort = 1. Here u = |a|*> = =3 In#; € [0, +00).

Inequality (D1) holds if the square trinomial on its left-
hand side has either one root or no roots. This is the case if its
discriminant is nonpositive. This condition leads to inequality
(23), which is a Klyshko inequality.

Let us now multiply inequality (D2) by the non-negative
function e*/u’ and write it as

PO)—-1 _ P()
2 2u
+PQR)(—€" + 1+ ue") <0.  (D3)

(=2€" + 2 + ue")

The left-hand side of this inequality has the maximum at u =
2P(2)/P(1). Substituting this value into inequality (D2) we
get inequality (24).

Let us now consider the click detectors. In this case, the
tight inequalities with the test function A(¢;; ), cf. Eq. (22),
read

=3(1 —1)*P0) +2t;(1 —t)P(1) — }P(2) < 0 (D4)
for t = 0 and

37P(0) + (217 + 2t — DYP(1) + 11(t +2)P(2) — 31 < 0
(D5)

for T = 1. Similarly to the case of PNR detectors, these are
square trinomials and the inequalities hold if they have either
one root or no roots. By enforcing these conditions we arrive
at inequalities (25) and (26).

APPENDIX E: TIGHT INEQUALITIES
FOR PHOTOCOUNTING WITH ODD N

In this section, we give details related to Sec. IIIC. In
particular, we recall the definition of the Hodge star, provide
the proof of Statement 2, and demonstrate that the Q symbols
of the POVM for the PNR and the click detectors satisfy the
conditions of Statement 2.

1. Hodge star

Let us first elaborate on the usage of the Hodge star
and the wedge symbol A. For our purposes, we only need to
evaluate the expression u = « /\;:11 v’, where v € R”. In such

a case u is also a vector from R” given by

e! &2 e"
n—1 1 1 1
A v v Y,
1 2 n
*N\v'=| . 2o R (E1)
) : : . :
n—1 n—1 n—1
V) v, IV
where {e', 2, ..., e"} is the standard basis in R”, i.e., ei]- =

8:j. In other words, u is a generalized cross product of n — 1
vectors in an n-dimensional space.

2. Proof of Statement 2

Without loss of generality, let us assume that 7 = 0.
Equation (28) together with Rolle’s theorem implies that
II(t) - A(¢; T) equals zero at the points c; € (0,#), ¢ €
t,t), ..., cm € (ty—1,tn); cf. Fig. 5. Together with
1, ..., tn, these points exhaust the 2m zeros of r[(t) At T)
as a function of z.
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Since the derivatives H(t) -A(t; 7) are equal for all t = ¢
and t = ¢;, the 2m — 1 zeros of f[(t) - A(t; ) are located at
(c1,11)s - - - (s t) according to Rolle’s theorem. Therefore,
we get II(#;) - A(t;7) # O fori =1, ..., m. This implies that
the points ¢, ..., ty, C1, - .., Cp are extrema of II(z) - A(¢; 7).

Let us set such a sign of A(¢;7) that t = t = 0 is a local
maximum of II(z) - A(¢; 7) at [0, 1]. The nearest extremum is
c1, which consequently must be a local minimum. It yields
that #; is a local maximum. This pattern is repeated up until
tm, which proves that 7,7, ...,f, are maxima points. By
conditions of this statement there are no other critical points
at (0, 1). Consequently, there are no other points, which could
be the global maximum. Finally, one has to consider the other
endpoint t = 1 — v = 1. Since #,, is a local maximum and
there are no extrema in (#,, 1—7), the pointt =1 —7 is a
local minimum. ]

3. Conditions of Statement 2 for PNR and click detectors

Let us prove that this condition is satisfied by the
photon-number resolving (PNR) and click detectors. We
start with the PNR detectors. For convenience, we use here
another parametrization, s = e"""z, related to our standard
parametrization, t = e~loeP/N , via the monotonic function s =
tV. In this case, the Q symbols of the POVM are given by

(—Ins)"
IM(nls) = s———. (E2)
n!
This yields,
I(s) - A(s;T) = sP(—Inys), (E3)

where P(—Ins) is a 2mth degree polynomial in terms of
— In s. The first derivative,

I(s) - A(s;7) = P(—Ins) — P'(—Ins), (E4)

has 2m zeros. Therefore, apart from sy, ..., s, the function
II(s) - A(s, T) has m other critical points at s € (0, 1). The
second derivative reads

P’(—Ins) — P'(—Ins)
- .

M(s) A(s;7) = (E5)
It has no more than 2m — 1 zeros, since the nominator in
this equation is a (2m — 1)st-degree polynomial. Since the
parameters s and ¢ are related through a monotonic function,
these conclusions also holds for the latter.

Next, we consider the click detectors with the Q symbols
of the POVM given by

[(n|t) = (ZZ);N—"(l — ). (E6)

Then II(¢) - A(¢; T) is a (2m + 1)st-degree polynomial, which
has no more than 2m critical points and whose second deriva-
tive has no more than 2m — 1 zeros.

4. Extreme-ray condition

In Sec. III C we have applied a statement from the convex
analysis, which can be formulated based on results presented
in Ref. [65]. For convenience, we also present it here in
notations of this paper.

Statement 3. Suppose a vector A € L. Then it belongs to
Ext[L] if and only if it is not a conic combination of any other
two vectors Ay, Ay € L, i.e., A £ CiA; + CoAs, C1, C; > 0,
where A.,' 75 b,‘l, b,' > 0, i= 1, 2.

Proof. Suppose that there exists A € ExtL such that

A=CA + Gy, ¢, >0, (E7)
for some A, Ay, where A; # b;A, b; > 0,1 = 1, 2. Utilizing
A= > @), (E8)
N €Ext[L]

where a;(A) > 0,i = 1, 2, one can obtain

A=) [Ca) + Ca W)V (E9)
A €Ext[L]

Since A € Ext[L], Cia;(A) + Crax(A") = 0 for A’ # A. Then
aj(A) = ax(A") = 0 if 1’ # L. But this yields A; = a;(A)A,
which contradicts the initial assumption.

To prove the converse statement, recall that any test func-
tion from L can be expressed as a conic combination of the test
functions from Ext[L]. But the only possible conic combina-
tion representation of A is A itself. Therefore, A € Ext[L]. W

APPENDIX F: TIGHT INEQUALITIES FOR UNBALANCED
HOMODYNE DETECTION

In this section, we provide details of the derivation of
the tight inequalities for the case of unbalanced homodyne
detection considered in Sec. IV.

1. Mode mismatch

To consider the effect of mode mismatch, we remind the
corresponding Q symbols of the POVM, cf. Ref. [74],

TOle; y: ;&) = e e vl Pne (F1)

where the mode mismatch parameter £ € [0, 1] and the de-
tection efficiency n € [0, 1]. By defining a new parameter
B = /na it can be rewritten as

T10|B; y; s €) = e BV P e IWVIrP (F2)

This is effectively the Q symbols of the POVM with the
coherent displacement /77y multiplied by the factor

gyimE) = WIIE (F3)

Let us find the tight inequalities for the scenario with coherent
displacements y,, y», the efficiency 7, and the mode mismatch
parameter £. Since the coherent displacements are effectively
/M1 and /1y, we can make use of the tight test functions
for the case with these settings. To account for the factor

WP (F4)

we can multiply the corresponding elements of the test func-
tions by the inverse factors. More specifically, a test function
A = {A1, Ao} becomes

1 1
A= M, ot F5
{g(m;n;é) ) 2} )
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FIG. 9. The circles, corresponding to Eq. (F8), and the triangle,
demonstrating inequalities (37)—(39) are shown.

Therefore, the right-hand side of such inequalities reads

IT1(01B; yi: 03 §)A) + T1(0IB; yas m: §)AS
= T1(0|B; /ny15 1; A1 + T1(0| 85 /N1y2; 15 DAa,  (F6)

which have been proved to be tight.

2. Boundary curve of C

Let us calculate the boundary curve dC of the manifold C.
Suppose that P € C, where P = (P(0]y1) P(0]y2)). Then

POly;) = exp(—|a — yi|>), (F7)
which implies

la — yiI> = —InPOly), i=1,2. (F8)

These two equations correspond to the circles in the o plane
with radii «/—InP(0]y,) and /—InP(0]y,), cf. Fig. 9. If
this system of equations has a solution «, the two circles
have at least one intersection point. Such an intersection
point and the two centers form a triangle with the sides
that equal «/—InP(0]y,), v/— InP(0]y»), and 2d = |y1—»|,
which yields the triangle inequalities (37)—(39).

The inequalities are nonstrict, since if the triangle degener-
ates into a line, the two circles still have an intersection point.
In this case, the probability values belong to the boundary dC.
The latter can be parametrized by Egs. (31) and (32). Indeed,
by substituting this parametrization in the triangle inequal-
ities, we find that inequalities (38), (37), and (39) become
equalities for t < —d, |t| < d, and ¢t > d, respectively. Two
other inequalities are trivially satisfied in these cases. This
yields Eq. (33) and L(t) = L(II(z)). Here the components of
I1(¢) are given by Eqs. (31) and (32).

3. Boundary supremum

Consider the right-hand side of inequality (5) in the case
of unbalanced homodyne detection with two settings. To cal-
culate the supremum, let us make the change of variables

w = () so that
sup II(a) - A =supw - A, (F9)

aeC weC
where C is given by Eq. (6). Then 9,,,(w - L) = A; fori =1, 2.
These partial derivatives equal zero simultaneously if and only
if \; =0,i =1, 2, which is a trivial case. Otherwise,

supw -A = sup w-A,
weC wedC

(F10)

i.e., the maximum value of w - A is reached at the boundary
aC of C.

4. Derivation of tight inequalities

Let us consider properties of the boundary curve dC. Let
0(t) be the tangential angle of the curve at the point I1(z), i.e.,
the polar angle of

I(t) = —2(t + d1T1O0t; 1) [t — dITIO]t;12)).  (F11)
First, note that

TT(—00) T1(+00)
— 2 =1 0 — =0 -1). (F12
[TI(—00)| ( ) [TI(+00)| ( - (1)

This implies 6 (—o0) = 0 and 6 (+00) = 37 /2. Second, since
I1(0)¢t; y1), T1(0Jt;92) = 0, it is evident that the conditions
I1(0|z;%1) > 0, TI(0|¢t;,) <O can never hold simultane-
ously. This implies that 0 < 6(¢) < 37w /2. Third, the tangen-
tial angle can be represented as

© 10| y)II(0|t'; 1) —T1(0|t; v2)T1(0|¢';
G(t):/ Of¢"; yD)II(O]t"; y2)—T1(0[z"; y2)IT(O| yl)dt/.
-0

ITI(t")|2
(F13)
Consider the quantity
T1(0[¢; y)IT(0It; y2) — T1(O[t; y2)TI(O]t; 1)
1
= 16T1(0]t; y)TI(O]7; Vz)d(t2 —d®+ 5>. (F14)

If d < 1/+/2, this expression is non-negative, and hence
é(t) > 0. In other words, 6(¢) is a monotonic function in this
case.

Let us calculate L(¢) for t € R. We focus on the case when
d<1/42.1f

argmax II(#') - A =1, (F15)
t'eRy
then
%[n(ﬂ) A= = H(l‘) -A(t) =0. (F16)
This yields
At) = CI1O0[t; ) — 1Ot 1)), (F17)

C € R. Consider the second derivative
92 ..
W[H(ﬂ) A= =) - (1)

= C[I1(0|t; y)I1(0|7; 1)

— 103 y)II(0]t; y2)] ox CO(2).
(F18)
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The expression inside the brackets is positive for d < 1/+/2,
cf. Eq. (F14). Hence, the sign of the second derivative is
determined by the sign of C. For ¢ to be a local maximum of
II(z') - A(¢) as a function of ¢/, it is sufficient that the second
derivative be negative, and hence C > 0.

Ifd=1/ ﬁ, the second derivative is zero, therefore we
should consider this case separately. For ¢ # 0, Eq. (F18) is
still negative for C > 0. If t = 0, one directly can check that

3

S - (Ol = 0,

(F19)

and

9 1612
— () - AM(0)]y=o = —-C——, (F20)
ot e
which is negative if C > 0. This ensures that #’ = 0 is a local
maximum of II(¢") - A(0).

Suppose that there is another extremum of TI(¢') - A(¢) as a

function of ¢’ at the point ¢’ = s # ¢. The condition
0 , .

W[H(t ) A(D)]y=s = I(s) - A(r) =0 (F21)

requires that I1(s) = BII(r), B # 0 since both IT(s) and II(¢)

are orthogonal to A (7). The condition s # ¢ implies that B < 0.

Indeed, B > 0 yields 6(s) = 0(¢) since the vectors H(t) and
I1(s) are co-directed. Hence, s = ¢, since 6(¢’) is a monotonic
function. The second derivative at this point is positive, i.e.,

2
%[n(m A= = H(s) - A(t) = BO(t) - A(t) > O,
(F22)

indicating that " = s is the point of a local minimum.

Finally, in order to prove that ¢' =¢ corresponds to the
global maximum of TI(¢")- A(¢), we need to consider the
infinite point + = co. We employ the property

M(co)-A(t) =0 < II(t) - A(t) = 4C2 T2 g, (F23)
This implies that
L(t) = {C(I1y(t) — I1,(z))|C > 0. (F24)
Therefore, the extreme rays of L(z) are given by
ExtL(t) = {(ITa(t) — I1,(2))}, (F25)

which defines tight inequalities. According to Statement 1, the
set of tight inequalities is given by the vectors A defined by
Eq. (35).
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